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Perturbation of traveling Boussinesq solitons by periodic bathymetry
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We investigate the perturbations induced by a periodic bathymetry on traveling Boussi-
nesq solitons in a two-dimensional configuration. We present two perturbation approaches
to solve the nonlinear, dispersive, and nonautonomous differential equations of the model
and compare the solutions with numerical simulations of the original system of equations.
In the approximation for small periodic corrugations we built the solutions as modulated
traveling waves using a Fourier series. The coefficients of the series are solved using the
Green’s function method and the path-ordered exponential method. At the second order
in the relative height of bed corrugations, we obtain the perturbation as the fourth-order
linear dispersive waves generated by the modulated traveling soliton in its wake. In the
second approach, we rewrite the Boussinesq system into a perturbed Korteweg–de Vries
nonlinear equation, and obtain the corresponding perturbed solitons. These analytic solu-
tions are compared with the results of numerical simulations, for various parameters that
characterize the effects of nonlinearity, dispersion, and bottom bathymetry. We also discuss
the stability of the perturbed solitons in time. The perturbation approaches developed in
this study are valid for any type of periodic bathymetries, and the method can readily be
extended to nonperiodic ones.
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I. INTRODUCTION

The problem of nonlinear waves and solitons propagating in water over a variable topography
has long been of interest to scientists and engineers, and still remains one of the topical subjects in
hydrodynamics due to its importance in coastal and oceanographic applications [1–5]. Being dis-
persive, surface gravity waves have a finite lifetime, especially for localized coherent wave packets.
However, large amplitude ocean waves are characterized by nonlinearity which counterbalances
the dispersion and can lead to the formation of enduring localized traveling waves called solitary
waves, solitons, envelope solitons, or breathers. The spontaneous formation of such stable nonlinear
structures with a finite lifetime in the ocean, though debated in the literature, has recently gained
more evidence of existence [3,6]. Ships sailing in navigation channels surrounded by shallow banks
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produce wakes that propagate as strongly nonlinear solitary Riemann waves for long distances [7].
Such waves can result in losses of natural fine sediments and habitats along the shores, as well as
structural damages to piers [8]. Freak waves, caused by nonlinear modulation or the effect of soliton
fission out of tsunami waves [9,10], are also examples of the natural formation of localized coherent
structures on the ocean surface

Nonlinear surface water waves and solitons on a flat bed are usually tractable by mathematical
models based on integrable autonomous equations such as Korteweg–de Vries (KdV), modified
KdV, or nonlinear Schrödinger equations, which are solvable using the inverse scattering method,
or other established approaches of integration [11]. Nonlinear water wave problems in the case
of variable bottom have more difficulty. The geometrical complication brought by the nonuniform
boundaries results in nonautonomous nonlinear differential equations with spatially highly variable
coefficients. Such nonautonomous systems are often not completely integrable. When studying
solitary waves in nonintegrable equations, analytical techniques typically rely on perturbation
methods, asymptotic analyses, and/or variational approximations [12].

To address these challenges, the authors in [13] proposed a new Fourier high-order spectral
method to solve the full Euler equations for nonlinear waves and solitons over a large variety
of topographies (e.g., periodic, rapidly varying, large amplitude), including Bragg wave-bottom
resonances. This approach is based upon a Hamiltonian formulation where the Taylor series terms
of the Dirichlet-Neumann operator have been rewritten to eliminate the appearance of exponentially
unbounded, hence extremely unstable operators. This generalized formulation of the problem allows
even for a sudden moving bottom topography, as in the case of an earthquake-generated tsunami.

The full Euler equations governing inviscid flows can be simplified to become the reduced
surface wave models that are more tractable when restricted to specific physical regimes, e.g.,
the Boussinesq-type equations which include the leading-order terms describing the nonlinear and
dispersive effects and have been shown to provide an accurate description for linear and nonlinear
wave evolution in coastal regions [2]. Boussinesq-type models valid for variable depth include
approximations such as the mild slope hypothesis, or the terrain-following Boussinesq model [2,14]
which can be used for a large variety of topography profiles. The problem for a two-dimensional
periodic seabed of arbitrary amplitude and shape was solved in the exact Floquet theory of linear
water waves using a conformal map of the fluid region [15–18]. A very interesting result presented
in these papers is that the wave forms of linear time harmonic waves on a periodic bed are frequency
dependent, and have features that are remarkably reminiscent of nonlinear wave manifestations. The
exact Floquet theory [17] provides a complete basis for water waves which can be used to solve a
class of linear problems involving a periodic bed in confined or closed domains.

In [19] the problem of long-wave scattering by piecewise constant periodic topography was
studied for weakly nonlinear KdV solitary waves. An analytical approximate solution was obtained
when the length of the irregularities is larger than the characteristic nonlinear length scale. In that
study, the wave decrement in the case of small height of the topographic irregularities is proportional
to the square of the relative height of the topographic obstacles. An alternative form of the KdV
equation with terms depending on the bottom topography was obtained using the second-order
perturbation approach in the weakly nonlinear, dispersive, and long-wavelength limit [20]. The
motion of a wave with an initial soliton shape was studied by numerical simulations, showing
quantitative changes in the soliton’s velocity and amplitude in relation to bottom variations. Those
authors find that the soliton’s velocity is linearly anticorrelated with the local water depth, whereas
the soliton’s amplitude changes in a less linear manner.

In [21] the authors derived appropriate Boussinesq- and KdV-type equations with random
coefficients for weakly nonlinear dispersive waves over rapidly varying random bathymetry. The
approach consists in a perturbation theory for Hamiltonian partial differential equations, with a
subsequent analysis of the random effects in the resulting solutions. The influence of statistical
properties of the bottom variations on the KdV solution’s velocity and amplitude are presented.
One of the important conclusions from this study is that coherent wavelike solutions traveling
over random bathymetry persist and even maintain their basic properties of momentum and energy
transport as in the classical problem of a flat bottom.
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The case of nonlinear and highly dispersive water waves on a mildly sloping bottom was analyzed
using a Boussinesq type of formulation [22]. That model is based on a series expansion about a
rapidly spatially varying expansion level, in which the resulting general formulation of velocity is
given as a triple summation of terms involving high derivatives of the expansion level. In order to
obtain the solutions that can be implemented in practical situations, those summations need to be
simplified and truncated. Consequently in [23], a simplified procedure was introduced by assuming
that the expansion level (but not the bathymetry) is slowly varying in space. For such cases the
resulting equations include the first and second derivatives of the expansion level and up to the fifth
derivatives of the velocity variables. In [23] it was shown that the approach could be used for fully
nonlinear and highly dispersive water waves interacting with a rapidly varying bathymetry.

The case of a three-dimensional generalized shallow water nonlinear equation with time-
dependent coefficients was investigated in [24], using the three-wave approach which provided exact
soliton solutions. When the bottom topography has small-scale disturbances, it can be incorporated
into a first-order steady KdV type of equation [25]. The authors of [25] used a reductive perturbation
method and obtained theoretical solutions representing one-soliton oscillation waves. Those solu-
tions become wider over a hump and narrower over a hole, indicating that the wave profile has the
stability adjustment capability to adapt to the bottom disturbance. A different approach is used in
[26], where a new type of nonlocal equations (the global relations) are used to couple the appropriate
transforms of all boundary values by conformal maps. Via some specific transformations in the
Fourier space, those authors obtained an explicit Dirichlet to Neumann map, hence a final system
of equations without any asymptotic approximations. For a recent review on the topic of nonlinear
waves on a variable bathymetry [27], can be consulted.

In the present paper we investigate the perturbations induced by a periodic bathymetry on travel-
ing Boussinesq solitons in a two-dimensional configuration. The model relies on two nonlinear,
dispersive, and nonautonomous equations for the free surface of the water and for its surface
velocity, defined in a conformal transformed coordinate (hereafter referred to as the mathematical
plane) introduced in [15,16]. The equations belong to an extended version of the terrain-following
Boussinesq models for highly variable beds. These equations depend on two parameters describing
the wave nonlinearity and dispersion, respectively. Our goal is to study the evolution of traveling
Boussinesq solitons in this mathematical plane, as it is perturbed by the action of the spatially
variable coefficients of the nonlinear equations, then map the resulting evolution back to the physical
plane. The rest of the paper is organized as follows. Section III A 1 describes the nonlinear nonau-
tonomous Boussinesq model. In Sec. III A 2, we develop the solutions for small corrugation height
relative to the mean water depth. The equations for the first-order perturbation are of Hamilton type,
linear and nonhomogeneous, in which the influence of bathymetry is transferred to the nonhomo-
geneous terms. The solutions are obtained using the Green’s function method and the path-ordered
exponential method. In Sec. IV, we show examples of the analytic solutions, considering a large
range of values of the model parameters. We also discuss the stability of the perturbed solitons. We
compare the approximate analytic solutions with the results of numerical simulations of the original
Boussinesq system. In Sec. V, we describe a procedure to map the Boussinesq system under study
into a perturbed KdV equation, and obtain its corresponding perturbed soliton. Conclusions follow
in Sec. VI.

II. BOUSSINESQ MODEL FOR A PERIODIC BATHYMETRY

Deferring the detailed derivation to [15], we here briefly describe the mathematical formulation
leading to the terrain-following Boussinesq equations for weakly nonlinear and weakly dispersive
long waves over a fully submerged, periodic seabed of arbitrary height and shape. The problem was
formulated for a two-dimensional incompressible, irrotational, and inviscid fluid layer of shallow
depth. In the physical (x, z) plane, z = zs(x, t ) is the free surface and z = −h0 + zb(x) is the
seabed, where h0 is the constant mean water depth, and zb(x) is an arbitrarily periodic function
of period λb = 2π/kb and crest-to-trough height �zb. By definition, zb(x) has zero mean over
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a period, i.e., 〈zb(x)〉λb = 0. The relative bed height parameter ε = �zb/h0 is not small, and for
sufficiently high corrugations, ε > 1. The zero-mean condition of the depth variation h over a period
of the corrugations introduces a condition for the seabed function zb(x) [15,17], which establishes a
relationship between the parameters ε, h, β.

The key element of the formulation is the use of a time-independent conformal transformation
[17], which maps the undisturbed flow domain −∞ < x < ∞, −h0 + zb(x) � z � 0 into a uniform
strip −∞ < ξ < ∞, −hm � η � 0. The depth hm cannot be specified a priori, because the mapping
is constrained by the requirement to preserve the intrinsic λb periodicity of the problem and
hm varies as the bed undulating height �zb changes even if h0 remains the same. For a fully
submerged, periodic bed, hm < h0. The map is implicitly given by a Fourier series in (ξ, η) similar
to the approach used in [14,15]. Since the Boussinesq system is for weakly nonlinear waves, the
mathematical derivation involves Taylor expansions of the free surface boundary conditions at
the undisturbed surface η = 0 (i.e., z = 0), and from this point of view, a time-independent map
is desirable. Under the map, the instantaneous free (material) surface F (x, z, t ) = z − zs(x, t ) = 0
has a conformal image F (ξ, η, t ) = η − ζ (ξ, t ) = 0. Note that when transforming the free-surface
Bernoulli equation to the mapped plane, the potential energy remains gzs [see Eq. (2.4) in [15]]. For
the derivations of the terrain-following Boussinesq system, details can be found in [14,15].

The equation and exact boundary conditions for the velocity potential are transformed into the
mapped plane, then analyzed following the typical procedure for weakly nonlinear and weakly
dispersive long waves in the sense that α ∼ O(β1/2) and β � 1, where

α = a/h0, β = (kBh0)2, (1)

with a being a characteristic wave amplitude (e.g., half the crest-to-trough height of the surface
wave form), and kB = kb/2 being the primary Bragg resonant wave number. Ignoring the terms of
O(αβ, β2) and higher, a terrain-following Boussinesq system is then obtained describing the evolu-
tion of surface elevation zs and horizontal surface velocity us ≡ u|z=zs . These are the dimensionless
equations (3.12a) and (3.12b) given in [15], and quoted here, i.e.,

Mz̃s,τ + [(h + αM−1z̃s)Mũs]ξ̃ − 1
3βh2(Mz̃s,τ )ξ̃ ξ̃ = 0, (2a)

Mũs,τ + z̃s,ξ̃ + 1
2α

(
ũ2

s

)
ξ̃

= 0, (2b)

where h = hm/h0 is the dimensionless depth in the mathematical plane, and the dimensionless
variables are defined as

ξ̃ = kBξ, τ = ωBt, z̃s = zs/a, ũs = us/(α
√

gh0), (3)

with ωB/kB = √
gh0 and g being the gravitational acceleration. We recall that because of the zero-

mean condition of the depth variation over a period of the corrugations, the h parameter depends on
the relative height of corrugation and the dispersion coefficient, i.e., h = h(ε, β ).

The function M(ξ̃ ) is related to the Jacobian of transformation evaluated at the undisturbed free
surface. The subscripts ξ̃ ,τ denote the partial derivatives. Note that h < 1 for a fully submerged
periodic bed. Equations (2) represent a nonautonomous generalization of the Boussinesq two-
equation model for (zs, us) in the free-surface velocity base [28]. In the limiting case where the
relative corrugation height ε = 0, we have h = 1, M = 1, and the system in Eqs. (2) reduces to the
familiar Boussinesq model for a flat bed. Solutions to the linearized equations (2) are given in [15],
showing the nonsinusoidal surface wave forms for simple time-harmonic motions that reminisce
nonlinear wave manifestations, consistent with the exact Floquet solutions for linear waves over an
arbitrarily periodic bed in a finite depth [16–18].

The analysis in this study is based on Eqs. (2). Hereafter the tildes for dimensionless variables
are dropped for simplicity. All variables are dimensionless unless otherwise noted. From Eq. (2a),

Mzs,τ = −h(Mus)ξ + O(α, β ). (4)
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Substituting back into the β term in Eq. (2a) and copying Eq. (2b), we obtain a new system, i.e.,

Mzs,τ + [(h + αM−1zs)Mus]ξ + 1
3βh3(Mus)ξξξ = 0, (5a)

Mus,τ + zs,ξ + 1
2α

(
u2

s

)
ξ

= 0. (5b)

This has the same accuracy as the system in Eqs. (2), but represents the (1 + 1) conservative version
of the Boussinesq system for the evolution of surface variables of a long wave [29]. This particular
form of equations becomes useful in the following because in the limit ε = 0 (i.e., flat bottom case),
the system in Eqs. (5) reduces to the Broer-Kaup (BK) nonlinear system which is integrable and has
three independent Hamiltonian structures [29,30]. Integrability for the BK system has been proven
using the inverse scattering transformation (IST), but it can also be proven using the Bäcklund
transformation [31,32], or the Darboux transformation [33]. The flat-bottom Boussinesq system is
also a member of the Ablowitz-Kaup-Newell-Segur (AKNS) hierarchy [30], having exact rational
solutions relevant to the occurrence of rogue waves [34], a multisoliton solution that is expressed
in a closed implicit form [28,29,35,36], as well as exact solutions obtained by the Painlevé method
[37].

III. PERTURBATION OF A BOUSSINESQ SOLITON OVER LOW CORRUGATIONS

In this section we introduce a set of solutions for the system in Eqs. (5) in the form of
perturbations of Boussinesq solitons. In [38], the authors proved that the Cauchy initial problem
for the nonautonomous system is well posed and has a unique global solution following from the
Gronwall fixed-point inequality. Nonautonomous generalizations of the Boussinesq- and KdV-type
equations with random coefficients were also studied for weakly nonlinear dispersive waves over
rapidly varying random bathymetry [21]. Since Boussinesq solitons can travel in the positive and
negative ξ directions, we can use them to model nonlinear waves over a variable bottom accounting
for local scattering in both directions, and locally managed dispersion. The existence of two-way
propagation of long water waves has been studied in [38]. We consider bed corrugations of small
height compared to the mean water depth h0, i.e., ε < 1. Since the bed profile is incorporated into
Eqs. (5) through the coefficients M(ξ ; ε, β ) and h(ε, β ), we obtain the perturbation solutions in the
expression with respect to ε. In the limiting case of a flat bed ε = 0 we have M = 1, h = 1 and
Eqs. (5) reduce to the traditional integrable nonlinear Boussinesq system based on the free-surface
velocity, with exact solutions usol, zsol [29,30,33]. In the Appendix we give an example of a
one-soliton Boussinesq solution on a flat bed. For small amplitude bed corrugations, we look for
solutions to Eqs. (5) in the form

zs = zsol + εzN , us = usol + εuN , (6)

where (zN , uN ) are the O(ε) perturbations to the nonlinear soliton due to the bed, and (zsol, usol ) are
the exact soliton solution for a flat bed (ε = 0).

In the following we present the procedure to obtain the perturbation terms at O(ε). Let us define

M(ξ ) = 1 − εMN (ξ ). (7)

Substituting Eqs. (6) and (7) into Eqs. (5), we obtain a system of two linearized nonhomogeneous
and nonautonomous equations for uN and zN . Note that the O(ε0) terms automatically balance since
zsol and usol are the corresponding soliton solutions in the absence of corrugations. At O(ε) we
obtain an exact Hamiltonian system for

zN,τ =
(

δH

δuN

)
ξ

, uN,τ =
(

δH

δzN

)
ξ

,

where

H[z, u] =
∫ (

−1

2
z2 − 1

2
u2 − αusoluz − α

2
zsolu

2 + β

6
u2

ξ + Ku + Fz

)
dξ .
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The Hamiltonian equations are represented by the conservation laws

zN,τ −
[

K − uN − β

3
uN,ξξ − α(zN usol + uN zsol )

]
ξ

= 0,

uN,τ − [F − zN − α(uN usol )]ξ = 0, (8)

where

Kξ = −zsol,τ MN −
[

usolMN + β

3
(MN usol )ξξ + h(βusol,ξξ + usol )

]
ξ

, Fξ = −usol,τ MN . (9)

The source terms K, F depend on the zeroth-order soliton solutions usol, zsol (e.g., [33]) and the
corrugation geometry. Equations (8) are linear dispersive nonhomogeneous and nonautonomous
wave equations, in which the functionals Kξ , Fξ play the role of distributed wave sources, or
virtual current densities in the terminology of Hamiltonian dynamics. These nonhomogeneous terms
combine the wave nonlinearity with the effect of bathymetry via the product between the flat-bed
soliton solutions (zsol, usol ) and the Jacobian MN (ξ ) [15]. These Hamiltonian conservation laws are
in agreement with the perturbation theory approach for Hamiltonian partial differential equations in
[21] for the analysis of the bathymetry effects in the resulting solutions.

A. The O(ε) perturbation solutions

To obtain zN , uN we solve Eqs. (8) choosing a family of Boussinesq one-soliton traveling
solutions zsol(ξ − vτ ), usol(ξ − vτ ) [29] given by Eqs. (A3) in the Appendix. These solitons depend
on the two parameters α, β of the problem, and the normalized soliton velocity v = vsol = 1 + α2/2,
which depends only on the normalized soliton amplitude. We choose a certain traveling interval I
along the ξ axis, extending over many times soliton width Lsol. Homogeneous boundary conditions
are applied for (zN , uN ) and for their first-order ξ derivatives at the two ends of this I interval.
We assume that the initial unperturbed soliton begins to travel over quiescent water, thus choosing
the homogeneous initial conditions for Eqs. (8). We study the O(ε) solutions zN , uN only during
the time interval when the soliton travels inside the interval I . The solutions obtained at this order
are influenced by the bathymetry via the source terms K, F . These solutions are nonzero only in
the region where the soliton (zsol, usol ) has nonzero contribution, i.e., only when ξ belongs to the
support of the soliton profile. Indeed, away from this region the soliton profile drops rapidly to zero
and thus the source terms in Eq. (9) vanish. Without the source terms, and since the boundary and
initial conditions are both homogeneous, the solution (zN , uN ) approaches zero outside the soliton
support. In other words, the O(ε) perturbation travels with the soliton, modulating its envelope.

The traditional approach to solve Eqs. (8) is to build the solution in terms of the Fourier series
in ξ, τ . Because the O(ε) perturbation solution (zN , uN ) emerges on top of a traveling soliton,
we introduce the comoving coordinate ξ̄ = ξ − vτ − ξ0 and the nonsingular change of variables
(ξ, τ ) → (ξ, ξ̄ ). For Lipschitz continuous solutions [39] with evolution restricted to the bounded
region I around the traveling soliton (zsol, usol ), such a change of variables in the Fourier series
is just a coordinate rescaling and does not alter the convergence properties of the series [14,40].
The parameter ξ0 is chosen such that the initial condition ξ̄ = 0 takes place at the front of the
traveling soliton, to secure the retarded causal solutions for (zN , uN ). Thus, at O(ε) the solution can
be represented by the series

zN (ξ, ξ̄ ) =
∞∑

n=−∞
zn(ξ̄ )einξ , uN (ξ, ξ̄ ) =

∞∑
n=−∞

un(ξ̄ )einξ . (10)

For the bathymetry contribution in Eqs. (9) we use the Fourier expansion

MN (ξ ) =
∞∑

n=−∞
Mneinξ , (11)
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where Mn are the Fourier coefficients 2πMn = ∫ π

−π
MN (ξ ) exp(−inξ )dξ . Substituting Eqs. (10) and

(11) into Eqs. (8) and (9), we proceed to solve the resulting system for each n, imposing zero
boundary conditions for zN and uN , as well as their first-order ξ derivatives, at the ends of the
interval I .

1. Equations for n = 0

This part of the solution depends only on ξ̄ . It does not explicitly include the corrugation term
MN . From Eqs. (8) we have

− vz′
0 + u′

0 + β

3
u′′′

0 + α(z0usol + u0zsol )
′ = −h(βu′′′

sol + u′
sol ),

− vu′
0 + z′

0 + α(u0usol )
′ = 0, (12)

where primes represent the differentiation in ξ̄ . Integrating once and noting that z0 = (v − αusol )u0,
we obtain from the first equation in Eqs. (12),

β

3
u′′

0 + (
1 + αzsol + 2αvusol − α2u2

sol − v2
)
u0 = −h(usol + βu′′

sol ). (13)

Here the integration constants have been canceled, since we consider only the localized solutions
which approach zero at the boundaries of I . From Eq. (5b), applying for the flat-bed soliton solution
and integrating once, we have −vusol + zsol + αu2

sol/2 = 0. This reduces Eq. (13) to

β

3
u′′

0 + (1 − v2 + 3αzsol )u0 = −h(usol + βu′′
sol ). (14)

The general solution to Eq. (14) is given by a sum of the general solution of the homogeneous part
of the equation (which we denote as uhom

0 ) and a particular solution of the fully nonhomogeneous
equation. The latter can be obtained using the Green’s function method [41,42]. The homogeneous
solution can be obtained by converting Eq. (14) into a standard Volterra integral equation with a
continuous kernel [43]

uhom
0 (ξ̄ ) + 3α

∫ ξ̄

0
(ξ̄ − s)zsol(s)uhom

0 (s)ds = 0.

For this homogeneous Volterra integral equation there are many approaches to obtain its solution, in-
cluding the Taylor’s expansion method. However, because the variable coefficient 1 − v2 + 3αzsol =
α(−α/2 + 3zsol ) in Eq. (14) becomes negative when zsol < α/6, some homogeneous solutions uhom

0
may become unstable in the sense of Ulam [44]. To obtain the nonhomogeneous part of the solution
u0, we employ the expressions for zsol, usol and v in Eq. (A3) and use Mathematica symbolic exact
integration to obtain analytic forms for the Green’s function G(ξ̄ , ξ̄

′
) for Eq. (14), i.e.,

G = (1 + eiX )4e−3α
√

43|X |
{

2F1(4, 4 + 6
√

4 + 3α2, 1 + 6
√

4 + 3α2,−e−X ), if X � 0

2F1(4, 4 − 6
√

4 + 3α2, 1 − 6
√

4 + 3α2,−eX ), if X � 0,
(15)

where X (ξ̄ , ξ̄ ′) = α
√

3(4 + α2)/4β(ξ̄ − ξ̄
′
) and 2F1 is the confluent hypergeometric function. This

Green’s function is continuous on any symmetric and bounded interval I , and for any α > 0
[see, e.g., Eq. (7) in [41]]. Furthermore, its second derivative is the delta Dirac distribution. We
keep the O(α2) terms formally in Eqs. (13) and (14) because the Green’s function is not defined
at α = 0, yet it is integrable. The solution to Eq. (13) is then given by the Green’s second formula
[41,42], i.e.,

u0(ξ̄ ) = uhom
0 (ξ̄ ) − h

∫
I

G(ξ̄ , ξ̄
′
)[usol(ξ̄

′
) + βu′′

sol(ξ̄
′
)]d ξ̄

′
. (16)
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It then follows

z0(ξ̄ ) = (v − αusol − 1)

(
uhom

0 − h
∫

I
G(ξ̄ , ξ̄

′
)[usol(ξ̄

′
) + βu′′

sol(ξ̄
′
)]d ξ̄

′
)

. (17)

For ε < 1, h in Eqs. (16) and (17) can be approximated as h = 1 + O(ε2) (see the example
in Sec. IV). This means that the influence of small corrugations does not appear in the n = 0
component of the solution at O(ε). Nevertheless, analytical expressions for the homogeneous
solution uhom

0 can be obtained up to order O(α), and the integrals in Eqs. (16) and (17) can be
evaluated exactly, resulting in combinations of hyperbolic, inverse hyperbolic, and polylogarithm
functions. These expressions are too lengthy to present here, but the details of the calculations and
the exact forms of the solutions in Eqs. (14)–(17) for various parameter values are provided in the
Mathematica file “Supplemental Material A” [45].

2. Equations for n �= 0

Collecting the terms associated with einξ , n �= 0, we obtain the equations for zn(ξ̄ ) and un(ξ̄ )
from Eqs. (10) and (11). These are the third-order differential equations. Let the vector Yn(ξ̄ ) =
[un, zn, qn, pn]T , where T stands for the transpose, and qn(ξ̄ ) = dun/d ξ̄ , pn(ξ̄ ) = dqn/d ξ̄ . We
transform the third-order differential equations into a nonhomogeneous, nonautonomous system
of first-order differential equations

Y ′
n = AnYn + Bn (18)

with the associated Cauchy initial condition Yn(0) = Yn0. The matrices are defined as follows:

An(ξ̄ ) =

⎛
⎜⎜⎝

0 0 1 0
−α(u′

sol + inβusol ) −inβ v − αusol 0
0 0 0 1

A41
n −3inv − 3α

β
u′

sol A43
n −3inβ

⎞
⎟⎟⎠, (19)

where

A41
n = −3in − 3inα(vusol + zsol ) − 3α

β
(vu′

sol + z′
sol − αusolu

′
sol ) + 3inα2u2

sol + iβ3n3,

A43
n = 3(v2 − 1)

β
− 3α

β

(
2vusol + zsol − αu2

sol

) + 3n2β2,

and Bn(ξ̄ ) = Mn[0,−vu′
sol, 0, B4

n]T , where

B4
n = (in3β3 − 3in)usol + 3

(
n2β2 − 1 − v2 + αvusol

β

)
u′

sol − 3inβu′′
sol − u′′′

sol + 3v

β
z′

sol. (20)

The unique solution to the nonautonomous system in Eqs. (18)–(20), for each n, is the path-ordered
exponential (PE) [46]

Y (ξ̄ ) =Y0 +
∫ ξ̄

0
A(s1)ds1Y0 +

∫ ξ̄

0
A(s1)

( ∫ s1

0
A(s2)ds2

)
ds1Y0

+
∞∑

k=3

[ ∫ ξ̄

0

∫ s1

0
· · ·

∫ sk−1

0
A(s1)A(s2) · · ·A(sk )dskdsk−1 · · · ds1

]
Y0

+
∞∑

k=1

∫ ξ̄

0

∫ s1

0
· · ·

∫ sk−1

0
A(s1)A(s2) · · ·A(sk−1)B(sk )dskdsk−1 · · · ds1, (21)

where the subscript n is dropped for the sake of neatness. The products A · · ·AB are understood
as the matrix products, and the dots represent sequences of iterated integrals from 1 to k. With the
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homogeneous initial condition Y (ξ̄ = 0) = Y0 = 0, Eq. (21) becomes

Y (ξ̄ ) =
∫ ξ̄

0

[
B(s1) +

∫ s1

0
A(s1)B(s2)ds2 +

∫ s1

0

∫ s2

0
A(s1)A(s2)B(s3)ds3ds2 + · · ·

]
ds1. (22)

Since the goal of the calculations here is to obtain the perturbation to the soliton profile and velocity,
we only need components Yn,2 = zn and Yn,1 = un. From Eq. (22)

zn(ξ̄ ) =
∫ ξ̄

0
Bn,2(s1)ds1 +

∫ ξ̄

0
ds1

∫ s1

0
An,22(s1)Bn,2(s2)ds2

+
∫ ξ̄

0
ds1

∫ s1

0
ds2

∫ s2

0
[An,22(s1)An,22(s2)Bn,2(s3) + An,23(s1)Bn,4(s3)]ds3 + · · · , (23)

un(ξ̄ ) =
∫ ξ̄

0
ds1

∫ s1

0
ds2

∫ s2

0
Bn,4(s3)ds3

+
∫ ξ̄

0
ds1

∫ s1

0
ds2

∫ s2

0
ds3

∫ s3

0
[An,42(s3)Bn,2(s4) + An,44(s3)Bn,4(s4)]ds4 + · · · . (24)

The convergence of the PE iterated series can be handled through various methods of decomposition
[46–48]. One criterion of convergence of the PE series is that the matrix A is sparse [49], and another
criterion of convergence is to ask the integrand functions to be square integrable with norms less
than π [see Eq. (67) in [50]]. For a recent review of the theory see also [50]. The convergence of the
series in Eqs. (21)–(24) is guaranteed by both these criteria. First, each of the real entries in matrices
A,B contains, as factors, the smallness parameters α, β, v2 − 1 = O(α2), with two exceptions: the
element A2,3 = v − αusol and the last term of the last component of Bn. Nevertheless, because of the
positions of the zero entries in the A,B matrices, to retain the terms up to orders O(α) and O(β ) in
Yn,1 and Yn,2, it is sufficient to keep only the first three terms in Eqs. (23) and (24), as all subsequent
higher-iteration terms have smaller orders. Secondly, it is known that even if An are completely
dense (which is the case here since a 4×4 matrix cannot be sparse) but it has rapidly decreasing
entries away from the diagonal, the corresponding PE series still converges. Matrices of this type are
called pseudosparse [49]. This is exactly our case because all real entries are functions of either the
localized soliton (zsol , usol ) or their derivatives. That is, the matrices An in Eq. (19) are pseudosparse.
In the working approximation, Eqs. (23) and (24) reduce to the following perturbations to the soliton
profile:

zn(ξ̄ ) = 3β

∫ ξ̄

0
ds1

∫ s1

0
zsol(s2)ds2 + O(α2, β3), (25)

un(ξ̄ ) = βusol(ξ̄ ) − 3β2
∫ ξ̄

0
[1 − usol(s1)]ds1

∫ s1

0
zsol(s2)ds2 + O(α2, β3). (26)

We also mention that all iterated terms in the PE in Eqs. (23) and (24) can be integrated analytically
exact, and they result in finite sums of hyperbolic tangent, or polylogarithm Lik (ξ̄ ) functions of
order k multiplied by powers of the soliton half-width Lk

sol. All these expressions are bounded from
above by convergent sequences Lk

sol/(2k)!, a fact that guarantees the convergence of the PE iterated
integrals.

While the calculations described above require careful attention, the advantage is that it repre-
sents a workable analytic solution, valid at O(ε), for the evolution of a Boussinesq soliton perturbed
by the small bathymetry. The analytical calculations for the integral solutions Eqs. (25) and (26),
and the sequence of the maximal values of these integrals (for convergence purposes) are provided
together with other examples, in the Mathematica file Supplemental Material A [45].

The laboriousness of the procedure to obtain the solutions (zN , uN ), even at the first order in ε,
is justified by the fact that nonautonomous differential equations such as Eqs. (8) and (12) give rise
to processes depending on two factors: the initial moment of time and initial conditions. This is
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in contrast to autonomous differential equations which have solutions dependent only on the initial
conditions. For an autonomous nonlinear Boussinesq system on a flat bottom, we can define a global
attractor which is a subset of the phase space of solutions that captures the asymptotic behavior
of the system. In the case of nonautonomous systems (e.g., the nonlinear Boussinesq system on
a variable bathymetry), we need to calculate (or prove the existence or nonexistence) of a new,
specific pullback attractor. Since the contribution of bathymetry to the traveling nonlinear waves
can be interpreted as a time-dependent external interaction, one could study a pullback attractor for
this system by identifying the time-dependent invariant sets that attract all solutions initialized in
the remote past. Moreover, since the existence of a global pullback attractor for weakly dispersive
systems, such as ours, was rigorously demonstrated in the literature [51], one could follow this path
to determine more quantitative features of the coupling between bathymetry and nonlinear waves.
But this is beyond the scope of this paper.

B. Asymptotic scattered solutions

Outside the region of the localized support of solitons, zsol � 0, usol � 0. Thus, the equations for
zN and uN are decoupled, and Eqs. (8) reduce to the linear dispersive wave equations

zττ − zξξ − β

3
zξξξξ = 0, uττ − uξξ − β

3
uξξξξ = 0, (27)

and uτ = −zξ , together with the dispersion relation

ω(k) = ±k

√
1 − βk2

3
. (28)

The wave velocities in the mathematical plane are

vph =
√

1 − βk2

3
< 1, vgr = 3 − 2βk2√

9 − 3βk2
< 1. (29)

We notice that both velocities are less than the group velocity vsol of a single soliton on a flat
bed as given in Eq. (A3), i.e., vph < 1 < vsol = 1 + α2/2. This means that the scattered waves
generated in the wake of a traveling soliton do not tend to overtake the soliton leading front,
unless the corrugations are so high that the perturbed soliton moves slower in an effective layer
of shallower depth. Adjacent to the region of soliton support, the coefficient functions in Eq. (8)
and the nonhomogeneous source terms in Eq. (9) all cancel out. As a result, (zN , uN ) represent
the scattered waves in the asymptotic region, which lies outside the soliton’s support. In fact, the
asymptotic solutions (zN , uN ) belong to the class of solutions of the linearized Boussinesq system,
which is derived from Eqs. (5) by setting α = 0. These solutions are similar to those obtained and
discussed in detail in Refs. [15,16], and are in agreement with the formation of scattered wave fields,
and the stability of the principal coherent solution obtained in [21].

To integrate the equations for (zN , uN ) in the asymptotic region, the matching continuity condi-
tion is applied between these solutions and the trailing front of the perturbed soliton. Sommerfeld
radiation boundary conditions are also applied at the left end of these linear solutions (assuming
right-moving waves). Even if the contribution of the corrugated bed does not explicitly occur in these
equations, (zN , uN ) are still affected by the bed corrugations because of the matching conditions at
the trailing front of the perturbed soliton.

To build these solutions, we follow [15,16] and represent the solutions in a wave packet using
the linearized dispersion relation Eq. (28), i.e.,

zN (ξ, τ ) =
∫

Z (k)ei(kξ−ω(k)τ )dk, uN (ξ, τ ) =
∫

U (k)ei(kξ−ω(k)τ )dk.

We impose the matching condition between the right bound of this wave packet and a point of
minimal amplitude zmin chosen on the trailing front of the traveling soliton, i.e., zmin(τ ) = zsol(ξ =
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vτ, τ ). Following this moving boundary condition, and leaving a free boundary condition at the left
bound of the wave packet, we obtain the linear wave solution for the wake of the soliton

zN =
{

zmin
v−1 + vzmin

1−v2 ei
√

3(1−v2 )/β(ξ−vτ ) if
∣∣ξ − ξinit + Lsol

2

∣∣ < vτ

0, otherwise,
(30)

where ξinit is the initial position of the soliton at τ = 0, and Lsol is the half-width of the soliton.
Implementing uN,τ = −zN,ξ from Eq. (27), and using the matching continuity condition between
the scattered wave velocity and the velocity of the trailing front of the soliton uN (ξ = vτ, τ ) =
vsol = 1 + α2/2 results in

uN =
{

2+α2

2 + zmin
v2−1 (e[−i(Lsol+2ξinit )]/2

√
3(1−v2 )/β − ei

√
3(1−v2 )/β(ξ−vτ ) ) if

∣∣ξ − ξinit + Lsol
2

∣∣<vτ

0, otherwise.
(31)

For v < 1 we obtain the monochromatic traveling waves, and for v � 1 we obtain the exponentially
attenuated waves. The waves in Eq. (30) have a constant wavelength because the coefficients of the
governing differential equations are π periodic in both the mathematical and the physical planes,
by the construction of the conformal map. These results are in agreement with the description of
trailing sine waves in [52] (e.g., Figs. 7 and 9 in that paper).

The solution Eq. (30) has a good behavior because it represents the waves that do not overtake
the soliton leading front. Moreover, the wavelength prescribed by the dispersion relation Eqs. (27)
and (28) has a value λ �

√
4β/3α2π which is close to the wavelength of the linear solution Eq. (30)

for a wide range of values of the parameters α, β ∈ [0.2, 0.6], especially if α ∼ β + 0.2.
The solution Eq. (30) depends on the periodicity of M and the condition at the right-moving

boundary (i.e., the trailing front of the soliton). The solution is expressed as a wave packet in which
each component has two parameters: the amplitude and wavelength. The phase velocity is imposed
by the soliton motion. Because the equations in Eqs. (27) have fourth-order derivatives in ξ , there
should be two matching conditions at the connection point with the soliton. This means that the
solution is a linear combination of two wavelengths. This observation is confirmed by the results
from our numerical simulations (see Sec IV), showing the occurrence of dominant wavelengths
λ ∼ π and 2π in the wake of the soliton. This finding is similar to the results in [16] showing
the occurrence of traveling waves with wavelengths being the integer multiples of the bathymetry
period.

IV. RESULTS AND DISCUSSIONS

For an arbitrary form of periodic bed corrugations, one must construct the corresponding
conformal map, e.g., following the method in [17], in order to obtain the coefficient function M(ξ )
from the Jacobian of transformation. For the examples of solutions to be presented in this section,
we use a particular family of bed forms for which the associated conformal map is known, i.e.,

x = ξ − εhβ1/2 cosh (2β1/2η)

sinh (2β1/2h)
sin 2ξ, (32a)

z = η − εh
sinh (2β1/2η)

sinh (2β1/2h)
cos 2ξ . (32b)

Since the map is chosen a priori, zb(x) is subsequently obtained from the map via an implicit
expression. In dimensionless form, the bed is at z = −1 + zb(x) and mapped into η = −h. Thus,
from Eq. (32) with η = −h,

zb(x) = (1 − h) + εh cos 2ξ, where x = ξ − β1/2εh coth (2β1/2h) sin 2ξ . (33)
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The relative height is limited,

ε � tanh (2β1/2h)

2β1/2h
. (34)

Equations (32)–(34) are given in the Appendix in [15]. By requiring zb(x) to have zero average (see
Sec. II), we obtain from Eq. (33) the condition to determine the depth h in the mathematical plane,
i.e.,

h = 1 − ε2β1/2h2 coth (2β1/2h). (35)

The profile zb(x) in Eq. (33) is nearly sinusoidal for small ε, but becomes cusplike as ε approaches
the limit in Eq. (34). By definition, M(ξ ) = (J|η=0)1/2, where J is the Jacobian of transformation.
Since ∂x/∂η = 0 at η = 0, we therefore have

M(ξ ) = ∂x

∂ξ

∣∣∣∣
η=0

= 1 − ε
2β1/2h

sinh (2β1/2h)
cos 2ξ ≡ 1 − εMN . (36)

From Eq. (32a), at η = 0

x = ξ − εh
β1/2

sinh (2β1/2h)
sin(2ξ ), (37)

using which we can rewrite the solutions zs(ξ ) and us(ξ ) as functions of x at a given time.
For each example we choose the nonlinearity parameter α which describes soliton relative

amplitude, the dispersion parameter β, and the relative height ε of the corrugations. Note that
the values of β and ε affect the conformal map Eqs. (32), hence the calculations of h and M(ξ ), while
the value of α affects the Green’s function in Eq. (15) for determining (z0, u0) in Eq. (16). Since
the coefficient function M corresponding to the map Eqs. (32) contains just one cosine component,
the matrices An,Bn have sparse entries with relatively simple expressions. This ensures a rapid
convergence of the path-ordered exponential series. We find that it is sufficient to calculate the PE
series up to the third iterated integral. All calculations are carried out using the symbolic calculation
in Mathematica (see also the file Supplemental Material A [45]).

To validate the perturbation analysis, we compare the analytic solutions with the results of
numerical simulations of the original Boussinesq system in Eq. (5) using COMSOL 6.1 software.
For the initial conditions, we use the Boussinesq soliton expressions in the flat-bed case with the
depth being h in the mathematical plane. We center the initial shape in the middle of interval I . For
each case, we run the numerical simulation twice: one uses the homogeneous boundary conditions
and the other uses the periodic boundary conditions. This is to ensure that the boundaries of the
working interval I are sufficiently away and do not affect the numerical results. In general, the end
points of the working interval I are placed at (60–80)Lsol away from the center of the initial soliton
shape.

A. Results

In Figs. 1 and 2 we present examples of wave profiles in the mathematical plane, i.e., as the
functions of (ξ, τ ). The perturbation solution involves two arbitrary factors: the choice of the
matching point between the solution zL and the perturbed soliton tail, and a constant of integration.
These are chosen so that the analytic solution best compares with the numerical result. In Fig. 1,
the large β indicates a relatively deep water depth. Thus, the soliton is less influenced by the
corrugations, and its envelope is less modulated. The high dispersion coefficient in this case also
corresponds to an initial soliton of large width and slow velocity. The soliton velocity is slightly
greater than that of the wave train induced by the corrugations, so the perturbations are lagging
behind as time goes on (see the relatively smoother soliton front for τ > 17.4 in Fig. 1). The trace
of the perturbed soliton, from the COMSOL simulation, is shown in Fig. 2 for α = 0.25, β = 0.48,
and ε = 0.263. As the soliton travels, the wake waves are generated on the soliton tails, while the
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FIG. 1. Evolution of a perturbed soliton zs(ξ, τ ) in the mathematical plane, for α = 0.15, β = 0.75, and
ε = 0.4. Red: Perturbation solution. Black dotted: Numerical simulation. Blue: Profile shape of M (not at the
same vertical scale as zs). Gray: Initial Boussinesq soliton of width Lsol = 7π and relative amplitude α = 0.15.

soliton front is nearly unaffected. It is notable that the soliton amplitude decreases due to energy
leaking into the wake.

Hereafter, we present a number of examples in Figs. 3–9 for various conditions characterized
by α, β, and ε, comparing the perturbation solutions with the results from COMSOL simulations. To

FIG. 2. Density map showing the soliton evolution and the wake in the soliton tail, from the COMSOL sim-
ulation for α = 0.25, β = 0.48, and ε = 0.263. The initial soliton has a width Lsol = 4π . Inset: Consecutive
phases of the traveling soliton in the mathematical plane, showing the decrease and oscillations of the soliton
amplitude from numerical calculations.
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FIG. 3. Solution zs(x, t ) at two moments of time. Parameters: α = 0.15, β = 0.6, ε = 0.1, and Lsol = 14λb

for the initial soliton. Red: Analytical solution. Black dotted: Numerical simulation. Blue: bed corrugations
(not at the same vertical scale as the waves). Inset: The solution shown at the faithful horizontal and vertical
scales.

have a better understanding of the evolution in the physical plane, we transfer zs(ξ, τ ) to zs(x, t )
using the ξ -x relation given in Eq. (37). In all figures, the water depth is not shown, but we plot the
shape of bed corrugations (blue curves) below the solutions (red and black curves) for the purpose of
visualization. The horizontal axis is in units of 1/kB. The initial condition is the traditional “Gauss-
bell”-shaped soliton in the mathematical plane. However, because of the transformation from ξ to
x, what we call a soliton in the physical space has a quite different shape from the Gauss-bell shape,
having multiple local maxima depending on the ratio of soliton width to the bed period λb and
corrugation height. When the conditions given by α, β, ε, Lsol concur to produce high stability in
time, such localized envelope can travel almost unchanged, exactly like a traditional soliton, despite
its nontraditional shape.

Figure 3 shows a very wide (Lsol = 14λb) soliton of low amplitude traveling over relatively low
corrugations. The soliton shape is stable in time, though it is modulated. The wake is limited because
of the rapid attenuation of the perturbation on the soliton tail. The soliton front is free from the
perturbation. If we take the mean water depth h0 = 0.3 m, the values of α, β, and ε in this case
correspond to the corrugation period λb = 1.22 m, and initial soliton amplitude a = 0.045 m.

Figure 4 illustrates the cases when the soliton width is narrow, i.e., Lsol = 1.5λb, considering high
and low corrugation heights. The high nonlinearity α = 0.75 suppresses the effect of perturbation
on the tall soliton, as long as the corrugations are not so high (e.g., ε < 0.2). The analytic solutions
of the trailing waves compare reasonably well with the numerical results up to t = 3.4 s. At later
times, the analytical solution gives faster decaying trailing waves, compared to the numerical
solution. While the soliton height compares reasonably well, there are times when the soliton
given by the numerical solution has a narrower shape than that given by the analytical solution
(see t = 2.24, 2.25 s). Since the linear water waves travel at 5.4 m/s, which is less than the soliton
velocity of 6.78 m/s, the trailing waves do not catch up with the soliton. This is clearly indicated by
the nearly perturbation-free soliton front. For the case of higher corrugations in Fig. 4(b), stronger
deformation of the soliton tail can be seen for t � 5.75 s. Nevertheless, the strong nonlinearity α

restores the stability of the soliton, and its shape is reconstructed at t = 21.04 s.
These results align with the calculations and findings in [21], where wave propagation over a

randomly varying bottom also leads to scattered wave fields in addition to the primary KdV soliton
component. As shown in Figs. 5 and 6 of [21], the main coherent solutions persist, retaining their
fundamental properties of momentum and energy transport, much like in the classical flat-bottom
problem. In our analysis, we observe, consistent with the conclusions in [21], that the scattering is
not substantial enough to cause significant dispersion of the principal coherent solutions, within the
approximation regime used in these results.

The strong scattering effects behind the soliton in Fig. 4 exhibit similar features with a Bragg
resonance [13,17,18,21] since the soliton width and corrugation wavelength are comparable in this
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FIG. 4. Solution zs(x, t ) at various times for α = 0.75, β = 0.35, and Lsol = 3λb/2. Red: Analytical
solution. Black: Numerical simulation. Blue: Corrugations. (a) Low corrugation ε = 0.2. (b) High corrugation
ε = 0.4.

case. However, in the case of a soliton, the surface wavelength is infinite and it is not clear whether
the soliton width can be used in place of the surface wavelength in the mλ = 2λb, m = 1, 2, . . .

Bragg condition [17,18]. Consequently, we do not think that the scattered waves in this case are due
to the Bragg scattering, since strong perturbation waves are similarly observed for wider solitons as
one can notice in the following Figs. 5–8. On the other hand, since the water continues to exhibit
weaker (shallower amplitude) nonlinear oscillations and waves after the soliton perturbation has
subsided, as shown in Sec. III B, these scattered waves could be related to a local Bragg resonance
effect. We will consider the study of this specific effect with our perturbation solution, Eq. (30), in
a forthcoming paper.
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FIG. 5. Solution zs(x, t ) for α = 0.35: (a) Unstable traveling soliton of Lsol = 3λb and β = 0.35 over high
corrugations of ε = 0.4. (b) Stable traveling soliton of Lsol = 5λb and β = 0.75 over low corrugations of
ε = 0.2. Red: Analytic solution. Black dotted: Numerical simulation. Blue: Bed corrugations.

The competing effects of dispersion and bed corrugations are shown in Fig. 5, considering
two situations: (a) a narrow, mildly dispersive soliton over high corrugations, and (b) a wider,
more dispersive soliton over lower corrugations. In both situations, the nonlinearity α = 0.35. In
Fig. 5(a), the soliton shape is highly modulated by the perturbation and does not recover to its
original form even after a long time. This is an unstable traveling soliton. In Fig. 5(b) the smaller
corrugations generate a notable amount of modulation of the soliton envelope at t = 2.40 s, but the
soliton shape approximately recovers at t = 15.14 s due to the increased dispersion. The traveling
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FIG. 6. Solution zs(x, t ) for α = 0.15, β = 0.15, and ε = 0.4. Lsol = 5λb. Red: Analytic solution. Black
dotted: Numerical simulation. Blue: Bed corrugations.

soliton is stable similar to the cases studied in [21]. Recall that β = (kBh0)2. Thus, a larger β can
be obtained by either increasing the mean water depth h0 or shortening the corrugation period
λb = π/kB, or both. For instance, for h0 = 0.3 m, β = 0.35 in Fig. 5(a) corresponds to λb = 1.59 m,
and β = 0.75 in Fig. 5(b) is for λb = 1.08 m. The results in Fig. 5 indicate that wider solitons in
general have their envelopes less perturbed. A wider soliton essentially "feels" the reduction of
water depth due to the relatively dense corrugations, but does not feel the individual corrugations.
In both situations, the analytic solutions compare reasonably well with the numerical results for
both the soliton envelope and the trailing waves. For very weak dispersion β = 0.15 but relative
high corrugations of ε = 0.4, the modulation of the soliton envelope is so strong that multiple local
maxima appear (see t � 1.1 s in Fig. 6). Furthermore, the soliton front is affected. This effect is
in agreement with the results presented in [13] (e.g., in Fig. 4.3) where the soliton wave becomes
sharper when shoaling. The soliton tends to be unstable for t > 5 s. One reason for the strong
deformation is that the velocity of linear waves is 3.43 m/s and exceeds the soliton velocity of
3.2 m/s. Thus, the perturbation waves take over the soliton. For this configuration of parameters, the
amplitude of the wave slowly decreases with time. To better illustrate the effect of bathymetry, we
show the soliton modulations by varying ε while keeping α, β, and Lsol unchanged (see Fig. 7). As
expected, higher corrugations induce greater modulation of the soliton and a longer train of waves
in its wake. The amplitude of the wave decreases in time. A remarkably good agreement is seen
between the analytic and numerical solutions.

Figure 8 shows that the soliton evolution exhibits a very good stability in time for a wide range
of parameters. In those cases, the amplitude of the initial soliton is small with α = 0.15–0.2. The
soliton width relative to the bed period is increased from Lsol/λb = 5 to 7 and 10. In all cases,
the solitons and the trailing waves are both stable. This demonstrates that the soliton width is not
necessarily a strong criterion for stability. In Fig. 9 an example is given using an initial condition of
three-soliton cnoidal waves, imitating three solitons for a condition of weak nonlinearity, medium
dispersion, and bed corrugations. The wave form propagates for a long time (47 s), nearly un-
changed. In all these stable cases, the analytical and numerical solutions are in very good agreement,
not only for the soliton shape but also for the trailing waves.

We note that the height of the perturbed soliton slightly varies as the soliton propagates (see, e.g.,
the inset of Fig. 2). This can be explained by the conservation of the total area under the perturbed
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FIG. 7. zs(x, t ) for α = 0.15, β = 0.35, and Lsol = 5λb. (a) ε = 0.4. (b) ε = 0.2. Red: Analytic solution.
Black dotted: Numerical solution. Blue: Bed corrugations.

solution, resulting from the Hamiltonian equation (8). In some cases, from the solutions at longer
times we observe a very weak, very low frequency modulation of the (otherwise monochromatic)
trailing waves in the wake. This behavior may be caused by a Doppler effect. Waves away from the
soliton support stabilize at a certain phase velocity, while the waves close to the trailing front of the
soliton reflect at the moving boundary. As we have shown in Sec. III B, since the two velocities vph

and vsol have close values, the interference of waves may result in low frequency modulation beats.
As a summary, we note that the analytic solutions compare well with the numerical solutions for a
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FIG. 8. Stable traveling solitons. (a) α = 0.2, β = 0.5, ε = 0.3, Lsol = 5λb. (b) α = 0.15, β = 0.75,
ε = 0.4, Lsol = 7λb. (c) α = 0.15, β = 0.75, ε = 0.2, Lsol = 7λb. (d) α = 0.2, β = 0.6, ε = 0.39, Lsol = 10λb.
Red: Analytic solution. Black dotted: Numerical simulation. Blue: Bed corrugations.
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FIG. 9. Evolution of a Boussinesq cnoidal wave imitating three solitons for α = 0.2, β = 0.5, and ε = 0.3.
Red: Analytic solution. Black dotted: Numerical solution. Blue: Bed corrugations.

large range of values for α, β, ε. The agreement is less satisfactory when the soliton width becomes
shorter than the period of bathymetry.

The analytic solutions for the perturbations zN , uN allow for some qualitative analysis of these
nonlinear waves. For the large majority of cases, all the terms in Eqs. (23) and (24) are iterative
integrals of positive functions given by the soliton shape or velocity profile, or both Eqs. (A3). Such
consecutive integrations render strictly monotonic functions at every step k of integration. Because
the lower limits of these integrals are chosen at the soliton front (causality condition for retarded
waves propagation) it results that the main contribution of these perturbation integrals is localized
in the trailing part of the soliton. This effect is visible in the large majority of the figures. There
are a few exceptions noticed when the soliton half-width is around Lsol � 5λB. In Figs. 6, 7(a), and
8(a) the soliton envelope becomes modulated even at its leading front. A similar effect of weaker
intensity is also noticeable in Figs. 5(b), 7(b), and Figs. 8(b) and 8(c), because in these cases either
corrugation is smaller (ε = 0.2) or Lsol = 7λB > 5λB. At this critical value 5λB for the half-width
the convergence of the series of iterated integrals in Eqs. (23) and (24) is weaker, which could be
a signature of a nonlinear Bragg resonance. Indeed, from Eq. (29) our model for scattered waves,
Eq. (A4), predicts a reverse of direction in the group velocity when Lsol � 5λB, α � 0.18, β � 0.4,
a situation which is very close to the quasiresonant cases mentioned above.

B. Stability

Because the coefficients of the time derivative and triple ξ derivative have the same sign in
Eqs. (2a) and (5a), these systems belong to the class of ill-posed differential equations [53]. In
general, classical solutions to these equations with arbitrary initial data are not expected to exist for
large intervals of time except for some special choices of the initial data. For some of the solutions, a
high growth rate of waves with short wavelengths may occur. At a long timescale these short waves
become dominant in the solution due to the nonlinearity of the equation and numerical instability.
Therefore, we do not expect the approximate analytic models developed in Secs. III A 2 and V
to accurately represent the evolution of waves in long time intervals. Here we present a stability
analysis for the evolution of perturbed soliton amplitude, based on the numerical simulations.
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FIG. 10. Evolution of soliton amplitude in time (seconds) for various parameters, based on numerical
simulations. The amplitude of the perturbed soliton is normalized by the initial amplitude (i.e., α = a/h0).
For the dispersion parameters: (a) β = 0.15, (b) β = 0.30, and (c) β = 0.60. For the nonlinearity (or initial
soliton height): black, α = 0.15; red, α = 0.3; and blue, α = 0.6. The shaded areas between curves of the same
color indicate moments of soliton fragmenting by instability. For the corrugation height: solid curve, ε = 0.2;
dashed curve, ε = 0.4; dotted curve, ε = 0.6.

In Fig. 10, the long-time evolution of the amplitude of the perturbed solitons is shown for various
conditions. The general behavior of solitons shows decreasing amplitude due to dispersing their
energy into the perturbation waves in the soliton wake. Obviously, high corrugations cause more
rapid attenuation of soliton amplitude. The decrease in amplitude and strong modulation of the
soliton envelope at earlier times are clearly seen in Figs. 6 and 7 for ε = 0.4. For small solitons
(black curves for α = 0.15 in Fig. 10), the temporal variation of the normalized soliton amplitude is
not very sensitive to the corrugation height ε unless the dispersion is weak (e.g., β = 0.15). For taller
solitons with stronger nonlinearity, the attenuation rate of normalized soliton amplitude increases
rapidly with ε. The effect of dispersion tends to compensate the effect of bed corrugations, since
soliton energy attenuation becomes weaker as β increases. The shaded areas between the curves of
the same color indicate the moments when the soliton is fragmenting by the instability. Numerical
simulations for various cases indicate that the velocity usol and width Lsol of the soliton are less
affected, changing no more than 2%–3% within the first 50–80 s of traveling. It is possible that
some of the results may be slightly affected by numerical procedures, especially by the imposed
periodic boundary conditions, even though the boundaries are always placed at distances about
(50–80)Lsol away from the center of the initial pulse. These results, including the stability of soliton
shapes and the effects of corrugations on soliton amplitude and velocity, are consistent with the
studies of similar KdV soliton waves traveling over various types of bathymetries in [19,20,25].

V. BOUSSINESQ SYSTEM AS A PERTURBED KDV EQUATION

Setting Mus = wξ and substituting it into Eq. (5b), we obtain

zs = −wτ − α

2M2
w2

ξ . (38)
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Inserting into Eq. (5a) we have

Mwττ − hwξξ − βh3

3
wξξξξ + α

M
wξwξτ + α

(
wτwξ

M

)
ξ

+ α2

2

(
w3

ξ

M3

)
ξ

= 0. (39)

Using M(ξ ) in Eq. (7) and for ε < 1, we rewrite Eq. (39) into

wττ − hwξξ − βh3

3
wξξξξ + αwξwξτ + α(wτwξ )ξ + α2

2

(
w3

ξ

)
ξ

+ε(−MNwττ + 2αMNwξwξτ + αMN,ξwτwξ + αMNwτwξξ )

+ε

(
3α2

2
MN,ξw

3
ξ + 9α2

2
MNw2

ξwξξ

)
= 0. (40)

Let us consider the approximation of long waves in the slow variables

X = ε1/3(ξ +
√

hτ ), T = βεh5/2

6
τ, (41)

and consider w(ξ, τ ) → w(X, T ) as the field of nonlinear interaction balancing the dispersion
effect. We then have from Eq. (40)

βh3

3

(
wXT + wXXXX + 9α

βh5/2
wX wXX

)
= ε7/3MNwXX . (42)

Denoting wX (X, T ) = �(X, T ), we have essentially a perturbed KdV equation in the form

�T + �XXX + γ��X = δm1(X )�X , (43)

where δ is an arbitrary scaling for the moment, and

γ = 9α

βh5/2
, m1 = 3

h2β
MN . (44)

We can apply a classical perturbation calculus to Eq. (44). If γ = 0 and δ2 = ε we are in the situation
as in [15]. Following the assumptions made in that work we then find the linear perturbed equation
�XT + �XXXX + MN h�XX = 0. Back to the KdV case in Eq. (43) and using the same notations as
in [12], we have

UT − 6UUX + UXXX = ε1/3m1(X )UX , (45)

where we use the transformation

U (X, T ) = −3α�(X, T )

2βh5/2
, (46)

following the general perturbation theory that refers to equations in the form of Uτ − 6UUξ +
Uξξξ = δP[U ] as the perturbed KdV equation. The soliton of the unperturbed KdV equation has
the form

U (X, T ) = −2k2sech2θ, θ = k(X − ζ ), ζ = 4k2T + ζ0, (47)

with the arbitrary parameter k labeling the soliton family. The perturbation modifies the soliton
parameters in the following way [12]

dk

dT
= − δ

4k

∫ ∞

−∞
P[U ]sech2θ dθ, (48)

dζ

dτ
= 4k2 − δ

4k3

∫ ∞

−∞
P[U ]

(
θ + 1

2
sinh 2θ

)
sech2θ dθ. (49)
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In our case the perturbation P[U ] = m1(X )UX has a periodic factor, which is expressed in a Fourier
series

m1 = 3

h2β

[
−2πh

λB

(
Nc∑
j=1

jb j

sinh 2π jh
λB

cos(2 jX ) + jc j

sinh 2π jh
λB

sin(2 jX )

)]
. (50)

To simplify the computations, we use the following notations:

Bj = jb j

sinh 2π jh
λB

, Cj = jc j

sinh 2π jh
λB

. (51)

Substituting Eq. (50) into the integrals in Eqs. (48) and (49), we obtain

dk

dT
= δ

Nc∑
j=1

4Cj j2( j2 + k2)π2cosech jπ
k

hk2βλB
(52)

and

dζ

dT
= 4k2 − 2π2δ

hk4βλB

Nc∑
j=1

Bj j

[
−4k3 + j( j2 + k2)π coth

jπ

k

]
cosech

jπ

k
. (53)

Equation (52) is a highly nonlinear differential equation for the scaling factor k(T ). For example,
retaining in the sum the terms up to j = 4 and integrating, we obtain a modulation of the amplitude
of the traveling soliton similar to the result from the numerical integration of Eqs. (5) as shown in the
inset of Fig. 2. An interesting observation is that for the periodic bed that leads to MN (ξ ) ∼ cos 2ξ ,
the derivative dk/dT cancels and correspondingly the amplitude and velocity of the perturbed
soliton do not change at the first order. Only the soliton phase is changed by the perturbation. This is
in agreement with the approximate analytic solutions and the numeric results presented in Secs. III
and IV.

VI. CONCLUSIONS

We have investigated the perturbations induced by a periodic bathymetry on traveling solitons in a
two-dimensional configuration, using the terrain-following Boussinesq model for weakly nonlinear
and weakly dispersive waves developed in [15]. The model applies to periodic bed bathymetry of
arbitrary profile shape and height, provided the bed is fully submerged. Assuming that the height
of bed undulations is small compared to the mean water depth, characterized by the relative height
ε, we have developed a perturbation solution to the nonlinear Boussinesq model. The leading-order
term of the solution is the classical flat-bed traveling Boussinesq soliton. The O(ε) term of the
solution describes the modulation of the soliton envelope. The equations for the O(ε) perturbations
are of Hamilton type, linear, and nonhomogeneous, in which the influence of bed bathymetry is
transferred to the nonhomogeneous terms. The solution in the form of modulated traveling waves is
constructed using the Fourier series, and solved using the Green’s function method and path-ordered
exponential method. We have proven the convergence of the series. In Sec. III B we have shown that
the scattering perturbations are free waves generated by the soliton motion in its wake. They are
described by the fourth-order dispersive linear wave equations which are homogeneous and can be
solved directly following the approach of linear Floquet theory [15,16]. The perturbation model
also suggests the presence of a nonlinear resonance effect at Lsol � 5λB, consistent with the Bragg
wave-bottom resonances observed in Ref. [13].

We have presented a number of examples of the analytical solutions, and for validation, compared
them with the results of numerical simulations of the original terrain-following Boussinesq system.
The examples cover a large range of values of the model parameters, illustrating the effects due to
the interactions among wave nonlinearity, dispersion, and bed variations. For the large majority
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of values of the parameters, the analytic solutions compare well with the results of numerical
simulations, showing good agreements both in the perturbed soliton envelope and the secondary
trailing waves induced by the soliton motion in its wake.

We have also given a comprehensive examination of the stability of the perturbed traveling soli-
tons. Lastly, we presented a procedure to map the Boussinesq system under study into a perturbed
KdV equation, and obtained its corresponding perturbed soliton. We compared this solution with
the above-mentioned perturbation solution, noting a very good agreement.

The analytic model also offers advantages for the qualitative analysis of the soliton perturbations.
Using the perturbation model developed in Sec. III one can approach any type of multisoliton solu-
tions, including the case of perturbing the collisions of two solitons, or even piecewise continuous
initial conditions. Even if numerical approaches for nonlinear evolution equations play a crucial role,
the most difficult (and important) problem in the numerical approach is to find a proper discretization
procedure which produces a solution that mimics the “physical behavior” as much as possible. This
difficulty increases in the case of nonlinear nonautonomous equations, like in our case. As a similar
example we mention the Riccati equation y′ = y2 + c which is analytically solvable, yet numerically
implemented generates a completely chaotic (nonintegrable) logistic-type dynamics for any finite
discretization step. Accordingly it is desirable to rely in parallel on some analytical approaches,
including the use of analytical solution with numerically computed coefficients.

The theoretical approaches presented here are valid for any type of periodic bathymetries, and
the method can readily be extended to nonperiodic ones. Such analytical solutions, though tedious
in calculating them, offer the possibility to validate various numerical approaches in the literature
for similar problems. In addition, our approaches pose a methodical value for the general field of
theories on nonlinear nonautonomous systems.
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APPENDIX: BOUSSINESQ SOLITONS OVER A FLAT BED

We describe the procedure to obtain one- or multisoliton solutions for a flat-bottom case,
which are used to construct the perturbation solutions in Sec. III A 2. By applying a Bäcklund
transformation

ξ → X = ξ

2h

√
3

β
, v(X, τ ) = −αus√

h
, w(X, τ ) = 1 + αzs

h
− 2α

√
hβ√
3

us,ξ ,

Equations (5) with M = 1 (for a flat bed ε = 0) become a BK IST-integrable system [30,33]

vτ = 1
2 (2w − vX + v2)X , wτ = (

vw + 1
2wX

)
X . (A1)

This is a consequence of the compatibility condition (i.e., the zero-curvature equation) for the
associated linear spectral problem. To construct explicit soliton solutions, a Miura transform is
performed [29]:

q = e
∫

usdξ , r = −(
1 + zs − 1

2 us,ξ
)
e− ∫

usdξ , (A2)

which maps Eqs. (A1) into the first member of the AKNS hierarchy system. A right-moving
one-soliton solution to Eqs. (5) (with M = 1 for ε = 0) can then be obtained [29], as
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FIG. 11. Half-width Lsol as a function of (α, β ).

follows:

zsol =
α(4 + α2)

[
2 + (2 + α2)cosh

(
α
√

3(4+α2 )[2ξ−τ (2+α2 )]
4
√

β

)]
[
2 + α2 + 2 cosh

(
α
√

3(4+α2 )[2ξ−τ (2+α2 )]
4
√

β

)]2

= 4α

1 + cosh α
√

3(ξ−τ )√
β

+ O(α2), (A3)

usol = α(4 + α2)

2 + α2 + 2 cosh
(

α
√

3(4+α2 )[2ξ−τ (2+α2 )]
4
√

β

)
with usol, zsol � α. The traveling velocity vsol of this one soliton and its half-width Lsol are given as

vsol = 1 + α2

2
, Lsol = 2

√
β

α
√

3(4 + α2)
. (A4)

Both the nonlinearity α and the dispersion β affect the half-width Lsol (Fig. 11). It is important to
note this dependence since a higher α and smaller β may keep the soliton width constant, hence
having a strong impact on the flow conditions. Similar to the large majority of solitons, the smaller
the soliton amplitude, the larger the half-width, and the slower the soliton moves. As the nonlinearity
α becomes stronger, the soliton becomes narrower. This one soliton has a single peak when its
amplitude is less than 2/α and double peak when the wave amplitude is larger than 2/α, thus having
some remarkable features. Since the Boussinesq model is valid for water waves of small amplitude
(which is scaled to be α here), the double-peaked soliton is not physically meaningful for our
situations. By applying other types of Darboux transforms, one can also obtain other multisoliton
solutions.
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