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Helical ribbons: Simple chiral sedimentation
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We study the design of chiral particle shapes that couple translation to rotation in viscous
fluid flow. We identify helical ribbons as particles with strong coupling whose symmetry
ensures that the centers of mass, buoyancy, resistance, and mobility coincide. Cocentered
particles such as helical ribbons provide an essential step in the hierarchy of increas-
ingly complex translation-rotation coupling. Experiments on sedimenting helical ribbons
measure both relevant mobility tensors and show excellent agreement with simulations of
ribbons made of interacting spheres. We observe quasiperiodic angular dynamics causing
complex spatial trajectories. In tilt-spin phase space, orbits are closed due to time-reversal
and reflection symmetry. As the helical ribbon length increases, a bifurcation occurs at
which the stable sedimentation orientations switch. The particle at the bifurcation has ax-
isymmetric translation-rotation coupling and particularly simple sedimentation dynamics.
Some special trajectories are unconfined in space and may contribute disproportionately to
particle transport rates.

DOI: 10.1103/PhysRevFluids.10.024101

I. INTRODUCTION

How can shapes be designed to optimize coupling of translation to rotation? Couplings of a vector
displacement in space to a pseudovector representing rotation are strongly constrained by reflection
symmetries, and so this is sometimes called chiral design [1]. This problem appears in a wide range
of fields including chiroptical response of molecules [2] or metamaterials [3,4], chiral phases in
crystals [5] or nematics [6], and the dynamics of colloids [7] or larger particles [8,9] moving through
fluids. Work on chiral design in fluid mechanics has often focused on propulsion in a single direction
because many micro-organisims traverse their environments by rotating helical flagella [10–14], but
in problems like sedimentation [7,15], environmental transport [16], and optimal trajectory planning
for microrobots [17], particles encounter flows along all body coordinate directions and so the full
three-dimensional translation-rotation problem must be understood.

As experiments have become available that measure full 3D translation-rotation coupling in
fluids, it has become clear that we do not have an adequate roadmap to guide design of translation-
rotation coupling in three dimensions. Miara et al. [9] find chiral trajectories in sedimentation of
bent discs, showing that the intuitively attractive idea that reflection symmetry prevents coupling
of translation to rotation is wrong. Collins et al. [8] show that the isotropic helicoid, which can be
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seen as the simplest chiral geometry, has much smaller translation-rotation coupling than expected
[18,19]. Why do new particle shapes continue to surprise us when the underlying Stokes flow theory
[20–22] is well known? And why has it been so difficult to develop a general understanding of the
relationship between geometry and translation coupling that can be transferred between different
chiral design problems? A central reason is that we do not have a clear roadmap that leads from
shapes with simple translation-rotation coupling through to the general case. For nonchiral shapes
in fluids, the roadmap starts with spheres and proceeds through spheroids to triaxial ellipsoids,
spanning all possible drag tensors. But for translation-rotation coupling, no such hierarchy is known.

For a particle moving through a viscous fluid with no velocity gradients, the particle velocity v

and rotation rate ω depend linearly on externally applied force f and torque τ:[
v

ω

]
= 1

μ

[
a′ b′T

b′ c′

][
f
τ

]
. (1)

The mobility tensors a′, b′, and c′ are determined by particle shape and orientation [20], with
primes indicating that these are in the laboratory frame. In sedimentation problems, the torque can
be computed about a unique point at which τ is zero [22]. Then with the rotation matrix from the
body-fixed frame to the laboratory frame, R, the equations of motion are

d

dt
x = v, μv = R a R−1 f , (2a)

d

dt
R = ω ∧ R, μω = R b R−1 f . (2b)

The full 3D design problem has 18 distinct parameters in a, b, and c which vary nonlinearly as
a function of particle geometry, independent of the applied force or torque. a is symmetric and
can be specified by six parameters. Three of these parameters can be ignored by working in the a
eigenframe. b has 9 parameters. c is also symmetric and so has six parameters. For the sedimentation
case where the only external interaction is gravitational, it is possible to set the applied torque to zero
and the number of parameters can be reduced to 12. Particles generally have distinct centers of mass
and buoyancy, so in general there is an applied gravitational torque. However, there is a uniquely
defined center where the torque due to these two forces cancel. In the neutrally buoyant case, this
center will be at infinity. Defining torques around this point allows the sedimentation problem to
be handled without external torques, and so the c tensor can be ignored, although it requires the b
tensor to be computed around a center that is determined by the mass distribution and not simply
geometry.

To make progress toward a unified understanding of the relationship between geometry and
dynamics, we need simpler classes of shapes. In this paper we identify the class of cocentered
particles whose geometric symmetries ensure that the centers of mass, buoyancy, resistance, and
mobility coincide, reducing the number of parameters from 18 to 9 (three for each mobility
tensor). Helical fibers, the chiral particles that have received the most attention in the literature
[10,11,13,23–25], are only cocentered for special lengths. We identify helical ribbons [Fig. 1(a)] as
chiral cocentered particles with strong translation-rotation coupling.

Sedimentation is both a natural case for understanding the design of translation-rotation coupling
and a problem with important applications including transport of plankton [12] and microplastics
[16]. Witten and Diamant [22] review the wide range of possible dynamics of chiral sedimentation.
Particles typically have periodic orbits in orientation when b is symmetric and approach fixed
orientations when there is an anti-symmetric part of b [15,27]. However, this picture is incomplete
since periodic orbits are found in a case with anti-symmetric part of b by Miara et al. [9,28]. Analytic
or numerical predictions for the b tensor that are validated by experimental measurements are rare
[8–10,29]. The consequences of shape symmetries for particle dynamics have been explored in
some detail [7,8,22,30–33], but there still does not exist a general framework for classifying particle
trajectories based on particle geometry, or for guiding design of particle geometry to obtain desired
mobility tensors.
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FIG. 1. (a) Body coordinate system and dimensions for a helical ribbon with length 2πL/s = 5π/4. (b) A
measured trajectory in space (helix is not to scale, length 3π/4). (c) Top view. Red dots are measurements.
Yellow line is a numerical integration using measured parameters for this particle. Blue line continues the
numerical trajectory. (d) Same measured trajectory in tilt-spin space. A movie showing this trajectory is
available in Video 1 at [26].

In this paper, we measure the 3D dynamics of sedimenting helical ribbons and extract full
mobility tensors experimentally. Numerical simulations show good agreement with the measured
mobility tensors. We find an unexpected bifurcation as a function of helical ribbon length at
which the ribbons have axisymmetric translation-rotation coupling and are particularly simple
cocentered particles. The spatial trajectories of helical ribbons form beautiful spirograph patterns.
Each cocentered particle is observed to have an infinite set of special initial orientations at which
the particle position moves off to infinity rather than orbiting.

II. EXPERIMENTAL METHODS

Helical ribbons are formed by a thin rectangular sheet twisted about its long axis so that its long
edges form a double helix, shown in Fig. 1(a). Their three perpendicular π rotational symmetries
ensure that helical ribbons are always cocentered since any rotational symmetry fixes all centers
to lie along the rotation axis. We fabricated particles with projection microstereolithography 3D
printing in order to obtain precise geometry and good density homogeneity. Some earlier methods
we tried for fabricating particles are described in Appendix. Four helical ribbons were used with
lengths labeled by their twist angles, 2πL/s = 3π/4, 5π/4, 4π/3, and 3π/2, where s = 20 mm is
the length over which the helix twists through a full rotation. All particles had width W=4 mm,
thickness T = 0.5 mm, and density 1.20 g/cm3. They were dropped in a 20×20×20 cm tank of
silicon oil with mass density ρ = 0.97 g/cm3 and kinematic viscosity μ/ρ = 520 cSt. The particle
Reynolds number based on length, Rep = L|v|ρ/μ, is 0.027 < Rep < 0.092, firmly in the viscous
limit.

Three-dimensional positions and orientations of particles were reconstructed using three cameras
with nearly orthogonal viewing angles [34]. It is convenient to measure particle orientation using
Euler angles [35] where ψ measures spin about the particle’s long axis, θ is the polar angle
measuring the tilt of body coordinate ê3 away from vertical, and φ is the azimuthal angle. We define

024101-3



ELIAS HUSEBY et al.

ψ = 0 to be when ê1 = ê3 × ẑ. Note that tilts away from horizontal correspond with deviations from
θ = π

2 .
Initial camera calibration parameters are obtained using a static two-plane calibration and then

they are refined to subpixel accuracy with a dynamic calibration using images of small settling metal
spheres. To find the position and orientation of the helical ribbon from video images, we project a
set of points on the surface of an ideal 3D helical ribbon onto the image planes of the three cameras
using the camera calibration. The average distance of each of these points from a bright pixel in the
thresholded image is minimized to find the three position and three orientation coordinates.

The range of helical ribbon lengths we study and the distance over which we track them are
limited by experimental constraints. Camera resolution prevents us from extending the tracking to
large distances since we need about 50 pixels across a particle to accurately measure orientation.
For long particles, the period of closed orbits becomes very large and so we can only track them
over a small portion of a closed orbit. For particles much shorter than 2πL/s = 3π/4, there is
not enough structure in the bright field images to reliably measure orientations. Limitations of 3D
printer resolution makes it difficult to scale down the size of the particles.

III. RESULTS

Figure 1(b) shows a typical helical ribbon trajectory. Seen from above [Fig. 1(c)], the trajectory
forms a quasiperiodic orbit with lobes similar to those made by a spirograph toy. In the space of tilt
(θ ) and spin (ψ) shown in Fig. 1(d), it traces a simple closed periodic orbit. These closed orbits are
similar to those observed for bent disks [9]. The mechanism for tilt-spin orbits in helical ribbons
is that a tilted ribbon drifts diagonally and begins to spin. The spinning changes which end of the
ribbon experiences greater drag and so the tilt changes. A movie showing the trajectory in Fig. 1
is available as Video 1 at Ref. [26]. The angular phase space is pictured at the bottom left with the
same axes as in Fig. 1(d).

Figure 2 shows many trajectories measured with different initial orientations for each of the
four particles. From these data, the six unknown eigenvalues of a and b can be determined using
least-squares fitting of the experimental position and orientation data to trajectories numerically
integrated using Eq. (2). The black lines in Fig. 2 show simulated trajectories using best fit mobility
tensors. We see that theory and experiment agree quite well. There are some differences, likely the
result of imperfect particle geometry, foreign objects such as lint or bubbles attached to the particles,
or systematic orientation measurement errors.

For all four particles, and for all measured initial orientations, the trajectories appear to follow
closed orbits in the θ -ψ plane, when periodic boundary conditions are considered. Two fixed points,
one a center and the other a saddle, appear in each phase diagram. A surprising feature of Fig. 2 is
that as the particle increases length from Fig. 2(c) to 2(d), there is a bifurcation at which the fixed
points switch stability. At the bifurcation, the eigenvalues of the Jacobian both go through zero and
all points along θ = π/2 become fixed points.

To study the bifurcation as a function of ribbon length, Eq. (2) can be used to obtain evolution
equations for the Euler angles. For cocentered particles, we can use the reference frame in which a
and b are both diagonal to obtain (in nondimensional form)

ψ̇ = [(b11 − b22) cos2 ψ − b11 + b33] cos θ, (3a)

θ̇ = (b11 − b22) sin ψ cos ψ sin θ, (3b)

φ̇ = −(b11 − b22) cos2 ψ + b11. (3c)

Here the dynamics of the spin (ψ̇) and tilt (θ̇ ) angles do not depend on the azimuthal angle φ because
there is continuous rotational symmetry about the gravity direction. The continuous translational
symmetry in space ensures that the angular dynamics do not depend on the particle’s position, so
the phase space is two dimensional.
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FIG. 2. Angular dynamics for different particle lengths, 2πL/s: (a) 3π/4, (b) 5π/4, (c) 4π/3, and (d)
3π/2. Particle images are above each plot. Solid black lines show numerically integrated trajectories. Color
symbols indicate distinct experimental trajectories.

Equations (3) shows that the angular dynamics change as b11 − b22 switches sign, because θ̇

vanishes. Linear stability analysis of Eqs. (3) confirms that for b11 − b22 > 0, the fixed point at ψ =
0, θ = π/2 is a center while the fixed point at ψ = π/2, θ = π/2 is a saddle, and they switch when
b11 − b22 changes sign. Helicoids with b11 = b22 have axisymmetric translation-rotation coupling
and are apparently special particles with simpler dynamics than the general helical ribbon.

Equations (3) has a constant of motion [22]. It can be obtained by integrating dθ/dψ = θ̇/ψ̇ :

C = [b33 − b11 + (b11 − b22) cos2 ψ] sin2 θ. (4)

This constant of motion, C, exists because the dynamics are reversible [36–39], invariant under
joint application of time reversal and reflection. In the phase space for helical ribbons, there are
three lines of reflection, ψ → −ψ , ψ − π/2 → π/2 − ψ , and θ − π/2 → π/2 − θ . Physically,
these correspond to reflections across planes through the common centers of mass and mobility
whose normal vectors are the particle’s principle axes. A physical reflection changes the sign of the
eigenvalues of b since it is a pseudotensor, which means that any convention defining geometric
handedness will be inverted. From Eqs. (3), we see that the reflection causes all time derivatives to
switch sign, confirming that cocentered particles always have reversible dynamics. Particles with
an antisymmetric part of b do not have reversible dynamics in general and tend to converge to
orientations given by the eigenvectors of b [22]. Cases such as the bent disk, with an antisymmetric
part of b and closed orbits, arise due to different physical symmetries [9] but still have reflection-
time reversal symmetry in phase space.

Note that the angular dynamics in Eqs. (3) does not conserve phase-space volume which would
globally ensure closed orbits in two dimensional phase space. Reversibility implies closed orbits
only for trajectories that twice cross a line of reflection symmetry [37]. For cocentered particles
with three lines of reflection symmetry in phase space, every trajectory has two crossings and is
closed.
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FIG. 3. Diagonal elements of the mobility tensors for a (top) and b (bottom) as functions of helical ribbon
length. Diamonds indicate experimentally measured values. Solid lines are numerical simulations using the
bead-model described in the text.

To understand the possible mobility tensors for helical ribbons, we computed the mobility tensors
numerically for ribbons made out of small hydrodynamically interacting spheres that are rigidly
connected to each other [8,40]. Normalized a eigenvalues change little with length [Fig. 3(a)],
except at very short lengths where the ribbon becomes more like a flat rectangle. The key is in
the eigenvalues of b shown in Fig. 3(b). Here the critical bifurcation lengths at which b11 = b22 are
clearly shown. In addition to the bifurcation just above 4π/3 seen in Fig. 2, the numerical results
show that there are two further bifurcations, near lengths 0.7 and 7.2. There is no apparent special
geometric symmetry for particles with any of these lengths. We expect the oscillation to continue as
ribbons become longer and approach the simple chiral rod with only b33 nonzero.

Figure 3 also shows the experimentally measured eigenvalues of the a and b tensors. As
normalized, the measurements are in quite good agreement with the computed values. In Fig. 3, the
deviations between experiment and theory are slightly larger for a. This may be a tank-size effect
as confinement should especially decrease the measured a11 and a22, and the normalization could
produce the observed discrepancy [41]. We note that there is some dependence of the simulated
mobility tensors on the number and size of the spheres used to represent the helical ribbon. This
dependence mainly appears in the values of Tr a and b33 and leaves the normalized eigenvalues
unaffected.

We choose to normalize the elements of a by Tr(a)/3 and b by b33. Physically, Tr(a)/3 is the
average drag over all orientations. However, Tr(b) can be zero, so this is not a good normalization
for b. Instead, for this particle we choose to normalize by b33, because it is larger than the other two
eigenvalues and its sign is preserved as we change the helical ribbon length. In the limit of infinite
length, b33 is the only nonzero eigenvalue.

Figure 4 provides absolute scaling values of the normalization factors used for a and b. We
believe that small density differences between particles from different print batches causes the
observed nonmonotonic scaling. This effect appears as an uncertainty in the normalization factors
but does not significantly impact our conclusions.

The spatial trajectories produced by nontrivial b tensors can be very intricate [9]. Orbits in θ -ψ
phase space combine with precession in φ and the unequal eigenvalues of a to produce motion at
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FIG. 4. Normalization factors for mobility tensors as a function of helical ribbon length. (Blue) Average of
the eigenvalues of a (Red) Largest eigenvalue of b.

multiple frequencies. Figure 5 shows spatial trajectories obtained numerically using fitted mobility
tensor values. Experimental trajectories are much shorter, but show the same structure. Trajectories
that do not pass through θ = π

2 (horizontal) remain tilted [Fig. 5(c)] and typically have large super-
helical spatial trajectories. Those that pass through θ = π

2 have complex trajectories similar to those
made by the spirograph toy [Figs. 5(a), 5(b), and 5(d)]. All four particles show both types, but we
only show tilted trajectories in Fig. 5(c).

FIG. 5. Spatial trajectories from numerical simulations for selected initial conditions. Insets show the same
trajectories (matched by color) in tilt-spin phase space. Helical ribbons lengths are (a) 3π/4, (b) 5π/4, (c)
4π/3, and (d) 3π/2. Movies showing how these trajectories evolve as the initial orientation changes are
available in Videos 2–5 at [26].

024101-7



ELIAS HUSEBY et al.

5 6 7 8 9 10 11 12

10
-3

0

10

20

30

40

50

60

70

S
p
at

ia
l 

A
m

p
li

tu
d
e 

(W
id

th
s)

-125 0 125

X (Widths)

-125

0

125
Y

  
(W

id
th

s)
(a) (b)

(c)

- /2 0 /2
0

/2

(spin) 

(t
il

t)
 

3π/4

5π/4
4π/3
3π/2

FIG. 6. (a) Spatial trajectory curvature switching for a 3π/4 particle. Arrows indicate direction on the
simulated superhelical paths. (b) Phase space orbits of the trajectories in (a), matched by color. (c) Max-
imum radius of the horizontal spatial motion for each ribbon length as a function of the constant of
motion C. Divergences representing spatially unconfined trajectories are seen in all cases. Red lines indicate
the location of the separatrix that connects the two saddle points. Colored symbols show the trajectories
in Figs. 5(a) and 5(b).

To communicate the wide range of spatial trajectories that are possible, we created movies
showing how the trajectories change as the initial orientation is continuously changed. Movies
available in Videos 2–5 at Ref. [26] show simulated trajectories using mobility tensors measured
with fits to experimental data for each of the four helical ribbon lengths that we measured.

For cocentered helical ribbons, an interesting phenomenon occurs where the handedness of the
spatial trajectory switches sign as the initial orientation is varied, shown in Fig. 6. In these cases there
exists a critical trajectory for which the helical ribbon is not constrained within a finite horizontal
area, in contrast to previous work [42]. These divergent trajectories may play a significant role in
determining average transport statistics.

These divergences can occur in two cases: (i) when b11 and b22 have opposite signs, their
contributions can cancel so that φ̇ integrated over a trajectory approaches zero; (ii) for trajectories
near the seperatrix, there is a tightly clustered infinite set of trajectories for which φ changes by
integer multiples of π during a period.

The first mechanism is general to any shape with multisigned b eigenvalues and appears to have
an impact over a substantial range of initial conditions [Fig. 6(c)]. The second mechanism, for
trajectories near the seperatrix, guarantees an infinite number of spatially divergent trajectories for
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in the legend.

essentially all cocentered helical ribbons, but the divergences are narrow. In the videos linked above,
we can observe (i) for the shortest and longest particles because the values of b11 and b22 (shown
in Fig. 3) have opposite signs. However, the span of initial conditions over which (ii) occurs is too
small relative to the sampling resolution to be seen.

Figure 7 shows the spatial amplitude of trajectories as a function of initial conditions quantified
with C, similar to Fig. 6(c). However, here we plot the difference between C and Ccrit , the value of C
at the separatrix that connects the saddle points. Plotted this way, the infinite sequence of different
initial orientations for which the trajectories diverge can be seen. There are three places where the
3π/4 particle shows divergences, two places for the 4π/3, and one for each of the others. Since all
but one of these represent azimuthal rotation by integer multiples of π while the particles are near
the saddle points, we expect there is an infinite sequence of such trajectories for all helical ribbons
with a possible exception for special particles where φ̇ goes to zero at the saddle points.

The switching of trajectory handedness for a single helical ribbon highlights the fact that no
single number can quantify a particle’s chirality; instead, at least a second rank tensor is needed [1].
The b tensors measured here provide a useful general tool for quantifying the chiral coupling of a
shape.

IV. CONCLUSION

In conclusion, the helical ribbon is a chiral shape with three rotational symmetries that fix the
centers of mass, buoyancy, mobility, and resistance to a single point. We find that helical ribbons
exhibit strong translation-rotation coupling and identify them as a needed reference case with which
more complex particles can be compared. With precise three-dimensional measurements of position
and orientation of helical ribbons sedimenting at particle Reynolds number less than 0.1, we measure
both mobility tensors a and b. We observe angular orbits that are closed in the two-dimensional
space of tilt and spin.

There are helical ribbons with special lengths that have axisymmetric translation-rotation cou-
pling. At these lengths, a bifurcation occurs where the fixed points in tilt-spin space switch between
centers and saddles. These axisymmetric helicoids have a particularly simple b tensor and can
function as another step on the roadmap that extends to general helical ribbons with triaxial b and
on to yet more general shapes that are not cocentered.
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Experiments that precisely fabricate complex shapes and measure full mobility tensors have now
revealed several unexpected features of translation-rotation coupling during sedimentation [8,9].
Together with the present work, these point to an important design challenge to create geometries
that optimize translation-rotation coupling. Some progress in this direction has been made [43], but
the challenge goes far beyond optimizing propulsion efficiency in one dimension. For cocentered
particles, each eigenvalue of b can be optimized relative to the others to achieve different goals.
A full picture of which geometries optimize translation-rotation coupling in Stokes flow could
be a major step toward the broader goal of developing better ways to quantify and design chiral
geometries.
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APPENDIX: FABRICATING COCENTERED PARTICLES

We tried three different methods for fabricating helical ribbons. The first was mechanical
twisting of polystyrene strips. Strips of polystyrene sheet were cut on a paper cutter, twisted with a
mechanical jig, annealed at 90 ◦C, and then cut to the desired length. This produced cost effective
helical ribbons with variability in width, length, and pitch that required optical sorting to select
specific particles. There were also problems with nonreproducible sedimentation dynamics, likely
a result of the thin polystyrene having mobility tensors that are very sensitive to tiny imperfections,
lint, or bubbles.

The second method was 3D printing with a Form2 printer from Formlabs. This produced
reproducible trajectories, but there was a measurable offset of the steady sedimentation orientation
which we believe is due to density inhomogeneity in the printed material. This method also has some
challenges because it prints a single material and so supports must be removed by hand introducing
some shape irregularities.

We then obtained particles 3D printed with projection microstereolithography developed by
Boston Micro Fabrication whose equilibrium sedimentation orientation matches the expectations
from the symmetry of the particles. Their primary drawback is the higher cost per particle.

We have come to view Stokes sedimentation dynamics as one of the most sensitive tools available
for detecting irregularities in geometry or mass density of rigid bodies.
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