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The transition route from laminar to turbulent flow in a magnetohydrodynamic (MHD)
duct with a square cross section is investigated in the limit of low magnetic Reynolds
number. In the presence of a transverse magnetic field, Hartmann and Shercliff layers
are present on the walls orthogonal and parallel to the field direction, respectively. We
assume reflection symmetries in both transverse directions, and investigate the competition
between transition mechanisms specific to each boundary layer using direct numerical
simulations. Independently of the initial location of a finite perturbation, transition relies
exclusively on a tripping of the Shercliff layer by perturbations, while the Hartmann layer
plays a passive role. This is explained, using a dynamical systems interpretation, by the
spatial localization of the edge states in the Shercliff layer at the expense of the Hartmann
layer. The link between these nonlinear coherent structures and the linear optimal modes
known from nonmodal stability and energy stability theory is pointed out.
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I. INTRODUCTION

The physical mechanisms at play during the transition from laminar to turbulent shear flow have
been a subject of investigation for many decades. In many common circumstances, the situation
is made difficult by the dynamical competition between several transition routes characterized by
different flow physics. This is the case, for instance, in channel flow or in boundary layer flows
with the competition between, on one hand, classical transition initiated by a modal instability
scenario and, on the other hand, bypass transition which relies on nonmodal instability mechanisms
[1]. This competition involves in its initial stages fully different coherent structures; respectively,
spanwise and streamwise vortices, although the eventual turbulent flow is independent of the taken
path. In the present study we are interested in another case of competition involving two nonmodal
scenarios. We consider the incompressible flow inside an infinitely long square duct geometry. In
standard hydrodynamic (HD) conditions, the associated laminar base flow is known to be linearly

*Contact author: mattias.brynjell-rahkola@tu-ilmenau.de
†Present address: Department of Applied Mathematics and Theoretical Physics, University of Cambridge,

Centre for Mathematical Sciences, Wilberforce Road, Cambridge CB3 0WA, United Kingdom.

2469-990X/2025/10(2)/023903(24) 023903-1 ©2025 American Physical Society

https://orcid.org/0000-0001-9446-7477
https://ror.org/01weqhp73
https://orcid.org/0000-0001-6258-0475
https://ror.org/00rd81916
https://ror.org/03xjwb503
https://orcid.org/0000-0002-0814-7432
https://ror.org/01weqhp73
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevFluids.10.023903&domain=pdf&date_stamp=2025-02-20
https://doi.org/10.1103/PhysRevFluids.10.023903


BRYNJELL-RAHKOLA, DUGUET, AND BOECK

stable at all Reynolds numbers (Re) [2,3]. Therefore transition to turbulence can only be triggered
in the presence of finite-amplitude perturbations. All walls are equivalent by symmetry and the
transition mechanisms do not depend on which wall the flow is disturbed initially. This symmetric
configuration is lost if the flow is, in addition, subject to an anisotropic force. One of the simplest
examples of a force promoting anisotropy is the Lorentz force. We focus here on the case where
the fluid is electrically conducting and the flow is subject to a homogeneous magnetic field imposed
in a direction transverse to the mean flow direction and parallel to one pair of the sidewalls. This
magnetohydrodynamic (MHD) configuration is common in many industrial magnetic flows of liquid
metal. The associated Lorentz force brings anisotropy by introducing a difference in thickness
and structure of the boundary layers at each wall depending on their orientation with respect to
the magnetic field. The two walls orthogonal to the magnetic field are referred to as Hartmann
walls [4], and those parallel to it as Shercliff walls [5]. Their respective thicknesses in the laminar
context scale, for large enough Ha, like O(Ha−1) and O(Ha−1/2), respectively, where Ha is the
Hartmann number proportional to the magnetic field intensity [6]. The competition between these
two boundary layers corresponds to the problem of understanding on which wall turbulence arises
first as time increases. This knowledge is crucial in order to foster faster transition, or to globally
delay transition using, e.g., passive control techniques.

For the plane Hartmann channel, the laminar friction factor is given by

λ = 2Ha2

Re

(
tanh(Ha)

Ha − tanh(Ha)

)
∼ 2Ha

Re
, (1)

for large values of Ha [4,7], where Re stands for the Reynolds number based on the bulk velocity.
Measurements of friction factors for turbulent flow in large aspect ratio ducts (as a proxy for
Hartmann channels) were reviewed in Ref. [7]. For sufficiently high Hartmann numbers, they
were found to match the regime defined by (1), which is linear in Ha. This was interpreted
as a laminarization of the flow, which allowed one to define the critical Reynolds number for
laminar-turbulent transition, Rec = CHa with C = 2/λc as the point of departure from the linear
relation (1). While this is of little surprise in wide ducts, it was reported to hold also for circular pipes
and small aspect ratio ducts [7], which a priori would suggest, also for these geometries, a transition
scenario involving only the Hartmann layer. Such a conclusion is at odds with more recent results,
which suggest that long modes with low streamwise wave number kx localized within the Shercliff
layers could be equally relevant [8]. Studies on transition to turbulence in isolated Hartmann layers
have established that modal scenarios are unlikely at moderate Reynolds numbers [9,10]. Instead,
the transition is mediated, from a linearized point of view, by the transient growth of nonmodal
flow structures such as streamwise vortices and streamwise streaks. How these independent results
combine together in the case of a duct geometry is currently not well understood. In the HD case, the
linear nonmodal approach has been applied to the square duct flow problem [11] and to corner flows
[12] with qualitatively similar results. This approach in the presence of MHD effects, has also been
used in duct geometries [13–15] and pipes [16,17]. It indicates that linearly optimal modes, those
maximizing the transient energy growth over a finite-time interval, are predominantly localized
within the Shercliff/side layer. Recently, energy stability was carried out to identify the nonmodal
structures at the onset of transient growth, again pointing towards localization inside the Shercliff
layers [18]. All these results support the prominent role played by the Shercliff layer, yet they remain
based on linear theories.

We now wish to go beyond these suggestive results by investigating the transition problem from
the nonlinear point of view, common in modern HD transition studies. The nonlinear approach
to transition for linearly stable flows started in the 1990s. The search for alternative (unstable)
nonlinear solutions to the full governing equations aimed at explaining why the flow could stay
away from the laminar state in some well-defined state space [19,20]. In the HD duct flow case,
several nonlinear traveling wave solutions were identified numerically using homotopy techniques
[21–25]. At about the same time, it was realized that some unstable nonlinear solutions, namely,
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FIG. 1. Sketch of the numerical setup with the defining quantities used in the nondimensionalization.

edge states (see Ref. [26] in square duct), played a specific role in the transition process by mediating
between the state space trajectories belonging to the laminar attraction basin and those leading to
the turbulent state [27]. Edge state computations have been performed first in channel [28] and pipe
flow [29–31] followed by the square duct case [26]. Their generalization to MHD configurations is
straightforward from a theoretical point of view but remains scarce in the literature [32–35]. The
identification of edge states is a first step towards a rigorous identification of effective transitioning
trajectories associated with the unstable manifold of the edge state solutions [36]. Once such
transitioning trajectories are known, they constitute an ideal laboratory to untangle the transition
mechanisms, without relying on any linearization assumption [37]. One crucial property of all edge
state solutions reported so far in HD is their spatial localization, which emerges as soon as the
computational domain is large enough [38,39]. This property makes edge states physically robust
objects independent of the numerical domain used to simulate them. In addition, the active region of
these solutions can be interpreted as a specific region where early transition to turbulence is favored,
the transition at other locations following in time through a spatial contamination process [37]. In
this study we exploit this localization property precisely to discuss on which wall of the MHD duct
geometry transition happens and why.

In order to lower the complexity of the transition phenomenon as well as the computational cost,
spatial symmetries inherent to the square duct geometry are considered and imposed in the compu-
tations. An outline of this symmetric model along with the flow parameters and numerical method
considered is given in Sec. II. We follow the nonlinear road map by computing and describing active
transition scenarios and the edge states in Sec. III. The results are finally summarized in Sec. IV.

II. FLOW MODEL AND NUMERICAL METHOD

A. Governing equations

We consider the flow of an electrically conducting fluid inside a straight square duct (unit aspect
ratio) with electrically insulating walls (see Fig. 1). The coordinate system has the streamwise
direction x and the two wall-normal directions y and z. The flow is subject to a magnetic field B∗ez

along the z axis, which is labeled as the vertical direction. (The subscript “∗” denotes dimensional
quantities). Hartmann and Shercliff boundary layers are present along the walls orthogonal to the z
and y axis, respectively, as shown in Fig. 2(a) for a laminar velocity field. Throughout this article,
we will refer to these walls simply as Hartmann and Shercliff walls as indicated in Fig. 1, and denote
physical quantities evaluated on these walls with a superscript “H” and “S,” respectively.

The flow is governed by the incompressible Navier-Stokes equations subject to the Lorentz force
in the low-Rem approximation, in which the induction equation for the magnetic field need not be
considered. The duct half-width a∗ and the bulk velocity Vb∗ (i.e., the streamwise velocity averaged
over a cross section), which are constant in time, are used for nondimensionalization. This defines
the advective timescale a∗/Vb∗. The two independent nondimensional parameters of the problem are
the bulk Reynolds number Re = Vb∗a∗/ν∗ and the Hartmann number Ha = B∗a∗(μ∗η∗ρ∗ν∗)−1/2,
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(a) (b) (c)

FIG. 2. Laminar base state. Analytical solution to (3) for Ha = 20 [42] scaled to match the nondimen-
sionalization adopted in the present work. Isocontours of (a) the streamwise velocity ṽx , (b) the transverse
current density j̃y, and (c) the current density component aligned with the magnetic field j̃z. The direction of
the magnetic field is shown with a red arrow in (a) and the white dashed square marks the fundamental domain
in the symmetry reduction of Sec. II D.

where ν∗, η∗, ρ∗, and μ∗ in turn are the fluid’s kinematic viscosity, its magnetic diffusivity, its
density, and the magnetic permeability of free space.

These parameters form the magnetic interaction parameter N = Ha2/Re, also called the Stuart
number. It is the ratio between electromagnetic and inertial forces, or alternatively between the
advective timescale a∗/Vb∗ and the magnetic damping timescale ρ∗μ∗η∗/B2

∗ [40]. In reference to
liquid metals, the magnetic Prandtl number Prm = ν∗/η∗, which represents the ratio between the
kinematic viscosity and the magnetic diffusivity, is small. Assuming a moderate [O(104) or smaller]
value for Re, the magnetic Reynolds number Rem = RePrm is small as well. This is the case in most
laboratory and industrial flows [6] and allows for the magnetic self-induction to be neglected. Such
a framework is commonly referred to as the quasistatic MHD approximation, in which the magnetic
field is taken to be steady and irrotational. Under these choices, it can be shown (see e.g., [41]) that
the Lorentz force is approximated at first order through Ohm’s law with the electric field expressed
as the gradient of a scalar potential, and a charge conservation condition. The nondimensional
governing equations read

∂v

∂t
+ (v · ∇)v = −∇p + 1

Re
∇2v + N ( j × ez ) + χex, (2a)

j = −∇φ + v × ez, (2b)

∇ · v = 0, (2c)

∇ · j = 0, (2d)

where v is the velocity, j is the current density, p is the pressure, and φ is the electric potential.
The additive term χ is a spatially uniform time-dependent volume force applied in the streamwise
direction x to enforce a constant mass flux. All walls obey the no-slip condition v|y=±1 = v|z=±1 =
0, and are electrically insulating, i.e., ( j · ey)|y=±1 = ( j · ez )|z=±1 = 0. Streamwise periodicity is
assumed with an imposed wavelength L. The choice of the values of Re, N , and L is discussed in
Sec. II E.

B. Base state

The steady laminar flow can be obtained analytically without the assumption of low magnetic
Reynolds numbers. It is computed using the full induction equation and involves the streamwise
velocity ṽx and the streamwise induced magnetic field b̃x. It satisfies the following set of equations:

∂ 2̃vx

∂y2
+ ∂ 2̃vx

∂z2
+ Ha

∂ b̃x

∂z
= −1,

∂2b̃x

∂y2
+ ∂2b̃x

∂z2
+ Ha

∂ ṽx

∂z
= 0. (3a,b)
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Throughout the article, quantities related to the base flow are denoted with a tilde, (̃·). The solution to
(3) was originally found by Shercliff [5] in the form of infinite series, and later rederived in e.g., [42].
The convergence of these series was recently discussed in [43]. Note that the nondimensionalization
in Eq. (3) is based on the prescribed pressure gradient and therefore different from that introduced
in Sec. II A (see Ref. [42] for details). From the expression for the induced flux density, the current
density components are obtained as

j̃y = 1

Ha

∂ b̃x

∂z
, j̃z = − 1

Ha

∂ b̃x

∂y
. (4a,b)

The velocity field ṽx is shown in Fig. 2 together with the current components j̃y and j̃z (all rescaled
to match the nondimensionalization introduced in Sec. II A). The distinction between the narrower
O(Ha−1) horizontal Hartmann layers near z = ±1 and the thicker O(Ha−1/2) vertical Shercliff layers
near y = ±1 is attested in the figure. The transverse current component j̃y is small and negative in
the bulk region but rises to O(1) in the Hartmann layers, where it accelerates the flow.

The corresponding laminar solution in the HD square duct is known to be linearly stable for all
Re [2]. In contrast, Hunt’s flow, which corresponds to a square duct with electrically insulating and
conducting walls parallel and orthogonal to the magnetic field, respectively, is found to be linearly
unstable above Ha ≈ 5.7 [44]. The case of a rectangular duct with electrically insulating walls and
aspect ratio 5 has been studied in [45]. However, the authors are not aware of any linear stability
reported in the literature for the square MHD case. Instead, this flow supports significant transient
growth [13], and is believed to transition to a sustained turbulent state via a subcritical scenario
involving finite-amplitude perturbations.

C. Numerical protocol

In the general unsteady case, Eqs. (2) are tackled with direct numerical simulation (DNS)
using the open source code NEK5000 [46], known for its high accuracy and parallel performance.
Specifically, Eqs. (2) are discretized using the staggered PN –PN−2 spectral element method (SEM)
[47], where the domain is divided into nonoverlapping hexahedral elements, and the solution
variables are expanded in high-order Lagrange interpolation polynomials. The velocity and pressure
are represented on N + 1 Gauss-Lobatto-Legendre, and N − 1 Gauss-Legendre quadrature nodes,
respectively. The PN –PN−2 scheme was recently extended to the j-φ quasistatic MHD formulation
in [43], where the exponential convergence of the method was verified. The polynomial order N is
here chosen to be either 7 or 11 (see Appendix A for details). Evaluation of the nonlinear advection
terms is done using overintegration [48]. As described in [43], the equations are integrated in time
using a third-order backwards-differentiation/extrapolation scheme [49].

D. Symmetric model

Many recent transition studies have exploited the possibility to impose discrete symmetries to
the system in order to simplify both the temporal dynamics and the computational load. Such an
approach has, for instance, been successful in uncovering nonlinear solutions in HD pipe [31,50]
and duct flow [23]. This is based on the idea that the stability of the relevant symmetric solutions is
likely to be increased by the restriction of the dynamics to a well-chosen subspace. In this section we
suggest a symmetric model of the MHD duct flow obtained by imposing two discrete symmetries
at the same time. Continuous symmetries, here the equivariance of the governing equations and
boundary conditions with respect to streamwise translations, have not been considered. We define

s1y : [vx, vy, vz, p](y, z) = [vx,−vy, vz, p](−y, z), (5a)

s1z : [vx, vy, vz, p](y, z) = [vx, vy,−vz, p](y,−z). (5b)

As visible in Fig. 2(a), the laminar base flow ṽx satisfies reflection symmetry conditions with respect
to the y and z axes. The symmetries of the current density components depend on the direction of

023903-5



BRYNJELL-RAHKOLA, DUGUET, AND BOECK

the magnetic field. In the present case where the magnetic field is aligned with the z axis, j̃ satisfies
a simple reflection symmetry with respect to the z coordinate and a reflection symmetry followed
by a sign flip with respect to the y coordinate,

s2y : [ jx, jy, jz, φ](y, z) = [− jx, jy,− jz,−φ](−y, z), (6a)

s1z : [ jx, jy, jz, φ](y, z) = [ jx, jy,− jz, φ](y,−z). (6b)

We note that these symmetries are also shared with the turbulent mean flows obtained in the numer-
ical simulations in Refs. [23,51–54]. These symmetries are compatible with Prandtl’s secondary
flows of the second kind [55] emanating from the corner regions. This motivates the consideration
of such symmetries both in order to reduce the cost of the simulations and to simplify the complexity
of the transition process. In practice, since the governing equations in the SEM are formulated and
solved in weak form, imposing the above conditions in the numerical simulations amounts to a
suitable change in the test and trial functions (see, e.g., [56] for details). Moreover, although no
explicit boundary or symmetry conditions are imposed on the pressure and the potential field, a
consistent solution will implicitly satisfy the relations (5) and (6).

In the absence of any magnetic field, eigenfunctions of the classical hydrodynamic stability
problem in a square duct flow have been found to belong to one of four independent symmetries
denoted I–IV [2]. These symmetry classes read as follows:

I: vx(o, e) vy(e, e) vz(o, o) p(o, e),
II: vx(o, o) vy(e, o) vz(o, e) p(o, o),

III: vx(e, e) vy(o, e) vz(e, o) p(e, e),
IV: vx(e, o) vy(o, o) vz(e, e) p(e, o),

(7)

where the first letter refers to the symmetry (“e” for even, “o” for odd) with respect to the y
coordinate, and the second to the symmetry with respect to the z coordinate [23,57]. In terms of this
nomenclature, the symmetry relations (5) and (6) imply that the function space becomes limited
to the states for which the velocity and pressure belong to symmetry class III, while the current
and the potential belong to symmetry class I. We will refer to this symmetric domain, for which
{0 � y, z � 1}, as the quarter duct. By contrast, the original system where no symmetry is imposed
is referred to as the full duct. With the exception of Appendix C, we will consider solutions of
Eqs. (2) inside the finite domain 	 = [0, L) × [0, 1] × [0, 1].

E. Parameter values

1. Hartmann and Reynolds numbers

Throughout this study, the Hartmann number is fixed to Ha = 20, which is large enough to yield
distinct dynamics in the Shercliff and the Hartmann layers. In keeping Ha constant, the base flow
shown in Fig. 2 remains unchanged. Therefore, the only way to vary the interaction parameter
N and investigate the influence of a varying Lorentz force is to vary the bulk Reynolds number
Re. The appearance of turbulence in MHD duct flow is commonly characterized by a Hartmann
layer Reynolds number R, defined as the ratio between the bulk Reynolds and the Hartmann
number, i.e., R = Re/Ha = Vb∗δH

∗ /ν∗, where δH
∗ = √

μ∗η∗ρ∗ν∗/B∗ represents the Hartmann layer
thickness [58,59]. From [60], it is known that long pipes and ducts with aspect ratio close to
unity feature laminar Hartmann layers and turbulent/intermittent side/Shercliff layers for R ≈ 227.
Furthermore, it was shown in [10,61] that turbulence may be sustained in the Hartmann channel
at Reynolds numbers as low as 350 � R � 400. Based on these findings, two combinations of
parameter values are chosen: (Re, Ha) = (5000, 20), R = 250 and (8000, 20), R = 400. These
parameter configurations correspond to N = 0.08 and 0.05, respectively, which are far from the
parameter regime N � 1 where quasi-two-dimensional dynamics may be expected [15,62].
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FIG. 3. Sustenance of turbulence monitored by the streamwise current density jx , for parameters R = 250
(black) and R = 400 (red) in domains with periodicity L = 2π (dashed) and L = π (solid).

2. Domain length

In addition to the symmetry relation (5) and (6), the system of equations (2) is equivariant under
the action of translations in the x direction. In order to isolate the active transition mechanisms, the
concept of a minimum flow unit [63,64] is particularly useful. This is defined as a computational
domain that is as small as possible in the planar (periodic) directions, yet large enough to support
turbulence. For the present duct geometry, it implies a reduction in the streamwise extent L.

To formalize the discussion, it is convenient to introduce two viscous length units specific to each
wall, defined respectively by xS

+ = ReS
τ x and xH

+ = ReH
τ x. Parameters ReS

τ and ReH
τ correspond to the

friction Reynolds number on the Shercliff and the Hartmann wall, respectively. Following [53], we
define them as

τH(y, z) =
〈
∂vx

∂z

〉
x

(y, z), τH
w (y) = τH(y, z)

∣∣
y,z=1, uH

τ (y) =
√

τH
w (y)

Re
, ReH

τ (y) = Re uH
τ (y)

(8a,b,c,d)

on the Hartmann wall with analogous expressions for the Shercliff wall. In (8), τ is the dominant
shear stress component of the mean flow, τw is its value on the wall, and uτ is the friction
velocity [65]. Note that 〈·〉x refers to streamwise averaging (similar notation will be used to indicate
averaging in other directions), and (·) denotes time averaging. Note also that Reτ varies over the
circumference of the duct due to the two inhomogeneous directions y and z. An overview of this
variation is given in Table II of Appendix C.

The concept of minimal flow unit was investigated for the HD square duct in [66], where it
was shown that the critical streamwise period for sustaining turbulence is just below L+ = 200.
The same idea to select a minimal domain was tested here in the MHD case R = 250, by directly
comparing the long-time dynamics for different values of L = {8π, 4π , 2π}. The state of the flow
is monitored in time using the normalized scalar L2 norm of the streamwise current jx,

| jx| =
√

1

L

∫
	

j2
x dυ, (9)

which according to Ohm’s law (2b) vanishes in the absence of secondary flow. As shown in Fig. 3,
the turbulence may be sustained down to values of L = 2π , which corresponds to (LS

+, LH
+) =

(1648, 2058) using the wall-averaged values of ReS
τ and ReH

τ in Table II (Appendix C). Upon
further reducing the periodicity to L = π , the flow laminarizes. In terms of the current density,
| jx| decays to O(10−4) in around 500 time units (see Sec. II A) and continues to decay beyond
this. Although the time required to reach this level changes slightly with variations in the initial
conditions and the solver settings, the phenomenon is robust, which suggests that turbulence is
simply not sustained at these parameter values. The minimal flow unit may thus be concluded to
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TABLE I. Summary of the investigated parameter configurations.

Case L Re Ha R N

A 2π 5000 20 250 0.08
B π 8000 20 400 0.05

be considerably larger than in the HD case [66]. Upon increasing the Reynolds number here to
Re = 8000 (R = 400), turbulence appears sustained also in the π -periodic domain. In this case
the domain size is (LS

+, LH
+) = (1368, 1494). The two parameter cases (R, L) = (250, 2π ) and

(R, L) = (400, π ) are summarized in Table I, respectively, as cases A and B.
We eventually show turbulent space-time diagrams of the excess friction Reynolds numbers

relative to the laminar base-flow solution,

�ReS
τ (z, t ) = ReS

τ (z, t ) − R̃e
S
τ (z), �ReH

τ (y, t ) = ReH
τ (y, t ) − R̃e

H
τ (y), (10a,b)

for cases A and B. [Note that these quantities are time dependent and that the time-averaging
operator in (8a) is omitted.] This simplifies the detection of laminar patches, which in Fig. 4
appear as light regions, whereas the dark areas correspond to turbulence. Significant turbulent
activity is recorded on the Shercliff wall for both flow configurations, whereas the turbulence on the
Hartmann wall for the case A is largely confined to the corner region at y � 1 − 1/

√
Ha = 0.77.

It is emphasized that this localization of turbulence to one wall only is an MHD effect due to the
damping by the Lorentz force. It should not be attributed to the domain length L, as reported for
channel flow in [63], nor to the symmetry relations (5) and (6). Evidence that this is the case is
provided in Appendix C, where consistent localization is found for both the quarter and the full
duct of length L = 8π . The y location of maximum excess friction Reynolds number in Fig. 4(a)
compares well with the location y = 0.95 (in outer units) of the peak of the turbulent fluctuation
intensity in Fig. 14(c). Relative to case A, the turbulent activity spreads over large portions of the
Hartmann wall as the Reynolds number is increased to R = 400 (case B), in line with the findings
of Refs. [10,61]. The spatial structures become more fine-grained, and fluctuate more rapidly in
time.

FIG. 4. Space-time diagrams of excess friction Reynolds number �ReS
τ and �ReH

τ for (a) case A and
(b) case B.
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(a) (b)

FIG. 5. Evolution of the enstrophy centroid (ŷ, ẑ) for perturbations initially placed in the Shercliff or the
Hartmann layer. The beginning of each trajectory is marked with a small black circle, and the color of the lines
changes as the time progresses. For comparison, corresponding data for turbulent flow (gray) and the edge state
(red; see Sec. III B). As reference, the approximate thicknesses of the Shercliff and the Hartmann layers are
indicated with dashed lines. (a) Case A; (b) case B.

III. TRANSITION ROUTES

A. Transition process starting from localized initial conditions

Our aim is now to characterize the transition process, with an emphasis on the location in the duct
cross section where turbulent fluctuations first appear. To this end, we define the local perturbation
enstrophy density Z by

Z = 1
2 ||ω||2, (11)

where ω = ∇ × (v − ṽxex ) is the perturbation vorticity and ‖ · ‖ denotes the Euclidean norm. Next,
we define the Z-weighted volumetric averages of the original coordinates y and z according to

ŷ =
∫
	

yZ dυ∫
	
Z dυ

, ẑ =
∫
	

zZ dυ∫
	
Z dυ

. (12a,b)

The quantities ŷ and ẑ are interpreted as the instantaneous coordinates, in a cross section of the duct,
of the barycenter of the perturbation enstrophy field. During transition to turbulence, this point is
expected to shift towards the boundary layer where enstrophy growth is most intense. Note that for a
space-filling turbulent flow field, ŷ = ẑ = 0.5 in the present quarter duct. The expressions for ŷ and
ẑ can be readily compared with those for the center of vorticity (cf. Sec. 7.3 in [67], with enstrophy
replaced by vorticity) and are here interpreted in an analogous fashion.

To initiate transition independently in the Shercliff and the Hartmann layers, the two boundary
layers are individually perturbed by the synthetic disturbance described in Appendix B. The
thickness of the Shercliff and the Hartmann layers scales as δS ∼ Ha−1/2 and δH ∼ Ha−1 [59],
respectively. We choose here unit proportionality constants and center the perturbations at distances
Ha−1/2 and Ha−1 from either wall. The time evolution of ŷ and ẑ is plotted in Fig. 5(a) for case A.
Regardless of where the perturbation is positioned initially, the vortical motion migrates towards the
center of the Shercliff wall in the quarter duct where it fluctuates at a distance of ≈Ha−1/2 from the
wall. One can compare the terminal position of these trajectories with the corresponding values of
ŷ and ẑ for fully developed turbulence: they roughly occupy the same spatial regions.

An alternative view of studying the motion of the perturbation is through space-time diagrams,
as shown in Fig. 6. In Fig. 6(a), the spreading of the perturbation across the Shercliff wall is clearly
visible, and it is completed in approximately 20 advective time units. This explains why ẑ ≈ 0.5 for
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FIG. 6. Space-time diagrams of excess friction Reynolds number �ReS
τ and �ReH

τ for case A. Transition
triggered by a perturbation localized in (a) the Shercliff layer, or in (b) the Hartmann layer.

long times in Fig. 5(a). Similarly, the immediate migration of the perturbation from the Hartmann to
the Shercliff layer is visible in Fig. 6(b). This process is seen to be completed in about 30 advective
time units.

As Re is increased from 5000 to 8000 (cf. case A and case B), the situation is largely unchanged.
This is shown in Fig. 5(b) for case B, where only the Hartmann layer is perturbed. A space-time
diagram similar to the one presented in Fig. 6(b) (not shown) gives that the transition to turbulence
has spread to the Shercliff layer about 40 time units after it was incited in the Hartmann layer.
Although Fig. 4(b) shows that the Hartmann wall is capable of supporting turbulence, a flow
featuring a turbulent Hartmann wall together with a laminar Shercliff wall appears to be ruled out.

B. Edge states

Since the turbulent regimes of interest are nonlinear equilibrium regimes, these observations call
for an explanation of a nonlinear nature as well. The identification of relevant nonlinear equilib-
rium solutions to the governing equations, hopefully simpler to interpret than the very complex
turbulent regimes, is a possible way to explain or at least justify the observed turbulent dynamics.
Such nonlinear solutions may take the shape of fixed points, traveling waves, periodic orbits, or
relative periodic orbits possibly interconnected by heteroclinic and/or homoclinic orbits. Since the
significance of such exact coherent structures for turbulent flow may sometimes be dubious, we
chose to focus on edge states, which are well defined and relevant to the subcritical situation where
the laminar and turbulent regimes coexist. In spite of being an edge state, the determined solutions
may still be classified as one of the above-mentioned types.

Edge states correspond to unstable flow regimes distinct from the laminar and the turbulent state.
They have the defining property that they lie on the basin boundary of the laminar regime, the
so-called edge of chaos [29,68]. They are interpreted as key mediators of the transitional dynamics
and as the first nonlinear coherent structures visited along a transition route [27]. The temporal
dynamics of edge states can be simple or complex depending on conditions not yet fully understood.
However, in this article we are less interested in their temporal dynamics than in their spatial
localization properties, in particular whether a given edge state solution can be associated with
one given duct wall. Competition between several edge state solutions of a physical system has
been reported several times in the literature, e.g., in [69]. No general rule gives any information
about the unicity of edge state solutions. The conclusions given in this section are therefore based
on computational evidence.
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(a) (b)

FIG. 7. Time series of | jx| corresponding to edge trajectories for (a) case A and (b) case B. In (b), edge
trajectories resulting from an initial perturbation either in the Hartmann layer (red) or in the Shercliff layer
(blue) are shown. Consequently, while the transient phase is retained in (b), it has been truncated in (a) with an
appropriate shift of the time variable. The black circles correspond to the snapshots visualized in Figs. 8 and 9,
respectively.

A popular method to determine an edge state is bisection [28,68,71]. The algorithm begins by the
choice of two initial conditions (vlam, vturb) belonging, respectively, to the laminar and the turbulent
attraction basin. The segment joining these two initial conditions must cross the edge manifold at
least once. An initial condition vbis belonging to the edge is identified by iteratively updating the
weight coefficient ς in

vbis(x) = ςvlam(x) + (1 − ς )vturb(x), (13)

where 0 < ς < 1. The edge state is eventually identified as the long-time attractor for the trajectory
initiated by the initial condition on the edge manifold. In practice, however, neighboring trajectories
separate exponentially fast in the direction transverse to the edge [29,35] due to the positive Lya-
punov exponent. The bisection thus needs to be repeatedly restarted until convergence is achieved.
As a diagnostic for turbulence transition or laminarization, we monitor here at all times the norm of
the streamwise current density | jx| defined in (9), which vanishes for the base state. For each pair
of initial conditions, bisection is performed until the distance between the two states, as measured
by the L2 norm, falls below 10−5. A new bisection is initiated when the separation between the
trajectories has reached 10−3 (as measured in the L2 norm).

Starting with case A, a time series of an edge trajectory is shown in Fig. 7(a). As in HD duct
and pipes [26,29,31], it displays chaotic dynamics. However, whereas [26] reported that different
duct walls become active at different times (suggesting that the edge state cycles around the duct
circumference in time), the equivalence between all walls is lost in the presence of a magnetic
field. Instead, the edge state stays localized on the Shercliff wall. Two instantaneous snapshots
of the edge state at arbitrary times [see Fig. 7(a)] corresponding to calm and intense episodes are
shown in Fig. 8. Whereas the calm phase exhibits a remarkable degree of coherence and order, these
structures are seen to break down into mild turbulence during the active stages. Similar behavior was
recently reported in [35] in the MHD channel. Notable in both visualizations is the presence of a
large hairpin vortex next to one of the symmetry lines. Whether this feature is due to the imposed
boundary conditions is presently not known. Hairpin vortices are, however, known to develop in
the early stages of boundary layer transition and promote turbulent spot nucleation [72]. If the flow
would be perturbed along the unstable direction of the edge state transverse to the edge manifold,
it is likely that turbulence would ensue following a similar breakdown of this hairpin into smaller
vortices.

The particular trajectory shown in 7(a) corresponds to a bisection initiated between a pair of
snapshots (vlam, vturb) taken to be the laminar solution shown in Fig. 2 and a low-intensity turbulent
state. To check the robustness of the results, the bisection was repeated by choosing vturb to be the
initial perturbation described in Appendix B centered on the Shercliff wall, or another turbulent
state but using slightly different solver tolerances (see [46] for details). All these cases converge to
similar results (as far as chaotic states can be quantitatively compared based on limited time series).
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(a) (b)

FIG. 8. Instantaneous visualizations of the edge state for case A during (a) a calm and (b) an intense phase.
Isocontours of streamwise velocity vx = 0.6 (gray), together with a transversal plane of vx (color; the white
lines are separated by 0.1 units). Vortical structures are shown using an isocontour of λ2 = −0.03 [70] colored
by streamwise vorticity ωx (red: positive; blue: negative). The times of the snapshots correspond to t = 1 424.2
and t = 1 489.0 as indicated in Fig. 7(a). For visualization purposes, the quarter duct domain is extended to the
full duct.

Case B is considered next. Since sustained turbulent motion was shown on the Hartmann wall in
Fig. 4(b) at this parameter value, two separate bisections are initiated between the laminar solution
vlam and the disturbance of Appendix B, localized now either at the Shercliff or at the Hartmann wall
as vturb. In Fig. 7(b), the signal of the edge trajectory initiated from a perturbation in the Shercliff
layer is qualitatively different from that observed for case A. Instead of being fully chaotic, the
edge state now exhibits a recurrent cycle of quiescent phases interrupted by rapid bursts reminiscent
to that previously reported for HD Poiseuille flow [28,73,74], asymptotic suction boundary layer
[75,76], and the MHD channel flow for low to intermediate Ha numbers [35]. Instantaneous
snapshots of the edge state during the quiescent and the bursting stage indicated in Fig. 7(b) are
shown in Fig. 9. The space-time diagram in Fig. 10(a) shows that the low- and high-speed streaks
defined by vstk

x = vx − ṽx shift erratically along the Shercliff wall in time, similarly to the case of
intermediate Ha in the MHD channel flow [cf. Figs. 7(b) and 10(a) with Figs. 3(c) and 5(b) of [35]].
Meanwhile, the Hartmann layer remains largely unperturbed as for lower R.

For the bisection initiated in the Hartmann layer, Fig. 10(b) shows that the edge dynamics remains
isolated in this layer until time t = 200 when it migrates into the Shercliff layer. Initially the level
of | jx| is high and the time series do not show any sign of recurrence [see Fig. 7(b)]. From t = 700
onwards, the migration to the Shercliff wall is complete and the dynamics converge to the recurrent
cycle. Beyond t = 700, the flow next to the Hartmann wall returns to its nearly unperturbed state.
Hence, this rules out edge states that would be either localized to the Hartmann layer or not localized
at all.

C. State space projections

Figure 5 shows the physical location of the main vortical motion. It suggests that both transition
trajectories are attracted to the same physical region as occupied by the edge state. It is of
complementary interest to visualize the trajectories using state portraits based on other physical
quantities, notably energetic ones and wall shear stresses, since transition is associated with an
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(a) (b)

FIG. 9. Instantaneous visualizations of the edge state for case B during (a) a calm and (b) a bursting phase.
Isocontours of streamwise velocity vx = 0.6 (gray), together with a transversal plane of vx (color; the white
lines are separated by 0.1 units). Vortical structures are shown using an isocontour of λ2 = −0.01 [70] colored
by streamwise vorticity ωx (red: positive; blue: negative). The times of the snapshots correspond to t = 1 258.4
and t = 1 290.4 as indicated in Fig. 7(b). For visualization purposes, the quarter duct domain is extended to the
full duct and two streamwise periods are shown.

increase in both of these. A popular choice of state variables stems from the energy balance

∂E

∂t
= I − Dν − Dμ, (14)

where the different terms

E = 2
∫

	

v · v dυ, I = 4
∫

	

χ (v · ex ) dυ, Dν = 4

Re

∫
	

∇v : ∇v dυ, Dμ = 4Ha2

Re

∫
	

j · j dυ,

(15a,b,c,d)

FIG. 10. Space-time diagrams of the edge state in case B visualized using the streamwise streak velocity
vstk

x along the dashed lines indicated in Fig. 5(b), i.e.,y = 1 − 1/
√

Ha (upper panels) and z = 1 − 1/Ha (lower
panels). Bisection is initiated using a perturbation in (a) the Shercliff layer and (b) the Hartmann layer.
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FIG. 11. (a), (b) I vs Dν + Dμ, (c), (d) E cf vs E stk, and (e), (f) 〈τH
w 〉x,y vs 〈τ S

w〉x,z for the edge state (gray),
turbulence (black), and transition initiated in the Hartmann (red) and the Shercliff (blue) layer. The starts of the
transition trajectories are marked with a cross, and every subsequent time unit is marked with a filled circle.
When relevant, the quantities are normalized by their corresponding laminar values, denoted with a tilde (̃·).
Panels (a), (c), (e) and (b), (d), (f) correspond to case A and case B, respectively.

respectively correspond to the kinetic energy of the flow, the energy input by the streamwise driving
force, the viscous dissipation, and the Joule dissipation linked to MHD effects. (The terms are scaled
to match the values in a full duct.) In the case of a steady state such as the laminar solution, the left-
hand side of (14) vanishes such that I = Dν + Dμ. The laminar values of the dissipation terms (per
unit length in the streamwise direction) in turn read D̃ν/L = 61.3354/Re and D̃μ/L = 43.0439/Re.

In Fig. 11(a) the evolution of the total dissipation and the energy input are shown, normalized by
their corresponding laminar values. The edge state, plotted in gray, by its definition lies graphically
between the laminar and the turbulent attractors. When transition is initiated in the Hartmann layer
for case A [Fig. 11(a)], it is apparent how the trajectory (red line) is attracted towards the edge state
and subsequently gets ejected away towards the turbulent attractor (black line). A typical sign of
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an approach to an attractor is the slowing down of the dynamics. To identify slower stages of the
transition process, filled circles separated by one advective time unit are plotted. In Fig. 11(a), a
cluster of points is clearly visible for the transition trajectory in the vicinitiy of the edge state. When
transition is instead initiated in the Shercliff layer (blue line), a similar approach towards the edge
state albeit less pronounced, is visible after a brief transient.

Other common state space measures are the volumetric streak and cross-flow energy, defined as

E stk = 2

L

∫
	

(
vstk

x

)2
dυ, E cf = 2

L

∫
	

(
v2

y + v2
z

)
dυ, (16a,b)

respectively. Since the initial disturbance involves only cross-stream components (see Appendix B),
the streak energy is initially zero, but as the flow relaxes from this state, energy is transferred
into the streamwise perturbation component as well. In Fig. 11(c), the approach of both transition
trajectories to the edge state, accompanied by the aforementioned slowing down, is clearly visible.

We also investigate the transition process in view of the time-dependent wall-averaged shear
stresses, 〈τH

w 〉x,y = 〈∂vx/∂z〉x,y|z=1 (and a similar expression for 〈τ S
w〉x,z). The laminar corresponding

values of the base state are 〈̃τH
w 〉x,y = 20.1858 and 〈̃τ S

w〉x,z = 5.9090, which illustrates the large
difference in shear stress between the two boundary layer types. Figure 11(e) shows that both
perturbations induce an immediate upshot in the shear stress on their corresponding walls. Again,
since the initial perturbation of choice [see (B4)] does not contain a streamwise component, both
normalized transition trajectories start at the same point in this state space representation. However,
as the transition migrates into the Shercliff layer, the shear stress on the Hartmann wall is bound to
come down while that on the Shercliff wall continues to rise until the turbulent attractor is reached.
Interestingly, the edge state appears capable of reducing the shear stress on the Hartmann wall below
its laminar value.

Upon increasing the Reynolds number to R = 400 (case B), turbulence occupies both the
Shercliff and the Hartmann wall as earlier observed in Fig. 4(b). In the state space projection
(E stk, E cf ) [Fig. 11(d)], this manifests itself as a shift of the turbulent attractor away from the
laminar fixed point, which remains fixed at the origin. It is remarkable how close the edge state
is to the laminar flow in terms of E cf , which suggests that the basin of attraction of the laminar flow
has shrunken relative to case A. This implies that considerably weaker perturbations now suffice to
induce transition, as verified by comparing the red trajectories in Figs. 11(c) and 11(d). Although the
behavior is less apparent than for the lower Reynolds number, evidence that the transition process
initiated in the Hartmann layer is guided by the edge state also in this case, may be found in the
close-up inset of Fig. 11(b), as well as by the clustering of points around the values of the abscissa
occupied by the edge state in Figs. 11(d) and 11(f). These results thus favorably support the notion
put forth in Ref. [27] that the edge states act as mediators of turbulent flow.

IV. CONCLUSIONS AND OUTLOOK

Whereas earlier works on MHD duct flows have exclusively focused on flow laminarization
[7,60], the forward transition scenario is here investigated from a fully nonlinear point of view. In
this computational study we have demonstrated, for a representative set of parameter values and
under a symmetry restriction, that transition to turbulence in MHD duct flow occurs by the finite-
amplitude destabilization of the Shercliff layer. Conversely, as opposed to the picture advanced
by early experimental studies (see [7] for a review), no transition route involving the Hartmann
layers is observed. Computations of edge states for the same parameters indicate, consistently with
the description of the transition process, similar spatial localization next to the Shercliff walls.
The existence of these nonlinear recurrent solutions, together with their localization properties,
suggests that actual transition depends on a state space scaffold built around specific solutions,
all localized spatially within the Shercliff layer. This crucial role of the Shercliff layer is not
the outcome of a competition between different solutions with different localization properties
and stability properties: only nonlinear solutions localized in the Shercliff layer have been found,
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(a) (b)

FIG. 12. (a) The classical state space sketch illustrating the edge manifold acting as a basin boundary of
the laminar attractor with the edge state plotted as a single saddle state. States on the manifold whose, e.g.,
center of enstrophy is located on the Hartmann (ŷ < ẑ) and the Shercliff (ŷ > ẑ) wall are delimited by a dotted
line. (b) Verification of the preceding sketch using perturbation vorticity data from the MHD duct simulations
of case A. Segments of the trajectories for which ŷ � ẑ (ŷ < ẑ) are shown with a solid (dashed) line. The edge
state (gray) guides transition to turbulence (black) initiated in both the Hartmann (red) and the Shercliff (blue)
layer. The base laminar state is marked with a black circle.

whereas no genuine solution has been detected on the Hartmann walls. While such solutions cannot
be strictly excluded, it is likely that their stability properties exclude them as edge states. Inspired
by the original sketches in e.g., [31,71], a graphical summary of the above conclusions is given
in Fig. 12(a). For simplicity, here we have plotted the edge state as a single saddle point. With
reference to Fig. 5, initial conditions vbis for which ŷ < ẑ, are separated from those with ŷ � ẑ
by a dotted line. Further support for this conceptual picture is provided in the three-dimensional
state portrait in Fig. 12(b) constructed using perturbation vorticity components [whose norms are
evaluated using (9)] extracted from the nonlinear DNS.

The dynamics exhibited by the edge states are truly three-dimensional as can be observed in
Figs. 8–10, especially Fig. 8(b). Nevertheless, it is instructive to compare and contrast them with
the spatial structure of the solutions that emerge from the various analysis methods developed in the
stability literature. In order of ascending Re, the first critical value of interest is the energy Reynolds
number ReE , below which no transient energy growth is possible for any perturbation to the base
flow. It was computed recently for the MHD square duct in [18]. For Ha = 20 the corresponding
value is ReE = 260 with kx ≈ 4. In Fig. 13(b), the least energy-stable mode with kx = 0 is shown
(as a side note, we mention that unlike in HD square ducts [11], modes with kx = 0 are suboptimal
with respect to transient growth in the MHD case [13,18]). A staggered pattern of streaks, with low
wave number, occupies the Shercliff layer only. Above ReE , linear transient growth of perturbations
is possible. The coherent structures associated with the largest energy amplification were computed
numerically by [13] (cf. their Fig. 7 for the optimal kx = 0 modes). Similar streak patterns occur,
again confined to the Shercliff layer. The nonlinear generalization of these optimal structures, the
minimal seeds [77], have not yet been computed for the three-dimensional MHD case (see [62] for
quasi-two-dimensional computations). All these streak patterns, with their different wave numbers
reflecting different values of Reτ , are directly comparable to the instantaneous streak pattern of the
present (nonlinear) edge states. As an illustration, the instantaneous x-averaged streamwise velocity
of the edge state computed for case B in Fig. 13(a) features the staggered pattern of low- and high-
speed streaks typically observed in edge states with bursting dynamics [75]. Due to the presence
of the corners, the structures are spanwise localized. The comparison in Fig. 13 corroborates the
central role of the Shercliff layers in supporting basic perturbation growth mechanisms such as the
lift-up effect [78]. This mechanism is one key element to the self-sustaining processes [64] (of which
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(a) (b)

FIG. 13. Comparison of (a) the streak velocity 〈vstk
x 〉x of the edge state for case B at time t = 1 144.8

and (b) the streamwise velocity component of the least energy stable x-independent mode in a square duct at
Ha = 20 [18]. The black arrow in (a) shows the direction of the magnetic field, and for visualization purposes,
the edge state in the quarter duct is extended to the full duct. The amplitude of the energy stability mode is
normalized to have the same maximum as the streaks of the edge state.

the edge state is a manifestation). These mutual links justify why the very same Shercliff region
morphs at higher values of Re (or R) into a promoter of transition at the expense of the inactive
Hartmann layers and bulk region. Although the bisection algorithm does not identify any unstable
exact solutions localized in the Hartmann layer, we cannot exclude their existence. Such structures
have, for instance, been identified in, e.g., energy stability analysis [18], but are there found to be
associated with a relatively larger ReE . Likewise, they would be expected to be unimportant for
transition to and sustenance of turbulence.

With the edge state localized on the Shercliff wall, the situation is locally similar to the case
of a channel subject to spanwise magnetic field. In that configuration, we recently showed that
the edge state changes from a recurrent cycle of calm and bursting stages to spatiotemporal chaos as
the interaction parameter N is increased [35]. A similar change in dynamics is observed also in this
case in passing from N = 0.05 (case B) to 0.08 (case A). To what extent the verification of this trend
is fortuitous and depends on other parameters is presently unknown. As for the MHD channel, the
turbulent and the edge regime appear closer in state space for N = 0.08 than for 0.05 (see Fig. 11).
This is interpreted in Ref. [35] as the approach towards a tipping point as N is increased. This
event would correspond to a generalized saddle node bifurcation, beyond which the only attracting
solution is the laminar one. Such a result would be consistent with the known difficulty of both
initiating and maintaining turbulence at high N .

Eventually, one may speculate how the results obtained with the present symmetric model
generalize to the full duct. Since the spatial localization of the edge states to the Shercliff wall
is commensurate with the preferred region of transient growth, no significant change in the edge
state nor in the transition route is expected. In fact, it is shown in Appendix C that the turbulence
activity on the Hartmann (Shercliff) walls is lower (higher) in the full duct than in the quarter duct.
This intuitively suggests a possibly even stronger preference for the Shercliff walls in the full duct
than what is reported here.

Although the drag in a MHD duct, due to the very steep velocity gradients, is dominated by
the Hartmann layers, the state portraits in Figs. 11(e) and 11(f) reveal that the edge state for both
investigated parameter configurations at least momentarily entails lower values of 〈τH

w 〉x,y than the
laminar flow. This suggests a novel control strategy for reducing pumping requirements in liquid
metal applications, i.e., by maintaining the flow on the edge manifold. Given that there is an infinite
number of unstable periodic orbits embedded in a strange attractor, control strategies have been
proposed to turbulent flow [79]. However, in light of the above observation of wall shear stress,
the objective here need not be a full laminarization of the flow, but a mere restriction of it to the
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edge state. Such an approach might potentially be less demanding since it can suffice to stabilize a
periodic orbit [80].

The present results are expected to hold for larger finite aspect ratios, as demonstrated in
Ref. [81]. The connection between the limiting configuration of a Hartmann channel and finite
aspect ratio ducts is still an open problem, although three-dimensional edge states in the Hartmann
channel have been recently reported in [82]. It is of interest to consider also the influence of
the Hartmann number on the reported transition routes. Unlike the Reynolds number, Ha directly
influences the base state through (3). The choice of boundary conditions can also strongly influence
the flow. For instance, if the sidewalls are electrically conducting (i.e., Hunt’s flow) the base flow
develops strong wall jets, likely to be more unstable, which makes the transition scenario fully
different [44,83]. One may also study the effect of changing the orientation of the magnetic field.
For instance, in the case of a streamwise magnetic field [84], the equivalence of all walls as in
ordinary HD is recovered. In this case the streaks become inconspicuous to the Lorentz force. This
is left for future work.
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APPENDIX A: NUMERICAL RESOLUTION

In order to assess the spatial resolution of the DNS simulations and ensure that all length scales
of the flow are properly resolved, inner units as defined in Sec. II E 2 are considered. In Table II
the friction Reynolds numbers ReS

τ and ReH
τ evaluated on the symmetry lines (y, z = 0) and (y =

0, z), as well as on the midlines (y, z = 0.5) and (y = 0.5, z) of the quarter duct are presented. For
comparison, the wall-averaged quantities

〈
ReH

τ

〉 =
(

Re

〈
∂vx

∂z

∣∣∣∣
z=1

〉
x,y

)1/2

,
〈
ReS

τ

〉 =
⎛⎝Re

〈
∂vx

∂y

∣∣∣∣
y=1

〉
x,z

⎞⎠1/2

(A1a,b)

are shown as well. For both the full and the quarter duct, the friction Reynolds number reaches its
largest values on the symmetry lines. Numerically resolving these regions thus imposes the strongest
restrictions on the computational grid.

TABLE II. Comparison of the friction Reynolds numbers on the Hartmann and the Shercliff walls between
different simulation cases. The Reynolds numbers are evaluated at the two symmetry lines, at the two midlines
of the quarter duct, and averaged over the two walls. For the full duct [43], the data is symmetrized and averaged
between the two pairs of walls.

Geometry L Re ReH
τ |y=0 ReH

τ |y=0.5 〈ReH
τ 〉 ReS

τ |z=0 ReS
τ |z=0.5 〈ReS

τ 〉
Full duct 8π 5000 359.9 340.3 329.9 281.6 281.6 266.1
Quarter duct 8π 5000 375.4 326.6 332.7 320.0 293.0 267.4
Quarter duct 2π 5000 371.9 324.1 327.6 324.7 288.1 262.2
Quarter duct π 8000 588.9 490.3 475.6 560.8 454.7 435.3
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TABLE III. Mesh parameters for the different simulation cases considered. nel and N denote the number
of spectral elements in the mesh and the polynomial order, respectively. In the following four columns, the
grid spacing between neighboring mesh points in the different directions are reported. The first and the second
entry in each tuple refer to the smallest and the largest node spacing in the mesh, respectively. The two last
columns report the width of the SE next to the walls, i.e.,the distance of the N th point off the wall: yS

N+ =
y(nel,y )S

+ − y(nel,y − 1)S
+ and zH

N+ = z(nel,z )H
+ − z(nel,z − 1)H

+.

Type L Re nel N �xH
+ �xS

+ �yS
+ �zH

+ yS
N+ zH

N+

Turbulence 8π 5000 88 540 11 (1.116, 5.530) (0.951, 4.714) (0.091, 3.424) (0.084, 3.866) 3.311 3.044
Turbulence 2π 5000 36 000 11 (1.073, 5.319) (0.937, 4.643) (0.072, 2.741) (0.081, 3.009) 2.633 2.936
Turbulence π 8000 55 930 11 (1.085, 5.375) (1.033, 5.118) (0.065, 3.396) (0.066, 3.463) 2.337 2.388
Bisection 2π 5000 36 000 7 (2.498, 8.152) (2.180, 7.116) (0.169, 4.201) (0.188, 4.612) 2.633 2.936
Bisection π 8000 55 930 7 (2.524, 8.239) (2.404, 7.845) (0.150, 5.205) (0.153, 5.308) 2.337 2.388
Transition 2π 5000 316 368 11 (0.550, 2.728) (0.480, 2.381) (0.053, 1.207) (0.055, 1.397) 1.910 2.011
Transition π 8000 235 200 11 (0.680, 3.369) (0.647, 3.208) (0.088, 1.922) (0.068, 2.091) 3.202 2.475

The numerical resolution used in the different simulations discussed in Sec. III B and in Ap-
pendix C are given in Table III. Following [53], the elements are defined in y and z as a blend
between the Gauss-Lobatto-Chebyshev (GLC) discretization and uniform spacing, such that

z(i) = γzzGLC(i) + (1 − γz )zeq(i), zGLC(i) = sin

(
π i

nel,z
− π

2

)
, zeq(i) = 2i

nel,z
− 1, (A2a,b,c)

with i ∈ [0, nel,z] for z, and similarly for y. The streamwise x extent of the domain is discretized
using nel,x equidistant elements.

In the simulations of wall turbulence, the elements are smallest next to the walls and they
smoothly stretch when approaching the symmetry lines. With reference to Eq. (A2), the total
element count reported in the third column of Table III corresponds to nel = nel,x(nel,y/2)(nel,z/2).
The mesh parameters nel,z, γz, nel,y, γy, and nel,x are carefully chosen to obtain resolutions similar or
better than previous studies on turbulent flow in HD [54,66,85,86] and MHD [53] duct geometries.
Note, however, that since the figures in Table III are based on values at the symmetry lines where the
friction Reynolds numbers attain their maxima, the resolution is mostly better than what is reported.
(For details of the resolution in the full duct used as reference in Appendix C, the reader is referred
to [43].)

Following [35], bisection (see Sec. III B) is done on the same mesh topology as the turbulence
simulations but with a lower polynomial order N . This is justified since edge states and other lower
branch states feature much less energy in the small spatial scales compared to developed turbulence.

An accurate capture of the transition process requires refinements in the mesh topology. In order
to induce transition (see Sec. III), a synthetic perturbation in the form of a localized vortex pair [87]
is imposed on the laminar solution (see Appendix B). To resolve the strong updraught of low-speed
fluid along the symmetry lines that this perturbation generates, the elements next to the symmetry
lines have the same size as the ones next to the walls. Thus, the element distributions given by
Eq. (A2) are linearly transformed, i.e., z′ = (z + 1)/2 (and similar for y). In this case, the element
count in Table III is given by nel = nel,xnel,ynel,z.

APPENDIX B: INITIAL PERTURBATION

The initial perturbation used to induce transition corresponds to a localized vortex pair doc-
umented in [87] and its definition is repeated here for completeness. In order to position the
perturbation on different walls, we define it in a local Cartesian coordinate system (xp, yp, zp) related
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FIG. 14. Symmetrized turbulence statistics in the full duct [43] (gray lines) vs turbulence statistics com-
puted in the symmetric quarter duct (black lines). z+ profiles across the Hartmann layer for y = 0.5 plotted
with solid lines; y+ profiles across the Shercliff layer for z = 0.5 plotted with dashed lines. (a) Mean velocity
U+. (b) Mean shear stress. (c)–(e) Reynolds stresses in the x-, y- and z-directions. (f) Reynolds shear stresses
in the xz (solid) and the xy (dashed) directions.

to the global coordinate system (x, y, z) by a translation and a rotation:⎛⎝xp

yp

zp

⎞⎠ =
⎡⎣1 0 0

0 cos(α) sin(α)
0 − sin(α) cos(α)

⎤⎦⎛⎝x − xc

y − yc

z − zc

⎞⎠. (B1)

To yield an appropriately sized perturbation, these local coordinates are subsequently scaled as x̂ =
xp/xs, ŷ = yp/ys, and ẑ = zp/zs, where xs, ys, and zs are suitable scale factors. Next, the following
streamfunction is introduced:

�(x̂, ŷ, ẑ) = −(Azs) f (x̂, ẑ)g(ŷ), U = 0, V = ∂�

∂zp
, W = −∂�

∂yp
, (B2a,b,c,d)

where

f (x̂, ẑ) = x̂ẑ exp(−x̂2 − ẑ2), g(ŷ) = ŷ3 exp(−ŷ2), (B3a,b)
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and A is the amplitude of the perturbation. The different velocity components of the perturbation
are given by

U = 0, V = −Ax̂g(ŷ) exp(−x̂2 − ẑ2)(1 − 2ẑ2), W = A
zs

ys
x̂ẑ

dg

dŷ
exp(−x̂2 − ẑ2). (B4a,b,c)

The perturbation components (B4) are finally transformed back to the global velocity components
(vx, vy, vz ) via the transpose of the rotation matrix in (B1).

APPENDIX C: TURBULENCE STATISTICS

It is interesting to compare quantitatively the statistics of the turbulent flow in the presence,
or not, of the quarter duct symmetries, although nothing guarantees that these statistics should
match. To this end, the toolbox documented in [88] is used and flow statistics are gathered during
approximately 20 flow-throughs (i.e., around 520 advective time units) for a case with parameters
Re = 5000, Ha = 20, and L = 8π . As before, these simulations are carried out using NEK5000
[46]. Comparing first the friction Reynolds numbers in Table II for the full and the quarter duct,
local variations are notable. This is particularly the case along the symmetry lines, where ReS

τ and
ReH

τ in the quarter duct are larger compared to the full duct. In contrast, the wall-averaged values
are in close agreement.

In Fig. 14, the profiles for the mean flow and the Reynolds stresses across the midlines
of the quarter duct are compared with the corresponding (symmetrized) profiles of the full
duct from Ref. [43]. Figure 14(a) contains profiles of U H

+ = 〈vx〉x|y=0.5,z/uH
τ |y=0.5 and U S

+ =
〈vx〉x|y,z=0.5/uS

τ |z=0.5. It shows that the mean flow is almost unaffected by the symmetry condition,
except in the log-law region y+, z+ > 30 [65] and beyond where the boundary conditions are felt
and thus slight differences appear. The normalized shear stress profiles τH|y=0.5,z/τ

H
w |y=0.5 and

τ S|y,z=0.5/τ
S
w|z=0.5 evaluated in the quarter and the full duct, are also close to indistinguishable [see

Fig. 14(b)]. Comparison of the Reynolds stresses [65] in Figs. 14(c)–14(f) reveals that the turbulence
intensities in the Shercliff layer are consistently underpredicted in the quarter duct compared to the
full duct, whereas the corresponding quantities in the Hartmann layer are consistently overpredicted.
These differences between the quarter and the full duct are visible outside the viscous sublayer
y+, z+ > 5 [65], but the stress profiles remain qualitatively similar. (The Reynolds stress component
〈v′

yv
′
z〉 is small in comparison to the other stresses and is hence omitted in Fig. 14.)
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