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Five-wave interactions in inertia-gravity waves
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In oceans, multiple energetic inertia-gravity waves often coexist in a region. In this
paper, we study the stability of two coexisting plane inertia-gravity waves (hereafter,
primary waves), with the same frequencies (ω1) and wave-vector norms, in a region of
constant background stratification (denoted by N). Specifically, we explore the decay of
two primary waves through triadic resonant instabilities in cases in which the primary
waves do not resonantly interact with each other. Two coexisting primary waves under-
going triadic resonant instability can force two secondary waves each, and this results in
two three-wave systems (3WSs). In some cases, two primary waves can have a common
secondary wave, and this results in a five-wave system (5WS) composed of two different
triads. We show that 5WSs are the dominant instabilities with higher growth rates than
standard triads for a wide range of Coriolis frequency values ( f ). For two-dimensional (2D)
cases, 5WSs have higher growth rates than triads for f /ω1 � 0.3 and for primary waves
with the same horizontal (vertical) wave number but with the opposite vertical (horizontal)
wave number. Similar results are observed for 3D cases in which the primary waves are
not on the same vertical plane. Numerical simulations match the theoretical growth rates
of 5WSs for a wide range of latitudes, except when f /ω1 ≈ 0.5 (critical latitude). Using
theory and simulations, we show that the maximum growth rate near the critical latitude is
approximately twice the maximum growth rate of all triads.

DOI: 10.1103/PhysRevFluids.10.034803

I. INTRODUCTION

Inertia-gravity waves (hereafter simply referred to as internal waves) play a major role in sus-
taining meridional overturning circulation through diapycnal mixing [1,2]. Wave-wave interaction
is estimated to be one of the most dominant mechanisms through which internal waves’ energy
cascades to small lengthscales [3], where it can cause irreversible mixing. As a result, understanding
wave-wave interactions is important to model the internal waves’ energy cascade.

The stability of a plane internal wave with small steepness has been studied extensively. Here,
steepness is defined as the ratio of the maximum wave-induced velocity along the horizontal
direction to the phase velocity of the wave along the same direction [4]. Steepness is used as a
nondimensional measure of the wave’s amplitude. A primary internal wave with small steepness is
unstable to secondary waves through triad interactions if the secondary waves’ frequencies are lesser
than the primary wave’s frequency [5]. Moreover, the three waves’ frequencies and wave vectors
should also satisfy the resonant triad conditions: k1 = ±k2 ± k3 and ω1 = ±ω2 ± ω3 [5–7], where
the primary and secondary waves are denoted by subscripts 1, and 2 and 3, respectively.

For primary waves with small steepness, a two-dimensional (2D) stability analysis is sufficient to
find the most dominant instability [8]. The most unstable secondary-wave combination depends on
the ratio of primary-wave frequency to the buoyancy frequency N [9], kinematic viscosity ν [10,11],
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and Coriolis frequency f [12,13]. In a nonrotating, inviscid fluid, the wave vectors of the most
unstable secondary-wave combination satisfy |k3| < |k1| < |k2| for ω1/N < 0.68 [9]. However, the
wave vectors of the most unstable secondary waves satisfy |k2| ≈ |k3| � |k1| for ω1/N > 0.68
under inviscid conditions. This instability is called parametric subharmonic instability (PSI) [12,14].
PSI is a special type of triad interaction where ω2 ≈ ω3 ≈ ω1/2. In the oceans, viscosity has very
little impact on large lengthscale waves. In contrast, viscosity can play an important role in deciding
the specific combination of waves that drain energy from the primary wave under laboratory
conditions [10]. Viscosity is one of the main reasons PSI is not observed in laboratory experiments
[10].

For internal wave triads, rotational effects can be very important for a wide range of latitudes,
especially near the critical latitude (where f ≈ ω1/2). Near the critical latitude, for any ω1/N , the
primary wave gives its energy to waves whose frequency is close to the inertial frequency. Moreover,
the near-inertial waves have very small vertical lengthscales that can lead to increased kinetic energy
dissipation [15]. Semidiurnal mode-1 internal waves have been observed to lose a non-negligible
portion of their energy as they pass through the critical latitude [14,16,17]. Moreover, when
semidiurnal internal wave modes interact with an ambient wave field that follows the Garrett-Munk
spectrum, their decay is fastest near the critical latitude [18–20].

In this paper, we study the stability of two weakly nonlinear plane primary waves that coexist in
a region. The motivation for this study stems from the fact that primary internal waves generated
in different locations often meet/overlap in the oceans. For example, tide-topography interactions
result in the generation of internal waves that propagate in horizontally opposite directions, and
these waves overlap/coexist above the topography; cf. Ref. [21], Fig. 7.

When two energetic primary waves meet in a region, they can resonantly interact with each other.
The collision of internal wave beams is an example of direct interaction between the primary waves,
and it has been studied extensively [22–24]. Experimental studies on internal wave modes also show
that two low modes with the same frequency can interact and produce a third wave [25]. Primary
waves, however, do not always resonantly interact with each other and form a triad. In such cases,
each primary wave would still be susceptible to triad interactions leading to the growth of secondary
waves, and this is the setting explored in this paper. Specifically, we focus on the five-wave system
instability. In this instability, five waves (two primary and three secondary waves) are involved, and
two distinct triads are formed between the five waves. Note that this implies that one secondary wave
is part of two different triads and is forced by both primary waves. Some examples of overlapping
primary waves are given in Figs. 1(a) and 1(b). The scenarios shown in Fig. 1 can easily occur in
the oceans when internal waves are generated by tide-topography interactions. In both figures, the
region enclosed by the green box is a potential location for a five-wave system. The wave vector and
frequency conditions satisfied in a five-wave system are given in Fig. 1(c). Note that the two primary
waves, in the weakly nonlinear limit, can always have two independent three-wave interactions. In
other words, one primary wave can interact with its own two secondary waves without the influence
of the other primary wave. Hence, we aim to find which type of instability (five-wave or three-wave
systems) is the most dominant. In this paper, we only focus on plane waves, and we do not consider
finite width beams. An interaction involving two primary beams is a more complicated scenario
because it involves two different spectra of waves. For simplicity, we chose to begin with plane
waves. For two primary plane waves, there are only two wave vectors, and as a result, the problem
can be explored in depth. Moreover, the results should be applicable for wide internal wave beams
since wide beams essentially behave like plane waves.

In the context of internal waves, five-wave systems have been studied recently [26,27]. Pan et al.
[26] focus on five-wave systems where the same primary wave generates four different secondary
waves, which is not the focus of this paper. Pan et al. [27] explore five-wave systems that consist of
two primary waves and three secondary waves, but their focus is on rogue wave generation. They
study the five-wave systems in a 2D setting without the rotational effects. Moreover, no detailed
study was conducted on the growth rates. In this paper, we consider a 3D setting with rotational
effects, which is observed to be important in our case. The primary focus is on the growth rates
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FIG. 1. Examples of different orientations of propagating primary waves: in (a) vertically and (b) horizon-
tally opposite directions, with the intersection region marked in green. (c) Frequency and wave-vector triad
conditions that are satisfied between the five waves that are involved in the interaction region. Waves 1 and 5
are primary waves, while waves 2, 3, and 4 are secondary waves, with wave 3 being the common secondary
wave.

of the secondary waves and to understand scenarios in which the five-wave system instability is
faster than the three-wave system instability (standard triads). In our study, the frequencies of the
two primary waves are always assumed to be the same (i.e., ω1 = ω5), and this assumption can be
important in an oceanographic context since internal waves generated by the same tide have the
same frequency. The paper is organized as follows. In Sec. II, we use multiple scale analysis to
simplify the 3D, Boussinesq Navier-Stokes equations in the f -plane and derive the wave amplitude
equations. Expressions for growth rates are provided. In Sec. III, theoretical comparisons between
the growth rates of three-wave systems and five-wave systems for different combinations of primary
waves are provided. In Sec. IV, numerical validations are provided for the five-wave systems, and
specific focus is also given to the fate of the primary waves near the critical latitude. The main
results, some implications, and the relevance of the settings considered in the paper are given in a
brief format in Sec. V.

II. GOVERNING EQUATIONS

The governing equations we use to study inertia-gravity waves in a rotating and stratified fluid
are the 3D, incompressible, Boussinesq, Navier-Stokes equations in the f -plane, which in primitive
variables are given by

Du
Dt

+ f ẑ × u = − 1

ρ0
∇p + bẑ + ν∇2u, (1a)

Db

Dt
+ N2w = 0, (1b)

∇ · u = 0. (1c)

Here u = (u, v,w), where the components denote, respectively, the zonal, meridional, and vertical
velocities. Moreover, f is the local Coriolis frequency, ρ0 ≈ 1000 kg m−3 is the reference density, p
is the perturbation pressure, b is the buoyancy perturbation, ν is the kinematic viscosity, and N is the
background buoyancy frequency. For simplicity, we assume the diffusion of the stratifying agent to
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be negligible. D/Dt ≡ ∂/∂t + (u · ∇) is the material derivative. ẑ is a unit vector that points towards
the positive vertical direction.

We intend to study wave-wave interactions using multiple-scale analysis. To this end, we
combine Eqs. (1a)–(1c) into a single equation. After some simple manipulations, the single equa-
tion describing the evolution of vertical velocity is written in a compact form,

∂2

∂t2
(∇2w) + N2

(∇2
hw

) + f 2 ∂2w

∂z2
+ NLT = VT, (2)

where ∇2
h ≡ ∂2/∂x2 + ∂2/∂y2. NLT denotes all the nonlinear terms and is given by

NLT = ∇2
h

∂ (u · ∇w)

∂t
+ ∇2

h (u · ∇b) − ∂3(u · ∇u)

∂x∂z∂t

+ f
∂2(u · ∇u)

∂y∂z
− f

∂2(u · ∇v)

∂x∂z
− ∂3(u · ∇v)

∂y∂z∂t
. (3)

Moreover, VT denotes viscous diffusion terms and is given by

VT = ν

[
∂

∂t
(∇2(∇2w)) + f

∂2(∇2u)

∂y∂z
− f

∂2(∇2v)

∂x∂z

]
. (4)

Furthermore, we mainly focus on plane waves. Similar to the procedure used in [10], the vertical
velocity of the jth wave ( j = 1, 2, . . . , 5) is assumed to be a product of a rapidly varying phase and
an amplitude that slowly varies in time. Mathematically, this can be written as

w j (x, y, z, t ) = aj (εt, jt ) exp [i(k jx + l jy + mjz − ω jt )] + c.c., (5)

where k j, l j, mj, and ω j are, respectively, the zonal wave number, meridional wave number, vertical
wave number, and frequency of the j-internal wave. “c.c.” denotes the complex conjugate. The
amplitude a j is assumed to evolve on a slow timescale εt, j , where εt, j is a small parameter. Here, we
assume that εt, j depends on j because the amplitude of primary waves and the secondary waves can
evolve at different timescales. Throughout this paper, we assume that steepness (defined in Sec. I,
and hereafter denoted by S j) is a small quantity. This is because, as explained in Sec. I, for weakly
nonlinear wave-wave interactions, S j should be a small quantity [4]. Mathematically, steepness is
given by

S j ≡
a jmj

√(
k2

j + m2
j

)
k jN

. (6)

The condition S j � 1 is used as a constraint for a j ,

a j � Nkj

mj

√(
k2

j + m2
j

) . (7)

Substituting (5) in (2), at the leading order [O(S j )] we obtain the dispersion relation in 3D, and it is
given by

ω2
j = N2

(
k2

j + l2
j

) + f 2m2
j

k2
j + l2

j + m2
j

. (8)

All five waves involved in the interaction must satisfy the dispersion relation. Energy transfer
between the waves due to weakly nonlinear wave-wave interactions occurs at O(εtS,S2).

For the jth wave, the amplitude evolution equation reads

D j
∂a j

∂t
= −NLT j + VT j, (9)
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where D j ≡ 2iω j (k2
j + l2

j + m2
j ) is defined for convenience. NLT j and VT j represent all the nonlin-

ear and viscous terms with the phase of the jth wave, respectively. The expression for VT j is given
by

VT j = −D j
ν

2

(
f 2m2

j

ω2
j

+ m2
j + l2

j + k2
j

)
. (10)

NLT j is obtained by substituting the fields (u j, v j,w j, b j ) in NLT, and by retaining all the nonlinear
terms that have the same phase as the jth wave. Nonlinear terms that do not have the phase of any
of the five waves are the "nonresonant terms" and are neglected. From w j , we can obtain u j, v j, and
b j by using the polarization relations, and they are given by⎡⎣u j

v j

b j

⎤⎦ =
⎡⎣Uj

Vj

B j

⎤⎦w j =

⎡⎢⎢⎣
−mj (ω jk j + il j f j )

/[
ω j

(
k2

j + l2
j

)]
−mj (ω j l j − ik j f j )

/[
ω j

(
k2

j + l2
j

)]
−iN2/ω j

⎤⎥⎥⎦w j . (11)

Polarization expressions are also used to evaluate NLT j , the expressions for which are given in
Appendix A.

A. Wave-amplitude equations and growth rates

The amplitude evolution of each of the five waves can be obtained from (9), and they are given
by

da1

dt
= M1a2a3 − V1a1,

da2

dt
= M2a1ā3 − V2a2, (12)

da5

dt
= N5a4a3 − V5a5,

da4

dt
= N4a5ā3 − V4a4, (13)

da3

dt
= M3a1ā2 + N3a5ā4 − V3a3, (14)

where V j = ν/2( f 2m2
j/ω

2
j + m2

j + l2
j + k2

j ). ā j denotes the complex conjugate of a j . As shown in
Fig. 1(c), in this paper we always assume that waves 1 and 5 are primary waves, and waves 2,
3, and 4 are always secondary waves. As depicted in Fig. 1(c), waves 1, 2, and 3 form a triad
whose nonlinear coefficients are given by M j . Likewise, waves 3, 4, and 5 also form a triad whose
nonlinear coefficients are given by N j . Expressions for M j and N j are given in Appendix A. Wave
3, therefore, becomes the common secondary wave in two different triads.

We now use the pump wave approximation [12,28] to simplify the reduced order equations (12)–
(14). Under this approximation, the amplitudes of the primary waves are assumed to be constant.
The assumption is only valid in the initial stages of the secondary waves’ growth when the
primary wave’s energy does not vary significantly. In the later stages, the assumption does not give
accurate results when the secondary waves’ energy is comparable to the primary wave’s energy.
Equations (12)–(14) can be simplified to a set of linear differential equations, which are given by⎡⎢⎢⎣

dā2
dt

dā4
dt

da3
dt

⎤⎥⎥⎦ =

⎡⎢⎣ −V2 0 M̄2Ā1

0 −V4 N̄4Ā5

M3A1 N3A5 −V3

⎤⎥⎦
⎡⎣ā2

ā4

a3

⎤⎦. (15)

a1 and a5 have been changed to A1 and A5, respectively, to denote the fact that they are now
constants. By assuming da j/dt = σaj , we arrive at the equation

(σ + V2)(σ + V3)(σ + V4) − N̄4N3|A5|2(σ + V2) − M̄2M3|A1|2(σ + V4) = 0, (16)
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where σ is the growth rate of the system of equations given in (15). A real, positive σ implies
that the secondary waves can extract energy from the primary wave. For ν = 0 (inviscid flow), the
growth rate has a simple expression given by

σ =
√
M̄2M3|A1|2 + N̄4N3|A5|2. (17)

The derivation of Eq. (17) is given in Appendix B. We arrive at the standard growth rate expression
for triads (three-wave systems) by setting either A1 = 0 or A5 = 0. Moreover, we can also obtain
the condition√

M̄2M3|A1|2 + N̄4N3|A5|2 �
√

2σ̂1 or
√
M̄2M3|A1|2 + N̄4N3|A5|2 �

√
2σ̂5, (18)

where σ̂1 (σ̂5) is the maximum growth rate of all three-wave systems of primary wave 1 (5). If both
primary waves have the same amplitude (A1 = A5), frequency, and wave-vector norm, then σ̂1 = σ̂5.
In such cases, (18) implies that a five-wave system’s growth rate could, in principle, be higher (the
maximum being

√
2 times) than the maximum growth rate of all three-wave systems. In this paper,

we consistently assume A1 = A5.

B. Five-wave system identification

For a resonant five-wave system, all three secondary waves should satisfy the dispersion relation.
This leads to three constraints, where (ω j, k j, l j, mj ) for j = 2, 3, 4 have to satisfy Eq. (8). The triad
conditions also add additional constraints, and they are given by

ω2 = ω1 − ω3, k2 = k1 − k3, (19a)

ω4 = ω5 − ω3, k4 = k5 − k3, (19b)

where k j = (k j, l j, mj ) is the wave vector of the j wave. Using Eqs. (19a) and (19b), respectively,
in the dispersion relation of wave 2 and wave 4 leads to

(ω1 − ω3)2 = N2[(k1 − k3)2 + (l1 − l3)2] + f 2(m1 − m3)2

(k1 − k3)2 + (l1 − l3)2 + (m1 − m3)2
, (20a)

(ω5 − ω3)2 = N2[(k5 − k3)2 + (l5 − l3)2] + f 2(m5 − m3)2

(k5 − k3)2 + (l5 − l3)2 + (m5 − m3)2
. (20b)

Solutions for (20a) and (20b), along with the solution for Eq. (8) for j = 3, would provide resonant
five-wave systems, and they are found by varying (ω3, k3, l3, m3).

Hereafter, we always assume |k1| = |k5|, however k1 �= k5 and ω1 = ω5 = 0.1N . Such small fre-
quency values appear in many other studies, such as, e.g., Refs. [21,29]. Moreover, we consistently
use f < N . There is an abundance of internal waves in the ocean satisfying the relation f < ω j < N
(see Fig. 4 of [30]). In this study, we only focus on this regime. The equations we derived should also
be applicable for the parameter regime f > N as long as f > ω j > N is satisfied. Triad interactions
for this parameter regime have been studied recently [31].

III. RESULTS FROM THE REDUCED-ORDER MODEL

A. Primary waves in the same vertical plane

1. Cases k1 = (k1, 0, m1) and k5 = (k1, 0, −m1)

We first consider the scenario in which the two primary waves have the same horizontal wave
vector (k, l) but propagate in vertically opposite directions; see Fig. 1(a). For simplicity, the
meridional wave numbers of the primary waves (l1 and l5) are assumed to be 0. Internal waves
propagating in vertically opposite directions are ubiquitous in the oceans. For example, internal
wave beams getting reflected from the bottom surface of the ocean, from the air-water interface, or
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FIG. 2. (a) Variation of the five-wave system’s (denoted by 5WS) growth rate and the three-wave systems’
(denoted by 3WS) maximum growth rate with f for k1 = (k1, 0, m1) and k5 = (k1, 0, −m1) for two different
viscosity values. σref is the maximum growth rate of a three-wave system at f /ω1 = 0.01 and |A1|/k1ν = 104.
The horizontal and vertical wave numbers of the secondary waves in the five-wave system are shown,
respectively, in (b) and (c). In (b), k2 = k4 = 0.

even from the pycnocline will result in scenarios in which primary waves propagating in vertically
opposite directions meet.

For the given set of primary waves, a resonant five-wave system is possible only when ω3 �

ω1 − f . No other resonant five-wave systems were found for 0 < f /ω1 < 0.5. Hence, the five-wave
system always consists of (a) two primary waves, each with frequency ω1 (as per our assumption),
(b) a common secondary wave with frequency ω1 − f , and (c) two near-inertial (frequency ≈ f )
secondary waves, which propagate in vertically opposite directions.

Next, we study the growth rates of the five-wave system. First, we decide on the viscosity values
in a nondimensionalized form. In this regard, we use |A1|/k1ν = 104 and |A1|/k1ν = 107 throughout
the paper. At |A1|/k1ν = 107, viscous effects are usually negligible, hence |A1|/k1ν = 104 is also
considered to see what five-wave systems are affected by viscosity. We note in passing that
|A1|/k1ν ∼ O(106) was used by [10] to study triads with realistic oceanic parameters.

Figure 2(a) shows how the maximum growth rates of the five-wave system and the three-wave
systems vary with f /ω1 for different ν. The growth rates are evaluated by fixing k1 and A1 as f is
varied. Figures 2(b) and 2(c), respectively, show the horizontal and the vertical wave numbers of
the secondary waves involved in the five-wave interaction. Note that the common secondary wave’s
horizontal wave vector (k1, 0) is always the same as that of the primary waves. This is expected
since the other two secondary waves are near-inertial waves.

Moreover, the common secondary wave can have a positive or a negative vertical wave number.
This arises from the symmetry of the primary waves’ vertical wave number: there is no reason that m
is more special than −m or vice versa. As expected, the growth rates only depend on the magnitude
of the common secondary wave’s vertical wave number. For low f values, Fig. 2 shows that the
three-wave system has a higher growth rate, hence it is the dominant instability. This is because
the two three-wave systems that combine to form the five-wave system always contain near-inertial
secondary waves. Moreover, the growth rate of three-wave systems containing near-inertial waves
is much smaller than the maximum possible growth rate (Ref. [15], Fig. 8) at low latitudes. As a
result, the resonant five-wave system, which is a combination of two three-wave systems [as shown
in Eq. (17)], is of little significance at low latitudes.

As f increases, the five-wave system’s growth rate becomes higher than the maximum growth
rate of all three-wave systems. The transition occurs near f /ω1 ≈ 0.3; see Fig. 2(a). For high values
of f /ω1, five-wave systems may be more dominant in locations where an internal wave beam gets
reflected from a flat bottom surface or from a nearly flat air-water surface. However, for inclined
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FIG. 3. Comparison of maximum growth rates of five-wave systems and three-wave systems for
k1 = (k1, 0, m1) and k5 = (−k1, 0, m1). (a) |A1|/k1ν = 104, and (b) |A1|/k1ν = 107.

reflecting surfaces, the results presented here (which are based on the assumption that the two
primary waves have the same wave-vector norm) may not be valid since inclination results in a
significant change in wave-vector norm [32].

Finally, it can also be observed that the primary wave combination considered in this subsection
produces a field that resembles an internal wave mode in a vertically bounded domain. Hence, the
predictions made in this section should also hold for modes in a bounded domain. However, in a
vertically bounded domain, only a discrete set of vertical wave numbers is allowed for a particular
frequency. As a result, for a resonant five-wave system to exist, the vertical wave numbers of the
secondary waves should be a part of the discrete vertical wave-number spectrum.

2. Cases k1 = (k1, 0, m1) and k5 = (−k1, 0, m1)

Here we focus on the scenario in which the two primary waves have the same vertical wave
number but propagate in horizontally opposite directions, as given in Fig. 1(b). Moreover, l1 =
l5 = 0 is again assumed. For this particular combination of primary wave vectors, resonant five-wave
systems are possible for ω3 ∈ ( f , 0.53ω1). For f /ω1 = 0.01, resonant five-wave systems exist up
to ω3 ≈ 0.53ω1. As f increases, the maximum possible value of ω3 slowly reduces to 0.5ω1. We
define two branches: five-wave systems where the common secondary wave has a positive (negative)
vertical wave number are defined as Branch 1 (2). Figures 3(a) and 3(b) show how the maximum
growth rate for each of these two branches varies with f for two different viscosity values. The
maximum growth rate of three-wave systems is once again plotted to provide a clear comparison
between five-wave and three-wave systems. For lower f values, five-wave systems have a lesser
maximum growth rate than the maximum growth rate of three-wave systems (σ/σref < 1). However,
the five-wave instability is more dominant than the three-wave instability for higher f values. The
transition once again occurs near f ≈ 0.3ω1. All these observations are similar to those in Fig. 2(a).
For high f values, the maximum growth rate of both branches is almost the same. Viscosity has a
non-negligible effect only when f ≈ ω1/2, where the secondary waves have a high vertical wave
number.

Figures 4(a)–4(c) show how the growth rates of both branches vary with ω3/ f for three different
f /ω1 values. The growth rates always decrease as ω3 is increased, indicating the maximum growth
rate is at ω3 = f . For f /ω1 > 0.3, the common secondary wave is always a near-inertial wave in
the most unstable five-wave system. Interestingly, as ω3 is increased from f , the meridional wave
number of the common secondary wave increases, hence making the instability 3D. Moreover, for
the three f values analyzed in Fig. 4, the zonal wave number of the common secondary wave (k3)
is nearly zero for all the five-wave systems. The maximum growth rate occurs at ω3 ≈ f , where
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FIG. 4. Growth rate variation with ω3/ f for Branch 1 and 2 for (a) f /ω1 = 0.40, (b) f /ω1 = 0.45, and
(c) f /ω1 = 0.48. For all the plots, the maximum value of abscissa (ω3/ f ) corresponds to ω3/ω1 ≈ 0.496.

(k3, l3) −→ 0. As a result, the system’s most unstable mode can be studied/simulated by considering
a 2D system. The effects of viscosity are more apparent for |A1|/k1ν = 104 as expected, and Branch
1 is affected by viscous effects more than Branch 2.

For high f values, near-inertial waves have been observed to be the secondary waves of a primary
internal wave with semidiurnal frequency; see [15,33–35]. In the case of topographic generation of
internal waves, internal wave beams intersecting each other are quite common. The locations where
internal wave beams intersect can serve as spots where a single near-inertial wave can extract energy
from two different internal wave beams.

B. Oblique primary waves

In the oceans, primary waves that are not on the same vertical plane can also propagate amidst
each other. Here we study the maximum growth rate for five-wave systems where the primary waves
have a nonzero meridional wave number. The primary wave vectors are given by

k1 = (k1 sin (θ/2), k1 cos (θ/2), m1), k5 = (−k1 sin (θ/2), k1 cos (θ/2), m1), (21)

where the parameter θ is the angle between the two primary wave vectors in the (k, l ) plane. Note
that θ = π leads to the wave-vector combination k1 = (k1, 0, m1) and k5 = (−k1, 0, m1) considered
in Sec. III A 2. Following (21), the condition |k1| = |k5| will be automatically satisfied. We analyze
how the growth rate of five-wave systems varies with θ . Figures 5(a)–5(c) show the variation of
the maximum growth rate of three-wave systems and five-wave systems with f , respectively, for
three different θ values: π/4, π/2, and 3π/4. Increasing θ results in five-wave systems being less
effective than three-wave systems in the lower latitudes. For θ = π/4, the five-wave system is the
dominant instability regardless of the latitude. A similar result is observed for θ = π/2; however, the
difference between the five-wave and three-wave systems is clearly reduced compared to θ = π/4.
For θ = 3π/4, the five-wave system is the dominant instability only for f /ω1 � 0.25. Considering
the results from Sec. III A 2, for any θ , five-wave instability is expected to be more dominant than
three-wave instability when f /ω1 � 0.3.

For θ = π and f /ω1 � 0.3, the maximum growth rate for five-wave systems occurs when
ω3 = f . However, for θ = π/4 and π/2, in the most unstable five-wave system, wave 3 is not
a near-inertial wave even for f /ω1 = 0.45. Hence, as θ is reduced, the most unstable five-wave
system may not contain near-inertial waves. The predictions for the five-wave system will fail as
θ −→ 0 since both primary waves will have the same wave vector.
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FIG. 5. Variation of maximum growth rate with f for five-wave systems and three-wave systems for an
oblique set of primary waves. (a) θ = π/4, (b) θ = π/2, and (c) θ = 3π/4.

IV. NUMERICAL SIMULATIONS

Here we present results from numerical simulations conducted to validate the predictions from
reduced-order analysis presented in Sec. III, with the primary focus being on Secs. III A 1 and
III A 2. Equations (1a)–(1c) are solved with the open-source pseudospectral code Dedalus [36]. In all
the numerical simulations, periodic boundary conditions are used in the horizontal direction. In the
vertical direction, we use periodic boundary conditions for the simulations where the primary wave
is a plane wave. Moreover, we use impenetrable (w = 0), free-slip (du/dz, dv/dz = 0) boundary
condition in the vertical direction for the simulations where the primary wave is a mode-1 or a
mode-2 wave. We decide the amplitude of the primary wave by fixing the maximum value of zonal
velocity (u). Using polarization relations, (u j, v j,w j, b j ) for the primary waves can be easily found
out, and the other fields are also initialized at t = 0. For numerical validations, we only consider
2D situations, i.e., ∂/∂y = 0, implying l j = 0. The details of the simulations are as follows: we fix
the primary waves’ horizontal wave number at k1 = 1/H , where H = 500 m. We consistently use
N = 10−3 s−1 and ω1/N = 0.1. However, we vary f /ω1, and hence the vertical wave number of
the primary waves (m1) also varies since m1 is a function of f /ω1. The amplitude of the primary
waves is chosen such that the maximum zonal velocity (u) is always 0.001 ms−1. Computational
time is variable and depends on the simulation in question. For all simulations, the fourth-order
Runge-Kutta method is used as the time-stepping scheme with a time-step size of (2π/ω1)/800 (i.e.,
800 steps for one time period of the primary wave). All the fields are expressed using Fourier modes
in the horizontal direction, and either 64 or 128 modes are used per one horizontal wavelength of
the primary wave. Moreover, the vertical direction is resolved using Chebyshev polynomials (for the
vertically bounded domain) or Fourier modes (for the double periodic domain), and the resolution
is varied from a minimum of 96 to a maximum of 512 grid points per one vertical wavelength of the
primary wave. All simulations are initialized with a small amplitude noise, the spectrum of which
is given by

Rnoise(x, z) =
∫ knoise

0

∫ mnoise

mlowest

Anoise sin (kx + mz + φnoise(k, m))dmdk, (22)

where φnoise(k, m) ∈ [0, 2π ] is the random phase part, which is generated using the "rand" function
in Matlab for each (k, m). Unless otherwise specified, knoise = 48k1 and mnoise = 48m1. Moreover,
mlowest = 2π/Lz, where Lz is the length of the domain in the z-direction. Equation (22) is added to
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FIG. 6. Five-wave interactions for plane waves, mode 1, and mode 2 different f values (i.e., latitudes).
Panels (a) and (b) show plane waves, (c) and (d) show mode-1 waves, and (e) and (f) show mode-2 waves.
t̂ ≡ tω1/2π .

the b or v field. The noise amplitude Anoise is at least 10−3 times smaller than the primary waves’
corresponding amplitude. Unless otherwise mentioned, ν = 10−6 m2s−1 is taken.

A. Cases k1 = (k1, 0, m1) and k5 = (k1, 0,−m1)

We first focus on the primary wave-vector combination k1 = (k1, 0, m1) and k5 = (k1, 0,−m1).
As mentioned previously, the combination of wave vectors k1 = (k1, 0, m1) and k5 = (k1, 0,−m1)
leads to fields that are very similar to an internal wave mode in a vertically bounded domain. As
a result, we also simulate low modes (modes 1 and 2) in a vertically bounded domain to observe
whether there is an emergence of the "five-wave instability." The decay of the primary waves is
simulated at specific latitudes where the secondary waves’ vertical wave numbers in the resonant
five-wave system are multiples of m1/3 or m1/2. This choice helps in reducing the computational
resources required for the simulations. To estimate the energy in different wave vectors, we simply
use the fast Fourier transform (FFT) for both the x and z directions in simulations where the primary
waves are plane waves. In a vertically bounded domain, FFT is used only in the x direction, while
for the zdirection, the orthogonal nature of the modes is exploited. As a measure of the energy
contained in a wave vector, a nondimensionalized energy Ê is introduced and is defined as

Ê (k, 0, m, t ) = |û(k, 0, m, t )|2 + |ŵ(k, 0, m, t )|2 + |v̂(k, 0, m, t )|2 + |b̂(k, 0, m, t )|2/N2

Eref
, (23)

where the hat variables (û, ŵ, v̂, b̂) denote the Fourier amplitudes of (u,w, v, b), respectively. Eref

serves as the measure of primary waves’ energy at t = 0 and is defined as

Eref = (|û(k1, 0, m1)|2 + |ŵ(k1, 0, m1)|2 + |v̂(k1, 0, m1)|2 + |b̂(k1, 0, m1)|2/N2)|t=0. (24)

We simulate six cases: two cases for primary waves in an unbounded domain (plane waves), and
two cases each for mode-1 and mode-2 waves in a vertically bounded domain. For mode 1, mnoise =
96m1 is chosen. For every simulation, a different f value is used, and hence the resonant five-wave
system is different in each case. Figure 6 shows the exponential growth of secondary waves at six
different latitudes due to five-wave interactions. Columns 1, 2, and 3 of Fig. 6 show the results of
the simulations that focus on plane waves, mode-1 waves, and mode-2 waves. Figures 6(a)–6(e)
plot four different wave vectors. The wave vector (|k1|, 0, |m1|) contains the energy of both primary
waves, while the other three wave vectors indicate the secondary waves. Even though there are only
three different secondary-wave vectors, two different five-wave systems (that are qualitatively very
similar) exist in these cases. The norm of the wave vectors is the same. However, the direction
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FIG. 7. Comparison between theoretical growth rates and growth rates obtained from the simulations for
k1 = (k1, 0, m1) and k5 = (k1, 0, −m1). Red (blue) markers indicate results from the simulations (theory). The
black curve plots the variation of the maximum growth rate of three-wave systems with f .

of propagation of the secondary waves is different. For example, in Fig. 6(a), the two different
five-wave systems are

(1) System-1 (secondary waves): (0, 0, 3.33m1), (k1, 0,−2.22m1), (0, 0, 1.11m1),
(2) System-2 (secondary waves): (0, 0,−3.33m1), (k1, 0, 2.22m1), (0, 0,−1.11m1).
The primary waves are the same for both systems. The sign (and only the sign) of the vertical

wave number changes between the two systems. Theoretically, the growth rates are the same for
both systems. All three secondary waves grow exponentially, which provides clear evidence that
this is a five-wave system. In Fig. 6(f), two different five-wave systems emerge, and both systems
are plotted. We can observe that as the f value increases, the secondary waves’ vertical wave number
also increases in the simulations (see the legend), which is in line with the theoretical predictions
given in Fig. 2(c). In all six simulations, near-inertial waves are present (k = 0). The growth rate of
the secondary waves is calculated by estimating d ln (Ê )/dt . The comparison of growth rates from
simulations and theory is presented in Fig. 7, which shows a reasonably good agreement. For all
the cases, the average of the three secondary waves’ growth rates in a particular five-wave system is
taken. Moreover, Fig. 7 reveals that the growth rates are well above the maximum growth rate of all
three-wave systems. It can be noticed that growth rates for three-wave systems increase in Sec. III,
but decrease in Fig. 7 as f increases. In Sec. III, the growth rates are always evaluated by fixing k1

and A1 as f is varied. This means the vertical velocity of the primary wave is fixed as f is varied,
while the Coriolis frequency is varied. However, in Sec. IV, we fix the amplitude of the primary
wave in a different way: the horizontal velocity of the primary wave is assumed to be a constant
even as f is varied, and this means the quantity A1m1 is a constant. This is the reason the growth
rate of three-wave systems varies differently with f in the two sections. Five-wave interactions can
happen for standing modes only at specific latitudes because the vertical wave numbers are discrete,
not continuous. However, for plane waves there is no such constraint. As per the predictions in
Sec. III, five-wave interactions should be faster than three-wave interactions provided f /ω1 � 0.3.

In triads, the direction of energy transfer can be reversed. After some time, the secondary waves
completely drain the energy of the primary wave, and from this point the secondary waves start
giving the energy back to the primary wave. This can be seen by solving the theoretical reduced-
order model equations. We observe this reversal for cases in which the secondary waves have low
wave numbers in simulations [see Figs. 6(c)–6(f)]. In realistic oceanic scenarios, the secondary
waves themselves can behave as primary waves once they have significant energy and give their
energy to smaller lengthscale waves, thus causing a continuous energy cascade. We believe this
would occur when the secondary waves have much higher wave numbers than the primary wave.

It was observed that as f /ω1 −→ 0.5, multiple secondary-wave combinations grow and extract a
considerable amount of energy from the primary waves. This can even be seen in Fig. 6(f), where
two different five-wave systems emerge and extract a significant amount of energy. As f /ω1 −→ 0.5,
multiple five-wave systems can become coupled and grow at a rate that is faster than any single
five-wave system (discussed in detail in Sec. IV B). Hence, the growth rates predicted from a single
five-wave interaction will not be accurate when f ≈ ω1/2. As f −→ ω1/2, the growth rate for a
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FIG. 8. Four different five-wave interactions for primary waves with wavevectors k1 = (k1, 0, m1) and
k5 = (−k1, 0, m1).

mode-1 wave with zonal velocity amplitude 0.002 ms−1 will approach 2σcl instead of
√

2σcl, where
σcl is the maximum growth rate for a plane wave with zonal velocity amplitude 0.001 ms−1 at
the critical latitude [12]. Although in [12] the mode-1 wave was considered in the presence of a
nonconstant N , their prediction is still expected to hold for our case (constant N). Our numerical
simulations also show the growth rates of the secondary waves being well above

√
2σcl for f ≈

ω1/2. We conducted simulations of a mode-1 wave undergoing wave-wave interaction instability
near the critical latitude ( f /ω1 = 0.497 and 0.498 were chosen). In both simulations, secondary
waves with growth rates � 1.84σcl were observed.

B. Cases k1 = (k1, 0, m1) and k5 = (−k1, 0, m1)

We now validate five-wave interactions for primary waves propagating in horizontally opposite
directions. In this regard, we focus on latitudes where the secondary waves’ vertical wave numbers
are multiples of m1/2. Figure 8 shows the growth of secondary waves for four different f /ω1

values. Figures 8(a) and 8(b) show energy in three wave vectors increasing exponentially. The
three wave vectors encompass both Branch-1 and Branch-2 secondary waves’ wave vectors, and the
secondary waves’ wave vectors in the simulations are in line with theoretical predictions (theoretical
results/wave vectors are not shown in the paper). The green curve (the wave with nonzero horizontal
wave number) contains the energy of both leftward and rightward propagating waves. The growth
rates estimated from the simulations are much higher than what is expected for a three-wave
interaction. For example, at f = 0.298ω1, the growth rate of the secondary waves is about 30% more
than the growth rate of the individual three-wave interactions that combine to form the five-wave
interaction. Figure 8(c) shows only two secondary waves, which are part of the Branch-2 five-wave
system. In this case, Branch-1 did not have growth comparable to Branch-2. Finally, Fig. 8(d) has
three distinct five-wave systems:

(1) System-1 (secondary waves): (k1, 0, 4m1), (−k1, 0, 4m1), (0, 0,−3m1),
(2) System-2 (secondary waves): (k1, 0, 4.5m1), (−k1, 0, 4.5m1), (0, 0,−3.5m1),
(3) System-3 (secondary waves): (k1, 0,−4.5m1), (−k1, 0,−4.5m1), (0, 0, 5.5m1).
System-1 is present for both f /ω1 = 0.476 and 0.48 because the change in f is not that

significant, and hence the specific interaction is not expected to be detuned significantly. As a
result, the system has an exponential growth. Moreover, the growth rates of the waves in any
particular system do not vary significantly from the mean value (we observe the maximum deviation
from the mean/average growth rate value to be less than 1% of the mean for all the systems).
The growth rates of the waves in System-1 are approximately 0.93 times that of System-2 and
System-3 waves. However, System-1 drains the largest amount of energy from the primary waves
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FIG. 9. Comparison between theoretical growth rates and growth rates obtained from the simulations for
k1 = (k1, 0, m1) and k5 = (−k1, 0, m1). Red markers indicate results from the simulations. Blue and green
markers are predictions from the reduced-order model. The black curve plots the variation of the maximum
growth rate of all three-wave systems with f .

because the secondary waves in this system have a slightly higher energy at t = 0. Growth rates
obtained from the reduced-order models are once again compared with the growth rates obtained
from the numerical simulations; see Fig. 9. When there are multiple branches growing, the average
growth rate of the (two) branches is taken since both branches have nearly the same growth rate.
For f /ω1 = 0.48 in Fig. 8(d), the average of System-2 and System-3’s growth rates is compared
with the theoretical growth rate since these are the two resonant Branch-1 and Branch-2 systems at
f /ω1 = 0.48. It can be seen that theoretical predictions match reasonably well with the simulations.
Moreover, similar to Sec. IV A, the growth rates of five-wave systems are well above the maximum
growth of three-wave systems (shown by the black curve in Fig. 9) for f /ω1 > 0.4. Similar
to vertically bounded cases, primary waves with identical vertical wave numbers and opposite
horizontal wave number resemble an internal wave mode in a horizontally bounded domain. In
this section, we only focused on vertically bounded internal wave modes because they are quite
common in the ocean, where the vertical bounds are the air-sea interface and the ocean topography.
Moreover, wave-wave interactions of low-mode internal waves are studied extensively to understand
their decay in the oceans. Horizontally bounded modes can occur in the oceans (for example, in
canyons), but we did not devote significant attention to them because they are not as common as
vertically bounded modes. We also believe the theoretical results will match the simulations for the
horizontally bounded mode, as they did for the vertically bounded mode.

C. Simulations and analysis for f ≈ ω1/2

In Sec. IV A, we saw that the theoretical growth rates of five-wave systems are not accurate for
f ≈ ω1/2. To test whether the five-wave systems’ growth rate holds near the critical latitude for
k1 = (k1, 0, m1) and k5 = (−k1, 0, m1), we conducted simulations for three different f /ω1 values:
f /ω1 = 0.496, 0.498, and 0.499. Moreover, for each f , we ran three simulations: one with ν =
10−6 m2s−1, one with ν = 0.25×10−6 m2s−1, and finally one simulation with hyperviscous terms
instead of viscous terms (i.e., by setting ν = 0). The hyperviscous operator −νH (∇2)4 is added to
the right-hand side of (1a) and (1b) with νH = 0.25×10−6 m8s−1. Hyperviscous terms are intended
to make the simulation nearly inviscid, and they have been used previously to study PSI [17]. All
simulations are run for 150 time periods of the primary wave. The simulations are stopped before
the small-scale secondary waves attain energy comparable to the primary waves. The small-scale
waves will break in such cases, and the ensuing turbulence is not resolved and is also not the focus
of this study. We are only interested in the growth rate of the secondary waves.

Figure 10 shows the nondimensionalized growth rates (σ/σcl) of the secondary waves in the
(k, m) plane for all nine cases. In Fig. 10, each row is for a different f value, and for each column,
ν or νH is constant. For the hyperviscous simulations and simulations with the lower viscosity, it
can be seen that the non-dimensionalized growth rates are above

√
2 for all three f -values (second

and third columns of Fig. 10). Secondary waves with m = 20 − 40m1 have σ/σcl ≈ 1.85 in the
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FIG. 10. Growth rate colormaps (σ/σcl) in the (k, m) plane for the primary waves with wave vectors
k1 = (k1, 0, m1) and k5 = (−k1, 0, m1) near the critical latitude ( f /ω1 ≈ 0.5). f /ω1 = 0.496 for Row-1
[(a), (b), and (c)], f /ω1 = 0.498 for Row-2 [(d), (e), and (f)], and f /ω1 = 0.499 for Row-3 [(g), (h), and
(i)]. Viscosity/hyperviscosity values used are as follows: ν = 10−6m2s−1 for Column-1 [(a), (d), and (g)],
ν = 0.25×10−6m2s−1 for Column-2 [(b), (e), and (h)], and νH = 0.25×10−6m8s−1 for Column-3 [(c), (f),
and (i)].

simulations with hyperviscous terms. For all f , simulations with ν = 10−6m2s−1 have considerably
lower growth rates (especially for higher wave numbers) compared to the other simulations because
of the viscous effects.

We provide the reason for σ/σcl being well above
√

2 using the reduced-order model. The
dispersion relation for the secondary waves can be rewritten as

( f + δω)2 = N2(nk1)2 + f 2m2

(nk1)2 + m2
, (25)

where δω is the difference between the wave’s frequency ( f + δω) and the inertial frequency ( f ),
and n is some constant (but for our purposes, it will primarily be an integer). nk1 and m are the
horizontal and the vertical wave number of the secondary waves. Here, k1 is the zonal wave number
of the primary waves, but m is not the vertical wave number of primary waves. Near the critical
latitude, in a wave-wave interaction, any secondary wave’s frequency would be approximately equal
to the inertial frequency, implying δω� f . Hence (25) leads to

δω

f
≈ (N2 − f 2)(nk1)2

2 f 2[(nk1)2 + m2]
� 1. (26)

In scenarios where N2 � f 2, this yields

m2 � N2(nk1)2

2 f 2
. (27)

Near the critical latitude, 2 f ≈ ω1. The sum of two secondary waves’ frequencies would be close
to ω1 provided their wave numbers satisfy (27). As a consequence of this special scenario, a
chain of coupled triads is possible as shown in Fig. 11. Every box contains the wave vector of a
secondary wave. The absolute value of the horizontal wave number is lowest at the center of the
chain, and it increases in either direction. However, the vertical wave number takes only two values.
Any two boxes that are connected by the same blue line add up to give a primary wave’s wave
vector. For example, (2k1, 0, m) + (−k1, 0, m1 − m) gives (k1, 0, m1), which is the wave vector
of one of the primary waves. Moreover, (−k1, 0, m1 − m) + (0, 0, m) gives (−k1, 0, m1), which
is the other primary wave’s wave vector. Except for the secondary waves at the ends of the chain,
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FIG. 11. A simplified schematic showing how different secondary waves are coupled. Any two wave
vectors (boxes) connected by the same blue line can act as a secondary wave combination for the wave vector
k1 = (k1, 0, m1) or k5 = (−k1, 0, m1).

every secondary wave would be forced by both primary waves. Assuming the wave numbers of
the secondary waves in the chain satisfy (27), the sum of any two waves’ frequencies would be
close to ω1, thus satisfying all the required triad conditions. For a fixed m, δω would increase as n
is increased, which is evident from (25). Hence for very large n, the secondary wave’s frequency
( f + δω) cannot be approximated by f and the sum of two secondary waves’ frequencies cannot be
approximated by ω1 simply because δω would be large. As a result, the triad conditions would not be
satisfied for very large n. Assuming δω is negligible up to some n, the wave amplitude equations for
the 2n + 1 secondary waves shown in Fig. 11 can be written in a compact way,

da
dt

= Hā (28)

a = [a−n a1−n · · · an−1 an]T , (29)

H =

⎡⎢⎢⎢⎢⎣
−V−n M(−n,1−n)A1 0 0 0

M(1−n,−n)A1 −V1−n N(1−n,2−n)A5 0 0
...

. . .
. . .

. . .
...

0 0 M(n−1,n−2)A1 −Vn−1 N(n−1,n)A5

0 0 0 N(n,n−1)A5 −Vn

⎤⎥⎥⎥⎥⎦, (30)

where the coefficients N(i, j) and M(i, j) are given by

N(i, j) = N(i,5, j)

Di
, M(i, j) = N(i,1, j)

Di
. (31)

The expression for N(i,∗, j) is given in Appendix A. Equation (28) is an extension of the system given
in (15) to an arbitrary number of secondary waves [using n = 1 in (28) would result in Eq. (15)].
The growth rate for the system given in (28) can be found by calculating the eigenvalues of H. In
addition to the k1 = (k1, 0, m1) and k5 = (−k1, 0, m1) case, we also analyze the theoretical growth
rates for oblique primary waves near the critical latitude using (28). To this end, we consider four
θ values: θ = π/4, π/2, 3π/4, and π [see (21) for the definition of θ ]. For θ �= π , the primary
waves have a nonzero meridional wave number (l1). In such cases, the meridional wave number
of all the secondary waves in the chain is simply assumed to be l1/2. For all four θ values, Fig. 12
shows the gradual increase of the growth rate as n increases for two different m values. The m values
chosen are m = 100m1 and 200m1, where m1 is the primary wave’s vertical wave number. We chose
a high vertical wave number for the secondary waves so that condition (27) is satisfied. For all the
θ values, σ/σcl ≈ 2 for the higher n values, which is what we observed in the simulation results
shown in Fig. 10. Even though the theoretical value of 2 is obtained for inviscid cases, even for
the hyperviscous simulations, we obtained a maximum growth rate of ≈1.85 for secondary waves
with vertical wave numbers in the range 20 − 40m1. This is because the theory is given for vertical
wave numbers 100 and 200m1 to reduce the effects of detuning as much as possible. However,
simulating cases that produce secondary waves with very high wave numbers [O(100)m1] would be
much more computationally expensive. We believe this is one of the main reasons the growth rates
are not much closer to 2. Also, simulations with kinematic viscosity ν = 10−6 may not resemble
oceanic scenarios completely. This is because even though ν = 10−6 m2s−1 is used, the amplitude
of the waves is chosen to be low, and this increases the effect of viscosity. Moreover, for n = 1,
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FIG. 12. Variation of maximum growth rate with n for triad chains near the critical latitude. (a) θ = π/4,
(b) θ = π/2, (c) θ = 3π/4, and (d) θ = π . Two different m values are shown for each θ .

σ/σcl ≈ √
2, which is what we would expect for a five-wave system with three secondary waves.

Interestingly, for an oblique set of primary waves, the results are similar to the 2D case. Hence, five-
wave system growth rates do not apply near the critical latitude for an oblique set of primary waves
either. Even though high values of m are used in the reduced-order model, simulations show that the
resonance can occur even at m = 20 − 40m1. As a result, near the critical latitude, regardless of the
θ value, two primary waves force secondary waves as if they are a single wave with approximately
twice the amplitude.

V. SUMMARY AND CONCLUSIONS

In this paper, we use multiple scale analysis to study five-wave interactions that consist of two
plane primary waves with the same frequency but different wave vectors coexisting in a region. We
specifically focus on scenarios in which both primary waves force a common secondary wave, and
this results in a five-wave system that is composed of two triads. Each of these triads consists of a
primary wave and two secondary waves, with one secondary wave common between the two triads.
The wave vector and the frequency conditions satisfied by the five waves are given in Fig. 1(c).

For primary waves with wave vectors (k1, 0, m1) and (k1, 0,−m1), the five-wave system is
only possible when the common secondary wave’s frequency is almost equal to ω1 − f (where
ω1 is the primary wave’s frequency). The other two secondary waves are near-inertial waves
that always propagate in vertically opposite directions. The growth rate of the above-mentioned
five-wave system is higher than the maximum growth rate of three-wave systems for f /ω1 � 0.3.
For primary waves with wave vectors (k1, 0, m1) and (−k1, 0, m1) (primary waves that propagate in
horizontally opposite directions), similar to the previous primary-wave combination, the maximum
growth rate of five-wave systems is higher than the maximum growth rate of three-wave systems
for f /ω1 � 0.3. For f /ω1 � 0.3, the common secondary wave’s frequency is nearly equal to f
in the most unstable five-wave system. Moreover, as the common secondary wave’s frequency is
increased from f , the meridional wave number increases significantly while the zonal wave number
of the common secondary wave remains negligible.

We also study five-wave systems for cases in which the two primary waves are not confined to
the same vertical plane. In such scenarios, the dominance of the five-wave systems increases as
the angle between the horizontal wave vectors of the primary waves (denoted by θ ) is reduced.
Moreover, for any θ , the five-wave system’s instability is dominant over the three-wave system’s
instability for f � 0.3ω1.

Numerical simulations are conducted to test the theoretical predictions, and the theoretical
growth rate of the five-wave systems matches reasonably well with the results of the numerical
simulations for a wide range of f -values. However, for all the 2D primary-wave combinations
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FIG. 13. A simplified schematic showing which instability mechanism dominates as f /ω1 is varied.

considered, the growth rates from the simulations do not match the theoretical five-wave systems’
growth rate near the critical latitude where f ≈ ω1/2. Near the critical latitude, multiple (more
than two) triads become coupled, and they are forced by the two primary waves. By modifying
the reduced-order model to account for a chain of secondary waves, the maximum growth rate is
shown to be twice the maximum growth rate of all three-wave systems. Moreover, near the critical
latitude, the reduced-order model showed similar results for primary waves that are not on the same
vertical plane. Hence, near the critical latitude, the five-wave systems’ prediction is not expected to
hold for oblique primary waves either. In summary, as shown in Fig. 13, five-wave systems will be
the dominant instability mechanism for f /ω1 � 0.3 regardless of the relative orientation of the two
primary waves.

We will now provide a brief summary on the applicability of the study to realistic ocean scenarios.
In oceans, two or more internal waves can coexist in many scenarios. For example, when an
internal wave gets reflected, there would be a finite region where the incident and the reflected
waves overlap. Vertically propagating internal waves in the ocean will get reflected when they
encounter obstacles in their path, such as sharp thermocline/pycnocline on the seafloor. Moreover,
tide-topography interactions lead to internal waves with the same frequency but with different wave
vectors existing in the same physical space; cf., Ref. [21], Fig. 7 or Ref. [15], Fig. 9. Interestingly,
Ref. [15], Fig. 10, shows that the growth rate of near-inertial waves is higher than the maximum
growth rate of three-wave systems at f /ω1 ≈ 0.38. Multiple triad interactions can be a possible
explanation for the increased growth rate observed. Our study also highlights the importance of
near-inertial waves’ role in wave-wave interactions of semidiurnal inertia-gravity waves.

The authors report no conflict of interest.

APPENDIX A: NONLINEAR COUPLING COEFFICIENTS

The quantities N( j,p,d ) and O( j,b,c) are defined so that the nonlinear coefficients can be written in
a compact form, and they are given by

N( j,p,d ) = − (ωp − ωd )k jmj[(UpŪd (k j ) + UpV̄d lp − VpŪd ld + Upmp − mdŪd )]

− (ωp − ωd )l jm j[(VpV̄d (l j ) − UpV̄d kd + VpŪd kp + Vpmp − mdV̄d )]

+ (ωp − ωd )
(
l2

j + k2
j

)
[V̄d lp − ldVp + mj + kpŪd − Upkd ]

+ i
(
l2

j + k2
j

)
[Ūd Bpkp − UpB̄d kd + V̄d Bplp − VpB̄d ld + Bpmp − B̄d md ]

+ i f l jm j[(UpŪd (k j ) + UpV̄d lp − VpŪd ld + Upmp − mdŪd )]

− i f k jm j[(VpV̄d (l j ) − UpV̄d kd + VpŪd kp + Vpmp − mdV̄d )], (A1)

O( j,b,c) = − (ωb + ωc)k jmj[(UbUc(k j ) + UbVclb + VbUclc + Ubmb + Ucmc)]

− (ωb + ωc)l jm j[(VbVcl j + UbVckc + VbUckb + Vbmb + mcVc)]

+ (ωb + ωc)
(
l2

j + k2
j

)
[Vclb + lcVb + mj + kbUc + Ubkc]

+ i
(
l2

j + k2
j

)
[UcBbkb + UbBckc + VcBblb + VbBclc + Bbmb + Bcmc]

+ i f l jm j[(UbUck j + UbVclb + VbUclc + Ubmb + mcUc)]

− i f k jm j[(VbVcl j + UbVckc + VbUckb + Vbmb + mcVc)], (A2)
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where the indices ( j, p, d, b, c) are used to denote waves. Using Eqs. (A1) and (A2), the nonlinear
terms and coefficients used in wave amplitude equations can be written as

M1 = O(1,2,3)

D1
, M2 = N(2,1,3)

D2
, M3 = N(3,1,2)

D3
, (A3)

N5 = O(5,3,4)

D5
, N4 = N(4,5,3)

D4
, N3 = N(3,5,4)

D3
, (A4)

NLT1 = M1D1a2a3, NLT5 = N5D5a3a4, (A5)

NLT4 = N4D4a5ā3, NLT3 = N3D3a5ā4 + M3D3a1ā2, NLT2 = M2D2a1ā3. (A6)

APPENDIX B: DERIVATION OF EQ. (18)

The growth rate of a particular triad with primary wave 1 is given by σ1 =
√
M̄2M3|A1|2.

Similarly, the growth rate of a particular triad with primary wave 5 is given by σ5 =
√
N̄4N3|A5|2.

If we assume that both primary waves have the same frequency and wave-vector norm (which is
an assumption that is consistently made in this paper), then it implies that the maximum value of√
M̄2M3 is equal to the maximum value of

√
N̄4N3. Mathematically, this can be written as

max(
√
M̄2M3) = max(

√
N̄4N3). (B1)

For ν = 0 (inviscid flow), the growth rate for a five-wave system has a simple expression given by

σ =
√
M̄2M3|A1|2 + N̄4N3|A5|2. (B2)

Using Eq. (B1) in (B2), we can arrive at a condition for the upper bound of σ , which is given by√
M̄2M3|A1|2 + N̄4N3|A5|2 �

√
2σ̂1 or

√
M̄2M3|A1|2 + N̄4N3|A5|2 �

√
2σ̂5, (B3)

where σ̂1(σ̂5) is the maximum growth rate of all three-wave systems of primary wave-1(5).
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