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Effects of bulk and wall chemical reactions on hydrodynamic dispersion
of a solute in a couple stress fluid
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This paper presents an analytical exploration of the two-dimensional concentration dis-
tribution of a solute under the influence of first-order bulk and wall chemical reactions in a
viscous, couple stress fluid flowing between two parallel plates. The analytical expressions
for mean and transverse concentration distributions up to third order are derived using Mei
and Vernescu’s multiscale homogenization technique. This paper meticulously investigates
the impact of a couple stress parameter (α) and the chemical reaction parameters on
Taylor dispersion through a reactive solute’s dispersion coefficient, mean, and transverse
concentration distributions. Results reveal that the effect of couple stress is most significant
for smaller values of α (i.e., 20 > α � 1), in which the dispersion increases and the
tracer particle’s mean concentration decreases. As α increases, there is a decreasing trend
in dispersion, and for a large value of α a subtle decrease in dispersion is observed,
which implies that the increment in viscosity impacts the dispersion coefficient. However,
the negligible effect of couple stress (α � 20) results in a subtle increase in the mean
concentration distribution. Increasing the value of the bulk chemical reaction parameter
uniformly decreases the transverse concentration more effectively for smaller values of
α. Both couple stress and wall reactions significantly impact the concentration varia-
tion by inducing nonuniformity. Interestingly, at the center of the channel cross section,
the bulk chemical reaction is more efficient in decreasing the transverse concentration
profile when compared to wall chemical reactions, especially for smaller values of α where
the couple stress is notably high. The results are effective as they are pivotal in advancing
the design and performance of microfluidic devices, enhancing the separation of fluids and
components, and improving fluid mixing efficiency.
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I. INTRODUCTION

Exploring and modeling complex fluid systems play a critical role in many industries, such
as shaping the design and development of cutting-edge technologies, which include innovations
like microfluidic devices, laboratory-on-a-chip platforms, and advanced materials [1–3]. Many
applications, both in industry [4] and the scientific realm [5], deal with intricate fluid dynamics,
often characterized by the significant impact of couple stress [6]. Modeling these kinds of systems
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is necessary to predict and optimize the performance of systems and processes in their applications.
The dispersion of solutes within these systems is influenced by multiple factors, including the
physical, chemical, and mechanical properties of the materials involved, the position of solute
sources, and the surrounding environment. By applying fundamental principles like Fick’s law, we
can develop mathematical models to describe the distribution of solute concentrations resulting
from these materials. Several dispersion models have been developed to study this phenomenon,
each with its characteristics. One such longstanding work is Taylor’s [7] dispersion, which explored
the dispersion of soluble substances within a tube and introduced the concept of shear stress. The
author noted that the varying velocity shear along the direction of flow results in increased solute
diffusion. Building upon Taylor’s work, Aris [8] further expanded the research, eliminating the
constraints Taylor set and incorporating longitudinal dispersion into Taylor’s findings, introducing
the moment method to analyze the convection process. Gill and Sankarasubramanian [9] introduced
a technique based on series expansion to address convective diffusion problems accurately. They
also determined an average concentration distribution that covers a wide range of independent
variable values for a one-dimensional dispersion model. Chatwin [10] presented a method for
attaining longitudinal normality in mean concentration, which involved the development of an
asymptotic series for the concentration distribution, with the constraint that solute diffusion adheres
to Fick’s law. Barton [11] examined the dispersion process in pipes or channels, formulated an
eigenvalue problem, and effectively tackled technical challenges related to the Aris technique of
moments. As a result, Barton provided comprehensive solutions for the second- and third-moment
equations that govern solute distribution and reexamined the outcomes of Chatwin’s research.
Wang and Chen [12] investigated how a solute initially disperses within a laminar flow tube and
observed a distinctive saddle-shaped concentration profile developing in the tube’s center, attributed
to differences in flow velocity.

The concept of couple stresses is an extension of classical fluid mechanics that considers the
influence of internal rotational moments, or couple stresses, in addition to the traditional stresses
associated with fluid pressure and viscosity. Couple stresses can significantly describe the behavior
of certain complex fluids, such as non-Newtonian fluids, microscale and nanoscale fluids, or fluids
with suspended particles. Stokes [13] introduced the theory of couple stress fluids, which belongs to
the category of polar non-Newtonian fluid theories, and expands upon the traditional understanding
of viscous fluid dynamics, which typically focuses on classical Cauchy stresses. It provides the most
straightforward framework for developing a conventional fluid theory to account for polar effects,
notably including couple stresses and body couples. Couple stress theory provides an accurate
description of how fluids with inherent structures, such as lubricants with long-chain molecules,
liquid crystals, suspensions of nanoparticles, emulsions of oil and water, and animal blood, behave
in terms of their flow [14,15]. This research has gained prominence due to the influence of such
fluids in chemical engineering, including applications that encompass the utilization of these fluids
in a range of scenarios, such as incorporating them in polymer-thickened oils, deploying them
in the context of liquid crystals, exploring their relevance in physiological fluid mechanics [16],
and employing them in polymeric suspensions [17]. The effect of couple stress on dispersion is
essential for advancing scientific knowledge, fostering innovation, solving real-world problems, and
optimizing operations [18,19]. It has far-reaching implications in fields ranging from engineering
and environmental science to health and safety, making it a valuable study area in scientific research.
Soundalgekar’s [20] work sheds light on how the presence of couple stress, a measure of the internal
stresses within a fluid, can influence the process of dispersion and its associated coefficient. Later,
he delved into the impact of couple stress and various chemical reactions on solute dispersion.
The findings revealed that couple stress is more pronounced in homogeneous reactions at lower
α values, while its influence diminishes as α increases. Conversely, in the case of inhomogeneous
reactions, dispersion experiences a notable increase, indicating an enhanced solute dispersion effect
[21,22]. Later, Rudraiah et al. [23] examined the influence of couple stress on an unsteady convective
diffusion in fluid flow through a channel. Their results explore that the couple stress plays a
significant role for smaller values of α, and as α approaches infinity, the flow behavior tends to

014502-2



EFFECTS OF BULK AND WALL CHEMICAL REACTIONS …

resemble that of Newtonian theory. Additionally, their findings demonstrate the recovery of Taylor’s
dispersion model as a specific case in the limit where τ → ∞.

In chemical engineering, understanding solute dispersion is crucial for optimizing various
processes. Especially in many chemical engineering problems, irreversible first-order chemical reac-
tions occur, leading to solute diffusion happening simultaneously with these reactions. Researchers
have analyzed the dispersion problem by incorporating first-order bulk chemical reactions under
laminar flow to depict these situations accurately. Furthermore, if the channel wall is catalytic, wall
chemical reactions at the surface can arise, adding another layer of complexity to the dispersion
process. Katz [24] explored this phenomenon, emphasizing the influence of catalyzed wall chemical
reactions on the tube wall. Walker [25] offered a general solution to address the axially symmetric
problems associated with diffusion, convection, and reaction of a reactant within a catalytic tubular
reactor. His investigation also included an analysis of the reactant’s decay both upstream and
downstream of the source. Researchers like Gupta and Gupta [26], Neely et al. [27], Philip and
Chandra [28], along with many others, have extensively studied the combined impacts of bulk
chemical and wall chemical reactions in dispersing solutes within Newtonian fluid flow. This paper
incorporates both first-order bulk and wall chemical reactions along with the effect of couple
stress. Ng and Rudraiah [29] analyzed mass transport in steady Poiseuille flow through a circular
tube with reactive walls, combining reversible and irreversible reactions. They derived steady-state
transport coefficients using a dispersion model and simulated time-dependent concentration profiles
to explain trends in transport behavior. Debnath et al. [30] studied solute dispersion in an annular
pipe under a periodic pressure gradient. They found that in a steady flow, the dispersion coefficient
quickly stabilizes at high reaction rates, with the bulk flow reaction parameter having less impact.
Roy et al. [31] studied Taylor dispersion of reactive species in Casson liquid under oscillatory
flow, with solute reactions at the boundary and in the bulk. They found that wall absorption and
bulk flow reactions affect dispersion by reducing the negative exchange coefficient and increasing
the negative convection coefficient. Jiang and Chen [32] developed a simplified analytical model
to investigate reactive transport involving boundary adsorption and desorption. They analyzed
various concentration distributions, including bulk, surface, transverse average, and overall mean
concentrations. Recently, Saha et al. [33] investigated the effect of the Grashof number in the
presence of bulk and wall chemical reactions and found that Taylor dispersivity is equal for both
the positive and negative Grashof number, i.e., for heating and cooling respectively. Also, the
longitudinal concentration of solute decreases when both the cooling and heating processes increase.
Poddar et al. [34] delved into the investigation of solute transport in an oscillatory Couette-Poiseuille
flow between two parallel plates in the presence of bulk chemical and wall chemical reactions. Their
results reveal that with boundary absorption, the concentration profile fluctuates most rapidly along
the upstream and downstream directions, respectively, for steady and moving plates.

This paper delves into the transverse concentration distribution of viscous flow with a couple
stress effect, encompassing the influence of chemical reactions by utilizing the multiscale
framework of Mei and Vernescu [35]. This framework seeks to build accurate macroscale models
by averaging over the swift fluctuations of fast variables, thus bypassing the limitations of traditional
one-scale approaches, which stumble on both macrolevel accuracy and microlevel efficacy. The
primary objective of employing the multiscale method is to individually capture the effects of
different physical processes. Specifically, lateral diffusion, advection, and longitudinal diffusion can
occur simultaneously, each with its own characteristic timescale. For instance, in a narrow geometry,
diffusion in the lateral direction happens quickly, necessitating the assignment of a short timescale
to account for these rapid variations. In contrast, advection is slower than lateral diffusion, and lon-
gitudinal diffusion occurs even more slowly. Consequently, we assign medium and long timescales
for advection and longitudinal diffusion, respectively. This distinction is a key difference between
the multiscale method and single-time-scale methods, such as those proposed by Aris and Gill.
Another advantage of the multiscale technique is its ability to simultaneously evaluate the dispersion
coefficient, mean concentration distribution, and two-dimensional concentration distribution. In
recent times, transverse concentration has become essential because of its applications in various
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industries. The present paper sheds light on the transverse concentration distribution, revealing the
intricate relation between solutes and flow dynamics across the entire flow field. Previous research
primarily focused on the mean concentration, neglecting the crucial variations across the flow
cross section. The pioneering research of Ng [36,37] becomes important in studying transverse
distribution by examining sorption with the bed and air-water reactions in tubes and open channels,
both under steady and oscillating flows. Wu and Chen [38,39] were among the first to delve into the
nonuniformity of transverse concentration in laminar flows, revealing a slower transverse uniformity
compared with longitudinal uniformity. Importantly, they proposed a timescale for assessing the
uniformity in both upstream and downstream regions. Barik and Dalal [40] utilized a multiscale
approach to investigate the impact of bed absorption on transverse distribution in open channels,
highlighting the significant nonuniformity it induces, especially downstream. Poddar et al. [41,42]
and Dhar et al. [43] further explored transverse distribution under the influence of magnetic fields
and boundary absorption in parallel plate flows, emphasizing the substantial nonuniformity caused
by these factors. Karmakar et al. [44] revealed how contaminant dispersion, pressure pulsations,
and wall oscillations interact in a fluid between porous plates, finding that pulse frequency affects
dispersion significantly, while wall oscillations dominate when the Womersley number is constant.
Recent advancements in solute transport research have utilized the multiscale homogenization tech-
nique across various flow fields, extending earlier foundational work. Poddar and Wang [45] applied
this method to analyze dispersion and concentration distributions in wetland beds, incorporating
vegetation effects and surface reactions. They further extended Ng and Yip’s [46] work by including
magnetic fields and boundary absorption [47], refining the understanding of solute transport. Wang
et al. [48] recently demonstrated that balanced absorptive beds in constructed wetlands improve
contaminant removal efficiency by up to 30%. Recently, researchers [49–51] have predominantly
utilized multiscale homogenization method to examine the solute transport phenomena in
Newtonian and non-Newtonian flows influenced by irreversible boundary reactions. These studies
underscore the versatility and effectiveness of multiscale homogenization in advancing solute
transport modeling.

The present paper introduces an investigation into the intricate interplay between couple stress
and various chemical reaction parameters; while previous research has explored the individual ef-
fects, very few studies have systematically studied their combined impacts on dispersion phenomena
[22]. Our paper fills this gap by conducting a comprehensive comparative analysis, elucidating the
enigmatic relationships between couple stress and various chemical reaction parameters on mean
and transverse concentration distributions. This paper delineates the distinct influences of each
chemical reaction and couple stress parameters, expounding their respective contributions to the
overall system behavior. Also, this research underscores its vital importance in shedding light on
these phenomena, highlighting its considerable importance in advancing the solute transport dy-
namics. We aim to unravel the intricate effects of couple stress alongside diverse chemical reactions.
In this paper, we utilized the multiscale method to derive analytical solutions for the mean and
transverse concentration distributions in viscous fluids to delve into the effect of couple stress and
various chemical reactions. The paramount aim of this research is to unravel post-transient behavior,
wherein we endeavor to determine the mean and two-dimensional concentration distribution in
viscous fluids with the couple stress effect. The significant necessity of this research is due to its
real-time applications, particularly in domains of microfluidic devices and pollutant degradation
where the combined effect of couple stress and chemical reactions holds immense promise. This
paper investigates the influence of couple stress on the channel flow and the transitional evolution of
the concentration distribution. This investigation delves into how bulk and wall chemical reactions
influence solute dispersion in flow and transverse directions. This paper also examines the transverse
uniformity and nonuniformity of the concentration cloud caused by the couple stress, bulk chemical,
and wall chemical reactions parameters, respectively. The precise goals of this investigation are
to delve into a better understanding of complex microstructure systems and the solute transport
phenomena on such systems.
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FIG. 1. Sketch for the instantaneous release of solute (red color) between parallel plates with absorbing
boundaries.

The framework of this paper and its several significant aspects are outlined as follows: Sec. II
deals with the formulation of the problem mathematically, followed by the dimensionalization of
the governing equations and velocity profile. The analytical methodology to derive the solution
of the expressions for the significant flow quantities, such as dispersion coefficient, mean, and
two-dimensional transverse concentration distribution of the solute, is presented in Sec. III. In
Sec. IV, the numerical simulation is performed to explore further and validate the analytical results,
providing additional insights into the system’s behavior. The impacts of full implication of various
parameters such as couple stress parameter, wall, and bulk chemical reaction parameters on the
above flow quantities are analyzed visually through graphs, and the distinct combination of various
parameters and their characteristic behavior in all possible scenarios of the flow quantities are
discussed in detail in Sec. V. The applications of the present paper are presented in Sec. VI.
The results and observations of the investigation are summarized as points in the concluding
Sec. VII.

II. MATHEMATICAL FORMULATION OF THE PROBLEM

Consider a fully developed, laminar, unidirectional flow of a viscous couple stress fluid between
two parallel plates separated by a distance of 2h. A Cartesian coordinate system ox′y′ has been
employed, with x′ signifying the horizontal coordinate axis, y′ representing the coordinate axis
perpendicular to the flow, and the origin o being situated at the center of the channel. The channel
plates are established along the lines y′ = ±h (see Fig. 1). Both plates are considered stationary,
and the flow results from a constant pressure gradient in the positive x′ direction. For the flow of a
Newtonian fluid in the presence of couple stress, the momentum equation in the x′ direction is as
follows [13]:

0 = − ∂ p

∂x′ + μ
∂2u′

x

∂y′2 − η
∂4u′

x

∂y′4 , (1)

where u′
x signifies the velocity in the x′ direction, p is the pressure, ∂ p

∂x′ is the pressure gradient
along the plates, μ is the dynamic viscosity, and η is a material constant which is associated with

the couple stress. The term η
∂4u′

x
∂y′4 reflects the impact of couple stress by incorporating higher-order

spatial derivatives into the momentum equation. This inclusion captures the additional complexities
introduced by couple stress, which are not present in classical Newtonian fluids characterized only
by first-order viscosity effects. In other words, couple stress modifies the classical stress-strain
relationship by adding these higher-order terms. This modification accounts for additional forces
and influences within the fluid that result from its microstructural properties, such as the interactions
between fluid elements. Such effects become significant in fluids where these microstructural
interactions cannot be ignored.
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Using Eq. (1), the equation that governs this flow of incompressible fluid with couple stress is as
follows:

d4u′
x

dy′4 − 1

l2

d2u′
x

dy′2 + 1

η

∂ p

∂x′ = 0, (2)

where l2 = η/μ refers to the material constant with the dimension of length squared, which
characterizes the influence of couple stress.

Subject to the no-slip boundary conditions

u′
x(y′) = 0, at y′ = ±h, (3)

the expression of the flow velocity is derived as [13]

u′
x(y′) = U

[
1 −

(
y′

h

)2

− 2l2

h2

{
1 − cosh(y′/l )

cosh(h/l )

}]
, (4)

where U (= 1
2

∂ p
∂x′

h2

μ
) is the reference velocity.

When a solute with a constant diffusion coefficient D is introduced into the flowing fluid, the
governing equation of the transport of the solute is of the form

∂C′

∂t ′ + u′
x(y′)

∂C′

∂x′ = D

(
∂2C′

∂x′2 + ∂2C′

∂y′2

)
− kC′, −h < y′ < h, (5)

where C′(x′, y′, t ′) is the solute concentration and k represents the dimensional first-order bulk
chemical reaction parameter, which defines the reaction rate within the fluid flow and affects solute
concentration throughout the channel, such as in chemical processing or reactor systems.

The solute undergoes an irreversible chemical reaction at both channel plates, and the initial and
boundary conditions for the above flow are as follows [21,52]:

C′(x′, y′, t ′)|t ′=0 = ms

h
δ

(
x′

h

)
, (6)

D
∂C′(x′, y′, t ′)

∂y′

∣∣∣∣
y′=−h

= β ′
2C

′(x′,−h, t ′), (7)

D
∂C′(x′, y′, t ′)

∂y′

∣∣∣∣
y′=h

= −β ′
1C

′(x′, h, t ′), (8)

where ms is the mass of the solute released uniformly across the width at time t ′ = 0. Here, δ(x′/h)
denotes the Dirac delta function, and β ′

1 and β ′
2 denote the chemical reaction rate parameters at

the channel plates that regulate the chemical interactions between the solute and the plates. These
reactions may lead to the absorption of the reacted solute by the channel plates. Since the injected
solute is of finite quantity, it is also assumed that, at large upstream and downstream distances, the
concentration of the tracers becomes negligible, i.e.,

C′(x′, y′, t ′)|x′→±∞ = 0. (9)

III. MULTISCALE METHOD OF HOMOGENIZATION

A. Scale selection

In this paper, we utilize Mei and Vernescu’s homogenization method [35] to perform asymptotic
analysis. We consider two distinct length scales: h, representing half of the channel width, and L,
signifying the characteristic longitudinal length of the channel. Furthermore, we introduced three
distinct timescales for different transport processes: The short timescale T0 corresponds to the time
for diffusion along the lateral direction and can be expressed as T0 = h2/D. The medium timescale
T1 represents the time for advection across the characteristic length L and is defined as T1 = L/〈u′

x〉.
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The long timescale T2 characterizes the time for diffusion along the flow direction and can be
calculated as T2 = L2/D. Furthermore, the ratios between these timescales introduced by Mei and
Vernescu can be written as

T0 : T1 : T2 = 1 :
1

ε
:

1

ε2
, (10)

where ε (= h/L � 1) is considered as the perturbation parameter and

〈u′
x〉 = 1

2h

∫ h

−h
u′

xdy (11)

is the transverse mean of the velocity u′
x.

B. Dimensionless form of the governing equation and the velocity profile

Introducing the dimensionless parameters as

x = x′

L
, y = y′

h
, ux = u′

x

〈u′
x〉

, t = t ′

h2/D
, C = C′

ms/h
, Pe = 〈u′

x〉h
D

,

β1 = β ′
1L

D
, β2 = β ′

2L

D
, K = kL2

D
, (12)

where Pe is the Péclet number, which can be determined as the ratio of the advection rate ( 1
h/〈u′

x〉 ) to

the diffusion rate ( 1
h2/D ), and β1 and β2 are the dimensionless wall chemical reaction rate parameters

along the parallel plates.
Using the corresponding dimensionless forms of Eqs. (5)–(9), the governing equation, initial

conditions, and boundary conditions are rewritten as

∂C

∂t
+ ε Pe ux

∂C

∂x
= ε2 ∂2C

∂x2
+ ∂2C

∂y2
− ε2KC, −1 < y < 1, (13)

C(x, y, t )|t=0 = δ
(x

ε

)
, (14)

∂C(x, y, t )

∂y

∣∣∣∣
y=−1

= εβ2C(x,−1, t ), (15)

∂C(x, y, t )

∂y

∣∣∣∣
y=1

= −εβ1C(x, 1, t ), (16)

C(x, y, t )|x=±∞ = 0. (17)

The dimensionless velocity profile for the channel flow is given as

ux(y) = 1 − y2 − 2
α2

(
1 − cosh(αy)

cosh α

)
2
3 − 2

α2

(
1 − tanh α

α

) , (18)

where

α = h

l
(19)

is the couple stress parameter, with l =
√

η

μ
a material constant representing the length scale related

to fluids microstructure. Here, the couple stress parameter α plays a crucial role in governing the
fluid flow behavior since it considers the presence of microrotations and internal couple moments
within the fluid. However, the large α indicates a weak couple stress effect while the small α

value indicates a strong couple stress effect. These couple stresses emerge from the rotation of
fluid elements, which creates additional stress within the fluid. In other words, as α increases, the
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couple stress effect becomes negligible because the rotational effects do not significantly impact the
overall flow, whereas when α decreases, the couple stress effect becomes dominant, i.e., the internal
rotation of the fluid element causes the fluid element to resist shear more effectively. In Eq. (18), as
α → ∞ the equation simplifies to 3

2 (1 − y2) [20,23], which corresponds to the classical parabolic
velocity distribution observed in plane Poiseuille flow, indicating that the flow is dominated by
viscous effect in the absence of couple stress (i.e., α → ∞). In contrast, when α 
→ ∞, Eq. (18)
signifies the modifications due to couple stress, reflecting how these effects alter the velocity profile
compared to the classical case. This parameter α illustrates the impact of couple stress on the flow,
highlighting deviations from the classical profile. Therefore, varying α influences the couple stress
on the velocity distribution and ensures the profile remains consistent with the physical constraints
of the flow. Moreover, by choosing appropriate values of α, one can effectively control the flow;
this is analogous to controlling flow properties in fluids with large molecular structures, such as
polymers, where the length of the polymer chains plays a critical role in determining the couple
stress influence on the flow dynamics [53].

C. Asymptotic analysis: Homogenization

The homogenization technique of Mei and Vernescu [35](see also [54]) is utilized for asymptotic
analysis. Expand the concentration C asymptotically in multiple scales as [10,40,55]

C(x, y, t ) = C(0)(x, y, t0, t1, t2) + εC(1)(x, y, t0, t1, t2) + ε2C(2)(x, y, t0, t1, t2)

+ ε3C(3)(x, y, t0, t1, t2) + O(ε4), (20)

where C(0),C(1),C(2), and C(3) correspond to concentration distributions of zeroth, first, second,
and third orders, while O(ε4) accounts for higher-order terms. Here, C(0) is the dominant term that
represents the concentration at the leading order and C(1), C(2), and C(3) are known as the correction
terms to the leading-order solution.

Based on the three timescales defined earlier, we have introduced fast (t0), medium (t1), and slow
(t2) time variables as follows [35]:

t0 = t, t1 = εt, t2 = ε2t . (21)

Here, different time variables are introduced to effectively separate and analyze the dynamics
of processes occurring at varying rates. The fast time variable t0, designated as the original time
variable t , will account for the rapid variations induced by lateral diffusion within the short timescale
T0. The medium time variable t1 evolves at a slower rate, specifically by a factor of ε, and will
capture the relatively slow behavior advection in the defined timescale T1. In contrast, the slow
time variable t2 (= ε2t) captures the slowest behavior of the diffusion process occurring in the
longitudinal direction over the long timescale T2.

Using the chain rule, the original time derivatives are obtained as

∂

∂t
= ∂

∂t0
+ ε

∂

∂t1
+ ε2 ∂

∂t2
. (22)

On applying Eqs. (20) and (22) in Eqs. (13), (15), and (16), we can deduce the following for zeroth-
order perturbation [O(1)]:

∂C(0)

∂t0
= ∂2C(0)

∂y2
, −1 < y < 1, (23)

and

∂C(0)

∂y

∣∣∣∣
y=−1

= ∂C(0)

∂y

∣∣∣∣
y=1

= 0. (24)
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Using the boundary conditions of Eq. (24), the general solution of Eq. (23) is as follows:

C(0) = C(0)
0 (x, t1, t2) +

∞∑
n=1

Re
[
C(0)

n (x, t1, t2)einπy
]
e−n2π2t0 . (25)

Due to the rapid exponential decay of the series term [35], Eq. (25) transforms into the following
form:

C(0) = C(0)(x, t1, t2). (26)

We obtain the first-order O(ε) perturbation from Eqs. (13)–(16) and (20)–(22):

∂C(0)

∂t1
+ ∂C(1)

∂t0
+ Pe ux

∂C(0)

∂x
= ∂2C(1)

∂y2
, −1 < y < 1, (27)

and (
∂C(1)

∂y
− β2C

(0)

)∣∣∣∣
y=−1

= 0,

(
∂C(1)

∂y
+ β1C

(0)

)∣∣∣∣
y=1

= 0. (28)

The left-hand side of the second term in Eq. (27), characterized by a significantly larger time
variable of t0 compared to t1, can be neglected:

∂C(0)

∂t1
+ Pe ux

∂C(0)

∂x
= ∂2C(1)

∂y2
, −1 < y < 1. (29)

Moreover, considering the spatial variable y and the boundary conditions in Eqs. (28), we can
determine the sectional average of Eq. (29) as

∂C(0)

∂t1
+ Pe〈ux〉∂C(0)

∂x
= −1

2
(β1 + β2)C(0), −1 < y < 1. (30)

Utilizing Eqs. (29) and (30) we obtain

Pe (ux − 〈ux〉)
∂C(0)

∂x
− 1

2
(β1 + β2)C(0) = ∂2C(1)

∂y2
, −1 < y < 1. (31)

The above equation suggests the following ansatz to express the higher-order terms in terms of
the leading-order solutions:

C(1) = Pe N (y)
∂C(0)

∂x
+ 1

2
(β1 + β2)M(y)C(0), (32)

where the coefficients N (y) and M(y) are determined by eliminating C(1) from Eqs. (31), (32), and
(28). The function N (y) will be governed by

d2N

dy2
= ux − 〈ux〉, −1 < y < 1, (33)

with the boundary conditions

dN

dy

∣∣∣∣
y=−1

= dN

dy

∣∣∣∣
y=1

= 0, (34)

and

〈N〉 = 0. (35)

Again, M(y) satisfies the following equations:

d2M

dy2
= −1, −1 < y < 1, (36)
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with the boundary conditions

dM

dy

∣∣∣∣
y=−1

= 2β2

β1 + β2
,

dM

dy

∣∣∣∣
y=1

= −2β1

β1 + β2
, (37)

and

〈M〉 = 0. (38)

On solving Eqs. (33)–(38), one can determine

N (y) = 1

120α2[(α3 − 3α) cosh α + 3 sinh α]

(
[180 + (90y2 − 30)α2]e−α + 360α cosh (αy)

− 15α5

(
y4 − 2y2 + 7

15

)
cosh α − 90eα

{[
2 + α2

(
y2 − 1

3

)]})
, (39)

M(y) = −y2

2
− (β1 − β2)y

β1 + β2
+ 1

6
. (40)

We extract the second-order perturbation, which corresponds to O(ε2), using Eqs. (13), (16), and
(20)–(22):

∂C(0)

∂t2
+ ∂C(1)

∂t1
+ ∂C(2)

∂t0
+ Pe ux

∂C(1)

∂x
= ∂2C(0)

∂x2
+ ∂2C(2)

∂y2
− KC(0), −1 < y < 1, (41)

and (
∂C(2)

∂y
− β2C

(1)

)∣∣∣∣
y=−1

= 0,

(
∂C(2)

∂y
+ β1C

(1)

)∣∣∣∣
y=1

= 0. (42)

Since the time variable t0 is significantly larger than both t1 and t2, the term ∂C(2)

∂t0
is negligible

compared to ∂C(1)

∂t1
and ∂C(0)

∂t2
. Therefore, ∂C(2)

∂t0
is neglected from Eq. (41):

∂C(0)

∂t2
+ ∂C(1)

∂t1
+ Pe ux

∂C(1)

∂x
= ∂2C(0)

∂x2
+ ∂2C(2)

∂y2
− KC(0). (43)

Computing the sectional average of Eq. (43) concerning the spatial variable y and considering
the boundary conditions in Eqs. (42), we have

∂C(0)

∂t2
+ ∂〈C(1)〉

∂t1
+ Pe

〈
ux

∂C(1)

∂x

〉
= ∂2C(0)

∂x2
− 1

2
(β1C

(1)(1) + β2C
(1)(−1)) − KC(0). (44)

Using Eqs. (32), (35), and (44) the terms of Eq. (44) are found as

∂〈C(1)〉
∂t1

= 0,

〈
ux

∂C(1)

∂x

〉
= Pe 〈uxN〉∂

2C(0)

∂x2
+ 1

2
(β1 + β2)〈uxM〉∂C(0)

∂x
. (45)

Substituting these terms in Eq. (44), we get

∂C(0)

∂t2
+ Pe

[
1

2
(β1 + β2)〈uxM〉 + β1

2
N (1) + β2

2
N (−1)

]
∂C(0)

∂x

= (1 − Pe2〈uxN〉)
∂2C(0)

∂x2
− 1

4
(β1 + β2)[β2M(−1) + β1M(1)]C(0) − KC(0). (46)

Further, by rewriting Eq. (46) in original time variables, as

∂C(0)

∂t
+ ε Pe χ

∂C(0)

∂x
= ε2DT

∂2C(0)

∂x2
− ζC(0), (47)
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FIG. 2. Shaded region delineating the valid ranges for β∗
1 and β∗

2 where ζ is valid, for any K∗ � 0.

where χ , DT , and ζ are the advection, dispersion, and reaction coefficients, respectively, the
expressions are as follows:

χ = 〈ux〉 + 1
2 [(β∗

1 + β∗
2 )〈uxM〉 + β∗

1 N (1) + β∗
2 N (−1)], (48)

DT = 1 − Pe2〈uxN〉, (49)

and

ζ = 1
2 (β∗

1 + β∗
2 ) + 1

4 (β∗
1 + β∗

2 )[β∗
2 M(−1) + β∗

1 M(1)] + K∗. (50)

Here, β∗
1 (= β ′

1h
D = εβ1), β∗

2 (= β ′
2h
D = εβ2) and K∗(= kh2

D = ε2K ) are the new dimensionless
variables.

For a significant nonzero exponential decrease in solute concentration caused by reactions,
the term ζ (β∗

1 , β∗
2 , K∗) = 1

2 (β∗
1 + β∗

2 ) − 1
3 (β∗2

1 + β∗2
2 − β∗

1 β∗
2 ) + K∗ must satisfy the conditions

ζ (β∗
1 , β∗

2 , K∗) � ζ (β∗
1 − ε1, β

∗
2 , K∗) > 0 and ζ (β∗

1 , β∗
2 , K∗) � ζ (β∗

1 , β∗
2 − ε2, K∗) > 0, where 0 �

ε1 � β∗
1 , 0 � ε2 � β∗

2 and K∗ � 0 (but β∗
1 , β∗

2 , and K∗ are not simultaneously zero). These condi-
tions are crucial for satisfying the physical principle that increasing the reaction terms reduces the
concentration within the system. Conversely, the reduction in one or more reaction terms will result
in increasing the concentration. Thus the valid region for ζ (β∗

1 , β∗
2 , K∗) has been drawn (see Fig. 2)

to ensure the consistency with the governing physics. The shaded area in Fig. 2 represents the ranges
for β∗

1 and β∗
2 (for any fixed K∗) for which ζ is valid, and thus the analytical solution (including the

case ζ = 0, when β∗
1 = β∗

2 = K∗ = 0) [56]. Using the initial and boundary conditions given in
Eqs. (6)–(9), the solution of Eq. (47) in new variable τ = t and ξ = x′

h − Peχt can be expressed as

C(0) = 1√
4πDT τ

exp

(
− ξ 2

4DT τ
− ζ τ

)
. (51)

Here, the newly introduced coordinate system {ξ, τ } makes it possible to observe the mass trans-
port phenomena from a reference frame moving at a speed of Pe χ . The second-order concentration
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can be obtained by subtracting Eq. (44) from Eq. (41) as follows:

∂C(1)

∂t1
+ Pe

[
ux

∂C(1)

∂x
−

〈
ux

∂C(1)

∂x

〉]
= ∂2C(2)

∂y2
+ 1

2
[β1C

(1)(1) + β2C
(1)(−1)]. (52)

On taking the derivative of the concentration C(1) with respect to t1 and substituting Eq. (30), we get

∂C(1)

∂t1
= − Pe2〈ux〉N (y)

∂2C(0)

∂x2
− 1

2
Pe (β1 + β2)[N (y) + 〈ux〉M(y)]

∂C(0)

∂x

− 1

4
(β1 + β2)2M(y)C(0). (53)

Using Eqs. (32), (45), and (53) in Eq. (52), we get

Pe2[uxN − 〈ux〉N − 〈uxN〉]∂
2C(0)

∂x2
+ 1

2
Pe (β1 + β2)

×
[

uxM − N − 〈ux〉M − 〈uxM〉 − β1N (1) + β2N (−1)

β1 + β2

]
∂C(0)

∂x

+ 1

4
(β1 + β2)2

[
− M − β1

β1 + β2
M(1) − β2

β1 + β2
M(−1)

]
C(0) = ∂2C(2)

∂y2
. (54)

By applying a procedure analogous to that used for first order, we can derive the second-order
terms in the following form:

C(2) = Pe2X (y)
∂2C(0)

∂x2
+ 1

2
(β1 + β2)Pe Y (y)

∂C(0)

∂x
+ 1

4
(β1 + β2)2Z (y)C(0), (55)

the second-order transverse functions (X , Y , and Z) of which are delineated in the Supplemental
Material [57].

For the third-order perturbation O(ε3), using Eqs. (13), (16), and (20)–(22), we get

∂C(1)

∂t2
+ ∂C(2)

∂t1
+ ∂C(3)

∂t0
+ Pe ux

∂C(2)

∂x
= ∂2C(1)

∂x2
+ ∂2C(3)

∂y2
− KC(1), −1 < y < 1, (56)

and (
∂C(3)

∂y
− β2C

(2)

)∣∣∣∣
y=−1

= 0,

(
∂C(3)

∂y
+ β1C

(2)

)∣∣∣∣
y=1

= 0. (57)

By averaging Eqs. (56) and (57) over the spatial variable y and combining the terms associated
with ∂2C(0)

∂x2 , we get the dispersion coefficient (DT β) involving wall reaction parameters as

DT β = Pe2 β∗
1 + β∗

2

2

[
− 〈uxY 〉 − β∗

1 X (1) + β∗
2 X (−1)

β∗
1 + β∗

2

]
. (58)

Following a procedure similar to that utilized in the first order, we can express the developed
terms in the third order as

C(3) = Pe3P(y)
∂3C(0)

∂x3
+ 1

2
Pe2(β1 + β2)Q(y)

∂2C(0)

∂x2

+ 1

4
Pe(β1 + β2)2R(y)

∂C(0)

∂x
+ 1

8
(β1 + β2)3S(y)C(0), (59)

the transverse functions of the third orders (P, Q, R, and S) of which can be found in the
Supplemental Material [57].
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IV. NUMERICAL SIMULATION

In an earlier section, following the asymptotic expansion given in Eq. (20), we obtained the
analytical solution of the two-dimensional concentration distribution up to third order, and it can be
written as follows:

C =C(0) + εC(1) + ε2C(2) + ε3C(3)

=
(

1 + 1

2
(β∗

1 + β∗
2 )M(y) + 1

4
(β∗

1 + β∗
2 )2Z (y) + 1

8
(β∗

1 + β∗
2 )3S(y)

)
C(0)

+ Pe

(
N (y) + 1

2
(β∗

1 + β∗
2 )Y (y) + 1

4
(β∗

1 + β∗
2 )2R(y)

)
∂C(0)

∂ξ

+ Pe2

(
X (y) + 1

2
(β∗

1 + β∗
2 )Q(y)

)
∂2C(0)

∂ξ 2
+ Pe3P(y)

∂3C(0)

∂ξ 3
. (60)

To further explore the results from the above solution, we will first develop a numerical model for
the advection-diffusion equation [see Eq. (13)], along with its corresponding initial and boundary
conditions in Eqs. (14)–(17), which can be rewritten using the dimensional space and time variables
{ξ, τ } as

∂C

∂τ
+ Pe(ux − χ )

∂C

∂ξ
= ∂2C

∂ξ 2
+ ∂2C

∂y2
− K∗C, −1 � y � 1, (61)

C(ξ, y, τ )|τ=0 = δ(ξ ), (62)

∂C

∂y

∣∣∣∣
y=1

= −β∗
1 C(ξ, 1, τ ), (63)

∂C

∂y

∣∣∣∣
y=−1

= β∗
2 C(ξ,−1, τ ), (64)

C(ξ, y, τ )|ξ→±∞ = 0. (65)

To validate the accuracy of the analytical solution, a numerical simulation [56] for the given
system of Eqs. (61)–(65) has been conducted. The computational domain employed for discretiza-
tion is a rectangular domain with dimensions of 20-in. length and 2-in. width. This domain extends
from −10 to 10 along the x direction and from −1 to 1 in the y direction. The unsteady term and
the advection term from Eq. (61) are discretized using the first-order forward difference scheme
and the first-order upwind scheme, respectively. We discretized the diffusion terms corresponding
to the second derivatives of the spatial variables using the second-order central difference scheme.
The discretized form of the governing equation Eq. (61), excluding the truncation error terms, is as
follows:

Cn+1
i, j − Cn

i, j

�τ
+ Pe

{
max(ux − χ, 0)

Cn
i, j − Cn

i−1, j

�ξ
− max(χ − ux, 0)

Cn
i+1, j − Cn

i, j

�ξ

}

= Cn
i+1, j − 2Cn

i, j + Cn
i−1, j

(�ξ )2
+ Cn

i, j+1 − 2Cn
i, j + Cn

i, j−1

(�y)2
− K∗Cn

i, j, (66)

where i = 1, 2, . . . , I − 1 and j = 1, 2, . . . , J − 1, where I and J represent the maximum number
of subintervals along the ξ and y directions, respectively.

The boundary conditions in Eqs. (63) and (64) are discretized using three-point backward and
forward schemes, leading to the following discretized forms:

3Cn+1
i,J − 4Cn

i,J−1 + Cn
i,J−2

2�y
= −β∗

1Cn+1
i,J , i = 0, 1, . . . , I, (67)
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and

−Cn
i,2 + 4Cn

i,1 − 3Cn+1
i,0

2�y
= β∗

2Cn+1
i,0 , i = 0, 1, . . . , I. (68)

The discretized expression of Eq. (65) is given by

Cn+1
0, j = 0, and Cn+1

I, j = 0, j = 0, 1, . . . , J. (69)

The discretized expression of the initial condition Eq. (62) is given by

Cn
i, j =

{
0 0 � i � I, 0 � j � J, i 
= I/2,

50 i = I/2, 0 � j � J.
(70)

Here, �τ = 0.4
(1/�ξ )2+(1/�y)2 , where �ξ = �ξi = ξi+1 − ξi = 1/50 and �y = �y j = y j+1 − y j =

1/50. We consider the Dirac delta function δ(ξ ) as follows: δ(ξ ) = 0 for ξ 
= 0, and δ(0) = 50,
following the definition and standard property of the Dirac delta function, which states that∫ ∞
−∞ δ(ξ )dξ ≈ ∫ 10

−10 δ(ξ )dξ ≈ ∑I
i=0 δ(ξi )�ξi = 1.

V. RESULT AND DISCUSSION

This section embarks on a comprehensive exploration of the complex phenomenon of longitudi-
nal dispersion that occurs within the horizontal channel flow of a viscous couple stress fluid. This
paper meticulously examines the influence of couple stress on crucial aspects of the flow dynamics,
including the velocity profile following Taylor’s dispersivity, mean concentration, and transverse
concentration. Moreover, this paper extends its analysis to incorporate various parameters, including
β∗

1 , β∗
2 , K∗, and α, providing an insight into how these parameters impact the distributions of

mean and transverse concentrations. This paper sheds light on the intricate relationship between
the significant variations in these parameters and their corresponding impact on the variations in the
concentration distributions. Furthermore, it is noteworthy that the parameters α and Pe influence
Taylor’s dispersivity, which characterizes solute dispersion, mixing, and spreading. Particularly
in physiological systems (blood vessels or microfluidic channels), the dispersion coefficient has
a significant impact because of the couple stress parameter α, which characterizes the interaction
between the fluid and the channel geometry. This parameter α generally depends on the size of
the fluid element or the suspended particles (nanoparticles or biological components) present in
the fluid. Hence, this paper delves into the manifestations of these factors within the distributions
of mean and transverse concentrations to elucidate their significance for Taylor’s dispersivity. The
present paper relies on several assumptions to elucidate the effect of couple stress and chemical
reactions. Moreover, these results have certain limitations, especially when dealing with microscale
channels for smaller values of α (i.e., α � 1). When α is very small, say α = 0.001, 0.01, or 0.05,
chaotic conditions arise due to the fluid’s internal structure, leading to a complex interplay between
the effects of couple stress and viscosity, which makes the results less reliable in this range. The role
of parameters α, β∗

1 , β∗
2 , and K∗ is more crucial in observing the intricate behavior of the solutes

within this system. Additionally, we assumed Pe = O(1) indicating that advection and diffusion
are comparable, to investigate the mean and transverse concentration distributions. The ranges of
various parameters used in this paper are listed in Table I.

A. Velocity profile

Figure 3 depicts the influence of the couple stress parameter α on flow velocity, illustrating the
velocity variation (ux) as a function of the dimensionless width (y) for various values of α. Stokes
[13] determined the velocity taken into consideration in this paper. Since the velocity distribution
considered in this paper depends on α [see Eq. (18)], the influence of couple stress becomes
apparent in altering the velocity profile within a horizontal channel flow with viscous fluid. Figure 3
visually portrays that the velocity takes its maximum values at the center of the channel since the
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TABLE I. Ranges of various dimensionless parameters utilized in the present
paper.

Parameters Minimum Maximum

ξ −∞ ∞
y −1 1
α 1 100
β∗

1 /β∗
2 0 1.5

K∗ 0 4
τ 0.25 100

velocity profile is parabolic and zero at the channel plates due to the no-slip condition. Furthermore,
increasing α leads to a subtle increase in velocity between the channel plates and the center of
the channel due to the weaker effect of couple stress that allows the fluid to experience rotational
deformation. However, as the fluid particles move toward the center, the viscosity is dominant,
which counteracts the velocity rise, leading to a subtle decrease for increasing values of α. Similarly,
in the case of decreasing α, the strong influence of a couple stress effect relative to viscosity will
resist the rotational deformation near the plates. However, at the center of the channel, the velocity
distribution experiences an increase due to the minimal influence of viscosity. In other words, as α

decreases, the dominance of couple stress over viscosity increases, resulting in higher velocities at
the center of the channel compared to higher values of α. This behavior is particularly noticeable
in liquids with large molecules, such as polymer chains, which may be significantly longer than
the diameter of a water molecule, allowing couple stress to appear in noticeable magnitudes [53].
This reflects the strong impact of molecular dimensions on the velocity profile. Moreover, higher
α values, on the other hand, may cause a reduction in velocity distribution at the center because of
the dominant viscosity [58]. Physically, this implies that for very small molecular additives or fluids
with smaller chain lengths, the couple stress effects are negligible, resulting in a flow similar to that
of a purely viscous fluid. Hence, for α � 20, the influence of couple stress on the velocity profile
is both significant and consistent, strongly affecting the flow dynamics. However, for α > 20 the
influence becomes more subtle, and the behavior of the velocity profile approaches that observed at
α = 20 even for higher values. Notably, it is evident from Fig. 3 for α � 20 that there is a subtle
decrease in velocity due to the dominant effect of viscosity compared with couple stress at the
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1
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FIG. 3. Variation in velocity profiles with varying couple stress parameter α.
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FIG. 4. Comparison between analytical and numerical results of two-dimensional concentration distribu-
tion for different times with α = 1, β∗

1 = β∗
2 = 0.5, and K∗ = 0.5 at y = 1.

center of the channel. This suggests that for very large α, the couple stress effects are present but
increasingly negligible, with the flow behaving similarly to that of the classical plane Poiseuille case.
Thus, varying the couple stress parameter α illustrates the transition between complex behaviors
influenced by couple stresses and the classical plane Poiseuille flow [23].

B. Numerical validation

To verify the accuracy of the present analytical result derived using a multiscale homogenization
technique, a comparison is made with numerical solutions of the governing equation with the help
of associated initial and boundary conditions. A comparative analysis of analytical and numerical
results of the present paper is shown in Figs. 4–6 for the two-dimensional concentration distribution
at the channel’s plate (y = 1) when the couple stress parameter α = 1. The figures showcase a good
alignment between our analytical and numerical results. However, from Fig. 4, we observe during
the initial time (τ < 1) that there are some discrepancies in aligning the analytical results with
their numerical counterparts. The minor discrepancies found in the paper imply that the results may
not be entirely dependable in the initial period. Despite these early inconsistencies, for τ > 1, the
long-term asymptotic dispersion model provides more accuracy and precisely captures the temporal
evolution of the transverse concentration distribution.

Figure 5(a) compares the numerical and analytical results for different Pe values. The analytical
and numerical results agree well for smaller Pe values, particularly for Pe = 0.5 and 1. However, a
significant discrepancy appears at Pe � 10. Therefore, when Pe = O(1), the analytical solution fits
well with the numerical simulation. Figure 5(b) validates the analytical results against numerical
data for varying bulk chemical reaction parameters. The results show a strong agreement, particu-
larly as K∗ increases.

Figure 6 deliberately compares the analytical and numerical results for various values of wall
chemical reaction parameters. The analytical results closely match the numerical ones when
β∗

1 = β∗
2 = β∗ � 1. However, as β∗ increases, significant differences arise between the analytical

and numerical results. Moreover, when the wall chemical reaction is introduced on either of the
plates, the analytical and numerical results match well for lower values of the wall chemical reaction
parameters, such as β∗

1 = 0 and β∗
2 � 0.75 or β∗

1 � 0.75 and β∗
2 = 0. The notable disparity between

the analytical and numerical results arises when the wall chemical reaction parameters exceed 1.
Although there is some variation in the analytical and numerical results when the wall chemical
reaction parameter exceeds 1, the analytical solution remains valid within the range where β∗ � 1.5
as illustrated in Fig. 2.
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FIG. 5. Comparison between analytical and numerical results of two-dimensional concentration distribu-
tion with α = 1, β∗

1 = β∗
2 = 0.5, and y = 1 at τ = 1 for different (a) Pe and (b) K∗.

FIG. 6. Comparison between analytical and numerical results of two-dimensional concentration distribu-
tion for different wall chemical reaction parameters (β∗

1 and β∗
2 ), where y = 1, α = 1, and K∗ = 1 at τ = 1.
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TABLE II. Comparison of the magnitude of dispersion coefficient DT c and the previous [23] for distinct
couple stress parameter α.

α 1 10 20 50 ∞
Present paper 0.0222 0.0197 0.0193 0.0191 0.0190
Rudraiah et al. [23] 0.0220 0.0190 0.0190 0.0190 0.0190

C. Dispersion coefficient

The equation representing the effective overall dispersion coefficient can be reformulated from
Eqs. (49) and (58) as

DT = 1 + Pe2D∗
T , (71)

where D∗
T (= DT c + DT β) denotes the apparent dispersion coefficients, where DT c (= −〈uxN〉) en-

capsulates the combined effects of lateral diffusion and advection, and DT β represents the additional
effect due to wall chemical reactions. The contribution of longitudinal diffusion is isolated within
the first term on the right side of Eq. (71), specifically the constant term, which equals 1. We can
accentuate the significance of lateral diffusion and advection by omitting this constant term (i.e., 1).
From Eq. (71), the explicit form of the dispersion coefficients can be expressed as

DT c = 1

840{−9 + (α6 − 6α4 + 9α2 + 9) cosh2 α + 6α(α2 − 3) sinh α cosh α}α2

× {(4α8 + 84α5 − 1260α3 − 3150α2 − 945α + 3780)e−2α

+ (4α8 − 84α5 + 1260α3 − 3150α2 + 945α + 3780)e2α + 8α8 − 12 600α2 − 7560},
(72)

DT β = − (β∗
1 + β∗

2 )[−9 + (α6 − 6α4 + 9α2 + 9) cosh2 α − 6(α3 − 3α) sinh α cosh α]

1575{9 + (α6 − 6α4 + 9α2 − 9) cosh2 α}2α4

×
{(

α10 + 45α7 + 315

2
α6 − 945

2
α5 − 6615α4 − 231 525

8
α3 − 978 075

16
α2 − 1 318 275

32
α

+ 70 875

2

)
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(73)

When α approaches infinity, the dispersion of the solute becomes independent of couple stress.
The limiting value of DT at α → ∞ is determined as

DT = 1 + Pe2

{
2

105
− 4

1575
(β∗

1 + β∗
2 )

}
. (74)

In the absence of wall chemical reaction (i.e., when β∗
1 = β∗

2 = 0 or DT β = 0) Eq. (74) becomes

DT |α→∞ = 1 + 2

105
Pe2, (75)

where the apparent dispersion coefficient DT c = 2
105 = 0.0190 (approximately) [23,40,52].

Table II compares the DT c values obtained in the present paper with a previous study for distinct
values of the parameter α to validate the existing results obtained in this paper. From the comparison,
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FIG. 7. Variation of D∗
T with α and β∗, where β∗

1 = β∗
2 = β∗.

it is clear that there is good agreement between the values of the dispersion coefficient, which
suggests the validity and reliability of the current analytical solution.

In the present paper, solute dispersion is contingent upon the combined effect of advection and
diffusion, the influence of the couple stress, and the additional impact of wall chemical reaction.
Typically, the couple stress refers to the internal rotational forces within the fluid that influence
the rotational deformation of the fluid element at a microscale. Couple stress generally arises due
to the nonsymmetric distribution of forces or stresses within a fluid element. Figure 7 provides
insights into how the parameter α influences the dispersion coefficient. It is noteworthy that there
is an abnormal behavior in dispersion for α � 1 since there is an intricate interplay between the
influence of couple stress and viscosity. Less viscosity than couple stress induces the solute to
disperse more efficiently, but on the other hand, the high couple stress increases resistance in the
solute molecule’s rotational deformation. Also, as α → 0, the internal structure of the fluid becomes
more significant, leading to the strong interaction between the fluid elements that potentially hinders
the movement and influences the dispersion. For very low α, these interactions become intricate
in understanding the behavior of the system and the couple stress effect, which might result in
inaccuracy in representing them. These inconsistent natures result in unexpected distributions and
interactions in solute dispersion for α → 0. To elucidate the intricate relation of the parameter α and
D∗

T concerning the additional effect of β∗
1 and β∗

2 , Fig. 7 has been drawn for the range 1 � α � 100
against D∗

T for distinct values of wall chemical reaction parameters. For α < 20, the strong influence
of couple stress will contribute intricate microscale internal force, which enhances the mixing and
dispersion of the solute particles. Also, the viscosity is minimal compared to the couple stress effect,
and makes it easier for the solute to disperse, increasing the dispersion coefficient. As α increases,
the couple stress decreases and the viscous effect becomes more efficient than couple stress, which
makes it more difficult for the solute to disperse effectively. For α < 20, the combined effect of
diffusion and couple stress will become prominent. They dominate over advection, which provokes
the solute to be dispersed more rapidly by the fluid. However, for α � 20, the influence of couple
stress is less than viscosity, indicating less resistance in the solute molecules’ rotational deformation
that induces less mixing and dispersion. As a result, the dispersion coefficient eventually has a
minimal decrease for α � 20. In simpler terms, an increase in D∗

T corresponds to an increase in the
velocity parameter ux, while a decrease in D∗

T is associated with a reduction in ux. Additionally,
the impact of the wall chemical reaction parameters is depicted in Fig. 7. Increasing the wall
chemical reaction parameters leads to a decrease in solute dispersion. This is because stronger
wall reactions effectively remove (i.e., absorb) the solute molecules from the system near the
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TABLE III. Dispersion coefficient magnitude DT c corresponding to distinct values of couple stress param-
eter α.

α 1 5 10 15 20 25 30 35 40 45 50 100 200 ∞
DT c 0.0222 0.0207 0.0197 0.0194 0.0193 0.0192 0.0192 0.0191 0.0191 0.0191 0.0191 0.0191 0.0191 0.0190

wall, thereby limiting the overall dispersion of the solute. It is noteworthy from the figure that
when α � 20, couple stress has a more significant impact, whereas, for α � 20, the influence of
couple stress on solute dispersion becomes negligible. This characteristic exactly matches the result
obtained by Soundalgekar [20]. Furthermore, the explicit values given in Table III ensure a subtle
reduction in the dispersion coefficient as the value of the couple stress parameter α increases, as
illustrated in Fig. 7.

D. Mean concentration

From Eqs. (20) and (51), the mean concentration can be determined as

〈C〉 = C(0) = 1√
4πDT τ

exp

[
− ξ 2

4DT τ
−

{
1

2
(β∗

1 + β∗
2 ) − 1

3

(
β∗2

1 + β∗2
2 − β∗

1 β∗
2

) + K∗
}
τ

]
. (76)

To induce the impact of lateral diffusion in mean concentration, we express the dispersion coef-
ficient as D∗

T Pe2. Consequently, we can rewrite the aforementioned Eq. (76) in the new coordinate
system {ξ/Pe, 〈C〉Pe} as

〈C〉 Pe = 1√
4πD∗

T τ
exp

[
− 1

4D∗
T τ

(
ξ

Pe

)2

−
{

1

2
(β∗

1 + β∗
2 ) − 1

3

(
β∗2

1 + β∗2
2 − β∗

1 β∗
2

) + K∗
}
τ

]
.

(77)

The mean concentration distribution of a solute in the channel flow is affected by various
parameters, and those are illustrated in Fig. 8. Figure 8(a) showcases the influence of the couple
stress parameter α in mean concentration distribution. When α < 20, the influence of couple stress
is high when compared with viscosity for decreasing α, which increases the dispersion of the solute;
as a result, the mean concentration distribution decreases. Furthermore, when α � 20 this increases
the mean concentration due to minimal solute dispersion. Because the fluid is less likely to flow and
transport the solute molecules when the couple stress effect is less, moreover, due to low-velocity
distribution, the mean concentration distribution is slightly higher for α = 50 and 100 compared to
smaller values of α, and it decreases for α < 20 with an amplification in the longitudinal dispersion.
Figure 8(b) demonstrates how variations in the wall chemical reaction parameters affect the mean
concentration distribution. The wall chemical reaction parameters represent the rate at which the
channel’s boundaries absorb the solute molecules at the channel’s plate. Increased values of wall
chemical reaction parameters cause the plates to absorb more solute molecules, thereby decreasing
the mean concentration distribution. The absence of wall chemical reactions at the channel’s plates
increases the mean concentration distribution since there will be no reactions to reduce the mean
concentration of the solute (provided K∗ = 0). Moreover, as illustrated in Fig. 8(b), introducing the
wall chemical reaction at either of the channel plates becomes evident, resulting in a notable reduc-
tion in the mean concentration. A gradual decline in the peak characterizes this, and overlapping
of the mean concentration distribution is observed, similar to the result obtained by Das et al. [52].
Furthermore, the absorption of solute tracer particles at both channel boundaries results in a more
rapid decrease in the mean concentration compared to other conditions. In Fig. 8(c), introducing
bulk chemical reactions into the flow is observed to have a noticeable effect, as evidenced by a
gradual decrease in the peak of the mean concentration distribution as the values of K∗ increase.
Figure 8(d) shows that over time, the solute disperses more in the longitudinal direction, which
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FIG. 8. Mean concentration distribution for distinct (a) α, (b) β∗
1 and β∗

2 , (c) K∗, and (d) τ .

causes the mean concentration profile to decrease. The solute molecules spread over time due to
their continual movement and interactions with one another.

E. Transverse concentration distribution

The asymptotic expansion in Eq. (20) can be used to derive the expression for two-dimensional
concentration distribution up to the third order in a new coordinate system {ξ/Pe, C Pe}, in a similar
way to how the mean concentration is derived, as

C Pe = 1√
4πDT

∗τ

[
1 + 1

2
(β∗

1 + β∗
2 )M + 1

4
(β∗

1 + β∗
2 )2Z + 1

8
(β∗

1 + β∗
2 )3S +

{
N + 1

2
(β∗

1 + β∗
2 )Y

+ 1

4
(β∗

1 + β∗
2 )2R

}
∂

∂ (ξ/Pe)
+

{
X + 1

2
(β∗

1 + β∗
2 )Q

}
∂2

∂ (ξ/Pe)2
+ P

∂2

∂ (ξ/Pe)3

]

× exp

[
− 1
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Pe
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−
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1

2
(β∗

1 + β∗
2 ) − 1

3

(
β∗2

1 + β∗2
2 − β∗

1 β∗
2

) + K∗
}
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]
. (78)

Figure 9 shows how the solute distribution along a channel flow varies over time, revealing
a gradual shift from the zeroth order to the third order. At early times (τ < 1), all three order
terms contribute significantly to the concentration distribution. However, the higher-order terms
become less significant in determining the distribution as time progresses. Hence, beyond τ = 1,
orders higher than the second order can be omitted and do not introduce significant inaccuracies,
as observed from Fig. 9. Consequently, the graphical representations of the first-, second-, and
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FIG. 9. Longitudinal distribution of transverse concentration derived as asymptotic expansions from zeroth
to third order at different times, where K∗ = 0, α = 1, β∗

1 = β∗
2 = 0, and y = 0.
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FIG. 10. Concentration contours for distinct τ in the absence of all chemical reactions (i.e., β∗
1 = β∗

2 = 0
and K∗ = 0) (the horizontal axis indicates ξ/Pe, and the vertical axis indicates y).

third-order approximations exhibit a remarkable similarity for τ > 1. Hence, it might be adequate
to determine approximate results only up to the second order.

The concentration contours in Figs. 10–15 provide an insight into the individual and combined
effects of various parameters [such as the couple stress parameter (α), the bulk chemical reaction
parameter (K∗), and wall chemical reaction parameters (β∗

1 and β∗
2 )] and also depict the influence of

such parameters on the solute distribution phenomena. Initially, the solute is introduced at the ξ = 0
line and subsequently disperses throughout the channel due to the effect of advection, diffusion, and
couple stress. The system coordinates in each case reflect the velocity, ensuring that the center of
the concentration cloud consistently remains at the origin.

Figure 10 demonstrates the concentration distribution of the solute at various times for α = 1
and 50 in the absence of bulk and wall chemical reactions. It is seen from Figs. 10(a) and 10(b) that
from the source, the strength of the concentration tracer emerges near the channel centroid during
the initial stage. Therefore both upstream and downstream regions exhibit a slight asymmetry in
the concentration distribution at α = 1 and 50. From this, it is clear that couple stress induces
asymmetricity in the concentration distribution. Furthermore, lateral diffusion and advection induce
the solute to move away from the channel centroid over time. Moreover, the advection becomes
more dominant than diffusion as time progresses, which prompts the solute to spread more in
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FIG. 11. Concentration contours with α = 1 and τ = 1 for different (a) β∗
1 and β∗

2 and (b) K∗.

the longitudinal direction. Consequently, the solute concentration decreases in both regions and
becomes symmetric [49].

Figure 11 depict concentration contours for α = 1 at τ = 1, showcasing variations in β∗
1 and β∗

2
values, and in K∗ value, respectively. When there is no wall chemical reaction at the channel plates,
the solute exhibits its highest concentration at the center of the channel rather than near the plates
in both upstream and downstream locations. From Fig. 11(a), a decrease in solute concentration
arises near the plates due to the influence of the wall chemical reactions. Moreover, asymmetry in
the concentration distribution arises more in the upstream region because of the introduction of wall
chemical reactions at either of the plates. Increasing the wall chemical reaction parameter at either
of the channel plates decreases solute concentration near the absorption location, and the higher
concentration zone becomes noticeable far away from the absorption location. In essence, the wall
chemical reaction at either of the channel plates results in lower concentration at the boundary where
it occurs and also introduces nonuniformity in the concentration distribution near the channel plates
where it occurs. When the wall chemical reaction occurs at both channel plates without any bulk
chemical reactions, we observe a region of lower concentration at both plates in contrast to the
center of the channel. Moreover, the entire concentration in the channel subsequently decreased by
increasing the wall chemical reaction at both channel plates. Figure 11(b) depicts the concentration
contours related to distinct values of bulk chemical reaction parameters. Bulk chemical reactions
are reactions that occur within the fluid itself. When we enhance the value of K∗, the solute concen-
tration decreases across the entire channel uniformly, both upstream and downstream. This decline

014502-24



EFFECTS OF BULK AND WALL CHEMICAL REACTIONS …

FIG. 12. Concentration contours for distinct values of α at τ = 1 in the absence of bulk and wall chemical
reactions (i.e., K∗ = 0 and β∗

1 = β∗
2 = 0).

in solute concentration is because the bulk chemical reaction consumes the solute, leading to a
decrease in solute concentration throughout the channel. The slight asymmetry of the concentration
distribution in the channel is because of the couple stress parameter (α = 1). Consequently, the
slight asymmetry due to couple stress will gradually decrease by increasing the bulk chemical
reaction.

Figures 12–15 expound the concentration contours of individual and combined effects of the
couple stress and reaction parameters. It is seen from Figs. 12 and 13 that the concentration is
significant without the influence of any reaction parameters for all values of α. Introducing bulk and
wall chemical reactions in the flow and at the plates, respectively, reduces the solute concentration
throughout the channel for all α. When no reactions are present, the solute concentration remains
high for all values of the couple stress parameter α, as the solute is transported primarily by
advection and diffusion. However, when bulk reactions (within the fluid) and wall reactions (at
the plates) are introduced, they actively consume or absorb the solute, reducing the channel’s
concentration. The reactions deplete the solute uniformly in the flow and at the boundaries (since
we have fixed β∗

1 = β∗
2 = 0.5 at the plates), making their impact noticeable for all values of α,
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FIG. 13. Concentration contours for distinct α at τ = 1 with β∗
1 = β∗

2 = 0.5 and K∗ = 0.5.

regardless of the couple stress effects. For example, in drug delivery systems or chemical reactors,
introducing bulk and wall reactions can be an effective way to precisely control the concentration of
active substances across the flow, allowing for targeted reactions or substance depletion in specific
regions of the device.

Figures 14 and 15 visualize the individual effects of the chemical reactions with the couple
stress effect. It is evident from Fig. 14 that wall chemical reactions at the plates have reduced the
solute concentration near the plates, leading to a higher concentration of solute accumulation at the
center of the channel’s cross section. Notably, the concentration is less for smaller values of α when
compared to larger values of α. In other words, by increasing the α values, the solute concentration
of the channel increases. Moreover, the concentration near the plates is reduced due to wall chemical
reactions, prompting diffusion to transport solute molecules away from the regions near the plates.
However, due to potentially less influence of the wall chemical reaction in the center of the channel,
diffusion becomes relatively less affected by the wall chemical reactions occurring at the plates. As a
result, the solute molecules tend to accumulate more in the center, leading to a higher concentration
in the center than elsewhere in the channel for increasing values of α. Introducing bulk chemical
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FIG. 14. Concentration contours for distinct α with β∗
1 = β∗

2 = 0.5 and K∗ = 0.

reactions in the channel flow uniformly decreases the concentration of the solute throughout the
channel. In comparing the individual effects of the bulk and wall chemical reactions, it becomes
apparent that bulk chemical reactions notably decrease solute concentration compared with wall
chemical reactions (see Fig. 15).

Figure 16 presents the concentration distribution at different distances from the boundary
y = −1, with a specific focus on the mean concentration distribution under various combinations of
β∗

1 and β∗
2 at a dispersion time of τ = 1.0. When there is no wall chemical reaction the concentration

is governed solely by advection and diffusion. Due to the high velocity at the center, the fluid flows
more rapidly at (y = 0), causing the solute to be advected more efficiently downstream. Although
advection primarily transports the solute along the flow direction, the transverse diffusion is less
at the center due to the solute being carried by the flow. In other words, faster advection at the
center of the channel reduces transverse diffusion and keeps the solute concentrated in the region,
leading to higher concentration at the center of the channel y = 0. Between the walls and the
center, particularly at y = ±0.5 the fluid velocity is not fast enough to advect solute as efficiently
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FIG. 15. Concentration contours for distinct α at τ = 1 with β∗
1 = β∗

2 = 0 and K∗ = 0.5.

as in the center, and diffusion spreads the solute more evenly, leading to lower concentrations.
Therefore when there is no wall chemical reaction at either boundary, the solute concentration is
highest at the center of the channel (y = 0) and lowest at y = ±0.5. The concentration curves in
the upstream region at y = 1 coincide with y = −1 and similarly y = 0.5 coincides with y = −0.5
due to the symmetry nature of the flow, and the peak of the mean concentration curve is close
to the maximum concentration curve at y ± 0.5. When a wall chemical reaction is introduced
on either the upper or lower plate, it absorbs the solute near that boundary. As a result, solute
concentrations near the reacting plate are reduced. Figures 16(b) and 16(c) reveal that imposing
wall chemical reactions on the upper or lower plate impacts the concentration curves near the plate
to move in the downstream region because of the reaction rate influencing solute concentration
along the flow direction, resulting in lower concentrations near the plate and causing the solute to
migrate downstream. The concentration far away from the plate shifts toward the upstream region
because the lack of significant chemical reactions in these regions allows the solute to remain
largely unaffected, preserving its distribution upstream. It is noted that introducing the same level

014502-28



EFFECTS OF BULK AND WALL CHEMICAL REACTIONS …

FIG. 16. Concentration distribution at different widths for different combinations of β∗
1 and β∗

2 with τ = 1,
α = 1, and K∗ = 0.
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FIG. 17. Transverse concentration distribution for different α, where τ = 1, K∗ = 0, and β∗
1 = β∗

2 = 0.

of reactions on both plates leads to coinciding concentration curves at y = ±1 and similarly at
y = ±0.5 because the chemical reactions are uniformly impacting both boundaries, leading to a
balanced distribution of solute across the channel. Also, the concentration profile at y = ±0.5 tends
to approach the mean concentration [see Fig. 16(d)]. In other words, introducing the wall chemical
reaction in all the analyzed scenarios results in a uniform reduction in the transverse concentration
profiles.

Figure 17 displays the impact of α on the transverse concentration distribution with no other
reactions imposed at varying distances from the lower plate of the channel (y = −1). The longi-
tudinal profile of transverse concentration for different values of α demonstrates that for α � 20,
the dispersion is less due to the negligible effect of couple stress, resulting in a high concentration.
And for α < 20 due to high couple stress, the concentration curve decreases. At y = ±1, diffusion
causes the solute concentration peak to move upstream, whereas, at y = 0, advection leads to its
downstream shift. Remarkably, an intriguing observation is the subtle increase in concentration,
particularly noticeable at higher α values. For instance, at α = 50, C Pe is 2.1166, but drops to
2.1066 at α = 20. Figure 17 illustrates this trend. Also, it is noted that the transverse concentration
becomes more appropriate than the mean concentration.

Figure 18 showcases the impact of reaction parameters in transverse concentration distribution.
When, α = 1 the couple stress is high, resulting in increased dispersion, which leads to a lower trans-
verse concentration. In contrast, at α = 50, the couple stress effect diminishes, reducing dispersion
and thereby increasing the transverse concentration. The figures show that in the absence of reaction
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FIG. 18. Transverse concentration distribution for distinct reactions at τ = 1.

parameters, the transverse concentration is significantly higher than in other scenarios, as the solute
transport relies solely on advection and diffusion. Furthermore, the transverse concentration is
higher at the center of the channel (y = 0) compared to near the center, e.g., y = ±0.5, and at the
plates (y = ±1) because the rapid fluid flow at the center effectively transports solute, minimizing
the influence of diffusion. This efficient transport at the channel center leads to a higher solute
concentration. Since the reactions are absent and solute distribution is governed only by flow
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dynamics and diffusion, the solute spreads more evenly and has an upstream shift in the peak
concentration. However, when reactions are present, they reduce the transverse concentration profile
for α = 1 and 50. Near the center (y = ±0.5) and at y = ±1, increased shear and wall reactions
further decrease solute concentration. Wall chemical reactions at the channel boundaries absorb
solute, reducing concentration at the plates and shifting the peak concentration upstream from the
center. Notably, Fig. 18(c) reveals that at the center of the channel’s cross section and the region near
the center, the bulk chemical reactions are more effective in reducing the transverse concentration
profile compared to the wall chemical reaction, particularly for smaller values of α where the couple
stress is significantly high. However, at the channel plates, an upside-down characteristic can be
observed because, at the channel plates, the wall chemical reactions are more effective in reducing
the concentration of the solute than the bulk chemical reactions.

For a more accurate analysis of the effect of reaction parameters and α, it is crucial to investigate
the variations in the transverse concentration distribution beyond the mean concentration. An
indicator denoted as Cv is being used [32,38,39] in the following manner:

Cv (ξ, τ ) = max
(−1�y�1)

C(ξ, y, τ ) − min
(−1�y�1)

C(ξ, y, τ ) (79)

where it is defined as the difference between the maximum and minimum solute concentrations
at any given longitudinal position. This function represents the transverse variation across the
channel cross section. Its primary role is to explore how the parameters α, K∗, β∗

1 , and β∗
2 affect

the uniformity and nonuniformity of solute transverse concentration. The subsequent paragraph
delves into the longitudinal distribution of transverse variation in solute concentration, as shown in
Figs. 19–22. It shows how the transverse variation changes as the solute cloud flows longitudinally
from the origin, with concentration variation increasing from zero to maximum.

Figures 19(a)–19(c) portray how transverse variations in solute concentration evolve with dif-
ferent dispersion times. The graph in Fig. 19(a) represents the longitudinal dispersion of the solute
concentration’s transverse variation in a scenario where wall chemical reactions are absent. As time
progresses, the peak transverse concentration variation diminishes in upstream and downstream
regions. The transverse variation is slightly asymmetric about the centroid of the solute cloud
because the high concentration zone of the solute is always seen in the downstream region, which
enhances more concentration variation in the downstream region for all values of α [see Figs. 10(a)
and 10(b)] and exhibits a bimodal distribution. But at a considerable time [τ ∼ O(10)], the variation
becomes uniform [see Fig. 19(a)] for all values of α. This characteristic is similar to the result
obtained by Wu and Chen [38,39]. Figure 19(b) shows the longitudinal distribution of the transverse
variation in solute concentration for cases with wall chemical reactions at either of the plates.
In these cases, the peak concentration variation diminishes as the solute cloud moves away from
its centroid over time. However, the upstream region exhibits the most significant concentration
variation when the reaction occurs at either of the plates [59]. Referring to Fig. 11(a), which depicts
the higher concentration zone in the upstream location at either of the plates where the wall chemical
reaction has not occurred, the concentration variation is high upstream. But from Fig. 19(b) we
observe, as time progresses, e.g., τ > 10, that the variation diminishes, leading to the transition
from a bimodal to a unimodal distribution. Figure 19(c) shows the longitudinal distribution of the
transverse variation in solute concentration for a case with wall chemical reactions employed at
both boundaries. As the solute cloud flows downstream, it disperses more, resulting in a significant
transverse variation of solute concentration in the downstream region. Over time (τ > 10), the wall
chemical reaction at the plates tends to smooth out the transverse variation in solute concentration,
resulting in a transition from a bimodal to a unimodal distribution.

Figure 20 reveals the impact of wall chemical reactions with α = 1 in the absence of the bulk
chemical reaction. The figure clearly shows that applying the wall chemical reaction to either of
the channel plates reveals high nonuniformity. Furthermore, an increase in wall chemical reaction
at either of the plates causes the variation curves to shift toward an unimodal distribution, with a
higher concentration variation in the upstream region because the concentration starts to smooth out
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FIG. 19. Longitudinal distribution of transverse concentration variation with various wall chemical reac-
tions at different times (τ ) when K∗ = 0 and α = 1.

in the downstream location. The maximum concentration is present only in the upstream location
[see Fig. 11(a)]. Introducing the same rate of wall chemical reaction on both plates results in the
concentration variation peak moving downstream, with an initial peak observed upstream. However,
this peak deteriorates as the wall chemical reaction intensifies equally on both plates.
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FIG. 20. Longitudinal profile of transverse concentration variation with various wall chemical reactions
with α = 1 and K∗ = 0 at τ = 1.

Figure 21 displays the longitudinal evolution of transverse concentration variation for different
values of α in combination with various wall chemical reactions. A clear pattern emerges from
Figs. 21(a)–21(c) that changes in α result in comparable variation in transverse concentration
distribution further affecting the uniformity in the transverse variation and peak variation across the
flow domain. In the absence of reaction parameters, the transverse concentration variation increases
for increasing α at τ = 1 with slight nonuniformity. This is due to the higher concentration in
the downstream region than in the upstream region (see Fig. 12). But as time progresses this
subtle nonuniformity diminishes, leading to a uniform increase in the transverse concentration
variation. Notably, for α � 20 the increase in transverse concentration variation is subtle due to
the predominance of low couple stress and diffusion. In contrast, the diffusion is maximum for
α < 20 where the couple stress is dominant, resulting in a decrease in the concentration variation.
The concentration variations for different α values when the wall chemical reactions occur on either
of the channel plates are shown in Fig. 21(b). Suppose the wall chemical reaction occurs on either
or both plates of the channel; it is observed that increasing α increases the transverse concentration
variation with significant nonuniformity. The highest concentration variation is observed upstream
when the wall chemical reaction occurs on either of the channel plates. This is because as the
solute moves downstream, the reaction at either of the walls absorbs the solute, causing variation
in the concentration profile near the walls, and resulting in a pronounced concentration variation
in the upstream region [see Fig. 11(a)]. From Fig. 21(c), it is seen that the downstream region
displays the most notable concentration variation when wall chemical reactions happen equally
on both boundaries. However, the concentration variation gradually diminishes by decreasing α

and contributes to the transition from bimodal to unimodal over time. Moreover, the significant
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FIG. 21. Longitudinal profile of transverse concentration variation with various wall chemical reactions
and different α values, at K∗ = 0 and τ = 1.

nonuniformity in the transverse concentration variation is only due to the presence of the wall
chemical reaction for all values of α.

Since the difference in maximum values of concentration variation present in the upstream and
downstream regions is very subtle at τ = 1, the maximum concentration variation found in the
upstream and downstream regions is presented in Table IV to showcase the nonuniformity in the
concentration variation.
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FIG. 22. Longitudinal profile of transverse concentration variation with various wall chemical reactions for
distinct bulk chemical reaction conditions with α = 1 and τ = 1.

TABLE IV. Concentration variation for distinct α values when τ = 1, K∗ = 0, and β∗
1 = β∗

2 = 0.

α 1 5 10 20 50

Upstream 0.7935 0.8214 0.8405 0.8506 0.8547
Downstream 0.7986 0.8273 0.8468 0.8571 0.8612
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TABLE V. Concentration variation for distinct K∗ values when α = 1, τ = 1, and β∗
1 = β∗

2 = 0.

K∗ 0 1 2 3

Upstream 0.7935 0.2919 0.1074 0.0395
Downstream 0.7986 0.2938 0.1081 0.0398

Table IV ensures the nonuniformity of the concentration variation for all values of α. However,
this nonuniformity in concentration variation is due to couple stress. The table also shows that as α

increases, the nonuniformity in transverse concentration variation increases.
Figures 22(a)–22(c) illustrate how bulk chemical reaction affects the longitudinal distribution

of transverse concentration variation for the distinct values of the wall chemical reactions. In the
absence of a wall chemical reaction, as illustrated in Fig. 22(a), the increase in bulk chemical
reaction parameter decreases the variation in transverse concentration. However, a very slight
asymmetry in the variation is observed which is because of α where τ = 1. It is evident from
Fig. 15 that the transverse concentration is slightly high in the downstream when compared with
the upstream region, leading to the slight nonuniformity in the concentration variation for different
values of K∗. Although this slight nonuniformity is present for a small value of K∗, it deteriorates
for large K∗ and eventually becomes uniform throughout the entire stream. As seen in Figs. 22(b)
and 22(c), the nonuniformity in transverse concentration variation is caused by the wall chemical
reaction parameters and the couple stress parameter α. The wall chemical reaction at the plates
reacts with solute molecules, leading to the higher concentration of the solute at the center of the
channel cross section (see Fig. 13). This higher concentration of solute in the center of the cloud
leads to a nonuniform transverse variation. Notably, the bulk chemical reaction does not cause any
nonuniformity in the transverse concentration variation. The significant nonuniformity observed in
transverse variation is solely because of the wall chemical reaction.

As the difference in peak concentration values between the upstream and downstream regions
is subtle, Table V displays the maximum concentration variation in these regions to illustrate the
nonuniformity in concentration variation for various values of K∗.

Table V showcases that the nonuniformity in concentration variation decreases as K∗ increases.
However, for a large value of K∗, the subtle nonuniformity in transverse concentration variation
vanishes and the transverse concentration variation becomes uniform throughout the entire stream.

Figures 19–22 illustrate the transverse concentration variations concerning time, couple stress,
wall reactions, and bulk chemical reactions. Notably, all the profiles exhibit double peaks in the
transverse concentration variation. These double peaks result from the interplay of flow dynamics
and diffusion across the channel. As the solute is transported, concentration variations arise due
to differences in flow velocity and boundary effects. The higher flow velocity near the channel
center, combined with the no-slip condition at the walls, creates regions of maximum and minimum
transverse concentration. Although the solute primarily moves downstream, diffusion causes some
of it to spread upstream, forming a concentration gradient and resulting in a peak in the transverse
concentration variation. Similarly, downstream advection, combined with transverse diffusion, gen-
erates another gradient, leading to a second peak. Thus, the double peaks arise from the combined
effects of advection and diffusion, which create concentration gradients on both sides of the solute
source. The persistence or diminishing of these peaks over time depends on the presence and
strength of wall chemical reactions, emphasizing the integrated influence of advection, diffusion,
and reaction processes on solute behavior.

VI. APPLICATIONS IN ADVANCING MICROFLUIDIC SYSTEMS

The exploration of how couple stress influences the longitudinal dispersion of a soluble substance
undergoing molecular diffusion in the flow of a viscous fluid within horizontal channels is a
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burgeoning area of research that holds great promise for various applications, including microflu-
idic devices, environmental engineering, and food engineering, among others. Couple stress is a
fundamental fluid property, so understanding the influence of couple stress in the context of flow
within rectangular channels is of utmost importance. Numerous scientific and engineering domains,
including microscale material modeling, utilize the concept of couple stress. It plays a significant
role in advancing the design and performance of microfluidic devices, enhancing the separation
of fluids and components, improving fluid mixing, and broadening the comprehension of fluid
flow phenomena in a more general sense. It has a wide range of applications, such as chemical
synthesis, drug delivery and diagnostic assays, and the analysis of complex microscale systems
like microelectromechanical and nanomaterial systems. It is evident from Figs. 12 and 13 that the
significant values of α have greater implications in terms of application. These figures demonstrate
how varying couple stress influences fluid flow and solute dispersion, which is critical for optimizing
drug delivery systems and enhancing mixing efficiency in microfluidic devices. By leveraging these
insights, engineers can design more effective biomedical applications, ensuring precise control over
flow characteristics and improved performance in real-world scenarios. At very large α, where
couple stress is negligible, the flow resembles Poiseuille flow, typical of fluids with minimal
microstructural influence. This leads to consistent concentration profiles and efficient transport,
making it ideal for applications like drug delivery or reagent mixing in microfluidic devices [60].
In high-viscosity industrial processes, where dispersion is primarily driven by viscosity, a higher α

ensures more controlled and predictable flow, which benefits drug release systems. As α decreases,
couple stress effects increase, leading to higher dispersion, which spreads the solute more and results
in a lower concentration distribution. Strong couple stresses (small α) are particularly important in
microfluidics because they directly impact fluid behavior, flow control, device performance, and the
protection of sensitive materials. Understanding these effects is crucial for designing reliable, high-
precision systems in various real-world applications. In highly concentrated suspensions or polymer
solutions [53], such as chemical reactors or complex fluid processing, high couple stress can cause
extensive mixing and dispersion, potentially lowering reactant or product concentrations in certain
regions, which may affect process efficiency. For example, in laboratory-on-a-chip devices used
for personalized medicine, understanding how large molecules like proteins or antibodies behave
under couple stresses ensures accurate detection and analysis, improving diagnostic outcomes. In
drug delivery systems, couple stress influences drug mixing and transport, affecting release rates
and efficacy. Similarly, in cell sorting devices, a lower α may improve the separation of cells based
on their physical characteristics.

VII. CONCLUSION

This paper utilized a multiscale homogenization technique to investigate how solute concentra-
tion disperses within a two-dimensional viscous, couple stress fluid flowing between parallel plates.
This system incorporates wall chemical reactions on both plates and introduces a bulk chemical
reaction into the fluid flow. This research offers a profound insight into the impact of couple
stress on the dispersion of solute concentration, enabling a comprehensive understanding of this
phenomenon. An analytical solution is obtained for the two-dimensional concentration transport
of solute using homogenization for multiple scales that effectively determines the dispersion
coefficient, mean concentration, and transverse concentration distributions up to three orders. We
examined the dispersion coefficient compared to prior research and observed an exact match to the
findings of Rudraiah et al. [23] and Soundalgekar [20] regarding the impact of α on dispersion.
Furthermore, we use an indicator to ascertain variations in transverse concentration. This paper
yields the following significant results.

(1) The dispersion coefficient has a subtle decrease for α � 20 due to dominant viscosity and the
negligible couple stress. However, for α � 20, there is a rapid decrease in the dispersion coefficient
due to the strong effect of couple stress.
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(2) The dispersion for α � 1, in particular, when α → 0 exhibits inconsistent behavior because
of unexpected interactions and distributions, driven up by the intricate relation of viscosity and
couple stress, can be considered as a limitation.

(3) Increasing the parameters of wall chemical reactions results in reduced solute dispersion for
all values of α. This occurs because more intense wall reactions effectively remove (i.e., absorb)
solute molecules from the region near the wall, thus restricting the overall dispersion of the solute.

(4) Mean concentration increases with increasing α. Interestingly, for α � 20 with less couple
stress effect, there is a slight increase in mean concentration, while for α < 20, the mean concen-
tration decreases with amplification in the longitudinal dispersion due to the dominant effect of
couple stress.

(5) The introduction of a wall chemical reaction at one or both boundaries results in a decrease
in the transverse concentration profile. Also, applying these reactions to one of the channel plates
results in overlapping characteristics of transverse concentration distribution at the center of the
channel width.

(6) Bulk chemical reaction reduces the transverse concentration of the solute more effectively
than the wall chemical reactions; specifically it is more efficient for smaller α values where the
couple stress is more significant.

(7) For smaller values of α, the concentration contour exhibits a reduction in concentration
distribution, while larger values of α yield a subtle increase in concentration. Moreover, for varying
α, the concentration contour displays a slight asymmetric profile due to the influence of couple
stress.

(8) In the channel’s center, bulk reactions are more effective than wall reactions in reducing
transverse concentration profiles, especially for small α with high couple stress, but at the channel
plates an inverted characteristic is noticeable.

(9) In the absence of wall chemical reactions, transverse concentration variation diminishes and
remains uniformly distributed around the channel centroid for an extended period. Introducing wall
chemical reactions shifts the variation from bimodal to unimodal. When wall chemical reactions
occur on either plate, concentration variation increases upstream due to diffusion’s dominance over
couple stress. Furthermore, when the reaction occurs on both plates, a significant nonuniformity
emerges in transverse concentration, particularly downstream.

(10) As the bulk chemical reaction rate increases without wall chemical reactions, the trans-
verse variation in concentration distribution decreases uniformly. Conversely, introducing the wall
chemical reactions results in high nonuniformity, even when large values of K∗ are considered.

(11) The bulk chemical reaction has less impact on the nonuniformity of the transverse con-
centration variation. However, couple stress exhibits greater efficacy in the nonuniformity of the
concentration variation for distinct values of K∗. Interestingly, the couple stress parameter and the
wall chemical reaction parameters significantly impact concentration variation.

In this paper, we have investigated the dynamics of couple stress fluid flow, focusing on its
behavior in the presence of the irreversible wall and bulk chemical reactions. Employing a multiscale
homogenization technique, we have unraveled the intricate interplay of these phenomena. In future
endeavors, this paper can be expanded to elucidate phase exchange kinetics by incorporating
reversible reactions [32,61] and exploring the impact of nonlinear chemical reactions to enhance
model accuracy, gain deeper insights into reaction mechanisms, and improve applicability to real-
world systems. Also, we can extend this paper by focusing on non-Newtonian fluids where the
couple stress effects capture the complex rheological behavior of fluids with internal microstruc-
tures. Future research could explore the application of the multiscale method to study couple stress
fluid flow in a linearly permeable rectangular channel within a Darcy porous medium. This approach
may be beneficial for investigating blood flow in arteries, particularly those with defects, and offer
an effective way to reduce blood flow, lower blood pressure, and address related cardiovascular
diseases [62,63].
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