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This work presents a feature-consistent field inversion and machine learning framework
to enhance the capability of the Reynolds-averaged Navier-Stokes (RANS) turbulence
model in predicting complex flows with separations. It effectively assimilates direct numer-
ical simulation solutions and sparse experimental data, including velocity profiles, pressure
distribution, and aerodynamic forces, into the improved k-ω shear stress transport (SST)
closure model using the regularized ensemble Kalman inversion method. An artificial
neural network (ANN) model is built to reconstruct the destruction term by considering
local flow features. A modified analytical scheme with a prior mean-based regularization
constraint is used to facilitate the model’s exploration of the most influential regions for
correction. The training process of the ANN model not only integrates the solution of
the RANS equations but also minimizes the loss function by considering multiple flow
conditions simultaneously so that feature inconsistency is avoided, resulting in a more
effective model that delivers more accurate RANS results. Typical turbulent flow problems
are simulated to validate the proposed method, including the separation flows over slopes
and steps with low Reynolds numbers and the separation flows over airfoils with high
Reynolds numbers. It is demonstrated that the proposed framework is capable of training
a robust and consistent ANN-improved k-ω SST turbulence model for predicting turbulent
flows with separations at both low and high Reynolds numbers. It also shows that the
present ANN-improved k-ω SST turbulence model achieves generalization for separated
flows with unforeseen geometries and Reynolds numbers.
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I. INTRODUCTION

Turbulence is a kind of ubiquitous flow phenomenon in natural and engineered systems. Pre-
cise simulations of turbulent flows are paramount for the practical applications of computational
fluid dynamics (CFD). It is still challenging, however, to efficiently solve engineering problems
through direct numerical simulation (DNS) or large eddy simulation (LES) due to the prohibitively
high computational costs. Despite their superior computational accuracy, it is unlikely that these
limitations will be resolved in the next few decades [1]. In contrast, the efficient and robust
Reynolds-averaged Navier-Stokes (RANS) equations with linear eddy viscosity models (LEVMs),
such as the most widely used k-ω shear stress transport (SST) model, k-ε, and Spalart-Allmaras
(SA) turbulence closures [2–4], are still the workhorse for turbulence modeling in the industry.
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Traditionally, during their initial development, the closure models were optimized for simplified test
flows and introduced certain assumptions, inevitably leading to errors and uncertainties for complex
turbulence. As a result, the RANS models often struggle to predict separated flows accurately [5].
These disadvantages underscore the importance of developing a high-precision RANS turbulence
model without losing robustness and efficiency.

In recent years, the introduction of modern machine learning (ML) methods provides a modular
and agile modeling framework that can be tailored to address many challenges in fluid mechanics
[6]. For turbulence closure modeling, ML techniques have offered a promising opportunity to
integrate insights from readily available high-fidelity data and experiments into RANS simulations,
leading to enhanced predictions. This new paradigm has gained significant traction. In boundary
layer separation flows caused by an adverse pressure gradient, the Reynolds stress level within
the boundary layer largely determines its ability to resist the gradient and the characteristics of
the separated flow. Therefore, the solution of Reynolds stress in turbulence models impacts the
simulation accuracy of separation flows. The modeling of the Reynolds stress constitutive relation
and the eddy viscosity coefficient are two breakthroughs. Up to now, the turbulence modeling
approaches can be classified into two categories: direct modeling and assimilation modeling.

The direct modeling method utilizes abundant high-fidelity flow field data to train the closure
terms of the RANS equations, with the training targets being the Reynolds stress or the eddy
viscosity coefficient. Ling et al. [7] pioneered the development of a novel tensor basis neural network
(TBNN) architecture for modeling the anisotropic Reynolds stress tensor based on the tensor
representation theory proposed by Pope [8], which addressed the issue of the commonly used LEVM
being incapable of predicting complex flows. This concept, resembling that of a nonlinear eddy
viscosity model, inspired subsequent studies. For instance, Geneva and Zabaras [9] employed the
Bayesian deep learning framework for Reynolds stress modeling to enhance the RANS simulations,
enabling the quantification of model form uncertainty present in turbulence modeling. Furthermore,
owing to the opaque nature of traditional machine learning, numerous interpretable data-driven
techniques, including gene expression programming (GEP), sparse regression, symbolic regression,
etc. [10–12], have been employed to model explicit Reynolds stress. For the eddy viscosity coef-
ficient modeling, Zhu et al. [13] constructed a neural network model coupled bidirectionally with
the solver, using the eddy viscosity coefficient of the SA model as the training target. This method
achieves wall friction and pressure comparable to the accuracy of the SA model. Additionally, Liu
et al. [14] developed eddy viscosity modeling for large separated flows and analyzed the coupling
stability.

However, due to the lack of high-fidelity flow field data, direct modeling methods may not
be suitable for high Reynolds numbers or complex geometry flows. Data assimilation modeling
methods address this challenge effectively by combining sparse experimental data with data as-
similation (DA) techniques to correct or construct turbulence closure terms. The DA methods
are widely used in the posterior inference of closure terms’ uncertainty correction parameters.
Assuming that the prior distribution of the uncertainty parameters is known, such research aims
to compute the posterior distribution given observation data Y . This is essentially a Bayesian
inference problem: Singh and Duraisamy [15] multiplied a spatial correction field β(x) with the
production term P(ν̃,U ) of the SA model as Dν̃

Dt = β(x)P(ν̃,U ) − D(ν̃,U ) + T (ν̃,U ); the posterior
distribution of the correction field β(x) is optimized by minimizing the discrepancies between the
solver results and sparse observations of DNS or experiment. During the optimization process,
the adjoint method [16] calculates the gradients. Furthermore, Singh et al. [17] proposed a field
inversion and machine learning (FIML) framework, which adopted machine learning technology
to construct the relationship between the local dimensionless mean flow and the correction field
β(x). They utilized this framework to augment the SA model for separated flow over the airfoil and
demonstrated that the enhanced SA model exhibits commendable generalization and convergence
properties. Subsequently, the FIML framework, with the adjoint method, was extensively employed
for turbulence model correction. For instance, Yan et al. [18] applied this framework to modify the
SA model and incorporate additional nonlinear terms for modeling three-dimensional separation
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flows. Wu and Zhang [19] substituted the traditional machine learning approach within the FIML
framework with a symbolic regression model to enhance the interpretability of the improved RANS
model. Furthermore, even when applying the improved turbulence model to the laminar flow over a
flat plate, it still maintains accuracy comparable to the baseline turbulence model. Unfortunately, the
adjoint method requires solving the derivative of the cost function with respect to the optimization
variable using the solver. Due to its invasive nature, the inversion of different flow problems using
this method necessitates significant code modification and substantial computational resources,
posing challenges to its widespread applicability.

Given these difficulties, motivated by the classic ensemble Kalman filter (EnKF) [20] method
initially proposed by Evensen for the data assimilation in nonlinear problems, Iglesias et al.
[21] introduced an iterative ensemble Kalman method, called ensemble Kalman inversion (EKI),
which is particularly suitable for field inversion in various CFD problems due to its derivative-free
nature. Additionally, Zhang et al. [22] demonstrated that the EKI method converges faster than
the adjoint method for the same inverse problem. However, the traditional EKI method may lead
to ill-posed inferences due to its inability to incorporate regularization terms in the cost function.
To address this inherently ill-posed problem, Iglesias [23] introduced the regularization based on
the Levenberg-Marquardt (LM) [24] scheme into the original iterative EnKF method, and Luo
et al. [25] demonstrated that the LM-based iterative ensemble method performs well in solving
the minimum-average-cost (MAC) problem, particularly in strongly nonlinear systems. Zhang et al.
[26] proposed a novel regularized ensemble Kalman inversion (REKI) method with a modified
analysis scheme that implicitly minimizes a cost function with generalized constraints. Building
upon these, Yang and Xiao [27] employed the FIML framework with the REKI method to modify
the k-ω-γ -Ar transition model for low-speed transitional flows. Similarly, Zhang et al. [28] enhanced
the four-equation γ -Reθ transition model in the hypersonic boundary layer using this framework.

Despite the improved performance presented in the works above, these methods employ offline
training, meaning that the model training and solver predictions are separate. These separate steps
introduce the opportunity for inconsistency. Wu et al. [29] have shown that minor errors in the
machine learning model can rapidly amplify in the RANS solver. Moreover, Liu et al. [14] confirmed
that the error amplification caused by inconsistency is more severe in high Reynolds number
separated flows. While some studies [12,29,30] have demonstrated that implicitly handling data-
driven Reynolds stress models can effectively alleviate this problem, applying these methods in high
Reynolds number cases is challenging due to the scarcity of high-fidelity data. Similarly, the classic
FIML framework for baseline turbulence model correction adopts offline learning separate from
the inversion, resulting in an inconsistency between the inversion and the prediction environment.
Therefore, researchers have adopted a method of directly inverting model parameters to integrate
inversion and training into one step, ensuring the posterior accuracy of model coupling. Zhao et al.
[31] used the GEP model with sparse high-fidelity LES data to construct a nonlinear Reynolds stress
closure term. Zhang et al. [22] employed the EnKF method with TBNN for nonlinear Reynolds
stress modeling in secondary and separated flow. On this basis, Wang and Zhang [32] used the
EnKF method to perform transfer learning and built an eddy viscosity model. Aulakh et al. [33]
calibrated the coefficients of the SA turbulence model with EnKF. In particular, they artificially
defined the sensitive coefficient Cb1 as an expressions related to the dimensionless characteristics of
local flows to improve model performance.

In light of the above studies, this paper presents an improved FIML framework based on REKI
for improving the k-ω SST turbulence model, emphasizing consistency and regularization. First,
unlike the classic FIML framework, the improved FIML framework ensures consistency between
the inversion and prediction environments by integrating field inversion and machine learning.
Specifically, the improved FIML framework incorporates prediction information in observation
space from the solver during the model training process to guide the optimization of parameters,
addressing the issue of inconsistency in traditional methods. The ANN is applied to correct the
destruction term in the ω’s transport equation, and the parameters of the ANN are optimized
using the REKI method. It is worth noting that, although many terms of the turbulence model
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have uncertainties, the eddy viscosity coefficient is not unique. Thus, we can still align the solver
results with the experimental data by adjusting only the destructive terms to modify the eddy
viscosity coefficient in the areas of interest. In addition, this work applies the REKI method with
a modified analysis scheme to optimize the ANN’s parameters. An additional constraint on the
spatial correction field β is added to the cost function. Including regularization terms facilitates the
exploration of regions in the inversion process that are more sensitive to model corrections, aiming
to achieve inversion optimization by minimizing the correction area and magnitude as much as
possible.

The remainder of this paper is organized as follows. Section II introduces the incompressible
governing equations of the solver, the form of the ANN-improved k-ω SST turbulence model, and
the inversion method utilized in the improved FIML framework. In Sec. III, the improved framework
is applied to the low Reynolds number and high Reynolds number separation flow cases to verify
the robustness and generalizability of the ANN-improved k-ω SST turbulence model. Finally, a
summary of the contribution is demonstrated in Sec. III.

II. METHODOLOGY

A. Governing equations

The SimpleFoam solver in the open-source CFD platform OpenFOAM [34] is utilized to solve
the two-dimensional incompressible turbulent flow. The governing RANS equations read

∇ · u = 0. (1)

∂u
∂t

+ u · ∇u = −∇p + ν∇2u − ∇ · τ, (2)

where u, p, and ν are the mean velocity, mean pressure (normalized by density), and viscosity,
respectively. τ is the Reynolds stress accounting for unresolved turbulence:

τ = 2
3 kI − vt [∇u + (∇u)T ]. (3)

Herein, the Reynolds stress is unknown and needs to be closed by a mathematical model. It is
generally recognized that the turbulence closure model is the most critical factor in the prediction
accuracy of RANS equations, in addition to the effects regarding the discretization schemes and
numerical algorithms.

B. ANN-improved k-ω SST turbulence model

The k-ω SST turbulence model [2] effectively combines the robustness and accuracy of the k-
ω model in the near-wall region with the k-ε model’s advantages in computing the far-field flow
independent of the free stream. It incorporates an additional term for the transverse dissipation
derivative and considers the transport process of turbulent shear stress. The specific form of the
model is as follows:

∂k

∂t
+ u · ∇k = Pk − β∗ρωk + ∇ · (νeff,k∇k),

∂ω

∂t
+ u · ∇ω = δ

νt
Pk − θρω2 + ∇ · (νeff,ω∇ω) + 2(1 − F1)

ρσω2

ω
∇k : ∇ω. (4)
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In the equation,

νeff,k = ν + σkνt , νeff,ω = ν + σωνt , Pk = −τ : ∇u,

F1 = tanh
(
arg4

1

)
, arg1 = min

[
max

( √
k

β∗ωd
,

500ν

d2ω

)
,

4σω2k

CDkωd2

]
,

CDkω = max
(

2
σω2

ω
∇k : ∇ω, 10−20

)
, (5)

where ν denotes the dynamic viscosity, νt the eddy viscosity, and d the wall distance. Further
introduction of a turbulence viscosity limitation makes it more widely applicable:

νt = k

ω

(
1/ max

[
1,

SF2

0.31ω

])
,

F2 = tanh

⎛⎝(
max

[
2
√

k

0.09ωd
,

500ν

d2ω

])2
⎞⎠. (6)

The model coefficients β∗, σk, σw, δ, and θ in Eq. (4) are calculated by the blend function F1

and can be expressed as

φ = F1φ1 + (1 − F1)φ2,

φ = [β∗, σk, σω, δ, θ],

φ1 = [β∗
1 , σk1, σω1, δ1, θ1],

φ2 = [β∗
2 , σk2, σω2, δ2, θ2], (7)

where φ1 denotes the k-ω model’s coefficients and φ2 denotes the k-ε model’s coefficients. In
this work, the standard values are adopted [2]. It is important to emphasize that the constant
coefficients used in the standard k-ω SST turbulence model are calibrated based on simplified
theories and limited experimental data. As a result, the accuracy of the baseline k-ω SST model
may be compromised when simulating complex turbulent flows.

Several researchers have proposed various modifications to make the k-ω SST model sensitive to
rotation and streamline curvature to address this issue. These methods primarily involve changes to
the turbulent length scale or adjustments to the damping term in the dissipation equation. Smirnov
and Menter [35] extended the RC correction method developed by Spalart and Shur to the k-ω
SST model, resulting in the RC-corrected k-ω SST model, also referred to as the SST-CC model.
Dhakal and Walters [36] modified the k-ω SST turbulence model by considering the effects of
rotation and streamline curvature based on the mean flow velocity gradient, leading to the SST
k-ω-v2 model. This model introduces an additional transverse turbulent velocity scale, represented
by the v2 transport equation, which carries information about the turbulent structures induced by
rotation and streamline curvature. Moreover, Hellsten [37] replaced the turbulent timescale used
in the RI expression with the average flow timescale. Then, the destruction term of the ω transport
equation of the k-ω SST turbulence model is corrected to obtain the k-ω RCSST model. Considering
rotation and curvature while avoiding the complexity of the above RC correction, e.g., second-order
velocity derivatives.

This issue can be effectively addressed in this work by utilizing the developed ANN-improved
k-ω SST turbulence model. In this study, the baseline turbulence model’s prediction error primarily
arises from inaccuracies in predicting the shear layer within the separation bubble caused by a strong
reverse pressure gradient. Identifying this flow structure is crucial for improving the accuracy of the
turbulence model. Additionally, the relative size ratio of turbulence-related physical quantities can
be used to gauge the extent to which the benchmark model accurately identifies the flow structure.
By incorporating these input features, the model can better pinpoint the errors in the reference
turbulence model and provide a corrective direction. Considering these factors, six local scalar
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TABLE I. Input feature set.

Feature Description Formula Note

η1 Vortex Reynolds number (rotation) ||�||d2/(ν + νt ) � = 1
2 [∇u − (∇u)T ]

η2 Vortex Reynolds number (strain) ||S||d2/(ν + νt ) S = 1
2 [∇u + (∇u)T ]

η3 Normalized mean rotation rate ||�||/(||�|| + ||S||)
η4 Turbulence intensity k/(k + 0.5|u|2)

η5 Scalar function 1 Tr(Ŝ2) Ŝ = S/(||S|| + ω)

η6 Scalar function 2 Tr(�̂2) �̂ = �/(||�|| + ω)

features are selected in Table I, where u denotes the mean velocity, k the turbulent kinetic energy,
S the mean strain rate, � the mean rotation rate, Ŝ the local dimensionless form of S, �̂ the local
dimensionless form of �,Tr(•)the trace, | • | the vector norm, and || • || the Frobenius matrix norm.

The first two features are the vortex Reynolds numbers, which help identify flow shear layers
and vortex flows. Singh et al. [17] utilized the feature η1 to correct the generation term of the
SA model. The third feature is the normalized mean rotation rate, similar to the Q criterion [38],
which aids in identifying the vortex. The fourth feature is the turbulence intensity, which provides
information about the level of turbulence present in the flow. The last two features are based on
the stress tensor decomposition theory proposed by Pope [8]. Only these two scalar independent
invariants are nonzero for statistically two-dimensional flows, making them valuable in identifying
flow characteristics. By extracting the flow-field input features for each grid point, the ANN model
can be expressed as

β(η) = 1 + f (w, b, η̂1, . . . , η̂n), η = [̂η1, η̂2, . . . , η̂n], (8)

where f represents the ANN model, η̂n is the normalized input feature, and w and b are the
weights and biases of the ANN, respectively; subsequently, following the correction strategies
adopted in Ref. [19], the correction field β(η) is used to multiply the ω-destruction term. It is
worth noting that, despite potential uncertainties in other terms of the model, modifying only the
ω-destruction term effectively controls the magnitude of turbulent shear stress, thereby improving
the predictive capability of the SST model. From both the equation and physical perspectives, larger
β leads to stronger destruction of ω and weaker dissipation of k [β∗ρωk in Eq. (4)], resulting
in a smaller ω and a larger k. This increases the eddy viscosity coefficient, which in turn leads
to increased momentum exchange, making the predicted separation bubble smaller, while smaller
β leads to a larger separation vortex. Moreover, changing only one parameter less impacts other
flows and increases computational stability. Based on these considerations, we have performed the
inverse correction only on the ω-destruction term. The corrected turbulent transport equation can be
expressed as follows:

∂ω

∂t
+ u · ∇ω = γ

νt
Pk − β(η)θρω2 + ∇ · (νeff,ω∇ω) + 2(1 − F1)

ρσω2

ω
∇k : ∇ω. (9)

ANNs are essential tools in machine learning that have drawn increasing attention to flow
modeling [39–42]. Figure 1 shows a neural network structure with n inputs and one output. The
traditional learning mechanism of an ANN encompasses two principal phases: forward propagation
and backward propagation. During forward propagation, the input data progress from the input
layer through the hidden layers to the output layer, with each neuron calculating a weighted sum
and applying an activation function to produce an output signal. Backward propagation involves
adjusting the network’s weights by backward-propagating the loss function using the gradient
descent algorithm to minimize errors and refine the model’s predictions.
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FIG. 1. Sketch of the artificial neural network.

With high efficiency and superior nonlinear fitting capabilities, the ANN model is employed
to enhance the baseline turbulence model by modeling the nonlinear relationships between local
dimensionless features and the correction field. This work employs backward propagation in the
pretraining phase to establish a set of initial parameters, as detailed in the next section. The
derivative-free REKI method is utilized for the subsequent training to optimize the parameters.
The implementation of the ANN is carried out using TensorFlow, and the coupling between the
trained ANN model and the solver is completed using the application programming interface (API)
[43]. Next, we will discuss optimizing the ANN model’s parameters to minimize the discrepancy
between the predicted mean flow from the improved turbulence model and the reference mean flow.

C. REKI method for data assimilation and parameter optimization

Data assimilation (DA) is a powerful technique that enhances the predictive capabilities of
numerical models by integrating observational data. By combining information from diverse
sources, DA creates a more accurate link between simulations and observations. This approach finds
widespread application in weather forecasting, ocean modeling, and environmental science [44,45].
A notable DA method is the EnKF [20], a derivative-free estimation technique. The EnKF employs
a collection of random samples to represent the model state’s probability distribution, updating these
samples to incorporate new observational data effectively. Iglesias et al. [21] further developed an
iterative EnKF method for the inversion problem and demonstrated that the EnKF method provides
comparable accuracy to the traditional least-squares approaches. On this basis, Kovachki and Stuart
[46] attempted to use the EKI method instead of stochastic gradient descent (SGD) to optimize
the parameters of machine learning models. Luo [47] confirmed the reasonable performance of
the ensemble-based learning method in supervised learning problems (SLPs) and further extended
this idea to the DA problem involving forward simulators with errors. These works embrace this
approach by employing the REKI method to invert the parameters of the ANN that represent
correction coefficients β, thereby ensuring the posterior accuracy of the ANN model embedded
within the solver. Briefly, the parameters of the ANN model serve as the adjustable parameters,
and the primary optimization objective in the observation space is to minimize the discrepancy
between the convergence result of the ANN-embedded RANS solver and the reference value. Based
on Bayesian theory and the Gaussian distribution assumption,

p(χ|y) ∝ p(χ)p(y|ξ(χ)) ∝ exp
( − ||χ − χ f ||2

P−1 − ||y − ξ(χ f )||2
�−1

)
, (10)

where the operator ‖ A ‖2
B−1 is defined as AT BA; χ denotes the uncertain quantity (the weights w and

biases b of the ANN model in this paper, which can be expressed as χ = [w, b]), y the high-fidelity
observations obtained from experiments or numerical simulations, ξ(•) the propagation process that
maps the state space into the observation space using the solver, and P the covariance matrix of
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the uncertain quantity. � is the covariance of the observation error, p(χ) is the prior distribution of
the uncertain quantity χ, and p(y|ξ (χ)) is the likelihood probability distribution between predictions
and observations. Maximizing the posterior probability is equivalent to minimizing the loss function
as follows:

J (χ)= ||χ − χ f ||2
P−1 + ||y − ξ(χ)||2

�−1 . (11)

Moreover, by incorporating an additional custom regularization term about prior mean values to
limit the search space of the optimal solution, articulate the final loss function as

J (χ)=||χ − χ f ||2
P−1 + ||y − ξ(χ)||2

�−1 + ||β − 1||2
Q−1 . (12)

The covariance of the observation error � represents the weights of different observation points,
with smaller weights indicating the lower importance of that observation point in the inversion
process. In this work, adaptively adjusting the observation weights based on ensemble observation
space information to accelerate the convergence of the inversion algorithm, Q is the weighting
matrix for the regularization term.

The initial ensemble samples are critical for the inversion process because random initial param-
eters can lead to abnormal model outputs, resulting in solver divergence. To prevent this, the ANN
model should be pretrained and embedded into the solver to achieve performance comparable to the
baseline model. This pretraining process can be expressed as

β(η) = 1+ f (w0,b0 ,̂η1,̂η2, . . . , η̂n) = 1. (13)

The initial ensemble χ = span{χm
0 }M

m=1 satisfies a Gaussian process:

χ ∼ N([w0, b0], κ ), (14)

where w0 and b0 represent the initial weight and bias of the ANN model. Then, the REKI algorithm
is primarily divided into a prediction step and an analysis step. In the prediction step, the ensemble
of the current uncertain input state (the parameters of the neural network) is mapped into the
observation space, thereby incorporating information about the forward model (RANS solver).
The analysis step compares the mapped ensemble in the observation space with the observational
high-fidelity data, adjusting the ensemble to better align with the observational data. This paper
utilizes the open-source data assimilation and field inversion (dafi) framework developed by Ströfer
et al. [48] to perform inversion corrections on the ANN-improved SST turbulence model. The
specific steps are as follows:

(1) Prediction step: Embed the correction field corresponding to each sample into the RANS
solver for propagation. After convergence, extract the corresponding observations γ n

m = ξ (χn
m),

where m represents the sample index, and n is the iteration step. Compute the sample mean
accordingly:

γ n = 1

M

M∑
m=1

γ n
m, χn = 1

M

M∑
m=1

χn
m. (15)

(2) Analysis step: Introduce a linear operator as an estimate that satisfies ξ(χ) = Eχ, ξ′(χ) = E.
According to Ref. [26], the updated format for the parameters is

χn+1
m = χn

m + K
(
ym − Eχn

m

) + δ. (16)
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In the equation, K is the Kalman gain matrix, and δ is the additional correction generated by the
regularization term. The specific form is given by the following equations:

K = PET (EPET + �)
−1

, (17)

δ = − λn

||P||F PG ′(χn)T WG(χn), (18)

λn = 0.5λ0

[
tanh

(
n − s

d

)
+ 1

]
, (19)

where P =CχCT
χ , and G(•) represents the regularization term; the change law of the regular term

with the iteration step can be adjusted by changing s and d in the ramp function. W is taken as the
identity matrix IJ×J in this paper, and J is the number of grid points. Since the above update format
cannot be directly implemented in the program, the Kalman gain matrix K is further simplified as
follows:

K = PET (EPET + �)
−1

= CχCT
χ ET

(
ECχCT

χ ET + �
)−1

= Cχ(ECχ)T (ECχ(ECχ)T + �)
−1

= CχCT
γ

(
CγCγ

T + �
)−1

= Cχγ (Cγγ + �)−1. (20)

In the equation, the covariance matrix regarding the ensemble observations γ and the inversion
parameters χ is as follows:

Cχγ = 1

M − 1

M∑
m=1

(
χn

m − χn
)(

γ n
m − γ n

)T
,

Cγγ = 1

M − 1

M∑
m=1

(
γ n

m − γ n
)(

γ n
m − γ n

)T
. (21)

(3) Check for convergence: Determine if the error or the number of iterations has reached a
specified value. If so, consider the process to have converged; otherwise, return to step 2.

D. Overall framework

In summary, the improved FIML framework for ANN-improved k-ω SST turbulence modeling
based on REKI is constructed, as shown in Fig. 2. The overall training process can be broken down
into the following steps:

(1) Select appropriate dimensionless mean features η as the input of the artificial neural network.
Here, η = [̂η1,̂η2, . . . , η̂n].

(2) Calculate the mean flow field via the baseline k-ω SST turbulence model and obtain the
initial ensemble of parameters by pretraining.

(3) Add the spatially varying field β to correct the destruction term θρω2 in the ω′ transport
equation of the k-ω SST turbulence model.

(4) Fine-tune and optimize the initial parameter samples through the REKI method, noting that
the freezing assumption is used in this process, which means that the fixed correction field β of the
ANN’s output is propagated through the RANS solver to obtain the results in observation space,
which can be referred to as semicoupled.

(5) After REKI converges, calculate the average value of parameter samples and construct the
final ANN model.
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FIG. 2. Framework for ANN-improved k-ω SST turbulence modeling.

(6) Fully couple the RANS solver and the ANN model through the c/python API of the
TensorFlow framework. Then, apply the ANN-improved k-ω SST turbulence model to other unseen
cases.

III. NUMERICAL RESULTS AND DISCUSSION

In this section, we validate the ANN-improved k-ω SST turbulence model by simulating two
typical sets of separated flow problems: the separated flow over slopes and steps at low Reynolds
numbers and the separated flow over airfoils at high Reynolds numbers. Our research pays special
attention to evaluating the model’s generalization and convergence capabilities, ensuring a compre-
hensive assessment of its performance.

A. Separated flows over slopes and steps

The framework is first applied to simulating separated flows over slopes and steps, which are
commonly used for validating data-driven turbulence modeling due to its rich high-fidelity turbu-
lence database at a wide range of Reynolds numbers [10,12,49]. We selected flow past the periodic
hills (PHs) at Reh = 5600 for model training and flows over PHs, backward-facing step (BFS)
without curve at Reh = 5000, and slopes (a bump at Reh = 25 000 and a curved backward-facing
step (CBFS) at Reh = 13 700) for validation.

1. Case setting and model training on multiple shapes and cases

The PH cases are a widely used benchmark in computational fluid dynamics for studying
turbulent separated flows. It involves a series of sinusoidal hills that create flow separation and
reattachment, characterized by adverse pressure gradients and recirculation zones. This challenging
test case provides insights into the accuracy of turbulence models, particularly in predicting sepa-
ration and reattachment. Xiao et al. [49] parametrized the geometry of the PH based on steepness
ratios α and provided extensive DNS flow field data. The parameter α alters the hill’s steepness
and the geometry’s overall length while the height remains unchanged. It has a noticeable effect
on the behavior of separating flows. In this work, we selected shape parameters corresponding to
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FIG. 3. Schematic of the geometries of (a) PHs, (b) a BFS, (c) a bump, and (d) a CBFS.

α = 0.8, 1.0, 1.2, and 1.5. Among them, the cases of α = 1.0 and 1.5 are selected for training the
model, while the others are chosen as test cases, as shown in Fig. 3(a). The left and right sides
are connected to achieve periodicity. Hence, the cyclic boundary conditions are used at the inlet
(left side) and outlet (right side). The BFS case, which differs most significantly from the training
data in its geometry due to the absence of curvature, is chosen to assess the generalizability of
the improved model, as illustrated in Fig. 3(b). The geometry, DNS results, and experimental data
are sourced from Refs. [50,51]. In addition, the parametric bumps [52] with maximum heights of
38 mm and the CBFS case [53], which exhibit notable differences in shape, incoming flow, and
boundary conditions compared to the PHs, are chosen to further assess the generalization capability
of the ANN-improved SST turbulence model, as illustrated in Figs. 3(c) and 3(d). Additionally,
Table II provides detailed parameters for the training and testing cases, and the computational grids
are presented in the Appendix.

For the training process, the ensemble’s sample number is 24. The dafi code can easily assign
a separate thread to each sample for parallel computation. The Gaussian distribution with a slight
variance is selected as the initial sample to avoid inversion instability caused by a large Kalman gain
matrix. The relative standard deviation of the initial parameter is set as 0.1. The simple network
structure for the ANN will make it challenging to map the nonlinear relationship between the local
dimensionless field quantity and the corrected field. On the contrary, the overly complex network
structure will also cause overfitting. Therefore, the ANN model containing four hidden layers
with eight nodes per layer is employed for this case, and the leaky Rectified Linear Unit (RELU)
activation function is used at each artificial neuron. The regularization parameter λ used in this work
is employed to adjust the weight of the regularization term in the cost function. It is set as 0.03 in

TABLE II. Summary of rear slope separation flow cases used for training and testing.

Case Use Geometry Re Inlet velocity (m/s)

PHs Training α = 1.0, 1.5; h = 1 m 5 600 0.028
PHs Testing α = 0.8, 1.2; h = 1 m 5 600 0.028
BFS Testing h = 1 m 5 000 1.000
CBFS Testing h = 1 m 13 700 1.042
Bump Testing h = 38 mm 25 000 16.68
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FIG. 4. The correction field β of the PH with different λ for PHs: (a) λ = 0, (b) λ = 0.015, (c) λ = 0.030,
and (d) λ = 0.045.

this case. We discuss the effect of different λ on the distribution of the correction fields β. Figures
4 and 5 present the contour and probability density of β for different regularization parameters.
The mathematical expectations for the approximate Gaussian distribution corresponding to the
different regularization parameters λ are μa = 1.406, μb = 1.304, μc = 1.281, and μd = 1.205,
respectively. As the weight of the regularization term increases, the range and magnitude of correc-
tions to the disturbance term are significantly reduced. Moreover, as λ increases, the proportion of

FIG. 5. The probability density of β at different λ (the red line represents an approximate Gaussian
distribution): (a) λ = 0, (b) λ = 0.015, (c) λ = 0.030, and (d) λ = 0.045.
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FIG. 6. The comparison of the velocity profiles for different regularization parameters.

the regularization term in the process of inversion optimization will increase, and the error between
the solver’s output and the values of the observational term also changes accordingly. Figure 6
intuitively shows the impact of different regularization parameters on the prediction accuracy of
different profiles. As λ increases, the constraint imposed by the regularization term may lead
to an increase in observation space error. When λ = 0.045, although there is still a noticeable
improvement over the baseline model, the error increases significantly compared to the other three
modified models. We believe that for λ � 0.045, the introduction of the regularization term does
not negatively impact the optimization in the observational space. Therefore, we determined that
λ = 0.03 provides the optimal correction.

In this work, thanks to the derivative-free and Bayesian nature of the Kalman method, unlike
the traditional direct data-driven neural network turbulence closure model, sparse and even noisy
indirect data can be used for model training, the nondimensional mean velocities at x/h = 1, 3, 5, 7
are extracted as the observation data, and the mean DNS data are interpolated to observation points.
The observational term in the cost function represents the velocity error between the DNS and the
result of the solver embedded with the ANN model. Accordingly, it is defined as

J (χ)=||χ − χ f ||2
P−1 + ||uDNS/uinlet − ξ(χ)||2

�−1 + ||β − 1||2
Q−1 , (22)

where uDNS represents the DNS velocity in observational space, uinlet represents the inlet velocity.
Figure 7 shows the iteration convergence history of the REKI loop. After ten steps, the REKI
calibration process converges, with the cost function decreasing from 10.11 to 1.29 (a reduction
of 86.15%), and the error in the observation space decreasing from 0.31 to 0.028 (a reduction of

(a) Step versus cost function (b) Step versus error 

FIG. 7. The convergence history of the REKI calibration process for periodic hills.
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FIG. 8. Correction field β of the periodic hills with different steepness ratios.

90.9%). The error in the observation space is defined as

error = 1

N

N∑
n=1

∣∣(uDNS
n − uREKI

n

)/
uinlet

∣∣, (23)

where N represents the number of observation points.
After the convergence of the ensemble, we couple the trained model with the RANS solver

and apply the model to simulate the training cases first. Figure 8 shows the correction field β

of two training cases, where the corrections are most active in the shear layer of the separation
region, the correction above the separation area is significantly greater than 1.0 at x/h = 0–4, and
its maximum value is approximately 1.5. β > 1.0 indicates a more pronounced disturbance in
the transport equation, altering the overall balance of turbulence flow. This correction results in
a lower dissipation rate and higher turbulent kinetic energy. As illustrated in Fig. 9, the improved
turbulence model predicts significantly higher turbulent kinetic energy compared to the baseline
turbulence model and is closer to DNS results, where the turbulent kinetic energy is normalized
by inlet velocity. It is worth emphasizing that turbulent kinetic energy is not used as a constraint
in the cost function. Additionally, the improved velocity fields and streamlines in the separation

FIG. 9. The comparison of turbulent kinetic energy between RANS with different turbulence models and
DNS for periodic hill cases on every grid for training cases, where the DNS turbulent kinetic energy is
interpolated onto the RANS grid (red points, DNS versus improved SST; green points, DNS versus baseline
SST).
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(a) α=1.0 (b) α=1.5 

FIG. 10. The comparisons of velocity distributions and streamlines of different models in training sets.

area, compared with the DNS data and the results obtained by the baseline turbulence model, are
presented in Fig. 10. The streamline resulting from DNS data shows that the baseline RANS model
overestimates the size of the separation bubble, revealing that the baseline turbulence model is not
capable of precisely capturing the flow separation feature for this case. In contrast, the improved
turbulence model provides higher turbulent kinetic energy, increasing shear stress and promoting
the separated flow’s reattachment. The separation point and size of the separation bubble agree well
with the DNS results.

To provide a more intuitive and quantitative comparison of the prediction accuracy between
the two models, Fig. 11 represents the velocities in the x direction along various profiles (α =
1.0, x/h = {1, 2, 3, 4, 5, 7, 8, 9}; α = 1.5, x/h = {1, 2, 3, 4, 5, 6, 7, 8, 9}). The results obtained by
the baseline turbulence model deviate significantly from the DNS result. In contrast, the improved
turbulence model shows a remarkable improvement in the velocity profiles throughout the flow
region. Figure 12 shows the comparisons of the skin friction coefficient. The results show that only

(a) α=1.0 (b) α=1.5

FIG. 11. The comparisons of normalized velocity profiles of different models for PH cases in training sets.
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(a) α=1.0 (b) α=1.5 

FIG. 12. The comparisons of skin friction coefficient of different models for PH cases in training sets.

the velocity as the observation data to guide the ANN model promotes the reattachment of the flow
and significantly improves the prediction accuracy of the friction coefficient to some extent.

2. Generalization and convergence verification

As discussed in Sec. III A 1, the ANN-improved k-ω SST turbulence model with the proposed
training framework shows promising improvements in predictive accuracy. Furthermore, to assess
whether the improved turbulence model can improve accuracy for an unseen case, an evaluation
is conducted to determine if the model’s performance can be generalized to other scenarios. The
first two test cases are PHs of α = 0.8 and 1.2, with different channel lengths and hill slopes
compared to the training cases. Although similar to the training cases, the separated flow is
susceptible to the shape parameter α, especially the slope change. Figure 13 shows the comparison
of normalized velocity under different profiles (α = 0.8, x/h = {1, 2, 3, 4, 5, 6, 7}; α = 1.2, x/h =
{1, 2, 3, 4, 5, 6, 7, 8}) in the test cases. Note that the case with α = 0.8i is actually not covered by
the parameter spanned over the training set. Even with this deviation, good agreements between
the present results and the DNS data have been achieved, indicating the reliability of the proposed
ANN-based method for simulating turbulence flows with separations with different geometries. The
result demonstrates the generalization ability of the ANN-mproved k-ω SST turbulence model to
different shapes.

To further assess the improved turbulence model’s ability to generalize, we apply it to the BFS,
CBFS, and bump cases with significant differences in shape, inflow, and boundary conditions.
Unlike the PH cases’ cyclic inflow and outflow, these involve a fully developed velocity inlet and

FIG. 13. The comparisons of normalized velocity profiles of different models for PH cases outside the
training set.
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FIG. 14. The comparisons of normalized velocity profiles with different models.

pressure outlet. For the BFS case, Fig. 14 presents the velocity comparison at different stations.
The improved model significantly enhances the prediction accuracy in the reattachment region.
Additionally, it is worth noting that the modified model does not disrupt the boundary layer region
on the upstream side of the step, as evidenced by the comparison of the velocity distribution at
x/h = −3.0. Figure 15 shows the streamline distribution of the separation zone. The results visually
demonstrate that the improved model significantly improves the prediction accuracy in the attached
area, with the data closer to the experimental values at x/h = 6.0. Figure 16 shows the correction
field; similar to the PHs, the correction above the separation area (x ∈ (2, 4)) is significantly
larger than 1.0. Figure 17 shows streamlines in the separation zone of different turbulence models.
Figure 18 presents the normalized velocity profiles in the separation zone (bump, x =
{0.2, 0.3, 0.4, 0.5}, y ∈ (0, 0.05); CBFS, x/h = {−1.0, 1.0, 2.5, 3.5, 5.0, 6.0}, y/h ∈ (0, 2.0)) with
different models, and Fig. 19 presents the comparisons of the skin friction coefficient of different
models. These results indicate that the improved turbulence model still significantly improves
separation prediction capability despite the vast differences between the test and training scenarios,
further proving the improved turbulence model’s generalization ability.

In this work, we multiply the ANN model by a relaxation function that varies with the iteration
steps to improve the convergence speed, which can be expressed as β(η) = 1 + tanh(i/b) f , where
i is the solver’s iteration step and b is set as 1000 for all cases. As the number of iterations
increases, tanh(i/b) approaches 1.0, becoming equivalent to the trained ANN model. This prevents
unreasonable model corrections from earlier flow field discrepancies, accelerating convergence.
Figure 20 compares the convergence processes of different models for the PH case with α = 1.5,
showing that introducing the relaxation function improves convergence speed. We compared the
convergence history curves at different mesh resolutions and Reynolds numbers, as shown in Fig. 21.
As the Re decreases, the convergence of the improved model gradually approaches that of the
baseline model. A lower mesh resolution accelerates the convergence speed but results in higher
stabilized residuals.

FIG. 15. The comparisons of velocity distributions and streamlines of different models on a BFS.
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FIG. 16. Correction field β of the CBFS case.

Figure 22 presents the convergence rate for the baseline turbulence model and the improved
turbulence model for PH and bump cases. For the bump case, the improved turbulence model
displays comparable convergence characteristics to the baseline turbulence model. For the PH
case with α = 1.0, the two models exhibit almost identical convergence rates. In summary, the
ANN-improved turbulence model shows good convergence for rear slope separation flow with
a low Reynolds number, and its convergence efficiency falls well within the acceptable range.
Additionally, it is worth emphasizing that although the ANN-improved turbulence model may take
extra time to call the ANN model in the iteration process, compared with the baseline turbulence
model, the calculation time required to converge to a residual value benchmark is basically in the
order of magnitude for different mesh resolutions as shown in Fig. 23 (a residual convergence of
10−7 is considered to indicate that the average flow field remains almost stable). Therefore, the
computational efficiency is significantly improved relative to the DNS or LES.

B. Flow over airfoils with high Reynolds numbers

In Sec. III A, multiple examples demonstrate a significant improvement in the accuracy of
the ANN-improved k-ω SST turbulence model for low Reynolds number cases. However, the

FIG. 17. The comparisons of velocity distributions and streamlines of different models on different test
cases (left, CBFS; right, bump).

024603-18



FEATURE-CONSISTENT FIELD INVERSION AND …

(a) CBFS (b) Bump

FIG. 18. The comparisons of normalized velocity profiles from different models with different cases.

limitations of LES and DNS for high Reynolds number cases resulted in a lack of turbulence
databases, making it challenging for traditional turbulent closed terms’ data-driven direct modeling.
On the other hand, even with the FIML framework, using experimental data for inversion training
still does not directly consider the coupling effects between the model and the RANS solver, which
may result in error amplification due to numerical iteration, especially at high Reynolds iteration.
The present improved framework based on integrating field inversion and machine learning ad-
dresses the drawbacks of the above modeling methods. Therefore, evaluating the performance of
the proposed framework under high Reynolds number flow becomes crucial. The wind turbine
airfoils, including S809, S805, and S814 airfoils with Reynolds numbers ranging from 1.0 × 106

to 3.0 × 106, are utilized for validation. This choice is motivated by the availability of extensive
experimental data, which is crucial for supporting the inverse training process [54–56], where the
Reynolds number is based on the inlet Mach number and the chord length of the airfoil.

1. Case setting and model training on multiple angles of attack

In the case of these wind turbine airfoils, as the angle of attack increases, the separation flow
becomes more pronounced, making it difficult for traditional RANS models to predict accurately. As
a result, these airfoils are widely used for turbulence modeling of high Reynolds number separated
flows [15,17,32]. Figure 24 presents the geometry of the wind turbine airfoils for validation.

(a) CBFS (b) Bump

FIG. 19. The comparisons of skin friction coefficient from different models with different cases.
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FIG. 20. The comparison of convergence processes between different models for a periodic hill with α =
1.5 (ANN1, b = 1; ANN2, b = 1000).

For this inversion problem, the upper wall pressure coefficient is chosen as the observation data,
ensuring that the trained ANN-improved k-ω SST model can accurately capture the reverse pressure
gradient. The pressure coefficient corresponding to the wall grid node is interpolated to the position
of the experimental measurement point. For airfoils, the correction near the wall is crucial, and

FIG. 21. The residual plots in converging history of different mesh resolution and Re for a periodic hill
with α = 1.5.
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FIG. 22. The residual plots in converging history of different turbulence models on bump and PH cases.

extending the correction region beyond one chord length did not result in significant accuracy
improvements, according to our tests. Therefore, only the area within one chord length from the
wall is corrected to save computational resources, and the far field is set to the default value of 1.
Additionally, the S809 airfoil at multiple angles of 8.2◦ and 14.2◦ are selected as training cases,
as shown in Table III, where the former has almost no flow separation, while the latter exhibits
apparent flow separation. This selection method ensures good computational accuracy of the model,
regardless of the presence or absence of flow separation.

The number of samples in the ensemble is 24, and the relative standard deviation of the initial
parameter is set as 0.008. In addition, the regular constant λ in the regular term is set as 0.003. A
longer iteration step means that the S and d in the regularization term are also adjusted appropriately
to avoid the constraint term dominating prematurely. The S and d are set as 30 and 2, respectively.

FIG. 23. The relationship between the calculation time required for convergence to 10−7 and mesh resolu-
tion (the mesh counts are shown in parentheses).
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FIG. 24. The geometry of the wind turbine airfoils.

Here, the cost function is defined as

J (χ) = ||χ − χ f ||2
P−1 + ||CP

expt − ξ(χ)||2
�−1 + ||β − 1||2

Q−1 , (24)

where CP
expt represents the experimental pressure coefficient. The observational term repre-

sents the upper wall pressure coefficient error between the experience and the solver’s output.
Figure 25 shows the iteration convergence history of the REKI loop for the S809 airfoil. After
100 steps, the REKI calibration process converges, with the cost function decreasing from 0.95 to
0.098 (a reduction of 89.6%), and the error in the observation space decreasing from 0.11 to 0.0048
(a reduction of 95.6%). The error in the observation space is defined as

error = 1

N

N∑
n=1

∣∣CP
expt
n − CP

REKI
n

∣∣, (25)

where N represents the number of observation points.
After training, the coupled ANN-improved turbulence model can be easily employed in other

cases. Figure 26 shows the streamlines of the separation vortex of the S809 airfoil at the angle of
attack of 14.2◦ calculated by the improved turbulence model and the baseline turbulence model. The
separation vortex calculated by the improved turbulence model is larger than the baseline turbulence
model. Figure 27 intuitively shows the comparisons of the wall pressure coefficient of different
turbulence models. For cases at the angle of attack of 8.2◦ where separation does not occur, the
pressure coefficients computed by both models are consistent with the experimental data. As the
angle of attack increases, there is a significant separation flow at the airfoil’s trailing edge, and
the baseline turbulence model cannot accurately calculate the size of the separation vortex. The
improved turbulence model can still accurately capture the separation vortex by comparing it with
experiments.

TABLE III. Summary of high Reynolds number cases used for training and testing.

Case Use Angle of attack (deg) Re/106 Inlet Mach number

S809 Training 8.2,14.2 2.0 0.15
S809 Testing 0–18.2 1.0, 1.5 0.15
S805 Testing 0–18.2 1.0, 2.0 0.15
S814 Testing 0–18.2 1.0, 2.0, 3.0 0.15
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(a) Step versus cost function (b) Step versus error

FIG. 25. The convergence history of the REKI calibration process for the S809 airfoil.

2. Generalization performance and convergence verification

In this section, to verify the generalization ability of the ANN-improved turbulence model under
the separation flow with a high Reynolds number, the improved turbulence model is further applied
to the S809 airfoil at angles of attack outside the training set. Figure 28 presents the correction field
β of the S809 airfoil at angles of attack of 12.2◦ and 18.2◦. Contrary to the cases in Sec. III A,
the baseline turbulence model predicts a relatively small separation vortex for the high Reynolds
number airfoil separation problem at large angles of attack. Consequently, the improved turbulence
model calculates the correction field β that is less than 1.0 in the separation region, particularly
near the trailing edge. Its minimum value is approximately 0.75. As the angle of attack increases,
the correction range also expands significantly. This behavior is beneficial for preventing flow
reattachment in the separation vortex region. Figure 29 shows the profiles of velocity and eddy
viscosity near the upper wall of the S809 airfoil. The improved model enhances the prediction of
eddy viscosity in the trailing edge separation region of the airfoil while remaining consistent with
the baseline model in other regions, promoting premature separation, as presented in Fig. 29(b).
Figures 30 and 31 present different turbulence models’ streamlines and pressure coefficients. For
the S809 airfoil at angles of attack outside the training sets (α = {0◦, 12.2◦, 16.2◦, 18.2◦}), the
improved turbulence model can achieve accuracy comparable to experimental data, regardless of
whether the separated flow is present. The results demonstrate that the improved model exhibits
strong generalization capabilities, even with variations in the angle of attack.

Furthermore, the improved turbulence model is applied to the other airfoil at multiple angles of
attack, which differed from the S809 airfoil with different Reynolds numbers, incoming Mach num-
bers, and geometric shapes. Figures 32 and 33 show the streamlines and the pressure coefficients of
varying turbulence models. The improved turbulence model can still compute satisfactory results,
albeit with significant deviations from the training set. The results further powerfully demonstrate
the generalization ability of the improved turbulence model.

FIG. 26. The comparisons of velocity distributions and streamlines of different models for the S809 airfoil
at Re = 2.0 × 106.
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FIG. 27. The comparisons of the wall pressure coefficient of different models for the S809 airfoil at
Re = 2.0 × 106.

Figure 34 compares the lift coefficients at different angles of attack between experimental data
and numerical results. The improved model significantly improves the prediction of stall. From the
results, under the condition of apparent separation, the improved turbulence model significantly
enhances the accuracy of numerical simulation. In contrast, the improved turbulence model can still
maintain accuracy comparable to the baseline turbulence model under no separation.

Figure 35 illustrates the convergence rates for the baseline and improved turbulence models
applied to the S809 and S805 airfoils at angle of attack of 14.2◦. The improved turbulence model
demonstrates convergence rates and residual values comparable to the baseline model for high
Reynolds number separated flows. Specifically, the residual of the improved turbulence model drops
to less than 1 × 10−7 after 40 000 iterations. For the S805 airfoil, the improved model exhibited
a faster convergence rate. This convergence rate indicates that the improved turbulence model
maintains strong robustness for high Reynolds number separated flow.

IV. CONCLUSIONS

In this paper, a feature-consistent correction framework with the REKI and ML methodology is
presented, aiming to address the issue of insufficient prediction accuracy of the RANS models in
simulating separated flows. This approach allows for the simultaneous utilization of DNS results and
sparse high-fidelity experimental data in multiple flow conditions to explore the optimal artificial
intelligence correction models. Unlike traditional data-driven neural network models that rely on
gradient-based backpropagation optimization, the present regularized REKI approach is intrinsically

FIG. 28. The correction field β of the S809 airfoil at Re = 2.0 × 106.
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(a) velocity (b) eddy viscosity

FIG. 29. The near-upper-wall eddy viscosity and velocity profiles of different turbulence models for the
S809 airfoil at α = 12.2◦ and Re = 2.0 × 106.

stochastic and gradient-free so that gradient vanishing can be rectified in the training process.
The present method also integrates local flow features predicted by the RANS solver at each step
of the optimization process and the final trained model. This integration not only enhances the
model’s generalization ability across different geometries, inflows, and boundary conditions but also
guarantees the convergence performance of the RANS solver with the improved k-ω SST turbulence
model.

Numerical simulations of two typical sets of separated flow problems, including flows over PHs
and slopes and steps at low Re and the separated flow over airfoils at high Re, have been carried
out using the present ANN-improved k-ω SST turbulence model. The generalization performance
of scenarios with different geometries and Reynolds numbers is carefully examined. Both integral
forces and local flow quantities, including pressure distribution, velocity profiles, and skin friction,
agree well with the experimental or DNS data quantitatively, demonstrating that the modeling error
is substantially reduced. Improved prediction in the recirculation zone and recovery zone is also

FIG. 30. The comparisons of velocity distributions and streamlines of different models for the S809 airfoil
at Re = 2.0 × 106.
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FIG. 31. The comparisons of the pressure coefficients for numerical results with the experimental data for
the S809 airfoil at Re = 2.0 × 106.

observed. Although the present model is calibrated on the destruction term with multiple flow
conditions, the development of a more effective model by considering production, destruction, and
diffusion terms in more complex flows can be an important avenue for future studies.

FIG. 32. The comparisons of velocity distributions and streamlines of different models at different angles
of attack with the S814 airfoil.
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FIG. 33. The comparisons of the pressure coefficients for numerical results with the experimental data for
the S814 airfoil at Re = 2.0 × 106.

FIG. 34. The comparisons of lift coefficients at different angles of attack between experimental data and
numerical results: [(a)–(c)] S809, [(d), (e)] S805, and [(f)–(h)] S814.
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FIG. 35. The residual plots in converging history of different turbulence models at α = 14.2◦: S809, Re =
2.0 × 106; S805, Re = 1.0 × 106.
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FIG. 36. The computational mesh: (a) CBFS, (b) bump, (c) periodic hill with α = 1.0, and (d) S809 airfoil.
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APPENDIX: THE COMPUTATIONAL GRIDS OF CASES

Considering the sensitivity of high-order features to the mesh, this paper adopts the structure
mesh to ensure its smoothness. As shown in Fig. 36, in the CBFS case, it adopts a grid of
371 × 100, and the maximum y+ of the first layer mesh is 0.91. In the bump case, it adopts a
grid of 412 × 175, and the maximum y+ of the first layer mesh is 0.93. In the PH cases, it adopts a
mesh of 100 × 150, and the maximum y+ of the first layer mesh is 0.87. In the S809 airfoil case, it
adopts a mesh of 300 × 150. There are 50 layers of mesh in the boundary layer with a growth rate
of 1.05, and the maximum y+ of the first layer mesh is 0.85. The whole computational domain is a
circle whose center is (0 m, 0 m), the radius is 50 m, and the chord length of the airfoil is 1 m. The
meshes of all cases satisfy the mesh independence verification.
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