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Understanding the transition between fluid-like and solid-like regimes of granular mate-
rials requires elucidating its hysteretic behavior. Yet, the origin of this hysteresis, defined
as the difference in external stress necessary to induce flow or jamming of a granular
medium, is still debated. While the origin of this hysteresis has long been attributed
to grain’s inertia, recent studies have shown that it depends on interparticle friction. To
clarify the role of the different effects and possible interplays between them, we study the
fluid-solid transition through three-dimensional discrete element simulations of dry and
model-immersed granular flows down an inclined plane. In the dry case, a finite hysteresis
is observed at the static-flowing transition even for frictionless particles. The hysteresis
amplitude is shown to depend both on interparticle friction and particle inertia. Decoupling
the effects of friction and inertia allows us to rationalize in a coherent picture the different
results found in the literature. In particular, hysteresis is shown to become negligible when
both friction and inertia are small, while it cannot be disregarded when at least one of
them is present. The link between hysteresis amplitude and the discontinuous jump of
compaction at the jamming transition is discussed. While the presence of hysteresis for
frictionless particles is not associated with notable dilatancy and compaction at transitions,
the coordination number exhibits discontinuous jumps at both transitions. Also, it is shown
that the avalanche angle is directly linked to the static coordination number, and that
the hysteresis amplitude is related to the coordination number discontinuity observed
at jamming. These results highlight the strong link between the jamming-unjamming
transition and the evolution of the granular microstructure through friction and inertia.

DOI: 10.1103/PhysRevFluids.10.034301

I. INTRODUCTION

Granular material has the particularity of solid-like and/or fluid-like behavior under various
and complex loading stress or strain rates [1—4]. This specificity is characterized by critical yield
stresses or strain rates that define criteria under which the medium is in the flowing or static
state. This flowing-static transition is an important issue for the study of natural hazards such
as snow avalanches or debris flows in landslides [5]. It is also an issue for applications such as
pharmaceuticals and building or agriculture industries that use this solid-like or fluid-like behavior
to produce, transport, extract, or store granular media [6—8].

Modeling this transition at the macroscopic scale still represents a challenge. In particular,
although several constitutive models include hysteresis modeling [9-12], they do not describe the
underlying physical mechanism responsible for the hysteretic behavior displayed by granular media
at the transition. Indeed, For granular material in stress-imposed configurations, such as inclined
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planes, rotating drums, or Couette cells, depending on the stress path, that is, the history of the
stress applied to the medium, one can observe either a flowing or a static state at a given stress
state [2,13—17]. This is well characterized for steady, uniform granular flow down an inclined plane,
where the inclination angle sets the shear T to normal P stress ratio tan(0) = pu = v /P [18]. In this
configuration, the inclination angle therefore sets the stress state of the granular medium. Starting
from the flowing state above a critical inclination angle, the flow stops at a given angle 6gop, Which is
smaller than the angle measured to initiate an avalanche Oy, Wwhen increasing the inclination angle
from the static state. This difference between the avalanche and stopping angle is characteristic of
the hysteresis amplitude in the granular medium behavior.

Both critical angles, associated with critical global friction coefficients, similarly decrease when
increasing the thickness of the flowing layer on an inclined plane. They have been shown to converge
to a constant value that depends on the plane roughness when increasing the layer thickness toward
a limit value of approximately 10 times the average diameter of grains [13,18]. This result shows
that the finite size effect in the wall-normal direction is strong when the layer thickness is close to
the particle diameter but saturates when the distance between the plane and the free surface of the
medium is large enough.

Stopping and avalanche angles also similarly increase with interparticle friction [8,19,20],
showing a strong effect of the sliding Coulomb criterion on the stability of the granular material.
This effect saturates when the microscopic friction coefficient reaches approximately ., ~ 1 [21].
Above this value, a granular medium enters the rolling regime in which all contacts respect the
Coulomb criterion at the grain scale, leading to a constant effect of microscopic friction on granular
stability [22].

The hysteretic nature of the transition, quantified by the difference between the avalanche and
stopping angles, also varies with interparticle friction and layer thickness. Hysteresis relies on the
combination of two different processes: the jamming, or cessation of flow, and the unjamming, or
initiation of flow [8,13,17,23,24]. The initiation of flow from the static to a dense flow state is, in
other words, a destabilization of the granular medium. Under shear stress or shear rate, a granular
medium in the static state exhibits local rearrangements that are the local plasticity or fluidity of the
granular material [24-26]. The characteristic size of these rearrangements increases with increasing
imposed shear stress or shear rate. The size of these structures diverges when the granular medium
is about to flow, leading to rearrangement of the order of the system size, destabilizing the assembly
of grains that finally flows [24,27,28]. Besides, flow cessation or jamming has been extensively
studied in the quasistatic limit of dense granular flow rheology and appears to be the result of the
dissipation of the grains’ motion by frictional and collisional contacts [17,22].

The physics of both the initiation and cessation of flow in granular media are particularly rich,
such that most studies in the literature focus on one or the other phenomenon. Studying hysteresis
at this transition requires considering the evolution of both phenomena as functions of relevant
physical parameters. The nature of this hysteresis was first assigned to particle inertia effects [16,29]
that prevent the flow from stopping when considering the arrest of a granular flow. Yet, more
recent works [19-21,30,31] have shown that interparticle friction is a dominant mechanism in
hysteresis at the expense of the inertia of grains. The framework that emerges from these works,
proposed by DeGiuli and Wyart [21], assigned hysteresis behavior to the “self-fluidisation” of the
granular medium in the flowing state. This process lowers the stress threshold, fiop, at which the
medium stops compared with the one at which the medium starts flowing, (. In this framework,
the role of friction is central since the ability of the granular medium to “self-fluidise” is based
on the idea that residual mechanical energy, that is, endogenous noise, due to collisions and
network vibrations destabilizes contacts on the verge of sliding and then keeps in motion the
whole assembly of grains. Hence, the ability of a tangential contact to be set in motion by this
residual energy depends on the value of the coefficient of friction between the grains. This picture is
supported by the fact that hysteresis amplitude depends on interparticle friction [19,20] and contact
stiffness. Indeed, stiffness influences the residual energy and affects accordingly the hysteresis
amplitude [21].
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FIG. 1. Typical 3D snapshot of granular medium flowing on an inclined plane, L x W = 30d x 15d,
h=10d. Blue particles constitute the fixed rough plane, while red ones are free.

Based on these recent findings, some aspects remain to be elucidated. In particular, the vibrations
induced by collisions are not canceled for frictionless material, and one expects the self-fluidization
process to be partly present, even for frictionless particles. Since the experiments of Perrin
et al. [20,31] are performed in the viscous Stokes limit, i.e., with negligible particle inertia and zero
effective restitution coefficient, the residual energy is expected to be damped. This is incompatible
with the self-fluidization process proposed by DeGiuli and Wyart [21] and suggests either that the
latter is not appropriate or that it is canceled for low Stokes numbers and another mechanism is at
work. In addition, the hysteresis amplitude obtained for frictional particles in Perrin et al. [20] is
surprisingly high (of the same order as highly frictional dry materials with bumpy surfaces [19]), in
particular considering the presence of a fluid damping the self-fluidization process.

In the present paper, hysteresis at the fluid-solid transition is studied on an inclined configuration
by the mean of three-dimensional (3D) discrete element method simulations of dry and model-
immersed granular media. This allows us to vary both interparticle friction and particle inertia
independently. We show that frictionless granular media exhibit a finite hysteresis, contrary to what
is expected. Going further, we show that the hysteresis amplitude depends on a combined effect of
particle friction and inertia.

After detailing the simulation method, configuration, and framework in Sec. II, we qualitatively
and quantitatively analyze the influence of the microscopic friction coefficient and grains’ inertia
on hysteresis in Sec. III. Then, we show that a microstructural description of the medium is needed
to characterize well the discontinuity of the transition and unify the studies of both microscopic
friction and inertia effect on hysteresis (Sec. IV).

II. SIMULATION METHOD AND DESCRIPTION OF CONFIGURATIONS

A. Configurations

The present study focuses on inclined plane simulation at the particle scale of cohesionless
monodisperse spherical particles of diameter d forming a granular layer of size h/d = 10 (see
Fig. 1). The layer thickness h, was selected to limit the computational time, considering the
absence of a size effect above &7 = 10d on the critical constraint ratio values [13,31]. We use a
biperiodic domain of size L x W = 30d x 15d, L being the length in the streamwise direction
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and W in the spanwise direction (see Fig. 1). The choice of such domain size has been made
with respect to a sensitivity analysis leading to a convergence of critical angles and hysteresis;
see the Supplemental Materials [32] for a detailed analysis. The roughness of the plane is built
using fixed particles, organized in a square paving in the streamwise and spanwise directions, with
their wall-normal positions following a random uniform distribution between —% and %. The code
is made dimensionless, choosing d as the unit of length, A/d]g as the unit of time, g being the
gravitational constant, and the mass of a grain m as the unit of mass. Note that in the following, the
mass of a grain will always be replaced by m =V, p,, with the volume of a particle V,, = %d3 and
pp the density of the grain.

The inclined plane configuration is considered with and without the influence of a surrounding
fluid.

B. Discrete element method

The simulations are based on the discrete element method and performed using the open-source
code YADE [33], where the motion of each particles is solved using Newton’s second law for both
translational and rotational motions

T3 d_l/l) 3 Ne [N

gd Pr = Ed op 8 +ZFC1+FF, (1)
T Ne —
st ZTC, )

In Eq. (1), the first term on the right-hand side is the weight of the particle, the second term
corresponds to the sum of N, solid contact forces applied by the neighbors on the particle, and the

third term, Fr, is the force induced by an external fluid when considering immersed-like granular
flows. The contact force between two particles is denoted F¢; = Fy + Fr. This force is the sum

of the normal and tangential contact forces, respectively, IF;)V and P_*; , which are modeled with
spring-dashpot and spring-friction models [34]:

— — - . - =
Fy = —GwlSnll +wnlldn DT, with 7 = 8y/|16n
= IEle, = =
kréd : f||krd F ,
7o Jrdrs if ||krdr |l > 1 Fnlip, 3)
kr ST otherwise,

where ., is the interparticle friction coefficient, ky is the normal stiffness, $ and S_T) are the normal
and tangential strains, and yy is the normal viscous dissipation obtained from ky and the normal
restitution coefficient ey [34]. The value of ky is chosen to respect the rigid grain limit: ky =
Kk Pyaxd, with « being the relative dimensionless stiffness « > 10* [35]. In particular, this latter
criterion prevents elasto-platic deformations close to the flow-arrest transition [36]. A sensitivity
analysis was performed on « in the dry frictionless case (see Appendix D). The maximum granular
pressure a grain will experience in the system, Py, is calculated considering a grain that is under the
pressure of the whole grain layer: Pp.x = 0,Pmaxhg. The restitution coefficient is fixed at ey = 0.9,
as classically used for glass beads. The tangential stiffness is related to the normal stiffness as
kr = vk,, with Poisson’s coefficient set to a typical value of v = 0.5 [36].

In Eq. (2), the term on the right-hand side is the sum of the N, contact torques. For each contact,
the torque is defined as follows: Yﬁ =d (—7) X (FC—,)i).

When immersed in a fluid at rest, a particle is also subjected to fluid forces [see Eq. (1)]. In the
present work, the idea is to model the influence of the fluid on particle behavior at first order. As
such, the fluid is considered to be at rest, and we focus on the main fluid forces, which are drag
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and buoyancy, ?}: = 171)) + f;. In the Stokes limit, one expects lubrication to appear and play a role
in the close contact behavior. Considering that the viscous drag and the lubrication force have the
same viscous scaling, the lubrication force is discarded here for the sake of modeling simplicity.
This assumption is supported by the low influence of the restitution coefficient observed on the

results (see Appendix D). The drag force I?; is classically written as:

— 1 nmd?

Fp=—5p=—Coll @I, )
with the fluid density o, and where the drag coefficient Cp is modeled to consider both Newton and
Stokes regimes [37,38]:

24
Co=(044+2). 5)
Re,
The particle Reynolds number, Re,,, is calculated as follows:
%
d
pe, — 2T 1 ©
nr
with 7 being the dynamic viscosity of the fluid. The buoyancy force is defined as follows:
— T
Fy=—2d'n g (7

Considering the equation of motion of a grain between two contacts in the granular system [Eq. (1)]
without the contact forces, the dimensionless numbers that drive the behavior of the system are the
Stokes number St and the density ratio r [16,20]:

S Vv ep(op — pp)gd?

= , 8
e ®)
r= e 9)

o

The Stokes number, St, measures the ratio between the inertia of grains versus the viscous dissi-
pation of the fluid. At high Stokes numbers, grain inertia is dominant, equivalent to the dry case
(8t = oo numerically), while at low Stokes numbers, the grain dynamics is strongly affected by
viscous dissipation in the so-called viscous regime.

The density ratio, r, compares the effect of the buoyancy and the weight of grains and is chosen
at r = 1000 to get rid of the buoyancy effect and study specifically the effect of viscous dissipation
on hysteresis.

The code has been validated, in both the dry and immersed cases, comparing the results in terms
of granular velocity and volume fraction profiles [39] and mean granular velocity for different layer
thicknesses and Stokes numbers [40].

C. Protocol

Flow arrest and avalanche onset are studied by varying the inclination angle 6 of the inclined
plane with respect to gravity at a fixed inclination velocity 86 /8t = 1074°//d/g, 50 being the angle
step and 4¢ the duration between two angle variations. The value of the plane variation velocity was
selected by performing a sensitivity analysis similar to that for the domain size (see Supplemental
Materials [32]). The slope evolution is quasistatic in the simulations performed and one can consider
the granular flow to be steady and uniform in the streamwise and spanwise directions. Under these
conditions, the main feature of the inclined plane is that it acts like a rheometer, with the inclination
angle imposing the stress state of the granular medium through the shear-to-normal stress ratio
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FIG. 2. Inertial number Z (left) and inclination angle 6 (right) as functions of time within a simulation.

w = t/P. In the framework of the () rheology [3], the latter is a direct function of the dimension-
less shear rate, 1, so that varying the slope allows one to explore the different granular flow regimes.
Moreover, as the average flow only varies along the wall-normal direction, momentum balance
along the inclined plane simply leads to the shear-to-normal ratio stress relation . = 7 /P = tan(6).
Finally, the depth average inertial number I is written as:

1 h
7=1 / 1) dz, (10)
n

with I(z) = dy(z)//P(z)/pp, which can be directly determined from the vertical velocity profile

y(2) = du,(z)/9dz and the vertical pressure profile P(z) = p,gcos(0) fz h ¢(2) dz that depends on the
volume fraction profile ¢(z).

Figure 2 shows the inertial number and the plane inclination angle as functions of the time within
a simulation to present the protocol used for the simulation performed. The angle of the plane is first
set at a high enough angle to set the granular layer in motion associated with a finite value of inertial
number. Then the plane inclination angle is continuously decreased at angular velocity —3860/6t, as
shown by Fig. 2, leading to a decrease of the inertial number, Z, until the media stops flowing and
the inertial number suddenly drops to zero. In the protocol, the granular medium is considered at
rest when the kinetic energy per particle is less than Ej iy = 10~%mgd, which has been checked
to correspond to a granular medium at rest. At that time, the granular medium has reached the
static state, the stopping angle, 6p, also called the jamming angle, is measured. The plane angle is
then increased with the same angular velocity §0 /46t until the medium flows again when the inertial
number suddenly and significantly increases as observed in Fig. 2. At that point, the medium starts
to flow, and the avalanche angle, 6., also called the starting angle, is measured.

In this paper, a systematic study is performed on the interparticle friction coefficient, w,, and
particle inertia. The latter is varied by varying the Stokes number, St, through the fluid viscosity 7.
Each simulation at a given pair of imposed parameters (i, St) is repeated 10 times with randomly
generated plane roughness. The results presented in the present paper represent more than 270
simulations corresponding to more than 600 000CPU hours. The calculation time for simulations
depends on the number of particles as well as the velocity of angle variation. The latter parameter
has been adapted within simulations of immersed media at low Stokes numbers to keep the time
between two angle variations, 8t /+/d /g = 1, lower than the relaxation time t, of a grain in the fluid.
This issue occurs for low Stokes numbers and increases drastically the computational time for each
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FIG. 3. (a) Hysteretic loop of the relative shear-to-normal stress ratio wu(l) — pgop as a function of the
inertial number, Z, for interparticle friction p, = 0.5 leading to jiq0p = 0.39. (b) Hysteretic loop of the solid
fraction ¢ as a function of the relative inclination angle 6 — 6y, for interparticle friction u, = 0.5 leading to
Os0p = 21.47°. The arrows, color, and legend indicate for each plot the stress path within hysteretic cycles.

simulation, as the relaxation time is linear with Stokes number variation in the regime explored,
1, = ppd*/18n (Stokes regime, high-density ratio) [16].

III. COMBINED INFLUENCE OF FRICTION AND INERTIA

Simulations are performed following the protocol defined in Sec. II C and displayed in Fig. 2.
Starting from a flowing state, the angle of the inclined plane is progressively decreased down to
the cessation of the flow, before ramping up the inclination angle until the flow starts. Measuring
the mean inertial number associated with the granular flow, it is possible to observe the hysteretic
loop in the context of the w (/) rheology [Fig. 3(a)]. In this framework, the granular rheology can be
described in terms of the shear-to-normal stress ratio, 4 = 7 /P, which is a unique function of the
inertial number [3,41], i (I). For a steady, uniform inclined plane configuration, the shear-to-normal
stress ratio is directly set by the inclination angle of the plane, 1 = tan(6) [2].

Figure 3(a) shows a typical hysteretic loop on (7)) that demonstrates the presence of a hysteresis
at the transition. Decreasing the inclination angle, the corresponding inertial number decreases and
eventually drops to zero at stopping angle p = fgop = tan(Osop). The stress path is then reversed
and the inclination angle is progressively increased. The granular medium remains static up to the
avalanche angle, where the flow comes back to the initial (/) branch. The difference between
the avalanche and stopping angle characterizes the hysteresis, Ay = tgart — Mstop = tan(Bsear) —
tan(Og0p)- For the sake of simplicity and for a more intuitive view of the results, the data are plotted
in the following in terms of inclination angle.

It is classical to consider the solid volume fraction variation close to the fluid-to-solid transi-
tion [30,42]. It is interesting to note that it is equivalent to considering the (/) rheology in terms
of solid volume fraction w(¢), as done in the literature [43]. Figure 3(b) shows the hysteretic loop
observed for the volume fraction. As the inclination angle decreases, the granular flow becomes
denser, up to the critical solid volume fraction at which the medium comes to rest. Reversing the
loading, the solid volume fraction stays constant up to the onset of motion at a larger inclination
angle. While the solid volume fraction displays a gap at the initiation of the flow, a signature of
dilatancy, it does not seem to exhibit a gap when coming to rest for the present dry configuration
with classical interparticle friction coefficient (i, = 0.5).

In the following, the results are analyzed quantitatively in terms of critical angles and hysteresis
amplitude, A6, as a function of the grains’ inertia (St) and interparticle friction coefficient ().
Each simulation corresponding to a set of parameters (i,, St) is repeated 10 times with newly
generated bottom roughness to assess the geometrical variability due to the boundary from one
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FIG. 4. (a) Hysteresis amplitude as a function of the Stokes number and the microscopic friction coefficient.
(b) Evolution of the hysteresis amplitude A6 with Stokes number at various interparticle friction coefficients.
(c) Evolution of the hysteresis amplitude as a function of interparticle friction coefficient 1, at low Stokes,
St = 1, and in the dry case, St = oo.

case to another. We expect this variability to be more important than the intrinsic variability of the
system due to the stochastic nature of the transition [44]. The data are plotted in terms of averaged
parameters, (-), and the error bars are characteristic of the geometrical variability and represent the
standard deviation observed between the 10 different runs performed for each set of parameters.

Figure 4(a) presents the global picture of the variation of hysteresis amplitude with interparticle
friction and Stokes number. It shows that the hysteresis varies globally with both parameters
defining different regions in the parameter space: the hysteresis is minimum at low Stokes and
low interparticle friction, while it is maximum for dry highly frictional particles. Overall, it tends to
decrease with decreasing Stokes number at a given interparticle friction coefficient and to decrease
when decreasing interparticle friction coefficient at a given Stokes number.
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FIG. 5. Evolution of the stop and avalanche angles, 0, and ., with the microscopic friction coefficient
in the dry case.

Going into more detail, the results are presented in terms of hysteresis amplitude as a function
of the Stokes number for various microscopic friction in Fig. 4(b). They are also presented in
Fig. 4(c) as a function of the friction coefficient for Stokes number one, St = 1, and in the dry
case, St = oo. It can be observed that (i) the average hysteresis amplitude, (A#), is an increasing
function of the interparticle friction w, at all Stokes numbers. It is approximately divided by four
between 11, = 1 and frictionless particles; (ii) the hysteresis amplitude decreases with the Stokes
number for low St < 100 and remains nearly constant for S¢ > 100 for all 1, the results obtained
are consistent with the experimental data from the literature, as detailed in Appendix A; (iii) for
frictionless particles, the hysteresis amplitude is finite in the dry configuration, and tends toward
zero with decreasing Stokes number.

These results show a dominant effect of microscopic friction on hysteresis amplitude, consistent
with the literature [19-21]. Meanwhile, the influence of the Stokes number on the results shows
that there is a non-negligible effect of the fluid viscous dissipation on hysteresis amplitude, in
agreement with Courrech Du Pont ef al. [16] (see Appendix A). This shows that hysteresis is also
influenced by grains’ inertia, and suggests that it is necessary to have both frictionless particles
and low Stokes number to cancel hysteresis. Therefore, the present results suggest that if Perrin
et al. [20,31] observed an absence of hysteresis for frictionless particles, it is probably because they
are considering overdamped experiments with very low Stokes numbers.

As presented here, hysteresis is classically expressed in terms of its absolute value. The amplitude
of hysteresis defines the region where the possible stability of a granular medium depends on
the stress path. As such, it seems relevant to compare the amplitude of hysteresis with respect
to the angles of stability of the granular medium. Indeed, the latter are varying importantly with
interparticle friction coefficient, as shown by Fig. 5. Accordingly, Fig. 6(a) presents the hysteresis
amplitude normalized by the avalanche angle for all the data, with the variation of both Stokes
number and interparticle friction coefficient. The results show that the relative hysteresis is of the
same order of magnitude for all the simulations (2% to 10%). Figure 6(b) evidences further that,
while hysteresis amplitude appears lower for frictionless particles [Fig. 4(c)], its relative importance
with respect to stability is similar to that observed for finite interparticle friction coefficients. Also,
one can observe more clearly the nontrivial combined effect of interparticle friction and Stokes
number. Figure 6(a) shows a decreasing trend of the relative hysteresis with decreasing Stokes
number at finite interparticle friction coefficient. In addition, the figure shows that the relative
amplitude of hysteresis is lower for intermediate interparticle friction than for frictionless and highly
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FIG. 6. (a) Hysteresis amplitude relative to the avalanche angle A6 /6., as a function of the Stokes number
for various microscopic friction coefficients. (b) Hysteresis amplitude relative to the avalanche angle A6 /6.
versus microscopic friction coefficient ., at low Stokes, St = 1, and in the dry case, St = oo.

frictional particles. It is well highlighted when plotting the relative hysteresis versus the friction
coefficient for low Stokes number, St = 1, and in the dry case, St = oo, as shown by Fig. 6(b).
This nontrivial combined influence of microscopic friction and grains’ inertia might be related to
changes in the main local particle behavior, which can shift from rolling to sliding as a function of
the parameters. This difference in local behavior has been shown to lead similarly to differences in
global behavior for dry granular flows [22].

Finally, it is important to underline that the different results presented exhibit a finite
hysteresis in the frictionless dry particle case (u, =0, St = co). We have shown that this ob-
servation is independent of the domain size, layer thickness, restitution coefficient, and velocity
of angle variation (see Appendices B, C, and D), and the discontinuity of the transition is
even increasing with increasing particle stiffness (see Appendix D). This analysis of the sen-
sitivity to model and physical parameters demonstrates the robustness of the presence of a
finite hysteresis for frictionless particles in the dry case. This result is incompatible with the
framework of DeGiuli and Wyart [21], in which interparticle friction is necessary to observe
hysteresis.

To conclude, the present results show that hysteresis is linked to both particle friction and inertia,
rationalizing the different results from the literature highlighting hysteresis dependency on either
friction [19,20] or inertia [16], and suggesting the need for further improvement of the established
framework. In addition, the presence of hysteresis for frictionless particles seems in apparent
contradiction with the vanishing dilatancy observed in such cases [42]. The absence of dilatancy
at the transition suggested a continuous second-order jamming transition [45] and, accordingly, the
absence of hysteresis for frictionless particles [20,31,46].

IV. HYSTERESIS AND DISCONTINUITY OF THE TRANSITION:
THE ROLE OF MICROSTRUCTURE DESCRIPTORS

A. Hysteretic cycles of the solid volume fraction and coordination
number for frictionless materials

The singularity of the frictionless case, as well as the finite hysteresis value observed, leads us to
analyze how the transition can be discontinuous for frictionless materials and, specifically, how this
discontinuity can be characterized.
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To do so, the hysteretic loop of the solid volume fraction and the coordination number in the
dry frictionless case (1, = 0, St = o0o) are studied. Figure 7(a) shows the hysteretic cycle for the
solid volume fraction ¢(6). This figure shows that frictionless grains exhibit a hysteresis at the
transition. While the importance of the gap observed in terms of inclination angle, A@, is lowered
with respect to the frictional case [see Fig. 3(b)], the presence of a discontinuity is clear for the
system considered. Interestingly, the solid volume fraction appears to evolve continuously toward
jamming, as it increases and oscillates around the solid volume fraction at rest before jamming.
Similarly, no clear dilatancy is observed when the medium is set into motion while increasing
the inclination angle. This absence of apparent compaction and dilatancy on the volume fraction,
respectively, at jamming and unjamming, which were both present in the frictional case at u, = 0.5,
albeit weakly for the first one, must be interpreted as the fact that the volume fraction evolves
continuously into the random close packing at the flowing-to-static transition and similarly at the
static-to-flowing transition. This result is consistent with the observation that frictionless granular
media exhibit no dilatancy [42,47].

The results observed show that the apparent continuity of behavior in terms of solid volume
fraction is not associated with the absence of hysteresis. The solid volume fraction is therefore not
the relevant proxy to characterize the hysteresis associated with the transition.

To characterize the microstructure of the granular material from a different perspective, we
consider the coordination number of the system, that is, the average number of contacts per
grain Z. The calculation of the coordination number is detailed in Appendix E. This approach
allows us to obtain the isostatic limit of the coordination number for frictionless granular media
at rest, Z. = 6, as shown in Fig. 7(b). Similar to the solid volume fraction, this critical value
of the coordination number in the static state is constant with variations of stress and displays
tiny variations that are the signature of local rearrangement in the system. The critical value of
the coordination number is consistent with the theoretical prediction using Maxwell’s mechanical
equilibrium criterion that gives for frictionless spherical particles Z = 6 [8,48-50]. In addition,
the coordination number increases with the decrease in the angle in the flowing regime. This
behavior is equivalent to the increase in the flowing volume fraction with decreasing inclination
angle but at the microstructure scale. The denser the medium, the more particles are in con-
tact. Yet, unlike volume fraction, the coordination number displays a discontinuity at both the
cessation of flow, noted AZyp, and the initiation of flow, noted A Z,,. These discontinuities
in the coordination number value are clear and increase with increasing particle stiffness (see
Appendix D), highlighting the presence of hysteresis at the transition. These discontinuities are
a signature that the contact network compacts and dilates, respectively, at jamming and unjamming
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transitions and capture the fact that the flow-arrest transition remains hysteretic in the dry frictionless
case.

B. Toward a description of the influence of the microstructure on hysteresis

To better characterize and understand the physical mechanisms behind the observed hysteresis,
it is interesting to discuss the results observed in terms of stopping and starting angles.

Figure 5 shows the important variation in the avalanche (6.,) and stopping (0sp) angles with
interparticle friction. These important variations do not allow one to observe well the impact of a
given parameter on hysteresis. Indeed, fine variations in the avalanche or stopping angle with respect
to its absolute value lead to important impacts on hysteresis. Therefore, to characterize the influence
of the Stokes number on the avalanche and stopping angles and their impacts on hysteresis, we
consider the difference between the avalanche (stopping) angle at the given Stokes number and the
avalanche (stopping) angle in the dry case [see Figs. 8(a) and 8(b)]. The evolution observed for both
angles is not monotonous and presents the most important relative variations for Stokes number one.
The variations are approximately twice higher on the stopping angle than on the avalanche angle.
In this case, the fluid viscous dissipation has the effect of increasing the stopping angle toward the
avalanche angle, leading to lower hysteresis when Stokes tends toward zero, as presented in Sec. III.

Beyond the role of inertia and friction, one may attempt to characterize the avalanche angle,
stopping angle, and hysteresis in terms of the coordination number characterizing the granular
microstructure, as discussed in the previous section. Figure 9(a) presents the avalanche angle as
a function of the coordination number at rest. The latter evolves as expected between Z (1, —
00) =4 and the higher bound in the frictionless case Z.(u, = 0) = 6 [50,51] (see Appendix E
for further details on the stable state characterization). The variation of the avalanche angle with
particle friction and inertia appears to be directly related to the variation of the coordination number
at rest. For moderate and high interparticle friction coefficients, the variation of the avalanche angle
with the Stokes number observed in Fig. 9 is, in fact, due to the change in coordination number
in the static state. As such, it appears as a consequence of the modification of the jamming angle
due to the influence of the surrounding fluid. The fact that the avalanche angle depends solely
on the static coordination number is a consequence of the arrangement of the granular medium
at rest. Meanwhile, the loading process from the static state has been observed to be a dynamic
process in the literature [24,26,27] as well as in the present study [45], with rearrangement occurring
continuously with increasing angle before reaching failure. The present result, therefore, suggests
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FIG. 9. (a) Evolution of the avalanche angle 6, with the coordination number in the static state, 2,
at various microscopic friction coefficients and Stokes numbers. (b) Evolution of the stop angle 6, with the
coordination number in the flowing state before jamming, Z,, at various microscopic friction coefficients and
Stokes numbers. The solid line is a fit for the eye of the avalanche angle as a function of the static coordination
number with a degree-4 polynomial function. It is reproduced in (b) to consider the evolution of the difference
between the avalanche and the stop angle (i.e., the hysteresis amplitude) as a function of the parameters.

that the onset of motion linked to progressive rearrangement is weakly influenced by the presence
of an interstitial fluid.

Jamming occurs with complex dissipation processes in the flowing state since it results from
the self-sustainability of perturbations. Characterizing the stopping angle with microstructure state
variables is then more complex than with the avalanche angle, and no microstructure variable
equivalently captures viscous and friction dissipation influences on the stopping angle. Meanwhile,
it is possible to understand the mechanisms at play by considering the evolution of the coordination
number in the flowing state before jamming, Z,. The latter is measured by fitting the trend
of the coordination number evolution before jamming and extrapolating the results at 6 = Oyp.
Figure 9(b) presents the evolution of the stopping angle as a function of this variable. The black
curve is the fit of the starting angle dependence on the coordination number in the static state
Ostart (Z¢). For a given Stokes number, the stopping angle is observed to be a decreasing function of
the coordination number in the flowing state before jamming, similar to the trend observed for the
avalanche angle with the critical coordination number. When lowering the Stokes number at a given
friction coefficient, Zp, tends toward the static coordination number so that the discontinuous jump
at jamming tends toward zero. This suggests that the stopping goes toward the avalanche angle, and
hysteresis amplitude decreases.

Accordingly, Fig. 10 presents hysteresis amplitude as a function of the discontinuity of the coor-
dination number at the jamming transition, defined as A Zy,, = Z. — Zyop the difference between
the static coordination number, Z,, and the coordination number in the flowing state before jamming
Zgop- It can be observed that the hysteresis amplitude scales correctly with this discontinuity,
making microscopic friction and viscous dissipation collapse on the same curve (A8 ({AZqp))).
The discontinuity measures how much the self-sustainability process leads to higher hysteresis by
lowering the number of contacts in the flowing state (Z,,) compared with the value required to be
stable (Z.). In other words, when independently decreasing the microscopic friction coefficient or
the Stokes number, hysteresis amplitude, as much as the discontinuity of coordination number at
jamming, are equivalently decreasing. This shows that the hysteresis of the transition between the
liquid-like and solid-like behaviors of granular media down the inclined plane can be characterized
by the discontinuity of the coordination number at jamming. In particular, the absence of coordina-
tion number discontinuity at jamming should be characteristic of an absence of hysteresis. In this
case, the transition is expected to be reversible and without hysteresis. Here, it can be observed
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that the hysteresis amplitude is not dropping to zero while the discontinuity of the coordination
number is almost vanishing in Fig. 10. The artificially low contact stiffness used in the simulations
for computational reasons leads to an underestimation of the discontinuity of coordination number
for a given hysteresis as shown in Appendix D (see Fig. 13). This underestimation should shift the
points in Fig. 10 to the right, and we expect to recover the right trend accordingly.

V. CONCLUSION

This work presented a numerical analysis of hysteresis on an inclined plane by means of 3D
numerical simulations of monodisperse granular media. Modeling the behavior of all the particles,
configurations with and without a model surrounding fluid were simulated. A reproducible protocol
to study hysteresis was developed and validated. Taking advantage of the numerical facility, an
extensive numerical campaign was performed, varying both the interparticle friction coefficient and
the Stokes number, accounting for particle inertia.

The results show that the amplitude of hysteresis depends on the combined influence of both
particle friction and inertia in the inclined plane configuration. In particular, this amplitude is
observed to decrease with decreasing friction, and to decrease with decreasing inertia. This leads
to a negligible hysteresis only when both effects, friction and inertia, are canceled out. The
present results and analysis then allow us to rationalize the different existing results on hysteresis
amplitude dependency through either friction or inertia. This contrasts with the framework proposed
by DeGiuli and Wyart [21], predicting no hysteresis in the absence of interparticle friction, and
therefore suggests the need for further development to account for inertia effects.

The present work also shows that hysteresis can be present even when the solid volume fraction
does not display discontinuities at the jamming and unjamming transitions. Yet, the coordination
number characterizes well the transition discontinuity, and hysteresis amplitude has been shown
to scale with the coordination number discontinuity at jamming. These results highlight the strong
link between the jamming-unjamming transition and the evolution of the granular microstructure
through friction and inertia.

Further work is required to model hysteresis as a function of microstructure descriptors and
implement such description in a continuous rheological model accounting for the hysteresis at the
static-flowing transition, such as in Edwards et al. [11]. In particular, the present work was done
considering inclined plane simulations. The comparison with the literature, as well as the possible
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interplays between hysteresis and finite-size effects [12,31], suggest an interest in performing
similar analyses in different configurations.
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APPENDIX A: COMPARISON WITH THE LITERATURE: THE INFLUENCE OF STOKES
NUMBER ON HYSTERESIS

The simulation results presented in this paper in terms of hysteresis as a function of the Stokes
number are compared with the results in the literature in Fig. 11. The main experimental results
from the literature on the influence of Stokes number have been made in rotating drums [16,20],
and are therefore completed with experimental data from an inclined plane configuration [3]. The
result observed in the present paper for a dry configuration (St = oo in Fig. 11) with moderate
interparticle friction coefficient (i, = 0.5) shows a similar hysteresis amplitude as the one observed
experimentally in the same configuration by Forterre and Pouliquen [3]. This hysteresis observed
on an inclined plane is slightly lower than the one observed in rotating drums [16], suggesting
an influence of the configuration geometry on the phenomenon. Besides, Fig. 11 shows that the
trend observed experimentally in the literature with varying Stokes numbers is recovered in our
simulations. In particular, the simulation results at high interparticle friction coefficient u, = 1 lie
within the experimental data over the whole range of Stokes numbers studied (St € [1071, 10%)).
This tends to confirm the relevance of the simulations performed and the results obtained.

APPENDIX B: VELOCITY OF ANGLE VARIATION EFFECT IN THE FRICTIONLESS CASE

The velocity of angle variation is a parameter that could play a role in hysteresis since a lower
value implies an increase in the probability of exploring stable configurations while the medium
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FIG. 11. Hysteresis Af versus Stokes number: comparison with the results from the literature in a rotating
drum [16,20] and on an inclined plane [3].
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flows near the jamming conditions. To test the sensitivity of hysteresis to this parameter in the dry
frictionless case, simulations have been performed for slower velocity of stress imposition 56 /8t
than in the reference case of the paper, 86 /8t = 1074°,/g/d. The results are presented in Fig. 12(a).
This figure shows that the hysteresis is indeed constant and is not dependent on this parameter in
the frictionless case.

APPENDIX C: SIZE EFFECT IN THE FRICTIONLESS CASE

Similarly, size effects could be responsible for the finite hysteresis measured in the frictionless
dry case. Indeed, the curves hgqp(9) and hy, (9), or equivalently, Oyop(h) and Oy (h), are converg-
ing for h ~ 10d. However, the effect of the distance between the plane and the free surface could
be non-negligible for frictionless beads. To test the sensitivity of hysteresis in the dry frictionless
case, a bigger layer thickness 4/d = 20 has been tested [see Fig. 12(c)]. This result shows that,
above h/d = 10, the amount of hysteresis measured does not depend on the layer thickness. This is
consistent with the results of Pouliquen and Forterre [13].

In a similar way, domain size could also be responsible for the amount of hysteresis measured
since a bigger domain implies an increase in the probability of exploring stable configurations while
the medium flows near the jamming conditions. This could affect the value of the stop angle. It also
implies an increase in the probability that a local rearrangement destabilizes the layer while the
medium is static, which could lead to variations in the avalanche angle. Then, simulations were
computed in the frictionless case for a bigger domain size A = L x W than the one in the reference
case L x W = 30d x 15d. The result is presented in Fig. 12(b). This figure shows no particular
effect of the increase of domain size. See the Supplemental Materials [32] for further study of the
sensitivity analysis for domain size effect.
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APPENDIX D: DIMENSIONLESS STIFFNESS AND RESTITUTION COEFFICIENT EFFECT
IN THE FRICTIONLESS CASE

Finally, the stiffness effect on hysteresis has been highlighted by DeGiuli and Wyart [21]. Other
studies have shown an effect of stiffness on the stable state [42,48] and in the flowing regime in
the quasistatic limit [36,42]. To test the sensitivity of hysteresis with relative stiffness in the dry
frictionless case, we computed simulations for different values of the relative stiffness «. The results
are presented in Fig. 12(d). The reference value of relative stiffness in the simulations in this paper
is the rigid grain limit defined by Roux and Combe [35] x = 10*. The results show that hysteresis
does not vary for relative stiffness higher than the rigid grain limit, validating the choice of this value
in the simulations. It also shows that this parameter is not responsible for the amount of hysteresis
measured in the frictionless case. In addition, the discontinuity of the coordination number at the
jamming transition, A Z,p, is plotted as a function of the relative stiffness in the dry frictionless case
(pp =0, St = 00) in Fig. 13. This figure shows that increasing the relative stiffness also increases
the discontinuity of the coordination number at the jamming transition.

The normal dissipation of dynamic contacts, that is, at grain collisions, is modeled through the
restitution coefficient e,, which could also eventually play a role in the value of critical angles,
hence hysteresis. Simulations have been conducted in the frictionless case for a lower restitution
coefficient than the reference one in the simulations e, = 0.9. The results are shown in Fig. 12(e).
This figure shows the nontrivial effect of the restitution coefficient, except that it cannot lower the
hysteresis value for frictionless particles.

APPENDIX E: COORDINATION NUMBER AND VOLUME FRACTION IN THE STABLE STATE
The coordination number, presented in Sec. IV A, is defined as:
pNdyn—dn 4 pdyn—plane

= N Syn .

Considered in the calculation are the contacts between two dynamic particles, i.e., particles that are
allowed to be in motion in the system, NI=H which is counted twice to account for both particles.
On the other hand, a contact between a dynamic particle and a fixed particle, glued at the bottom, that

constituted the plane, N P is only considered once. Figure 14(a) shows the evolution of the

Z

(EL)
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FIG. 14. (a) Evolution of the critical coordination number in the stable state Z. with the microscopic
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coordination number at various microscopic friction coefficients and Stokes numbers. Compared with the phase
diagram of jammed matter developed theoretically by Song et al. [51].

critical coordination number on the stable state as a function of the microscopic friction coefficient
and for various Stokes numbers. It is observed that (Z.) is in between the lower bound for infinite
friction coefficient Z.(u, — 00) = 4 and the higher bound in the frictionless case Z.(u, = 0) = 6,
and varies with microscopic friction coefficient. These bounds and variations of the coordination
number in the stable state were extensively studied [48,50,51]. It has been demonstrated that the
bounds could be easily calculated by counting the number of constraints and degrees of freedom
in the system and calculating the limit values for frictionless particles and infinitely frictional ones
with the Maxwell criteria of stability of a mechanical system. This figure shows the dominant effect
of the microscopic friction coefficient on the state of the contact network in the stable state. This
was highlighted by Silbert ef al. [48], who also show the effect of the restitution coefficient and the
grain stiffness on the contact network density Z. and the macrodensity ¢, in the stable state. This
latter effect on the coordination number has also been highlighted by Favier de Coulomb et al. [36].

Interestingly, the variations of the macrodensity, that is, the volume fraction ¢, with both friction
and Stokes number, are presented in Fig. 14(b) and appear to be similar to those of the coordination
number. The variations are also dominated by the Coulomb criteria ft,, which drives the density
of the system in the jammed state. The volume fraction is also bounded between the Random
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Close Packing, ¢rcp = 0.64 in the frictionless case and the Random Loose Packing, ¢rrp = 0.55
in the high frictional case [51]. This similar evolution of both the coordination and the volume
fraction in the jammed state was highlighted by Silbert er al. [48]. It appears that the density
of the contact network and the density measured at the macroscale are linked in the stable state.
This idea was developed in the work of Song et al. [51], who defined a phase diagram of jammed
granular materials. In the phase diagram plotted in Fig. 14(c), the evolution of the volume fraction
is linear with the coordination with the variations of friction in our simulations. Considering that
in the frictionless case Z. = 6 and ¢. = ¢rcp, and in the limit of infinite friction Z. =4 and
¢c = PrLP.min, the following equation between the coordination number and the volume fraction
in the stable state in the inclined plane configuration is given:

¢c = L(@rep — BRLPmin) Ze + BPRLE min — 2PRCP). (E2)
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