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Sebastian Gallon ,1 Fabio Feraco ,2,3 Raffaele Marino ,2 and Alain Pumir 1,4,*

1Université de Lyon, ENS de Lyon, CNRS, Laboratoire de Physique, F-69342 Lyon, France
2CNRS, École Centrale de Lyon, INSA de Lyon, Université Claude Bernard Lyon 1, Laboratoire de Mécanique

des Fluides et d’Acoustique–UMR 5509, F-69134 Écully, France
3Dipartimento di Fisica, Università della Calabria, Rende I-87036, Italy

4Max Planck Institute for Dynamics and Self-Organization, 37077 Göttingen, Germany

(Received 16 October 2024; accepted 7 February 2025; published 17 March 2025)

The transport of matter by turbulent flows plays an important role, in particular in a
geophysical context. Here, we study the relative movement of groups of two (pairs) and
four (tetrahedra) Lagrangian particles using direct numerical simulations of the stably
stratified Boussinsesq equations, with Brunt-Väisälä frequency N and Coriolis parameter f .
We cover regimes close to homogeneous isotropic turbulence, to flows dominated by strat-
ification and rotation, keeping fixed the ratio N/ f = 5. The flows studied are anisotropic,
so the relative motion between two particles depends not only on the initial separation
between the particles, but also on their orientation with respect to the vertical axis. In all
cases considered, we demonstrate that the relative particle motion differs depending on
whether dispersion is considered forward or backward in time, although the asymmetry
becomes less pronounced when stratification and rotation increase. On the other hand, the
strong fluctuations in the dispersion between two particles become more extreme when N
and f increase. We also find evidence for the formation of shear layers, which become
more pronounced as N and f become larger. Finally, we show that the irreversibility on
the dispersion of a set of particles initially forming a regular tetrahedron becomes weaker
when the influence of stratification and rotation increases, a property that we relate to that
of the perceived rate-of-strain tensor.

DOI: 10.1103/PhysRevFluids.10.034605

I. INTRODUCTION

The dispersion of material substances in turbulent fluid flows notoriously plays an important
role in many contexts, in particular in geophysics [1,2]. One example of particular interest is the
transport of biomatter in the oceans [3]. Phytoplankton blooms, which play a crucial role in both
the maritime ecosystem [4,5] and for the exchange of greenhouse gases between the atmosphere
and the oceans [6], are deeply affected by mixing in the upper and middle oceans. A detailed
understanding of the mixing in the oceans, however, is hindered by the complexity of the underlying
turbulent flows, with a wide range of scales, from the largest turbulent structures, of the order of tens
of kilometers, down to the dissipative scales, of the order of a few millimeters [7]. In addition, these
flows are stratified, and subject to the rotation of the Earth. These features render the modeling of the
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mixing process very challenging. In particular, direct numerical simulations (DNS) of such flows
can hardly reproduce full oceanic dynamics, though realistic regimes in terms of at least some of
the governing parameters have been attained using very large grids [8,9].

A natural framework to study dispersion properties is to investigate the motion of neutrally
buoyant tracer particles [10]. This approach has been used to understand the fundamental properties
of turbulent flows, particularly in the case of homogeneous and isotropic turbulence (HIT) [11–13].
Although one of the central tenets of turbulence theory is that the framework of HIT describes
the small-scale motion of turbulent flows in the limit of very large Reynolds numbers [10,14], it
remains of great fundamental and practical interest to understand the influence of stratification and
rotation on transport properties of the flow. In fact, in the oceans, the influence of stratification
remains significant, even in the most turbulent regions. A particular consequence of stratification
is the inhibition of vertical velocity fluctuations, and therefore the exchange of heat and material
substances between the upper and lower ocean [1,7]. Furthermore, rotation also plays a role in
favoring horizontal over vertical motions by promoting bidimensional modes of the flow [15],
although its influence is generally weaker in the setup considered here where N/ f = 5.

In the present work, we numerically study dispersion in an idealized model of geophysical
turbulence, namely, in the Boussinesq equations with a linear, stable density gradient and solid
body rotation. The relative strength of rotation and stratification is chosen specifically for its
oceanographic relevance [16,17]. In particular, we extend the recent work of [18], which was
focusing on the motion of single particles, to the relative dispersion of pairs and groups of four
particles. By including the role of both stratification and rotation simultaneously, our work also
extends earlier studies for flows with pure rotation [19,20] or with pure stratification [21].

Groups of particles in a complex flow are not only separating, but due to both large-scale
structures and small-scale fluctuations, distant particles can also come close together. This is of
relevance for mixing related phenomena [11]. A natural framework to understand this motion is
to study backward dispersion. To this end, we consider pairs of particles that are separated by a
small distance at time t = 0 and follow their trajectories backward in time. Moreover, the study
of differences between forward and backward dispersion for both single particles and groups of
particles has been shown useful to highlight the irreversible nature of turbulent flows [22–26]. In
our simplified problem, we show that the irreversibility becomes weaker when stratification and
rotation are increased.

While the transport of one particle is governed directly by the velocity field at its position, the
relative dispersion of groups of particles is governed by velocity differences and consequently probe
the intermittent nature of the flows [27–29]. In particular, the large fluctuations in the velocity
gradient [30,31] may induce strong relative velocities of particles very close to each other. This
provides a natural explanation for the extreme fluctuations reported in numerical studies of the
separation of two nearby particles in HIT [27]. One of the unexpected findings of the present study
is that the strong fluctuations in particle dispersions are enhanced by the presence of rotation and
stratification, i.e., pair dispersion appears to be more intermittent when increasing the strength of
rotation and stratification than a comparable HIT flow.

Moreover, we notice that in an anisotropic flow, the separation of two particles depends not
only on the initial distance between the particles, but also on their alignment with respect to the
preferred direction of the flow, i.e., the vertical in our problem. By documenting the dependence of
the dispersion on the orientation, we demonstrate that the flow develops horizontal shear layers, the
more so as stratification and rotation get stronger. In this sense, our results shed light on the structure
of these flows.

Finally, we study the effect of rotation and stratification on the deformation of fluid volumes by
considering how groups of four originally equidistant particles separate. Whereas the dispersion of
pairs of particles is completely governed by velocity and buoyancy differences, the dynamics of
larger groups of particles is also sensitive to the complex three-dimensional structure of the flow.
Specifically, we focus on differences of the deformation forward and backward in time, highlighting
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the irreversibility of the flow, similarly as in the previously studied case of HIT [23]. Moreover, we
find that at intermediate and larger times, such tetrahedra tend to dealign with the vertical axes.

Our work is organized as follows. In Sec. II, we describe our DNS and introduce the key concepts
used to analyze our simulations. The results are presented in Sec. III, which focuses first on pair
dispersion (Sec. III A), and then on dispersion of more complex objects, namely, tetrads (Sec. II B 2).
Our conclusions are presented in Sec. IV.

II. BACKGROUND AND METHODOLOGY

A. Direct numerical simulations and physical background

We perform direct numerical simulations of the Boussinesq equations in a triply periodic domain
in a rotating frame with solid body rotation rate � (the Coriolis frequency is defined by f = 2�).
The fluid is stably stratified, with a linear mean density profile ρ0(z) = ρ̄ − γ z with constants ρ and
γ > 0 and Brunt-Väisälä frequency N = √

γ g/ρ0. The equations of motion for the velocity field u
and the density fluctuation field in the dimension of a velocity θ (x, t ) = N[ρ(x, t ) − ρ0(x, t )]/γ are
given by

∂t u + u · ∇u = −∇p − f ez × u − Nθez + ν∇2u + �, (1)

∂tθ + u · ∇θ = Nw + κ∇2θ, (2)

∇·u = 0, (3)

where p(x, t ) denotes the reduced pressure, ν the kinematic viscosity, and κ the thermal diffusivity.
Here, we choose Pr = ν/κ = 1. Equations (1)–(3) are integrated in a triply periodic domain with
M3 Fourier modes, where M = 512 (runs A0–A4) and M = 1024 (runs B0–B4). We use the
pseudospectral solver ghost (Geophysical High-Order Suite for Turbulence), with a second-order
explicit Runge-Kutta time-stepping scheme [32,33]. The time step dt was chosen to be sufficiently
small to resolve the fastest propagating waves. To maintain a stationary flow, we apply a stochastic
large-scale force �(x, t ). The forcing is isotropic and applied in a wave-number band 2 � |k| � 3
to the velocity field. The resulting characteristic length scale of the forcing reads L� = 2π/2.5, here
considered as the integral scale of the system.

To quantify the relative strengths of turbulence, stratification, and rotation, we consider the
dimensionless Reynolds (Re), Froude (Fr), and Rossby (Ro) numbers, defined as

Re = u′L


ν
, Fr = u′

NL


, Ro = u′

f L


, (4)

the characteristic large-scale velocity being defined as u′ = 〈|u|2〉1/2. In this work, we consider a
series of runs with varying Re, Fr, and Ro, where we fix the relative strength of the rotation and
stratification by setting the ratio N/ f = Ro/Fr = 5, representative of the Southern Ocean [16,17].

In the framework considered, we observe a forward energy cascade as a result of a large-scale en-
ergy injection, at rate ε� = 〈u · �〉. At intermediate scales, part of the kinetic energy is transformed
into potential energy at the rate εχ = N〈θw〉. The remaining part of the kinetic energy is transferred
to smaller scale, until it gets dissipated at rate εν = ν〈|∇u|2〉. The characteristic scale for energy
dissipation is the Kolmogorov scale η = (ν3/εν )1/4 [34]. The corresponding typical time scale for
dissipation is the Kolmogorov time scale τη = (ν/εν )1/2. To ensure that the flow is well resolved,
we kept kmaxη � 1.4, where kmax = M/3 is the maximal wave number resolved in the simulation.

Stratified fluid turbulence is characterized by the formation of horizontal layers with a typical
vertical size LB = u′/N , making the flow anisotropic [35]. The length scale below which the flow
recovers isotropy is called the Ozmidov scale, �O = (εν/N3)1/2 [36]. The equivalent rotational
length scale is the Zeman scale, �Z = (εν/�

3)1/2 [37,38]. In the configuration considered here,
we have �Z ≈ 3.95�O.
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TABLE I. Parameters of the runs in dimensionless units. N , Brunt-Väisäilä frequency; εν , kinetic energy
dissipation rate (averaged over particle integration time); Fr, Froude number; Re, Reynolds number; RIB,
buoyancy Reynolds number; η, Kolmogorov scale; �O, Ozmidov scale; LB, buoyancy scale. All quantities are
rounded to three significant digits. We chose runs A0–A4, a grid resolution of M = 512, and runs B0–B4 at
M = 1024. The Reynolds numbers based on the Taylor scale for the HIT runs read Reλ = 110 (run A0) and
Reλ = 160 (run B0). The kinematic viscosity was set to ν = 1.5 × 10−3 for run A0, ν = 1 × 10−3 for runs
A1–A4, and ν = 2.1 × 10−4 for runs B0–B4.

Run A0 A1 A2 A3 A4 B0 B1 B2 B3 B4

N 0 2.95 4.92 7.37 14.7 0 1.18 2.95 7.37 14.7
εν 0.375 0.206 0.156 0.123 0.0237 0.00784 0.00932 0.00715 0.0136 0.0344
Fr ∞ 0.169 0.105 0.0777 0.0410 ∞ 0.155 0.0823 0.0599 0.0356
Re 2380 3140 3270 3620 3820 4790 5510 7300 13300 15800
RIB ∞ 23.8 6.47 2.26 0.109 ∞ 31.9 3.92 1.19 0.755
η 0.00974 0.00834 0.00894 0.00950 0.0143 0.00586 0.00561 0.00600 0.00511 0.00405
�O/η ∞ 10.8 4.06 1.84 0.190 ∞ 13.4 2.78 1.14 0.810
LB/η ∞ 50.8 29.6 20.6 7.20 ∞ 69.5 34.5 29.5 22.1

The previously considered dimensionless numbers are large-scale quantities. To compare the
relative strength of stratification and dissipation, we consider the buoyancy Reynolds number
RIB = εν/(νN2) [34] (sometimes referred to as the buoyancy interaction parameter [38]). It can
be seen as both a ratio of length scales and a ratio of time scales, as RIB = (�O/η)4/3 = (τηN )−2,
with the typical time scale for buoyancy oscillations ∼1/N . For a review and a comparison to the
related RB = Re Fr2, see [39]. A transition from eddy-dominated to wave-dominated flows has
been recently observed at RIB ≈ 1 for both the motion of single particles [18] and the pairs of
particles [26].

During the simulations, we integrated the trajectories of ∼106 naturally buoyant tracer particles.
The parameters of the runs are indicated in Table I.

B. Definitions for multiparticle Lagrangian statistics

1. Short-time pair dispersion

Let us consider two particles with trajectories x(1)(t ) and x(2)(t ), initially separated by r(0) =
x(2)(0) − x(1)(0) = r(0). For very small times t , the motion of the particles is solely governed by
the initial values of the relative velocity �u(0) = u(2)(0) − u(1)(0) and, in one order higher, by the
initial relative acceleration �a(0) = a(2)(0) − a(1)(0). Then, it is customary to consider the squared
change of separation

δr0 r2(t ) = [r(t ) − r(0)]2. (5)

A straightforward Taylor expansion and subsequent averaging over many pairs of particles with the
same initial separation yields

〈δr0 r(t )2〉 = 〈(�r0 u)2〉t2 + 〈(�r0 u · �r0 a)〉t3 + h.o.t., (6)

where h.o.t. refers to higher order correction terms. The time over which this expansion remains
valid is the estimated time scale, where the quadratic term and the cubic term are equal [40,41]:

tB(r0) :=
∣∣∣∣∣ 〈(�r0 u)2〉
〈�r0 u · �r0 a〉

∣∣∣∣∣, (7)

which is also referred to as the Batchelor time. For homogeneous isotropic turbulence, tB(r0) can
be approximated assuming 〈(�r0 u)2〉 ∝ ε2/3

ν r2/3
0 and 〈�r0 u · �r0 a〉 = −2εν to tB(r0) ∝ ε−1/3

ν r2/3
0 =
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τr0 , which is the Kolmogorov time associated to a vortex of size r0 [23]. This approximation is not
necessarily valid in the presence of rotation and stratification [26]; we therefore determine tB(r0) by
measuring both the numerator and the denominator of Eq. (7). The dependence of tB on the scale r0

is shown for our runs in Appendix B (see Fig. 11).
At longer times t � tB(r0), the Taylor expansion, Eq. (6), fails to describe the pair dynamics.

The scaling law is governed by the complex correlation structure of the flow and depends, even for
HIT, sensitively on the Reynolds number and the initial value of the separation r0 [29].

2. Short-time fluid volume deformation

We now study how larger groups of particles separate. Specifically, we are interested in how
the initially regular shaped fluid volumes are deformed. To this end, we consider the smallest
set of particles defining a volume, which is a set of four noncoplanar particles with trajectories
x(1)(t ), x(2)(t ), x(3)(t ), and x(4)(t ). Such a set can be geometrically interpreted as a tetrahdron
whose vertices are the particles. Specifically we consider groups of initally pairwise equidistant par-
ticles, or equivalently, particles that are forming initially regular tetrahedra. To study the deformation
of such tetrahedra when its vertices are advected by the flow, we define the moment-of-inertia-like
shape tensor [42]:

Gi j (t ) :=
4∑

a=1

(
x(a)

i (t ) − xc
i (t )

)(
x(a)

j (t ) − xc
j (t )

)
, (8)

where x(a)
i denotes the ith component of x(a) and xc is the center of mass xc = ∑4

a=1 x(a)/4. For
four noncoplanar particles G is symmetric and positive definite and can thus be diagonalized. Its
eigenvalues g1 � g2 � g3 and corresponding eigenvectors g1, g2, g3 provide a qualitative descrip-
tion of the tetrahedron’s geometry and orientation, given that

√
gi is the tetrahedron’s extent in the

ith eigendirection gi [42]. For a regular tetrahedron, whose edges have the same length R0, the
eigenvalues read g1 = g2 = g3 = R2

0/2. For the cases g1 � g2 ≈ g3 the tetrahedra has a needlelike
shape, while for g1 ≈ g2 � g3 its shape is pancakelike. We note that these eigenvalues contain
information on both the size and the shape of the tetrahedron.

The linear size of such a tetrahedron can be estimated as the squared gyration radius

R2
G(t ) :=

4∑
a=1

|x(a) − xc|2 = 1

4

4∑
a=1

4∑
b>a

|x(a) − x(b)|2 , (9)

which can be easily computed as the trace of the shape tensor: R2(t ) = trG(t ). The linear size is
therefore determined by pair-dispersion statistics; the study of its shape, however, reveals different
properties of the underlying flow.

The evolution of the shape tensor eigenvalues is governed by the tetrahedron’s perceived velocity-
gradient tensor M, defined by

M := G−1W − 1
3 tr(G−1W)I, (10)

with the identity tensor I, the auxiliary tensor Wi j = ∑4
a=1[(u(a)

i (t ) − uc
i (t )][u(a)

j (t ) − uc
j (t )], where

u(a) is the velocity of particle a and uc = ∑4
a=1 u(a)/4 [42]. Similarly to the velocity gradient tensor,

the tensor M can be decomposed in its symmetric and antisymmetric parts, which are called per-
ceived rate-of-strain tensor S = (M + MT )/2 and percieved vorticity tensor � = (M − MT )/2 =∑3

k=1 εi jkω
l
k (t )/2 with the local vorticity ωl . Using these symbols the short-time evolution of the

shape tensor’s eigenvalues can be obtained from a Taylor expansion [43], which reads

〈gi(t )〉 ≈ R2
0

2
[1 + 2〈si〉t] + h.o.t., (11)

with the averaged eigenvalues 〈s1〉 � 〈s2〉 � 〈s3〉 of the perceived rate-of-strain tensor S.
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C. Data analysis methodology

1. Identification of Lagrangian pairs and tetrahedra

The analysis presented below rests in a crucial way on selecting particle pairs initially separated
by a specific distance r0, up to a tolerance �r0, and possibly with a separation r0 with a specific
orientation, i.e., a predefined angle to the z axis,

cos(ϑ ) =
∣∣∣∣r0 · ez

r0

∣∣∣∣, (12)

up to a tolerance �ϑ . Given that an exchange between the two particles merely changes the sign of
the scalar product r0 · ez, the absolute value in Eq. (12) merely ensures that ϑ is in the range [0, π/2].
The brute-force approach to this problem would be to first compute all pairwise distances and angles
ϑ to identify the pairs that fulfill the criteria. However, this approach is numerically prohibitively
expensive, the more so as the number of particles increases. To overcome this difficulty, we employ
a modified version of the recently proposed algorithm [26] using the octree-data structure [44]. The
algorithm is discussed in more detail in Appendix C.

2. Lagrangian averages and detection of spurious periodicity effects

To compute dispersion statistics from the data base of trajectories generated by the simulations
described in Sec. II A, we start by selecting a particular intermediate time t ′. We then identify
particle pairs that have a relative distance of r0 ± �r0 (and in some cases orientation ϑ ± �ϑ)
or regular tetrahedra with edge length R0 ± �R0 at this time t ′ using the algorithms discussed in
the previous section. For the analysis presented here, we chose the tolerances �r0 and �ϑ so that
the expected number of pairs within the given range of values of r and ϑ , N2(r0,�r0, ϑ,�ϑ ),
is approximately constant. Assuming the particles are homogeneously distributed, we estimate
N2(r0,�r0, ϑ ) ∝ r2

0�r0 sin(ϑ ) sin(�ϑ ). To keep N2 equal to a fixed value, we choose �r0 ∝ r−2
0

and sin �ϑ ∝ 1/ sin(ϑ ). Similarly, the expected number of tetrahedra N4(R0,�R0), is estimated to
be ∝R3

0(�R0)6 and consequently, we chose �R0 ∝ R−1/2
0 .

We then follow these particle pairs both forward and backward in time using the database of
trajectories, to obtain estimates of the studied observables, for instance 〈δr0 r2(t )〉 and 〈δr0 r2(−t )〉.
We repeat this procedure for a total of 128 equidistant points in time to accumulate for each
considered initial separation a total of ∼108 particle pairs when considering all orientations and
∼107 particle pairs when prescribing ϑ ± �ϑ .

We recall that the simulation box is a triply periodic domain. The particle trajectories are
integrated at run time and remain as well in this domain. Therefore, when a particle is about to
cross a domain border, it gets reinserted, jumping by a distance of ±2π . We detect and remove
these jumps while following the particle pairs and continue the trajectories in an enlarged domain
to obtain smooth pair statistics. This, however, could lead to a contamination of the dispersion
statistics, an effect we take into account in the analysis that follows.

Let us consider a pair of particles initially close. The two particles then separate quickly as they
are advected by the turbulent flow. At a later point in time, one of the particles crosses the domain
boundary and is reinserted at the other end of the domain. For the dispersion statistics, however, the
particle does not jump and remains in the continuation of the domain, as discussed before. If the two
particles now happen to get close again in the simulation coordinates, they experience nonphysical
correlations of their velocities. This may cause problems, especially in stratified turbulent flows,
where vertical separations are limited and we expect large separations in the horizontal plane [21].

To limit the influence of such periodicity effects, we evaluate the contribution of pairs that have a
separation equal to or greater than the forcing scale L
. To this end, we compare the variance of the
separation, 〈r2(t )〉, with 〈min(r2(t ), L


2)〉 and 〈r2(t )〉. If their quotient crosses a threshold, chosen
here to be 0.9, the highly separated pairs influence the result by more than 10%. In the following
figures, we compute the statistics using the distance between particles, r2, but we indicate that the
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FIG. 1. Removing spurious periodicity effects. Panel (a): Histograms of the absolute value of the separation
vector r(t ) = |r(t )| = |x(2) − x(1)| at time t = tB for pairs that are initially separated by (4 ± 0.4)η. Panel (b):
Data Cleaning criterion: Quotient of the limited second moment 〈min(r2(t ), LB

2)〉 and the second moment
〈r2(t )〉 of the absolute value of the separation vector. When the curves cross the chosen threshold of 0.9,
large-scale effects contribute significantly to the second moments and the results should be interpreted carefully.

contribution of pairs separated by a size larger than L
 exceeds 10% of the total moment by plotting
the resulting lines as a dotted black line, bringing attention to the possible bias due to spurious
periodicity effects. An example of this procedure is shown in Fig. 1.

III. LAGRANGIAN MULTIPARTICLE STATISTICS

A. Pair dispersion

We first consider the evolution of the total mean-squared change of separation δr0 r2(t ) as a
function of time, shown to be exemplary for run B2 and various initial distances r0 in Fig. 2(a)
and for the series of runs B0–B4 at the fixed initial distance r0/η = 4 ± 0.4 in Fig. 2(c). As
seen in the figure, δr0 r2(t ) grows with the expected t2 scaling for short times. We note that the
prefactor 〈(�r0 u)2〉 [see Eq. (6)] grows with r0, which is why the lines appear vertically shifted in
Fig. 2(a). The evolution of δr0 r2(t ), with a fixed value of r0, r0/η = 4 ± 0.4, is shown in Fig. 2(c)

FIG. 2. Panels (a), (c): Mean-squared change of separation 〈δr0 r2(t )〉 averaged over pairs with the same
initial separation r0. Panels (b), (d): disparity between backward and forward dispersion. Panels (a), (b):
statistics for run B2 at different initial separations (indicated by color). Panels (c), (d): Pair statistics for the
same initial separation r0/η = 4 ± 0.4 and different runs B0–B4 (indicated by color).
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FIG. 3. Anisotropy of pair dispersion. First row: vertical dispersion. Panels (a), (c): Vertical component
of the mean-squared change of separation 〈δr0 r2

V (t )〉. Panels (b), (d): disparity between vertical backward and
forward dispersion. Second row: horizontal dispersion. Panels (e), (g): Horizontal component of the mean-
squared change of separation 〈δr0 r2

H (t )〉 averaged over pairs with the same initial separation r0. Panels (f), (i):
disparity between horizontal backward and forward dispersion. Panels (a), (b), (e), (f): statistics for run B2
at different initial separations (indicated by color). Panels (c), (d), (h), (i): Pair statistics for the same initial
separation r0/η = 4 ± 0.4 and different runs B0–B4 (indicated by color).

for different values of RIB, as indicated in the legend. The numerical results show a similar scaling
behavior and suggest that the prefactor of the short-time t2 regime for 〈(�r0 u)2〉 decreases with
RIB. Furthermore, we compare the evolution forward and backward in time by considering the ratio
δr0 r2(−t )/δr0 r2(+t ) shown as a function of time t for run B2 and various initial distances r0 in
Fig. 2(b) and for runs B0–B4 at the fixed initial distance r0/η = 4 ± 0.4 in Fig. 2(d). We generally
observe that the separation grows quicker backward than forward, which is an indicator of a kinetic
energy cascade from large to small scales [26]. Moreover, Fig. 2 shows that the disparity increases
with decreasing initial separation [panel (b)] and that the disparity first grows before relaxing at
intermediate time [panels (b) and(d)]. These observations qualitatively extend to the other runs
and/or initial separations.

To explore the consequences of the flow’s anisotropy on the dynamics of particle pairs, we split
δr0 r2(t ) into its horizontal, δr0 r2

H (t ), and vertical, δr0 r2
V (t ), components. The result is shown in Fig. 3

for run B2 and various initial distances r0 in Figs. 2(a) and 2(b) and for the series of runs B0–B4
at the fixed initial distance r0/η = 4 ± 0.4 in Figs. 2(c) and 2(d). Similarly to the observations for
purely stratified flows [21], we observe that the growth of the vertical component flattens out at
the time scale of buoyancy fluctuations TB ∼ 2π/N . This flattening out therefore starts at smaller
values of t/tB with increasing separations [see Fig. 3(a)] and with increasing N [here: increasing;
see Fig. 3(d)]. This trend is not observed for the total mean-squared change of separation, as it is
dominated by its horizontal part, which does not exhibit this flattening out, behaving similarly in the
rotating stratified cases as in HIT. These observations qualitatively extend to the other runs and/or
initial separations.

1. Influence of the initial orientation

Rotation and stratification not only influence the vertical and horizontal dispersion differently, but
also introduce a dependency of the initial orientation on pair dispersion statistics. We parametrize
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the orientation by using the angle ϑ between the two particles forming the pair and the vertical
axis, as defined in Eq. (12). For pairs with ϑ ≈ 0 the particles are aligned with the vertical axis,
whereas in case ϑ ≈ π/2 the initial pair separation vector lies in the horizontal plane. In particular,
we study the influence of the initial orientation on the vertical and horizontal pair dispersion. We
remark that even in the HIT case, vertical and horizontal dispersion statistics depend on the angle ϑ ,
as they are mixtures of transverse and longitudinal structure functions. To quantify the disparity, we
define the vertical and horizontal angle-dependent structure functions and their orientation-averaged
counterparts:

S2,H (r, ϑ ) = 〈�ru2〉 + 〈�rv
2〉 and S2,V (r, ϑ ) = 〈�rw

2〉, (13)

S̄2,V (r) =
∫ π/2

0
dϑ S2,V (r, ϑ ) sin(ϑ ) and S̄2,H (r) =

∫ π/2

0
dϑ S2,H (r, ϑ ) sin(ϑ ). (14)

For HIT, the second-order structure functions depend solely on the longitudinal structure function
DLL(r). Specifically, one finds for r in the inertial range, i.e., η � r � L (see Appendix C),

S2,V (r, ϑ ) = 4 − cos2(ϑ )

3
DLL(r) and S̄2,V (r) = 11

9
DLL(r), (15)

S2,H (r, ϑ ) = 8 − sin2(ϑ )

3
DLL(r) and S̄2,H (r) = 22

9
DLL(r). (16)

For r in the dissipative range, i.e., r � η, one finds (see Appendix C)

S2,V (r, ϑ ) = [2 − cos2(ϑ )]DLL(r) and S̄2,V (r) = 5
3 DLL(r), (17)

S2,H (r, ϑ ) = [4 − sin2(ϑ )]DLL(r) and S̄2,H (r) = 10
3 DLL(r). (18)

In Fig. 4, we show the vertical and horizontal components of the mean-squared change of separation
for runs B0, B1, and B3, and the initial separation r0/η = 4 ± 0.4 varying the initial orientation.
The vertical [panels (a)–(c)] and the horizontal [panels (h)–(j)] displacements are divided by the
orientation-averaged second-order structure functions S̄H (r) and S̄V (r), defined in Eqs. (13) and
(14), times t2. As a consequence of the chosen normalization, a horizontal line corresponds to
a growth ∝ t2. We indicated the predictions of Eqs. (18) and (17) for HIT for initially vertical,
i.e., ϑ = 0, with dark-blue dotted lines, and for initially horizontal orientation, i.e., ϑ = π/2,
with light-green dotted lines in Fig. 4, panels (a)–(c) and (h)–(j). We notice that an alternative
normalization consisting in replacing S̄V (r) [respectively, S̄H (r)] by the angle-dependent function
S2,V (r, ϑ ) [respectively, S2,H (r, ϑ )], would collapse the short-time dependency to 1. As a point of
comparison, it is first useful to focus on the HIT case. With the normalization chosen, panels (a)
and (h) of Fig. 4 show a dependence on the initial orientation of the particle difference, which is
accurately captured at short times by the prediction of the angle-dependent structure functions for r0

in the dissipative range [see Eqs. (C4) and (C5) and Appendix C]. At longer times, the dependence
on the initial orientation becomes immaterial, as shown by the overlap between the curves in panels
(a) and (h). For HIT, the dispersion backward in time is faster than forward in time [see Figs. 4(e)
and 4(k)]. In fact, the quantities shown in this figure do not depend at all on the original orientation
ϑ . This can be understood from the following remark. We notice that the terms responsible for the
time-symmetry breaking are expressible in terms of the tensor U ′

i j ≡ 〈(�r0 ui�r0 a j )〉. In writing the
equation generalizing Eq. (6), we notice that the angular dependence of U ′

i j is identical to that of
Ui j ≡ 〈(�r0 ui�r0 u j〉. This feature is essential to ensure that the equation for the second moment of
velocity, deduced from the Navier-Stokes equations, reduces to only one scalar equation, namely,
the Kolmogorov equation [14].

The addition of rotation and stratification modifies the angular dependence of the separation.
This is shown for runs B1 and B3, respectively, in the presence of a weak (B1) and stronger (B3)
stratification and rotation. As expected, the changes in the structures of the displacement compared
to HIT are moderate when rotation and stratification are weak [panels (b) and (i)]. In particular, the
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FIG. 4. Influence of initial orientation on the vertical (rows 1 and 2) and horizontal (rows 3 and 4)
mean-squared change of separation for pairs that are initially separated by (4 ± 0.4)η. Color indicates initial
orientation ϑ : from dark blue (vertical) to light green (horizontal); see panel (d). Column 1: HIT run for
comparison (run B0 in Table I). Column 2: weakly rotating-stratified turbulence (run B1 in Table I). Column
3: strongly rotating-stratified turbulence (run B3 in Table I). The horizontal dotted lines indicate the HIT pre-
dictions derived in Appendix D for initially vertically (ϑ = 0, dark blue) and initially horizontally (ϑ = π/2,
light green) oriented pairs, respectively.

expectations based on HIT predictions provide a qualitative explanation of the dependence observed
at short times for run B1. Interestingly, one observes an inversion at larger times in the trend for the
vertical separation, whereas pairs originally vertically aligned disperse slower than those aligned
horizontally, the growth parallel to gravity becoming faster for initially vertically oriented pairs at
intermediate times [see Fig. 4(b)]. We observe for the horizontal dispersion that originally vertical
aligned pairs are quicker dispersed, as was the case for HIT, but the difference between the various
orientations becomes weaker at later times, i.e., for t/tB � 1 [see Fig. 4(i)].

Remarkably, at the larger value of the stratification and rotation shown in Fig. 4, one observes
a much pronounced dependence on the orientation, particularly for the dispersion in the horizontal
direction, which persists at long times [panels (c) and (j)]. In general, we remark that the angular
dependence of the initial separation becomes more pronounced when the buoyancy Reynolds
number RIB decreases. In particular, for run B3, the dependence is very different compared to that
expected from the structure function analysis, which works very well for HIT, and to some extent
for moderate stratification. This is a manifestation of the qualitative change of behavior of the flow,
which becomes dominated by waves, not by eddies, when RIB becomes of order one.

In general, the differences between forward and backward dispersion do not depend much on the
initial orientation of the particle pairs for moderate stratification and rotation. This is illustrated by
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FIG. 5. Influence of the initial orientation on pair dispersion. Comparison with shear flow UH = αz.

Figs. 4(f) and 4(l), which show at most a very weak difference between the curves corresponding to
the various orientations, the dispersion backward in time being generally faster than forward in time,
as already observed for HIT [Figs. 4(e) and 4(k)]. A completely different picture is observed when
the stratification is enhanced [see Fig. 4(g) and especially 4(j)]. Overall, the symmetry breaking
between backward and forward dispersion is much stronger for particles initially in the horizontal
direction. While Fig. 4 corresponds to particles separated by a distance r0/η ≈ 4, a qualitatively
similar picture emerges for particles separated by larger distances (up to r0/η = 64).

A remarkable feature revealed by the conditioning dispersion on the angle between the vertical
and the separation between the two particles is the appearance of the very strong dependence of
〈δr0 r2

H (t )〉, the separation in the horizontal plane, with the angle, ϑ , when RIB becomes of order
one [see Fig. 4(j)]. The very systematic increase of 〈δr0 r2

H (t )〉 with ϑ could be attributed to a
dominant shear, which would separate most efficiently particles the furthest apart in the vertical
direction. This possibility has been proposed several times in the literature, in turbulent flows with
a strong stratification (see, e.g., [36,45–47]). To test more quantitatively the hypothesis that the flow
is dominated by a shear when stratification increases, we consider the ratio

γH (r0, ϑ, t ) =
〈
δr0 r2

H (t )
〉

S̄2,H (r0)
, (19)

which is shown in Figs. 4(i) and 4(j) as a function of time, and take the limit t → 0. We show this
limit in Fig. 5 as a function of cos ϑ , for three initial distances: r0 = (4 ± 0.4)η [panel (a)], r0 =
(16 ± 0.025)η [panel (b)], and r0 = (64 ± 0.0016)η [panel (c)], for the five runs at high resolution,
B0–B4. The prediction for HIT flows is shown as a black dotted line, and describes well the data
for HIT flows (run B0). We compare the measured ratio to the case of a linear shear profile with
UH (z) = αz with a constant α. In this case, we find S2,H (r, ϑ )/S̄2,H (r) = α2r2 cos2(ϑ )/(α2r2/3) =
3 cos2(ϑ ), which is shown in black dashed-dotted lines. The clear trend observed, for both values of
r0, is that the curves continuously evolve from the HIT limit (for B0) towards the case corresponding
to the pure shear. The effect, however, becomes weaker when r0 increases.

Our numerical work therefore confirms the prevalence of a shear in turbulent flows with a
large stratification [36,45–47] and extends the result to flows with weak rotation. Such observation
extends all the way down to RIB � 1. An interesting question is whether this conclusion still applies
at even larger values of the stratification, when the flow becomes essentially laminar. As far as
oceanic flows are concerned, the values of the Reynolds numbers are as large as 109 [7], with values
of RIB of the order of 100. How much of the picture drawn in Fig. 4 applies in this case remains to
be understood, although it is safe to think that as the system attains values of RIB larger than 10 and
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FIG. 6. Kurtosis of pair separation forwards in time [panels (b), (d), (f), (h), (j), (l)] and backward in time
[panels (a), (c), (e), (g), (i), (k)]. The first row shows the dependence on the initial orientation r0 for HIT [panels
(a), (b)] and moderate rotation and stratification [panels (c), (d)]. The second row shows the dependence on RIB;
note the rescaled y axis in panels (g) and (h). The third row shows the dependence on initial separation for low
RIB [panels (i), (j)] and strong [panels (k), (l)] rotation and stratification. We remark that the lines are continued
in dotted lines, when more than 10% of the kurtosis is caused by potentially spurious large-scale effects. Panels
(a)–(h) are averaged over ∼108 particle pairs per initial separation or run. Panels (i)–(l) are averaged over ∼107

particle pairs per orientation.

closer to 100, it enters a regime where the dynamics reproduced by DNS are more realistic than at
smaller values of RIB.

2. Non-Gaussian statistics of pair dispersion

The study of the mean-squared separation provides good estimates on the separation dynamics
taken by most pairs. However, the intermittent character of turbulent flows can separate a few pairs
much quicker than the average. To study such non-Gaussian effects in pair dispersion, we consider
the kurtosis of the separation distance r(t ) = |r(t )| of particle pairs initially separated by r0 [48]:

Kr (r0, t ) := 〈[r(t ) − r̄(t )]4〉
〈[r(t ) − r̄(t )]2〉2

where r̄(t ) = 〈r(t )〉. (20)

We remark that other observables can be used as well to study this intermittent property of pair
dispersion (see, for instance, [28,29]).

Figure 6 shows the time evolution of Kr (r0, t ) and its dependence on the initial separation [panels
(a)–(d)], on RIB [panels (i)–(l)], and on the initial orientation ϑ [panels (e)–(h)]. Overall, Kr (r0, t )
reaches larger values when the separation r0 is smaller. This is the case for both HIT flows [panels
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FIG. 7. Exemplary histograms of the separation for pairs with initial (t = 0) separation r0/η = 4 ± 0.4 at
t/tB = 1. Panel (a) shows the total separation, panel (b) the vertical part, and panel (c) the horizontal part. For
the normalization of the three panels we use the mean 〈r〉 and standard deviation σr of the total separation.

(a) and (b)] and for flows in the presence of rotation and stratification [panels (c) and (d)]. Similar
trends are observed for the evolution backward [panels (a) and (c)] and forward [panels (b) and (d)]
in time, the former leading to slightly larger values of Kr .

Comparing the cases HIT and moderately strong rotation and stratification suggests that the
kurtosis in fact increases with increasing stratification and rotation, reaching values as high as ≈20
for RIB = 3.92. This trend is corroborated by Figs. 6(e)–6(h), which show the dependence on RIB

at the initial separation r0 = 4 ± 0.4η, confirming the suggestion of Figs.6(a)–6(d) that the kurtosis
becomes larger when stratification and rotation increase. Furthermore, the comparison of Figs. 6(e)
and 6(f) to Figs. 6(g) and 6(h) shows that the pair kurtosis depended sensitively on the Reynolds
number, Re. The runs B0–B4 that are run at higher resolution [shown in Figs. 6(g) and 6(h)]
reach significantly higher values than the comparable simulations at the lower resolution shown
in Figs. 6(e) and 6(f). In fact, at the strongest values of stratification and rotation, corresponding
to the values of RIB < 1, Kr reaches extremely large values of order ∼100. An example of the
probability density function with very large tails is shown in Fig. 1. We recall that the contribution
of pairs separated by a distance larger than the forcing scale is less than 10% of the different curves
shown in full in Fig. 6 (see Sec. II C 2). The overall enhancement of the kurtosis when stratification
increases is unexpected. In fact, the turbulent fluctuations are expected to be weaker in the presence
of a strong stratification. The observation that in stratified flows, local structures may lead to strong
up- and downdrafts, leading to non-Gaussian statistics [38,49–51] may provide an explanation.

In view of the large difference between displacements in the horizontal and vertical directions,
clearly shown in Fig. 4, a natural question is to relate the large kurtosis values, shown in Fig. 6,
to the different components of motion. To this end, Fig. 7 shows exemplary histograms for the
total separation (a), the vertical (b), and the horizontal (c) components of the separation r. The
identical normalization for the three panels underlines that the large kurtosis values are caused here
by extreme dispersion in the horizontal direction. We observe qualitatively similar trends, but to a
lesser extent at larger values of the initial separation. The much stronger dispersion in the horizontal
direction in strongly stratified flows can be understood qualitatively as a consequence of the shear
structure illustrated in Fig. 5. The horizontal displacement between two particles originally weakly
separated in the vertical direction strongly increases due to the shear.

Figures 6(i)–6(l) show the dependence on the angle between the initial pair separation and the
vertical axis, for two runs with a relatively strong stratification: RIB = 3.92 [Figs. 6(i) and 6(j)]
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FIG. 8. Irreversibility of the shape tensor eigenvalues for initially regular tetrahedra. Panels (a) and (c) show
the averaged eigenvalues gi(t )/R2

0 as a function of t . Panels (b) and (d) show the time-reversal asymmetry of
the intermediate eigenvalue as a function of t . Different colors indicate different initial edge length for panels
(a) and (b) and different RIB for panels (c) and (d). Panels (e) and (f) show properties of the perceived velocity
gradient tensor.

and RIB = 1.19 [Figs. 6(k) and 6(l)]. These panels reveal that pairs originally horizontally oriented
lead to the largest values of the kurtosis Kr . For an HIT flow, the effect is absent and we observe
in our data a maximum relative deviation of 2.5% from the orientation average. For the rotating
stratified flows, we observe that the difference as a function of the angle is strongly enhanced when
the stratification becomes large, i.e., RIB → 1.

B. Tetrahedra dispersion

This section is devoted to the statistical properties of the deformation of fluid volumes at
moderately long times. Indeed, having our simulations performed at high resolution (on grids
of 5123 and 10243 points) and with ∼106 Lagrangian particles, the runs analyzed here are not
sufficiently long to reliably extract the properties at long times, contrary to what was done in [20],
based on 2563 simulations of rotating flows (with no stratification) and ∼105 Lagrangian tracers.
Instead, we focus on dispersion at intermediate times, and in particular, on the forward-backward
time asymmetry reflecting the fundamental irreversibility of the flow and the alignment with the
preferential axis. We recall that, consistent with the notation introduced in Sec. II B 2, R0 denotes
the length of the edge of initially regular tetrahedra.

1. Forward-backward time asymmetry at short time

The results presented in Fig. 8 focus on the time asymmetry in the deformation of tetrahedra
and extend those obtained for HIT flows [23] to turbulent flows in the presence of rotation and
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stratification. Figures 8(a) and 8(c) show the eigenvalues of the moment of inertia tensors, g1(t )
(topmost line with up-pointing triangles), g2 (intermediate line with squares), and g3 (lowest line
with up-pointing triangles), with varying the initial edge length for run B2 in panel (a) and for the
fixed initial edge length R0 = 30η and for the five runs at high resolution B0–B4, including the HIT
case (B0). Here, we normalized time by tB defined in Eq. (7). The influence of stratification and
rotation is quite strong on g1, and weaker on g2 and g3. This suggests that the deformation of the
tetrahedra occurs faster when stratification and rotation increase.

As shown in [23], the evolution of g2(t ) is sensitive to the intermediate eigenvalue of the rate-
of-strain tensor. Specifically, by ordering the eigenvalues si of the course-grained rate-of-strain in
decreasing order (s1 � s2 � s3), one observes that s2 is predominantly positive [42,52]. This, in turn
implies that g2 increases linearly in time close to t = 0, 〈g2(t ) − g2(−t )〉 ≈ 2R2

0〈s2〉t , and therefore
leads to a clear manifestation of irreversibility of the flow. The ratio [g2(t ) − g2(−t )]/(2R2

0〈s2〉t ),
shown in Figs. 8(b) and 8(d), reaches a value close to 1 after a very short time. We notice that the
value 0 at t/tB → 0 is a consequence of the small discrepancy between the almost regular tetrahedra
identified by our algorithm (allowing for deviations up to �R0) and perfectly regular tetrahedra.
This ratio remains ∼1 over a duration ∼0.1tB for HIT and weak rotation and stratification. When
decreasing RIB, i.e., increasing the strength of rotation and stratification, the duration, expressed in
units of tB, where the discussed ratio is close to 1, decreases. Although at RIB = 1.19, the curve
shown in Fig. 8(d) exhibits an extended range up to ∼0.05tB where the discussed ratio is ∼1, the
range of time over which 〈g2(t ) − g2(−t )〉/[2R2

0s2(0)t] abruptly shrinks when RIB becomes smaller
than ∼1. We interpret this effect as a consequence of the transition to a wave-dominated regime
occurring for RIB ∼ 1 [18,26].

In view of the importance of the rate-of-strain tensor in the analysis above, Figs. 8(e) and 8(f)
illustrate some features of the perceived rate-of-strain tensor’s eigenvalues as a function of R0.
For HIT, the rate-of-strain tensor’s eigenvalues 〈si〉 and consequently also 〈tr S2〉1/2, vary as R−2/3

0

[see Fig. 8(e)], which is consistent with classical phenomenological considerations [42]. The R−2/3
0

dependence captures qualitatively the dependence of 〈tr S2〉1/2 as a function of R0 for RIB ∼ 30, and
to a weaker extent, for RIB ∼ 4. Very significant deviations with respect to this dependence on r0

are clearly visible for RIB � 1. Then, 〈tr S2〉1/2 shows a slower decay with R0, which is consistent
with the observed faster deformation of the tetrahedra.

It is also of intrinsic interest to compare the contributions of the individual eigenvalues of
perceived rate-of-strain, in the presence of stratification and rotation. In view of the convention
s1 � s2 � s3, and of the incompressibility condition 〈s1 + s2 + s3〉 = 0, 〈s1〉 is always positive.
Moreover, the intermediate eigenvalue, which is related to vortex stretching [42,52,53], is on average
slightly positive. To measure the relative importance of this effect, Fig. 8(f) shows the quantity
β = √

6〈s2〉/〈tr S2〉1/2 [53]. The ratio shown in Fig. 8(f) is also always positive, which shows that
stratification and rotation do not affect the condition 〈s2〉 > 0, a fundamental property of turbulent
flows [42,52,53]. In general, however, the value β decreases when stratification and rotation increase
(when RIB decreases). This may be related to the observed tendency to form shear layers, which tend
to reduce vortex stretching, hence the value of β. Furthermore, Fig. 8(f) shows that when R0 grows
the ratio β → 0 and consequently 〈s2〉 → 0, which is expected assuming the velocities decorrelate
on large scales.

2. Tetrahedra orientation alignment

As a result of the flow’s anisotropy caused by rotation and stratification, the deformation of the
tetrahedra is not isotropic. A similar feature was observed in the case of rotating turbulence [20]. In
this section, we study how tetrahedra align with respect to the preferential direction of the flow, i.e.,
the vertical direction. Figure 9 shows the alignment of the eigenvectors of the shape tensor, g with
ez, forward [panels (a)–(c)] and backward [panels (d)–(f)] in time.

At long times, Figs. 9(c) and 9(f) show a clear preferential alignment of the most compressed
eigendirection corresponding to the weakest eigenvalue g3 with ez. Simultaneously, the eigenvector
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FIG. 9. Preferential alignment of the perceived rate-of-strain tensor eigenvectors [panels (a)–(c)] and local
vorticity [panel (d)]. The reference value for random orientation is 1/3 and indicated by a black dotted line.

corresponding to the strongest eigenvalue, g1, becomes preferentially perpendicular to ez [see
Figs. 9(a) and 9(d)]. The effect, which is absent for HIT, becomes stronger as stratification and
rotation increase, or equivalently, as RIB diminishes. In comparison, the eigenvector corresponding
to the intermediate eigenvalue shows only a mild tendency to become perpendicular to ez at long
times [see Figs. 9(b) and 9(e)].

The main tendency is therefore that tetrahedra are mostly elongated in the horizontal plane, i.e.,
perpendicular to the axis of gravity and rotation, ez. This result is coherent with the observation in
Sec. III A that the dispersion in the horizontal direction is much larger than the vertical one (see
Fig. 3). Interestingly, our result should be contrasted with the conclusion of [20] that in the presence
of solely rotation, tetrahedra tend to align with the axis of rotation, ez, the difference in the two cases
being thus attributable to stratification, which is prevalent in our case (N/ f = 5).

At short times, we observe, more surprisingly, a weak tendency of the intermediate eigenvector
g2 to be antialigned with ez [see Figs. 9(b) and 9(e)]. As a consequence, the two other eigenvectors
of G are mildly aligned with ez at short times.

This property is consistent with the observed alignment of the vorticity and intermediate strain
eigenvectors with the directions of the flow, shown in Fig. 12 in Appendix D. This property should
be contrasted with the alignments reported in the case of purely rotating flows, which lead instead
to an alignment of s2 with ez [19], and to an opposite trend in the alignment of the eigenvectors of
G at short times [20].

IV. CONCLUSION

The presence of rotation and stratification modifies the properties of turbulent flows in many
setups of geophysical significance. Our study focuses in particular on the Lagrangian properties
of fluid turbulence, an aspect that has proven very fruitful in the study of homogeneous isotropic
turbulence (see, e.g., [[13], but less utilized to investigate flows of geophysical relevance. Specif-
ically, we extend the work of [18], devoted to single-particle dispersion, to the motion of more
than one particle in flows with rotation and stratification. By considering the role of stratification
and rotation simultaneously, our results also extend those for flows with pure stratification [21]
and for flows with pure rotation [20]. Our study is based on direct numerical simulations of the
Boussinesq equations at moderate and high resolution, where we also followed the motion of
up to Np ∼ 5 × 106. We then used techniques based on the octree data structure [44] to identify
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pairs of particles separated by a given distance r0, and sets of four equidistant particles, forming
regular tetrahedra with an edge length R0. While a direct search is prohibitive, as it involves at
least ∼N2

p operations, the octree-based technique provides an efficient way to identify such particle
sets, reducing computational costs by several orders of magnitude compared to brute-force methods.
With the methods, we could also study properties, such as the irreversibility in the evolution of sets
of particles, by directly comparing the forward and backward evolution [23,26].

At the fixed ratio between stratification and rotation chosen here, N/ f = 5 (compatible with
the values measured in the Southern Ocean [16,17]), we observe that increasing the stratification
reduces the growth of the particle separation in the vertical direction, 〈δr0 r2

V (t )〉 at times t � 1/N ,
whereas the horizontal separation, 〈δr0 r2

H (t )〉, grows qualitatively similarly to the case of an HIT
flow. We observe as well that the ratio between backward and forward dispersion, which provides a
measure of the time irreversibility of the flow, becomes closer to 1 as stratification strengthens.

We also conditioned our statistics on the angle between the pair separation and the vertical
direction (given by gravity and the axis of rotation), while splitting the mean-squared change of
separation 〈δr0 r2(t )〉 in its horizontal, 〈δr0 r2

H (t )〉, and vertical, 〈δr0 r2
V (t )〉, contributions. Remarkably,

the effect of stratification and rotation on the pair dispersion statistics becomes particularly strong
for the horizontal dispersion and when the buoyancy Reynolds number RIB ∼ 1. Our numerical
results reveal that the horizontal displacement increases, as the initial separation between the
particles becomes more aligned with the vertical direction. Interestingly, our work provides a clear
confirmation that the motion is dominated by a vertical shear of the horizontal velocity [35,36,45–
47]. The comparably small amount of rotation (N/ f = 5) should not affect this result qualitatively.
The fluid motion becomes closer to a shear flow, the more so as the stratification increases, at least at
scales r0 < LB and down to values of RIB � 1, i.e., in situations where the fluctuations of the velocity
gradient are comparable to the Brunt-Väisäla frequency. How strongly these conclusions extend to
the range 100 � RIB � 1000 of RIB, corresponding to measurements in the ocean [54] or to similar
RIB, but with both stronger turbulence (larger Reynolds number, Re) and stronger stratification and
rotation (lower Froude, Fr, and Rossby, Ro, numbers), remains to be seen.

Unexpectedly, we also observe that the higher moments of particle separation, in particular the
normalized fourth-order central moment of the separation (the kurtosis Kr) is an increasing function
of stratification and rotation. This is surprising, as when stratification increases the turbulent
fluctuations are expected to be weaker, although recent works have shown that stratified turbulent
flows can develop strong enhancements of vertical velocity and temperature, at least for certain
levels of stratification, leading to non-Gaussian statistics [38,49–51]. Instead, we observe that the
flow organizes itself, when the stratification is large, in horizontal layers with a strong shear, which
can lead to very large and intense separation between two particles. We notice, however, that in our
study, the values of RIB were always RIB � 0.5; it would be interesting to extend this to values with
even more stratification, hence with RIB even smaller.

Finally, we also studied the deformation of originally regularly shaped fluid volumes by consid-
ering tetrahedra defined by groups of four particles. At small times, this provides a way to measure
the irreversibility of the flow, which has been tested for homogeneous isotropic flows [23]. Our
results show that the presence of rotation and stratification does not affect the qualitative picture,
and that the manifestation of irreversibility in the deformation of tetrahedra remains strong, down
to the smallest values of RIB considered here. Moreover, we observed how tetrahedra align with
the flow’s preferential direction, i.e., the vertical axis. For short times, the intermediate mode is
weakly dealigned with the vertical axis, which we relate to a dealignment of the intermediate
perceived rate-of-strain eigenvector. For longer times, we observe a pronounced dealignment of
the tetrahedra’s direction of greatest extent and an alignment of the direction of weakest extent with
the vertical axis, or in other words, horizontally aligned needlelike tetrahedra. This observation is
consistent with the observations that the pairs separate mostly in the horizontal direction.

To conclude, we stress that the dispersion of two or more particles, studied in one particular type
of flow, is very sensitive to the detailed properties of turbulence. Our results show clear quantitative
differences with the paradigmatic case of HIT. This calls for some care when modeling dispersion
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using results obtained from HIT. Further work appears as necessary to understand the respective
role of stratification and rotation in other flows of geophysical interest.
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APPENDIX A: IDENTIFICATION OF LAGRANGIAN PAIRS AND TETRAHEDRA

The analysis presented below rests in a crucial way on selecting particle pairs initially separated
by a specific distance r0, up to a tolerance �r0, and possibly with a separation r0 with a specific
orientation, i.e., a predefined angle to the z axis,

cos(ϑ ) =
∣∣∣∣r0 · ez

r0

∣∣∣∣, (A1)

up to a tolerance �ϑ .Given that an exchange between the two particles merely changes the sign
of the scalar product r0 · ez, the absolute value in Eq. (A1) merely ensures that ϑ is in the range
[0, π/2]. The direct approach to this problem would be to compute first all pairwise distances
and angles ϑ to identify the pairs that fulfill the criteria. However, this brute-force approach is
prohibitively expensive, the more so as the number of particles increases. To overcome this diffi-
culty, we employ a modified version of the recently proposed algorithm [26] using the octree-data
structure [44] to subdivide the domain into a hierarchy of smaller and smaller cubes. The original
domain is subdivided into eight equal-sized subcubes. The original cube is referred to as the root
node and the subcubes as its children. Each child node is recursively subdivided for a fixed number
of refinements m, leading to nodes at the smallest level denoted as leaf nodes. The particles are
then assigned to the leaf nodes, based on their position. To choose the number of refinements m, we
found that the proposed method works best with at least ten particles per leaf node.

The algorithm to select particle pairs then proceeds as follows. We start by picking a particle
p1. All particles p2 that have both a separation in [r0 − �r0, r0 + �r0] and an angle to the z axis
in [ϑ − �ϑ, ϑ + �ϑ] are all located in the intersection of a spherical shell and two cones, with
rotational symmetry around the z axis, as sketched in Fig. 10(a). Similarly to the previous work [26],
the pair partner p2 is found by traversing the tree. We start at the leaf node containing p1 and go
up the tree, until we arrive at a node, whose side length li fulfills li/2 < r0 + �r0 < li. All particles
that are within the spherical shell [r0 − �r0, r0 + �r0] must be either in this node or in one of its
neighbors. We then verify that each of the candidate nodes intersects with the two rotated cones. If
a node does not intersect with the cones, we can discard it altogether with its children nodes [see
Fig. 10(b)]. We then descend the tree until we reach the leaf nodes. In each step, we check whether
the nodes intersect with the cones and the spherical shell, that is, if the particles in the node are
neither too far away nor too close and may have the right orientation. If a node does not fulfill the
criteria, we can discard it and all its children nodes. This descent is depicted in Figs. 10(c)–10(f).
Finally, when arriving at the leaf nodes, we directly compute the pairwise distances and angles and
identify the pairs that fulfill the criteria.

The extension of this algorithm to finding groups of four equidistant particles is straightforward.
To this end, we start by selecting a particle p1 and identify a particle p2 that is within the desired
distance range using the algorithm sketched above. We then search the tree similarly as before to
identify a third particle p3 that is within the correct distance range to both p1 and p2. Once such
a particle is found, we repeat the procedure to find a particle p4 that is within the correct distance
range to p1, p2, and p3.
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FIG. 10. Visualization of the algorithm used to compute pairs of particles that are within a range of
separations r0�r0 and a predefined orientation parametrized by the angle to the z axis ϑ , up to a tolerance
�ϑ using a quadtree data structure in two dimensions. (a)–(f) the blue particle with the black edge is the
particle p1. (b)−(f) depiction of the algorithm with increasing level of refinement. The hatched regions are the
nodes that intersect with both the spherical shell and the cones.

APPENDIX B: COMPARISON OF THE BATCHELOR TIME tB TO THE KOLMOGOROV TIME τη

Figure 11 shows the dependence on r0 of the measured values of tB(r0) divided by the
Kolmogorov time scale τη. We observe a good agreement with the HIT expectation, shown by the
dotted line, as long as RIB � 1. In comparison, the deviations are much stronger for runs A4 and B4,
for which the stratification is the strongest. This is consistent with the transition to a wave-dominated
regime for RIB � 1.

APPENDIX C: PREDICTION OF THE HORIZONTAL AND VERTICAL SECOND-ORDER
STRUCTURE FUNCTIONS FOR HIT

To predict the angle dependence of the vertical and horizontal second-order structure functions
defined in Eqs. (13) and (14), we consider the covariance tensor of the velocity differences

Di j
(
x(1), x(2), t

) = 〈[
ui

(
x(2), t

) − ui
(
x(1), t

)][
u j

(
x(2), t

) − u j
(
x(1), t

)]〉
. (C1)

For homogeneous and isotropic flows, Di j can be simplified to [10,55]

Di j (r, t ) = DNN (r, t )δi j + [DLL(r, t ) − DNN (r, t )]
rir j

r2
, (C2)

with the two scalar functions DLL(r, t ) and DNN (r, t ) being the longitudinal and transversal
structure-function contributions. Moreover, the transversal and longitudinal components for homo-
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FIG. 11. Comparison of the Batchelor time, tB(r0), defined by Eq. (7) with the Kolmogorov time scale
τη = (ν3/εν )1/2 (a) for runs A0–A4 (M = 512) and (b) for runs B0–B4 (M = 1024). The prediction for HIT
tB(r0) ∝ r2/3 is indicated by dotted lines. Derivations for the HIT runs A0 and B0 to this prediction at small r0

and large r0 can be explained by dissipative and finite-Reynolds effects, respectively.

geneous and isotropic flows are related by

DNN (r, t ) = DLL(r, t ) + 1

2
r

∂

∂r
DLL(r, t ). (C3)

We now insert the prediction of the K41 theory of turbulence [10,55] DLL(r, t ) ∝ r2/3 in the inertial
range, i.e., η � r � L, and DLL(r, t ) ∝ r2 in the dissipative range, i.e., r � η in Eq. (C3) and
insert the resulting expression for DNN in Eq. (C2). With cos2(ϑ ) = r3r3/r2 and sin2(ϑ ) = (r1r1 +
r2r2)/r2, we rewrite the second-order vertical structure function as

S2,V (r, ϑ ) = D33(r, t ) =
{

DLL(r, t )[2 − cos2(ϑ )] for r � η

DLL (r,t )
3 [4 − cos2(ϑ )] for η � r � L,

(C4)

S2,H (r, ϑ ) = D11(r, t ) + D22(r, t ) =
{

DLL(r, t )[4 − sin2(ϑ )] for r � η

DLL (r,t )
3 [8 − sin2(ϑ )] for η � r � L.

(C5)

The averages over all orientations are then given by

S̄2,V (r) =
∫ π/2

0
dϑ S2,V (r, ϑ ) sin(ϑ ) =

{
5
3 DLL(r, t ) for r � η

11
9 DLL(r, t ) for η � r � L

(C6)

and

S̄2,H (r) =
∫ π/2

0
dϑ S2,H (r, ϑ ) sin(ϑ ) =

{
10
3 DLL(r, t ) for r � η

22
9 DLL(r, t ) for η � r � L.

(C7)

APPENDIX D: ALIGNMENT OF THE PERCEIVED RATE-OF-STRAIN
TENSOR’S EIGENVECTORS

In a flow, in the presence of stratification and rotation, the vertical direction ez plays a particular
role. As a result, one observes some alignment between the eigenvectors of the strain tensor, si,
corresponding to the eigenvalues si, in decreasing order. This is illustrated by Fig. 12, which
reveals a mild alignment of s1 and s3 with ez, and a mild antialignment between s2 and ez. This
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FIG. 12. Alignment between the eigenvalues of strain, si, and ez, 〈(si · ez )2〉, as a function of the size R0 of
the tetrahedra, for i = 1 (a), i = 2 (b), and i = 3 (c).

observation can be explained using a heuristic argument: For HIT, the eigenvector corresponding
to the intermediate eigenvalue of the perceived rate-of-strain tensor is preferentially aligned to the
vorticity [42,56], which we confirm for rotating stratified turbulence when comparing Figs. 12(b)
and 12(d). In the setup we consider here, where N/ f = 5, stratification causes a generation of
horizontal vorticity, as we can see when taking the curl of the Boussinesq equation, Eq. (1),
neglecting viscous contributions and linearizing the equations. We then obtain

∂

∂t
ω ≈ f

∂

∂z
u + Nez × ∇θ. (D1)

Stratification therefore generates vorticity perpendicular to ez, i.e., in the horizontal plane. The inter-
mediate rate-of-strain eigenvector then aligns with the vorticity and is therefore slightly preferential
perpendicular to ez. For geometric reasons, the dealignment of the intermediate eigenvector results
in a weak alignment of both the first and the third eigenvectors, whichis visible in Fig. 12. We
remark that this argumentation remains purely heuristic, and that our observations are contrary to
what happened in purely rotating flows [19]. A better understanding of these effects, and of the
observed dependence of the alignment properties between si, eω, and ez, taking into account the role
of waves when RIB � 1, remains to be developed.
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