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Using particle-based numerical simulations performed under pressure-imposed condi-
tions, we investigate the transient dilation dynamics of a shear thickening suspension
brought to shear jamming. We show that the stress levels, instead of diverging as predicted
by steady-state flow rules, remain finite and are entirely determined by the coupling
between the particle network dilation and the resulting Darcy backflow. System-spanning
stress gradients along the dilation direction lead to cross-system stress differences scaling
quadratically with the system size. Measured stress levels are quantitatively captured by a
continuum model based on a Reynolds-like dilatancy law and the Wyart-Cates constitutive
model. Beyond globally jammed suspensions, our results enable the modeling of inhomo-
geneous flows where shear jamming is local, e.g., under impact, which eludes usual shear
thickening rheological laws.

DOI: 10.1103/PhysRevFluids.10.043301

I. INTRODUCTION

The abrupt shear thickening of dense non-Brownian suspensions is now understood as a frictional
transition [1-9]. This transition occurs when suspended particles interact through a short-range
repulsive force that prevents solid frictional contacts below a typical applied stress Prep = frep Ja?,
where fi., is the amplitude of the repulsive force and a is the particle diameter [Fig. 1(a)].
Particles then virtually behave as if they were frictionless, yielding a jamming volume fraction
¢o significantly larger than the critical packing fraction ¢; of an assembly of frictional particles.
Activating frictional contacts by increasing the applied stress above Py, then leads to an increase in
the suspension viscosity [2].

The most dramatic and interesting case is when the suspension volume fraction ¢ is prepared such
that ¢1 < ¢ < ¢p. The frictional transition then leads to shear jamming: the frictionless suspension
can flow under small stresses [Fig. 1(b), orange circle], but jams above a critical stress, which
implies that there is a maximum achievable shear rate, yax(¢) [Fig. 1(b), red circle] [10,11].
(We ignore here the possibility of achieving a higher shear rate by yielding or fracturing the
jammed suspension, which would occur at stress values much larger than P.p.) This situation
is encountered during impact [12-15], but also in rheometric measurements in the thickened
state, when intermittency arises from the emergence of transient localized jammed structures (see
examples shown in Fig. 1(c) and Refs. [16—19]). Unfortunately, conventional constant-volume
constitutive models based on the frictional transition [10,20-23] cannot predict the stress levels
in this case: imposing a nonvanishing shear rate to a jammed system is simply impossible in their
framework.

However, the above scenario only applies under strict volume-imposed conditions. In practice,
jammed particulate systems can flow under any imposed shear rate, provided that the particle phase
is allowed to dilate [24], for example, by deforming the capillary interface or by dilating into
the surrounding unjammed suspension. In the presence of an interstitial fluid, dilation of the particle
network induces a Darcy back flow, whose drag on the particles modifies the interparticle contact
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FIG. 1. Origin of stress during shear jamming of a shear thickening suspension. (a) Sketch of the frictional
and repulsive particles. (b) Phase diagram [y — ¢] shear rate/volume fraction of a shear thickening suspension
under constant volume conditions. There is no steady state above the pn.x(¢) line, which delineates the
“forbidden” region (in green). (c) Examples of transient shear jamming during impacts and rheometric
measurments. (d) Model configuration investigated: a shear thickening suspension under imposed external
pressure Pey, is driven in the forbidden region by imposing a step increase in shear rate.

forces and thus the stress level. This pore-pressure feedback mechanism has been extensively
studied in the context of soil mechanics or geophysics and has been shown to control the transient
flow dynamics of fluid-saturated granular packing, prepared above or below their critical volume
fraction [25-34]. Shear thickening suspensions are expected to be particularly prone to such
feedback. First, they can be easily prepared above their jamming volume fraction by increasing the
shear rate above ymax (@), and second, the small particle size and the large expected volume-fraction
change during dilation should induce particularly strong Darcy pressure gradients. Previous studies
have suggested these effects may play an important role in shear thickening suspensions [31,35—
37]. The aim of the present study is to explore this role.

In this article, we clarify what controls the stress levels during transients in a dilating shear
thickening suspension. In order to avoid the spatial and temporal complexities encountered during
impact and/or rheometric measurements, while keeping the key physical ingredients, we use the
simple shear configuration shown in Fig. 1(d). Discrete numerical simulations are performed
under pressure-imposed conditions and the suspension, initially prepared such that ¢; < ¢ < ¢y
[Fig. 1(b), orange circle], is suddenly forced into the "forbidden" phase by imposing a step in
the shear rate [Fig. 1(b), red circle]. We show that, during this transient, the resistance to flow
of the suspension is entirely set by the coupling between the dilation dynamics and the Darcy
backflow. A simple two-phase model, based on Wyart-Cates (WC) flow rules augmented with a
Reynolds-like dilatancy law, quantitatively captures the stress level during dilation. The proposed

043301-2



TRANSIENTS IN SHEAR THICKENING SUSPENSIONS: ...

model overcomes the dead end that pure constant-volume constitutive models face in situations
where shear jamming occurs, and it highlights an overlooked role of hydrodynamics in setting
stresses in nonhomogeneous flows of shear thickening suspensions.

II. METHODS

We simulate a monolayer of N = 2000 neutrally buoyant non-Brownian hard spheres immersed
in a Newtonian fluid of viscosity 7o, placed between two rigid walls made of frozen particles
separated by a mean distance H. We apply periodic boundary conditions along the horizontal (x)
direction. The top wall is permeable to the fluid and subject to an externally applied normal stress
Py, but otherwise free to move vertically along the y direction. The bottom one is fixed and not
permeable. A uniform shear y is applied by prescribing a top wall horizontal velocity, y H. The
background fluid velocity field v>°(y) = (yy, 0) acts on the particles via a Stokes drag, 67 noa; v},
where v; = v; — v*>°(y;) is the nonaffine velocity of particle i, no is the fluid viscosity, and g; is
the particle radius. This drag force first imposes a uniform particle shear rate across the layer, and
second, it sets the Darcy backflow during dilation when particles move vertically (along the direction
transverse to the flow) [34]. Particles are bidisperse, with a size ratio of 1.4 and a mean radius a,
mixed in equal volume.

To simulate a shear thickening suspension, we use frictional particles of friction coefficient p, =
0.5 interacting via a zero-range repulsive force, frep, using the critical load model [4]. We assume a
Stokes flow and neglect inertial effects, so the equation of motion consists of the force balance,

Vit 0=3 fei —6mn0aiv;+ ) fupi (1)
J J

and the torque balance, which takes a similar form [4]. Here f,;; is the lubrication force that

J exerts on i, and f_;; is the contact force. The contact force follows | f‘c’i | < ppmax (£ —

Jrep» 0), with f‘c’i ; and fei ; being the tangential and normal parts. The critical load frep = Prepa2
defines the thickening pressure scale [4]. The detailed implementation of contact and lubrication
forces, as well as how the pressure is applied on the top wall, is given in the Appendix.

In the present configuration, the control parameters are the initial system size H/a, the viscous
number Jexy = 10Y /Pext, and the reduced pressure Py = Poy /Prep, whose value sets the particle’s
frictional state in the steady state [9,10,38]. The suspension friction coefficient is © = T /Pex, With
T being the mean shear stress, and the volume fraction (or solid fraction) is ¢(¢) = Nwa?®/{l,[H +
SH(t)}, with [, being the system horizontal length and H + §H(¢) the top wall position at
time ¢.

II1. RESULTS

A. Steady-state flow rules

The steady-state rheology of a shear thickening suspension under imposed particle pressure only
depends on the viscous number Jox; and the reduced pressure P.. [2,10,38], and is characterized
by two flow rules for the steady-state friction coefficient pig(Jex(, f’ext) and the steady-state volume
fraction ¢ (Jext, Poxt). Figure 2 shows the steady-state rheology of the suspension obtained from
the DEM simulations performed under either low or high imposed external pressure (frictionless or
frictional branches, respectively). The best fit of this data is used to set the Wyart and Cates flow
rules used in the Darcy-Reynolds model.

In the limit of low P < 1 (frictionless state), we obtain ¢y = ¢g — koJ™, with ¢ = 0.843,
ko = 0.55, and By = 0.5, while at large P > 1 (frictional state), dq = ¢ — ki JP, with ¢ =
0.809, k; = 0.68, and B; = 0.44 [39]. Wyart-Cates flow rules [10] are then written as ¢g(J, f’p) =
#1(B) — K (lﬁp)Jﬁ("S »), where ¢, K, and f are functions interpolating between their frictionless
and frictional limits. This interpolation is done using the fraction of frictional contacts f as
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FIG. 2. Steady-state rheology of the shear thickening suspension. (a) Suspension friction coefficient ; and
(b) volume fraction ¢ versus J = ny /P.y obtained by setting Pey/Prep > 1 (frictional branch) or Pey/Prep < 1
(frictionless branch). Symbols: DEM simulations. Solid lines: Best fits to set the Wyart and Cates model.

an order parameter, which is defined as f (ﬁp) = exp(—A/Isp). This yields ¢ (Pp) =fo1+ (1 —
F)go, K(By) = fKy + (1 — f)Ko, and B(By) = fB1 + (1 — f)Bo [21,23]. Only A ~ 4.5 is a shear-
thickening-specific parameter and is adjusted to the steady rheology we measure.

B. Dilation dynamics

The suspension is initially prepared in a frictionless steady state by setting P.,; < 1 and choosing
J; small enough such that the initial ¢ lies between the frictionless and frictional jamming points,

N

1 < ¢ = ¢u(Ji, Py < 1) < ¢ [Fig. 1(d), orange circle]. At strain y = 0, while keeping Py < 1
constant, we impose a sudden step increase in the shear rate, setting J; = noyy/Pext > Ji, such
that if the system was under constant volume, the suspension would instantly show infinite stresses
[Fig. 1(d), red circle]. Instead, the pressure-imposed configuration used here allows the particle
network to dilate, as shown by the evolution of the position of the top wall in Fig. 3(b). Although
the external pressure Py is always kept constant and below P, the vertical dilation of the
particle network induces a drag on the particles which increases the particles’ stress P, orders of
magnitude above the onset stress to activate frictional contacts. During this transient, the particle
pressure P, within the layer is no longer set by the external pressure Py but results from the
dilation dynamics. Figure 3 shows that dilation and the associated Darcy pressure gradient lead
to a transient frictional transition occurring in most of the suspension layer [where P, /Py, 2 10,
colored red in Fig. 3(b)] (see also our movie showning particlewise pressure during dilation [40]).
At longer times, the suspension reaches a new steady state determined by the values of J; and
Py, and as the effects of dilation and Darcy backflow eventually vanish, the suspension returns to
frictionless.

These DEM simulations allow us to estimate the particle pressure P;’ at the bottom of the layer
(where it is largest), and the average shear stress 7 that results from this step increase in shear
rate. While WC flow rules under constant volume would predict an infinite shear stress and particle
pressure [green curve in Fig. 3(c)], the dilation yields finite values with a maximum reached at
the onset of dilation, for y = 0" [red and purple curves in Fig. 3(c), respectively]. Interestingly,
Fig. 4(a) shows that, for given values of J; and J;, the particle pressure Pg (y = 07) just after the

step increase quadratically with the thickness of the layer H/a, such that P[')’ /Pexi o (H/a)>. We

also find that, for the range of parameters investigated, dilation yields particle pressures Pé’ reaching
values Jr = nyy/Pex orders of magnitude larger than the imposed external pressure Pey;.
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FIG. 3. Transient dilation of a shear jammed suspension yields finite stress. (a) Imposed step increase in
shear rate keeping P... = 0.75 constant and choosing J; = 1073 and J = 107!, Resulting evolution of (b) the
top wall position and of the particle pressure B, /P, (color-coded) within the layer; (c) the fraction of frictional
contacts, f (color-coded); (d) the mean volume fraction, ¢; and (e) the average shear stress 7 and the particle
pressure at the bottom of the layer Pll’. Green solid line: Flow rules under constant volume conditions. (d) Model
[Egs. (3) and (4)] solved for the same conditions to compare with panel (b) obtained from DEM simulations.

These trends can be rationalized as follows. When forced into the forbidden region, we assume
that, in order to flow, the suspension dilates uniformly. Mass conservation then prescribes that
dyvy = —(8,¢)/¢ = €, which defines the dilation rate €, where v} is the vertical component of
the particle phase velocity due to dilation. The interphase drag force, resulting from the vertical
motion of the grains, induces an additional pressure gradient on the particle phase d,P, o n9v} /a”.
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FIG. 4. Particle pressure: Finite-size and shear-rate effects. Particle pressure P;’(y = 0") /Py, at the bottom
of the layer and just after the step versus layer thickness H/a Py =0.2,J; =103, and J = 107! constant).
(b) Particle pressure profiles P,(y = 07)/Py, (color-coded to highlight the frictionless layer near the top wall)
for different system sizes. (c) Particle pressure P[E’(y =07) /Prep versus final rescaled shear rate J; = nyy/Pey
(P = 0.75 and J; = 1073 constant).

Altogether, this gives Py — Pext  1j0€ (H /a)?, which for large systems yields Py o njoe (H/a)?, in
agreement with Fig. 4(a).

C. Two-phase modeling

A more detailed two-phase model allows a refined understanding. Mass conservation on the solid
phase is

B+ 0,(u0¢) = 0. ©)

Momentum conservation, in the approximation of the suspension balance model [41-44], balances
the pressure gradient d,P,(y) with the local interphase drag, which is directly proportional to vy

Py (y) = —Z—gqu(wv;’, (3)

with R(¢) being the hydraulic resistance of the particle network, which is dimensionless in three
dimensions. We use R(¢) = 6a to adapt to our two-dimensional simulations with a simple Stokes
drag, with P, now being a force per unit length. The model is closed with a Reynolds-like dilation
law [45]:

3¢ + VR0, = —%w — puJ, By, @)

where ¢ relaxes towards its steady-state value ¢ (J, ﬁp) (with ﬁp = P,/Pyp) on a strain scale of y
[46]. The steady rheology is given by the WC model, where for this shear thickening suspension,
the steady-state solid fraction ¢ (J, Pp) depends on both J and Pp. Finally, boundary conditions are
simply vy = 0 at the bottom wall and P, = Py at the top wall.

The evolution of the predicted particle pressure within the layer is shown in Fig. 3(d), which
highlights the transient frictional transition induced by dilatancy, in good agreement with the DEM
results obtained for the same conditions and shown in Fig. 3(b). Furthermore, Fig. 4(a) (blue solid
line) shows that the model also captures the (H/a)?> dependence of Pl?(y = 0") for large system
size. By contrast, for a frictionless (non-shear-thickening) suspension (i, = 0, blue dashed line),
the solid fraction always remains below its jamming value ¢y. For large systems, the particle stress
just after the step is then simply set by the steady-state flow rules, P;’(y = 0")/Pey = Jy/J;, and is
independent of the dilation [39].
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At this point, we highlight and discuss finite-size effects. Right after the step, the particle pressure
profile P,(y = 0™) instantaneously establishes across the layer [see Fig. 4(b)]. This is because 9,¢
appears in both Eqs. (2) and (4), so that it can be eliminated to reveal that at any instant the pressure
obeys a nonlinear second-order ordinary differential equation (ODE) [34]. Since the pressure profile
must match the boundary condition P,(y = H) = Pey, there is always a region below the top wall
which remains frictionless and unjammed (where P,/P., < 10). Moreover, one also expects that
P;’(y = 0") — Py when H — 0. Altogether, this explains why, for small systems, the dependence
of P;’(y = 0%) on H is milder than H>.

In Fig. 4(c), we further explore the influence of the magnitude of the step in the shear rate,
keeping y; and Py constant, but varying systematically y, for different system sizes. As expected
from Eq. (4), the particle pressure for large system sizes scales linearly with the imposed shear rate
o yy, whenever y; exceeds Ymax(¢), which is where the constant-volume rheology would predict
that P[')’ (y = 0%) diverges (green solid line). For smaller systems, the particle pressure is damped,
again as a manifestation of the unjammed layer below the top wall.

IV. CONCLUSION AND DISCUSSION

To investigate the stress levels that develop when a shear thickening suspension is suddenly
brought to shear jamming, we perform DEM simulations in a model pressure-imposed configuration
where the suspension is allowed to dilate. We show that stresses do not diverge, as expected for
strictly volume-imposed conditions. Instead, stresses remain finite and are determined entirely
by the coupling between the Reynolds dilation and the Darcy backflow. In the large size limit,
this Darcy-Reynolds coupling induces a particle pressure difference across the system that scales
quadratically with the system size. We model and rationalize the above phenomenology with a
two-phase migration law taking a Reynolds dilatancy form [39,45], the suspension balance model
[41-44], and WC constitutive flow rules [10].

Our results show that a dilation, even minute, can be the source of very large transient stresses
within the shear-jammed region. We anticipate that this mechanism could play an important role
in determining the resistance of shear thickening suspensions to impulsive motion, such as during
impact, as previously proposed [31]. Other mechanisms have been suggested, based on the inertia
of the impactor [14], its ability to transmit stress to the boundaries [47-51], its elasticity [52,53],
or its viscous drag at the boundaries [15]. Crucially these scenarii only give to the jammed region
the role of a rigid stress transmitter, but there is also evidence of dilation-induced stresses in these
systems [31]. Our simulations show that the particle pressure resulting from dilatancy reaches up
to 10°P,, for system sizes H/a < 400. Extrapolating this value to actual flows on the centimeter
scale, with particle sizes a in the micrometer range, we expect pressures > 10°P,,. For a cornstarch
suspension (with P, ~ 1-10 Pa [54-56]), this yields about 10-100 bar, which is sufficient to
transiently support the weight of a person. Interestingly, these dilation-induced stress values are also
greater than the pressure required for the grains to pop out of the suspension-air interface, which
is of the order of 10I" /a, where I" is the water-air surface tension [57]. We therefore also expect
dilation to be a major cause of free-surface fractures, as commonly observed for macroscopic flows
of shear thickening suspensions [58].

More fundamentally, while the fluid plays no role in the frictional transition mechanism at
the origin of the steady-state flow rules of shear thickening suspensions, we show here that the
consideration of hydrodynamics is key to understanding their transient dynamics. Our results could
therefore help to better understand the reported spatiotemporal fluctuations, which elude a steady-
state description. Discontinuous shear thickening leads to flow instabilities, often associated with
the formation of transient localized structures showing large stress gradients [16-20,35,56,59-64]
and often appearing jammed or rigid [16—18]. Discontinuous shear thickening also correlates with
surprisingly large volume fraction fluctuations [65,66]. Steady-state rheological models struggle
to account for these fluctuations because of their extreme volume fraction sensitivity: a tiny local
increase in volume fraction is quickly smeared out by an outward particle migration from the large
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increase in local pressure. We show with Eq. (4) that this stabilizing mechanism is not instantaneous,
but instead takes a finite strain to act, thus weakening its effect. As it is well known that fluctuations
and their dynamics have a key role close to critical points, explicit accounting of transient dilation
effects on the dynamics of volume fraction fluctuations near jamming appears as a priority for future
developments.
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APPENDIX: DISCRETE ELEMENT METHOD EQUATIONS OF MOTION

The granular suspension considered in this study is neutrally buoyant and we work in vanishing
Stokes number and Reynolds number regimes; consequently, the equation of motion is just the force
and torque balances on each particle. Forces include contact forces, lubrication forces, and, for the
wall particles, external forces. For a pair of particles i and j with radii ¢; and a; at positions r; and
rj, we note h;; = 2(|r; — r;| — a; — a;)/(a; + a;) as the normalized gap between the particles and
n;; = (rj —r;)/|rj — r;| as the unit center-to-center vector.

The contact force on a particle i with radius a; in contact with particle j (i.e., when &;; < 0) can
be decomposed in normal and tangential components as

feij= I+ Fei (A1)
Contacts fulfill a modified Coulomb’s friction law | f ;| < max[up(1f¢;;| = frep), 0] with sliding
friction coefficient . The introduction of fi, ensures that particles are frictionless where interpar-
ticle forces are small, and frictional otherwise, ultimately leading to a shear thickening rheology.
The force components f¢;; and f o ; are modeled in a Cundall-Strack fashion [67,68], with normal
and tangential couples of spring and dashpot:

n n n
feij = kndeij + vavij,

t t t (A2)
feij = ke i; + nvij

where ‘;";ij = h;jn;; is the normal spring stretch; ’;‘tc,ij is the tangential spring stretch; v}, =

(I —n;jn;;) - (v; — v;) is the normal velocity difference (with I being the identity matrix); v ;=
v, — v — v — (@ + ajw;) x n;; is the tangential relative surface velocity, with w; and w;
being the angular velocities of particles i and j; k, and k; are spring stiffnesses; and y, and y;
are dashpot resistances. Finally, the contact torque on particle i from the contact with particle j is
simply obtained as ¢ ;; = ain;j X f ;-

Using the notation Fc = (f., ..., feystc1s--.,tcn) for the 3N vector of contact forces and
torques on each particle, we have

F.=—R}y -V +F;, (A3)

with V = (vy, ..., vy, w1, ..., ®y) being the vector of velocities and angular velocities for each
particle, Ry the resistance matrix associated with dashpots, and F s the part of contact forces
coming from springs. For hydrodynamic forces and torques F, we have [69]

Fy=—R}, -V + R : E, (A4)

with V' =V — V' being the vector of nonaffine velocities and angular velocities for each particle,
where V' are the background velocities and angular velocities evaluated at the particles centers,
and E* is the symmetric part of the imposed velocity gradient VV*°, The resistance matrices REV
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and Rpg contain Stokes drag and torque and regularized lubrication forces and torques at leading
order in particle separation [4].
The equation of motion is thus

Fh+Fc+Fext:Oa (AS)

with Fy, being the external force/torque applied on each particle. Of course, F ¢ takes nonzero
values only for the wall particles.
As the simulated system comprises frozen wall and bulk particles suspended in the fluid, we
separate the total resistance matrix as
bb b
Ry RF‘\Vf)

Ry + Rl = Rpy = ( (A6)
Ry, RY

The matrices R, R%Y, REY, and Ry indicate the hydrodynamic resistance matrices including

bulk-bulk, bulk-wall, wall-bulk, and wall-wall interactions, respectively. Similarly, the nonaffine

velocities/angular velocities have also been separated into a bulk particle part V® — V*° and a wall

particle part V¥ — V>,
, V/b
vV = (V/W> . (A7)

Note that the wall particles do not follow the affine flow V*° for three reasons. First, their velocity
have a vertical component when the system dilates or contracts. Second, even the horizontal
component of the velocity of a wall particle, say particle i, located at height y;, does not match
U (y;) because the wall moves rigidly and is made of particles located at slightly different heights.
Third, they are constrained to have vanishing angular velocity when the affine flow has a finite
angular velocity.

We can then solve the equation of motion, Eq. (AS), for the bulk velocities to get

VP =RY TR —RY -V, (A8)
with
K® .
<KW> =RFE :EOO+FC’S—R;V'VOO. (A9)

We further decompose the wall nonaffine velocity in horizontal and vertical components V'Y =
V¥ 4+ v, Y'Y, where Y™ is the vector corresponding to a unit nonaffine vertical velocity for particles
belonging to the upper wall, and vanishing nonaffine velocity for particles of the lower wall. Thus,
the scalar v, = 9;8H is the upper wall vertical speed.
Injecting Eq. (A8) in the wall part of Eq. (A5), and using Eq. (A7), we get
wB- YV =K"— R R® ™K' —B.V] 4 Fq. (A10)

Taking the dot product with YV, and using YV - F oy = Pex Ly, we get the vertical wall velocity
YV [KY — R -RY T KD —B V)] + Puils

YV.B.Yv ’
Imposing that the vertical component of the upper wall velocity is v, ensures that the total force on
the upper wall vanishes, and therefore that the applied pressure on the top wall is indeed Pey;.

(Al1)

Uy =
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