PHYSICAL REVIEW FLUIDS 10, 013301 (2025)

Effective viscosity of a suspension of hot particles
Osher Arbib®!* and Naomi Oppenheimer ©?
1School of Mathematical Sciences, Tel Aviv University, Tel Aviv 6997801, Israel
2School of Physics and Astronomy and the Center for Physics and Chemistry of Living Systems,
Tel Aviv University, Tel Aviv 6997801, Israel

® (Received 25 August 2024; accepted 23 December 2024; published 23 January 2025)

Active particles with a temperature distribution, “hot particles,” have a distinct effect
on the fluid that surrounds them. The temperature gradients they create deem the fluid’s
viscosity spatially dependent, therefore violating the linearity of the problem, making a full
description of velocity and pressure fields challenging. Using energy dissipation analysis
and Lorentz reciprocal theorem, we show that it is still possible to study global properties
of such hot suspensions. Namely, we calculate the effective stress tensor and viscosity of
a dilute hot suspension, adding a correction that includes contributions from the bulk fluid
and the particles themselves. As examples of this method, we derive the effective stress
and viscosity of a suspension of spherical particles with different heat distributions. We
show that, when the particles are non-Brownian and all oriented along the same direction,
the viscosity is no longer isotropic and depends on the direction of shear relative to the
orientation of the particles. In such cases, the fluid is also non-Newtonian. If the particles’
orientation is fixed due to an external field, the stress tensor is no longer symmetric, and
the viscosity has odd components.

DOI: 10.1103/PhysRevFluids.10.013301

I. INTRODUCTION

The viscosity n of a fluid is a measure of its resistance to flow. A common way to measure
viscosity is to place a fluid between two walls, hold the bottom fixed, and move the upper surface
with a constant velocity. The force density required to move the upper surface with respect to the
bottom one is a measure of viscosity. When a bare fluid undergoes shear, it experiences a certain
stress. If the fluid is not bare but includes a volume fraction ¢ of particles, the viscosity increases.
In his famous work, Einstein showed that, to a leading order, the effective viscosity is given by [1]

" =n>(1+ 39), (1)

where 1 is the viscosity of the bare fluid (throughout this work, we use superscripts to identify the
setting—e.g., bare fluid, particulate fluid, hot particle—subscripts are used as indices). Assuming
particles in the solution are force- and torque-free, the leading order contribution they have on the
flow is through the stresslet, which is the symmetric part of the force dipole. Specifically, for a rigid
spherical particle with a radius a, subject to a constant shear rate E*, the stresslet is given by [2]

20 a’n™
3

The presence of particles in the solution alters the stress through their stresslets. The new ratio
between stress and strain rate is a possible way of deriving Eq. (1)—the average contribution of the
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FIG. 1. Schematic of T(r), the temperature over a spherical particle surface and its multipole
decomposition.

particles is given by multiplying Eq. (2) by the number of particles and dividing by the total volume
[3]. An alternative derivation of the average viscosity was given by Brenner [4,5], who showed that
the effective viscosity could be defined as the ratio of the energy dissipation of the particulate fluid,
denoted as @, to that of the bare fluid, given by &°°,
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Both methods have been used to extend Einstein’s relation and calculate the effective viscosity of
various settings, such as cases where the particles are not spherical [6,7], nonrigid particles (drops)
[8], emulsions in a non-Newtonian fluid [9-11], and semidilute suspensions [12], which include
higher-order terms in the volume fraction. The effective viscosity of active particles, that is, particles
that propel themselves, such as bacteria, was also calculated [13]. Recently, the effective viscosity
of a suspension of slip-stick particles was derived [14].

For a bare fluid, viscosity can be constant or spatially dependent, which can come from en-
vironmental properties such as external fields (e.g., magnetic field), temperature gradient, or the
existence of active particles and achiral molecules [15—-18]. In this paper, we focus on a case in
which the particles immersed in the fluid actively change its viscosity. A common example is a
colloidal suspension heated by an external field such that the temperature distribution around each
particle is spatially varying T = T (r) [19-21]. Since viscosity is strongly temperature dependent,
the temperature field will induce a spatially varying viscosity n(r). A hot colloidal particle will
have altered Brownian motion [22-25]. The presence of temperature gradients could cause particle
motion due to thermophoresis [26,27], or other interesting dynamics may emerge [28,29]. The
ability to control externally the effective viscosity can be useful and applied in various cases, such
as drug delivery, heat transfer, or for nanomotors (see e.g. [30]).

When a colloidal particle is heated to a small extent, there will be corrections to the force
and torque acting on it. Local viscosity changes were described in [31] using heat moments,
akin to a multipole expansion for charged particles in electrostatics [32]. An example is given in
Fig. 1, which represents a schematic visualization of 7'(r), the temperature over the surface of a
spherical particle and its multipole decomposition. The force and torque were derived using Lorentz
reciprocal theorem [33], an integral equation that relates the energy dissipation between different
configurations [34]. This procedure is commonly used to derive global properties of viscous fluids
(see, e.g., [35-39]). For a fluid with a fixed viscosity gradient, this method was used to calculate
the mobility tensor [40]. This method has also been applied to the calculation of the stresslet and
effective viscosity for slip-stick particles [14] and for the pressure drop [41] under the influence of
temperature-dependent viscosity.
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We extend the work presented in [31] to find the stresslet of a hot particle, as well as the coupling
between the torque and shear rate of the fluid, enabling the calculation of the effective viscosity of
a suspension of hot particles. The theory presented here is suitable for the limit in which both
hydrodynamic and thermal interactions between particles are negligible. We use both methods
described—energy dissipation and stress-strain-rate relationship, which give a full description of
the suspension’s rheology. The effective viscosity in such a case has two contributions—one from
the mean change of viscosity due to the average temperature increase coming from the heated
particles. The second comes from the stresslets on the particles, which require modification due
to the temperature field. As we explain in what follows, the combined effect amounts to an effective
viscosity given by

“4)
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where £ is a small parameter related to the change of viscosity with temperature, the brackets are
defined as the average over the volume of the suspension V, and (X) = % J XdV. The first term
takes into account the effect of the local temperature changes on the global viscosity, where 7 (r) is
the normalized temperature (see later). The second term is related to the correction to the stresslet,
which is noted by S¢. The particle’s volume is vP, the double dot, :, is the second-order inner
product A:B = A;;Bj;, and throughout the work, we use Einstein’s notation for summation over
repeated indices. For example, for a suspension of uniformly heated spherical particles, we show
that, by using Eq. (4), the effective viscosity is

eff
L P 31
= =l+3¢ Ew(vP<T>+ 144>- S

For a nonuniform heat distribution on the particles’ surface, it is possible to express the correction
with the viscosity using an expansion of heat multiples in terms of spherical harmonics, as we
show later on. In such a case, if the particles are Brownian and their orientation is random, all
contributions from higher-order multipoles average out. If the particles are all oriented, there are
additional contributions. The fluid is no longer isotropic, and the viscosity is, in general, tensorial
in nature.

In what follows, we outline the derivation of Eq. (4) and its extensions and give examples of its
use. The remainder of the paper is structured as follows: Sec. II presents fundamental concepts and
defines the analytical framework for hot-particle analysis. This is followed by the determination of
effective stress and viscosity for a suspension of hot particles in Sec. III. We discuss these results
and their consequences and give examples in Sec. I'V.

II. BACKGROUND

Let us first provide the foundational terminology necessary for describing a suspension of
particles under conditions where inertial effects are negligible. Specifically, we consider a fluid
undergoing steady, laminar shear. We then outline Lorentz reciprocal theorem for a hot suspension
and the temperature and viscosity distribution around hot particles. We denote the velocity and
pressure fields of the fluid by u(r) and p(r), respectively. The stress tensor is given by

o =—pl+2nE, (6)

where 1 is the fluid’s viscosity and E is the symmetric-traceless shear-rate tensor defined as E =
%(Vu + (Vu)T). The flow obeys Stokes equations [33]:

V.u=0, )
V.e=0. ®)
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Equation (7) comes from mass conservation for an incompressible fluid, and Eq. (8) comes from
momentum conservation. The energy dissipation of a fluid in a volume V surrounded by an area S
is defined as [42]

@:fa:VudV:/ZnE:EdV, 9)
1% v

where the second equality holds since E is a symmetric-traceless tensor. Utilizing the divergence
Theorem, we can rewrite the energy dissipation as

<I>=/0:VudV=/V-(a-u)dV:/a-n-udS, (10)
v v s

where, in the second equality, we used Eq. (8), and n is a unit vector normal to the surface.
Throughout this paper, we distinguish between the particulate fluid velocity u, stress tensor o, and
shear-rate tensor E, and those of a bare fluid with no particles, for which we use the notation u®,
o™, E>.

A. Lorentz reciprocal theorem

Lorentz reciprocal theorem is a fundamental integral theorem for viscous fluids that connects

two configurations—a fluid with velocity u! and stress ¢! and a fluid with velocity u? and stress o,

/al-n-uzdSzfaz-n-uldS, (11)
S S

under the assumption that both fluids’ velocities tend toward zero on the volume’s boundaries. A
possible interpretation of this theorem is that it connects the energy-dissipation of a stress field o
acting on a fluid with velocity u? with respect to that of stress 6> and flow u', where S and V are
the surface and volume being compared.

For two fluids of different viscosities, which can, in general, be spatially varying, where the
first (second) fluid viscosity is n'(r) [n%(r)], there is an additional term that includes the viscosity
difference and the shear-rate tensor E! (E?) of the first (second) fluid [31]

/orl .n-u?dS = faz -n-ulds+/2(n1(r) — n*(r))E! : E2dV. (12)
N N \%4

B. Temperature distribution

To analyze the temperature distribution’s contribution to the effective viscosity—such as in
the case of light-activated transport by heating a Janus particle with metallic and dielectric faces
[20]—we consider a general heat distribution that can be represented using a spherical harmonics
decomposition (illustrated in Fig. 1). Assuming the shear rate is small such that heat convection
is negligible compared with heat diffusion (small Péclet), and instantaneous heat transfer across
the particle’s surface, we describe the temperature field 7' (r) surrounding a spherical particle with
radius a, exhibiting a deviation AT (r) from the surrounding fluid, akin to [31]. Assuming a small
temperature difference, the viscosity can be expanded using a Taylor series. The particles act as
sources of the heat flux vector q(r) = —koVT (r), where k, denotes the thermal conductivity, and the
heat-flux sources p?(r) = V - q(r) can be expanded into multipole terms, analogous to electrostatic
expansion (see [32]). We note the zeroth, first, second, and m-th order changes in temperature
(ATM = M/ (4 kya), ATY, ATS, AT™, respectively) which represent the monopole, dipole,
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quadrupole, and m-th order multipole heat moments given by

M= qu(l‘ﬂ,d))dV,

1 1
4= A ko /rpq(r’9a¢>)dv
Q = ! ! / IT 1I Q(r 2] )dV
T AT 2 dwkoa’ 31)p!(r. 0. 9)dv,
1 1 —
Q" = AT™ drkoa™ /rl...rm pl(r,0,¢)dVv. (13)

For higher orders, we have used the notation [43—46] r;...r; = (2(1__ ll);” V”(%)a which indicates the

n-adic “solid spherical harmonic” of degree —(I/ + 1), which is the irreducible symmetric traceless
part of the m-th rank tensor. Then, considering energy conservation, neglecting the effects of
radiation and convection, and for a small Péclet number (such that distortions induced by the flow
on the temperature field can be neglected, and particle-scale features of the temperature distribution
are imprinted on the thermal field in the surrounding fluid), the diffusion heat transfer equation is
[47]

pl(r) = =k V2T (r). (14)

This equation can be solved using spherical harmonic moments of the heat flux (see [45]). The
solution to Eq. (14) can be expressed as

1 1

n;...n, Q"
ml pm=1 L

T(r) = T°°+Z

m=1

2d -n a9 : (nn — L1
— 7% 4 ATME L AeE L ape@ Qi (m =350
r r? 2r3

Assuming a small temperature difference, the viscosity around the particle can be expanded by a
Taylor series (see also [43,45,46])

15)

ro=r+ 1 aw-ro =g ar | 7

0T | 7o 0T | 7o
=n*(1 - §T(r)), (16)
where & = —AT™ g—g |7 is assumed to be small (and positive for an increased temperature) and 7™

is defined by the leading-order multipole (e.g., if there is a monopole it will be given by T*). The
dimensionless temperature distribution is defined as

1
T) = o (T00) = T%). (17)

III. EFFECTIVE VISCOSITY FOR A SUSPENSION OF HOT PARTICLES

In this section, we calculate the corrections to Einstein’s relation [Eq. (1)] coming from the
temperature distribution over the particles’ surface. To compute this correction, we use Eq. (3), that
is, n°ff = nooq;%. The energy dissipation of a bare viscous homogeneous fluid ®*° in a container of
volume V is given by

P = f 2nCE® : E*dV = 2n*E*® : E*V. (18)
v
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The energy dissipation in the presence of hot particles & is separated into two contributions—on
the boundary of the volume (“bulk fluid contribution”) and around the particles themselves (“hot
stresslet contribution”)

® = " + PP, (19)

For both terms we use the extended Lorentz reciprocal theorem, Eq. (12), which takes into account
the local perturbation to the viscosity as represented in Eq. (16), where the normalized temperature
distribution 7 (r) is given by the heat multipole expansion as in Eq. (15).

Assuming the viscosity difference £ is small, we will expand the shear-rate tensor in powers of
£, using a perturbation expansion. Terms of order O(£2) will be neglected. The shear-rate tensor
can be represented as a summation of two terms—the free-fluid shear-rate tensor plus the effect of
the disturbance due to the presence of the particles, which includes the change to the viscosity. The
disruption of the shear-rate tensor due to the particles can also be divided into two contributions—
the first, E(O) represents the shear-rate tensor disruption due to the presence of a “cold” particle.
The second, E(l) represents the correction to the shear-rate tensor that is related to local viscosity
changes. This second term is of order & [31]

E(r) = E® + E(r)
—E® +EO@) + eEV(r). (20)

The total shear-rate tensor, E, must be proportional to the shear-rate tensor of the bare fluid, E*.
We thus define the normalized fourth rank shear-rate tensor £ as

Eij(r) = &Eju(m)ES . 21

In particular, we can represent the different terms in Eq. (20) using the normalized strain-rate tensor
E(r) E(r) : E*®. In the next subsections, we derive separately each of the terms in E. First, the
bulk contribution in Sec. III A, then the contribution of the particles in Sec. III B.

A. Bulk fluid contribution

In considering the bulk, we examine the energy dissipation, represented as
cpb=/a-n.u°cds, (22)
s

where u® denotes the velocity on the boundary S that has not changed due to viscosity variations.
We would like to relate ®P to the dissipation of a particulate-free fluid ®>. To account for viscosity
differences due to the presence of hot particles, we employ Lorentz’s reciprocal theorem [Eq. (12)].
We express ®° as

d>b=f0°°~n-udS+/2AnE°°:EdV
N \%

= O® 4 QAT (23)

where An(r) = n(r) — n°°, and the second term is labeled ®*”. We proceed to relate ®*" to .
The local viscosity of the bulk fluid is changed due to the presence of hot particles. It can be written
as a sum of all the temperature differences on all particles. From Eq. (16) we have

nr)=n*|1-Y &Tx—r"|. (24)

P

For a dilute homogeneous suspension, neglecting mutual effects between particles and also ne-
glecting EV, which gives a correction of O(£2) to the energy dissipation, the shear-rate contribution
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from particles is given by

E;; = ,k5,1+z k,(r ) |EY. (25)

where EP(r) is the normalized strain-rate tensor, as defined in Eq. (21), for each particle. Using
Eq. (25) we can express ®27 as

L / 2 ETEYE Z T —rP)| 848, + Z L (e —rPy |av
\4

S _g Z/ T(r —rP)dV — EETESY Z Z/ T —rP)e, (x —rP)dV.  (26)

Throughout this work, we assume a continuous density such that summation over the number of
particles will be replaced by integration over the volume dV? with

dVv? = (rP)dV. 27
The local volume fraction ¢(rP) is assumed constant and is given by
NP
= —, 28
== (28)

where N is the number of particles in the volume V, normalized by the particle’s volume vP. We can
now see that the second term is negligible as it is of order 2. We are left with

qu

=1 &p (T (r). (29)
The hot particles heat the fluid causing the viscosity to decrease. Notice that this term gives an
extensive correction. For a given concentration, the larger the system, the hotter it will be.

B. Hot particle contribution

‘We now compute the contribution to the effective viscosity coming from the stresslet and torque,
under the assumption of a dilute suspension such that the energy dissipation from each particle is
independent of its neighbors and can be calculated separately,

cI)":Z/Spa-n-uPdS. (30)
p

For its calculation, we first model the motion of a particle in the fluid, assuming it translates with
velocity U and rotates with angular velocity 2 = %s - ®, where ¢ is the permutation symbol. We
also assume linear flow of the fluid in the absence of particles [33]

W =U"+Q° xr+E*.r. 31
The disturbance flow calculated on the particle’s boundary is given by
Wl =U°-U)+ (R -Q)xr+E®.r. (32)

The contribution of the disturbance flow to the effective viscosity is given by

fa.n-ul’dst.(U“’—U)JrT-(sz°°—9)+s:E°°, (33)
Sp
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where F is the total force F = fs,, o -ndS, the torque is T = f T (0 - n)dS, and the symmetric-
traceless part of the force dipole is the stresslet,

1 1
S,‘j = / [E(oiknkrj + ijnkri) — gO’]kl’lkrlts,‘j:|dS. (34)
s

To find the correction to the stresslet and torque due to the temperature field created by the
particles, we follow [31,39] in using an extension of Lorentz reciprocal theorem, Eq. (11), for
computing the force moments of a particle in a viscous fluid (see also [14,34-37]). We employ
an auxiliary problem of a “cold particle” (marked with superscript X<°4) with the same surface
temperature as its environment and a linear flow profile. We compare it with our desired problem
(which we mark with superscript X"*). The disturbance fluid velocity on the particles’ boundaries
is given by

uhot — Uhot + ﬂhm X T+ Ehot .r
ucold — Ucold + Qcold X T4 Ecold . T (35)

The disturbance velocities obey Lorentz reciprocal theorem in the form of Eq. (12), where the local
viscosity is given by Eq. (16), which gives,

Ucold . Fhot 4 s-zcold X Thot + Ecold . shot
— Fcold . Uhnt + Szhot . Tcold 4 Scold . Ehot _ 2',’00%. / T(r)Ecold . EhOth. (36)

Without loss of generality, we substitute into Eq. (36) the force-velocity, torque-angular-velocity,
and stresslet-shear-rate relations for a cold particle, where there is no coupling between different
velocity gradients and force moments,

Fcold — Ucold . RFUﬁcold

Tcold — SZCOld . RTﬂ,cold
Scold — Ecold . RSE,cold' (37)

We can write Eq. (37) compactly using the grand-resistance tensor [33]. For example, for a spherical
rigid particle,

Ficold 67 asij 0 0 U}:old

TiCOld = r}oo 0 87'[038,']' 0 QjOId . (38)
cold a3

Sij 0 0 2074 58 | | EY a

We now use the normalized strain-rate tensor as represented in Eq. (21) as well as its equivalents
for the force and torque

Eum(r) = EXY (U Ep(r) = E2249(r)Q;. (39)

mm mm

We also use the linear separability of Eq. (36) with respect to U, @4 and E©_ which allows
us to extract the grand resistance tensor

Fho[ RFU RFQ RFE Uhot
Thot — RTU RTSZ RTE szhot . (40)
Shot RSU RSQ RSE Eh()l

Then for the stresslet we can separate the cold-particle contribution S and the perturbed stresslet
coming from the local viscosity changes, as given by Eq. (36). We denote the perturbation to the
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stresslet S¢. Similarly, for the torque, the cold-particle contribution is T and the perturbed torque
is marked T¢, such that

Shot — Scold _ Esé’ 41
rphot — rpeold _ ETS 42)

For a pure shear rate in the absence of forces and torques, u" = E™! . r and the stresslet can be
written as with the different terms driven from Eqs. (21), (37), (36), and (40), such that

Shot — (R SEcold _ éﬁSE) g (43)
and the perturbed resistance tensor is given by
ﬁfﬁl =2 f T )& (Ei e (r)dV. (44)
Q

With the model problem at hand, we can now extract the correction to the stresslet in Eq. (33).
In this case, 8™ = S and EM' = E*. In the absence of external forces and torques, the stresslet is
therefore given by Eq. (41) with the perturbation to the stresslet given by

S =REGEY. (45)

The result given by Eq. (45) is generic for nonslip rigid particles. In the next section, we present
detailed examples of a spherical particle under different heat distributions. If the particle is not
uniformly heated, there may be an additional contribution to the dissipation, which comes from an
induced angular velocity coming from the shear rate itself, which introduces coupling between the
angular velocity and the stresslet, even in the absence of forces and torques. Such coupling does not
happen for cold spherical particles. It may appear for hot particles, but such a term is of order O(§),
and its net contribution to the stresslet is O(£2), and thus negligible.
Assuming a homogeneous suspension, we use the volume fraction, Eq. (28), to get

1%
P = <p5($wld —£8%): E™. (46)

Lastly, we can sum the two contributions from the bulk fluid and the stresslet to calculate the total
energy dissipation. The ratio of the total energy dissipation, ® = ®° 4 ®P, to the bare-fluid energy
dissipation ®> gives the effective viscosity presented in Eq. (4). The effective viscosity given in
Eq. (4) is general and applies to any hot rigid particle, not necessarily spherical. In the next section,
we give specific examples of spherical particles of various heat distributions.

Let us also consider a case where the particles all have the same orientation. If the particles are
oriented due to an external field such that they cannot rotate, there will be a torque acting on them,
enforcing £ = 0. We can find the torque from Eq. (40)

T=R"™-:R'""). @ —¢R'E:E”, (47)
with
RIP =2 [ T e mav.
Qo
R =™ f TIEDEAr)ELS (r)dV. 8)
9]

In such a case, there will be a correction to the dissipation, and thus to the viscosity, coming from
the torque. In addition, Eq. (43) should include an extra term related to the angular velocity 2

§=(RE—sR™) ¥ - R @, (49)
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where
RSQuj = 20> /Q TE)E e ®EmE 2 (r)dV. (50)
Due to Eq. (12), we expect symmetries between the different resistance tensors, such that [31,34,48]
ROQuy = RIE. (51)

Then, following [5], the effective viscosity will have additional terms
@ (Scold —%’SE) cE® 4+ (Tcold _ ET&) . Q>
vP 2|E>|? '

neff

|4
P == = 1 —59050—(1')) +

(52)

C. Tensorial form of the effective viscosity

Using energy dissipation allows us to calculate a scalar correction to the viscosity, but the full
rheological response of the fluid is missing. Batchelor [3] calculated the effective viscosity as the
ratio of the applied strain rate to the bulk stress. This method gives similar results when the fluid
is isotropic but allows us to easily extract a tensorial viscosity in cases where the fluid is no longer
isotropic, such as when the particles are all oriented in the same direction. In his work, Batchelor
defined the tensorial effective viscosity using the bulk stress as

o0

ou
T = pfs, o+ n?fila—r"]. (53)

He showed that the effective viscosity has two contributions—one coming from the stresslet and the
other from the torque, which can be written as

Y= — effI + ZUOOEOO + £<(s> + lg . (T)) (54)
vP 2

The ratio between average stress and strain rate reproduces Einstein’s formula [Eq. (1)] for a cold
colloidal suspension, in which case n° is scalar. For a suspension of hot particles, there are two
corrections to Eq. (54). We can write

T — pI4 30 4 3P (55)

The first term, X°, comes from the bulk fluid being heated
Vv
T* = (E™®) = 2®°(1 — EN(T(r)))E® = 2n°°(1 - $¢J(T(r)))E°°- (56)

The second term, XP, includes the particle contribution to the bulk stress, which, using Eqgs. (49)
and (47), is given by

1
T

3P [(’RSE — sﬁSE) B D - S L %s : (’R,m — §7~€TQ)-SZ°°—%§&‘ R E"O].
(57)

Then, following past works [3,5,14,49], the effective viscosity comes from an induced simple shear
flow u*™ = yx, which includes a shear-rate tensor and a vorticity vector

.10 1 0 10
=211 0 o, e*=L|o]| (58)
210 0 0 211
The scalar effective viscosity is defined by the ratio
)’]p = 212/]./. (59)
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As expected, Eq. (4) is also recovered by the Batchelor method. We can also consider a tensorial
effective viscosity as given by Eq. (53). In what follows, we do not explicitly write the full tensorial
viscosity tensor as it is a fourth-order tensor with 81 terms. However, we do express the anisotropic
nature of the suspension by examining the different terms of the effective stress tensor. For an
isotropic suspension, the stress is simply proportional to the shear rate by a scalar multiplier, which
is not the case for a hot, anisotropic suspension. In the next section, we give results for a few
particular examples. We present the effective viscosity as historically defined by Eq. (59), but also
examine the anisotropic nature by showing different terms in the stress tensor that do not appear
in the shear-rate tensor. We also showcase how applying a different simple shear will result in a
different effective scalar viscosity, again highlighting the anisotropic nature.

IV. CONSEQUENCES AND EXAMPLES

Next, we look at particular heat distributions and their effects on viscosity. The viscosity has two
contributions from the heated bulk fluid, n® = ®°/®> and the stresslet, 1P = ®P/d>, such that
combined,

e = n® + P, (60)

The first part, coming from the bulk fluid, is always given by Eq. (29). We present next the correction
term coming from the stresslet. To apply our analysis, we focus on the effective viscosity of a
suspension of spherical particles. We present a few examples and their consequences. First, to
calculate the resistance tensor given in Eq. (44) for a spherical particle, we can use the normalized
strain-rate tensor for a rigid cold sphere [50]

cold 5a3 5a3
Eij (r) = (5zk5]1 +51k511)+ 5kﬂ’zrj m(fsilrjrk‘i‘gikrjrl + 8jirire + Skjriry)
5a5 7a°>  5a°
+ 7(51(1";"/' + 8y + Surjri + 8jxrir + Sirjr) + 5 5,9 = 5,7 )itk (61)
The normalized strain-rate tensor for the angular velocity is [31]
3a3
E S (W) = =T (rar i+ T jEnji). (62)

Next, Eq. (44) requires the temperature distribution on the particle 7, which is given by Egs. (15)
and (17). Most generally, not only the heat monopole M is required, but also the quadrupole
Q and hexadecapole #, giving a characteristic changes in temperature ATM, ATC, and AT™H,
respectively. As it happens, the dipole and octopole do not contribute to the effective viscosity as
well as all higher orders of the temperature distribution of the sphere. Using Wolfram-Mathematica
[51], and specifically the package glven 1n [52], we can calculate the integration in Eq. (44), giving

the resistance tensor for a hot sphere R

- 16 24 16 28 ATM

~SE 47]007'[(,13 198,‘]8.]‘]( 138,‘](8_,'1 198i_/8k1 1 AT Q
ik = T3 - +

H
X (5iij1 - g—(l)fSiijz +8uQjx + Qubjr — %Qik(sjl + Qij3k1> + ETLMT&)Z} (63)
Consider a case where the particles are all oriented in a given direction and their orientation is
fixed, due, for example, to an external field. In addition to a contribution to the viscosity coming
from the stresslet, there will be a correction coming from the torque, which is required to keep
the particles from rotating with the external flow £ = 0. These additional contributions come from
the resistance tensors connecting the shear rate and angular velocity to the torque applied to the
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particles. They are given by

STE 1 00, p AT?

Rijk = 2_0 v AT M (Qui &ij1 + le Eiki) (64)

~ 9 1 ATS

R?;Q — 67700Up5,‘j, (66)
dnd®

where the particle’s volume vP =
particle as coming from Eq. (38).

We consider a homogeneous distribution of particles. If the orientations of the particles are
uniformly distributed, such as when the particles are dilute and Brownian, there will only be a
contribution coming from the heat monopole. All higher-order corrections do not contribute after
angular integration. In the non-Brownian case, initially oriented particles will stay oriented, and
contributions from higher moments will appear. We also present corrections to the stress tensor in
cases where the particles are all oriented due to an external field. If the orientation is fixed, the
particles experience a torque, which will also contribute to viscosity.

Assume the fluid is undergoing simple shear u®™ = yX, such that the shear-rate tensor and
vorticity vector are given by Eq. (58) with y = 1. Now, let us write the particles’ contribution to the
bulk stress X”. First, for uniformly heated particles such that only the heat monopole M exists, the
particles’ contribution to the bulk stress is

5. Note that Eq. (66) is simply the resistance of a “cold” fixed

T = (3~ k) 267 (67)

and the correction to the effective viscosity is
s 3 68
o= = ¢ — mt) (68)

When there is an external torque orienting the particles, there is an additional contribution to the
stress,

B = (3 - O+ Je(1 - )@ ©)

For a complex heat distribution (see Fig. 1), we can decompose the heat distribution over the
particles’ surface by the heat multipoles as described in Eq. (14) and represent them using a linear
combination of real spherical harmonics Y; ,,(r) [45,53]. All odd orders (e.g., dipole and octopole),
do not contribute to the effective viscosity, as well as orders higher than the hexadecapole H.
Projecting a general heat moment on the different spherical harmonics allows us to identify which
terms contribute to the stress tensor. For example, H™ corresponds to the Y4 ,, component of the
‘H hexadecapole multipole, and Q™ corresponds to the Y, ,, component of the Q quadrupole. The
contribution of the quadrupole to the bulk stress is given by

-207? 62Q° —-3197!

=————| 62Q° -2072  -319' |. (70)
M

1680 AT —31Q—1 _31Q1 609_2

so_ L AT®

Notice that the stress tensor can no longer be mapped to the strain-rate tensor by a scalar field.
Therefore the viscosity in such a case is tensorial. The contribution to the scalar effective viscosity,

coming from X, is given by
nP 5 31 AT
Il —e— ) 71
N> (2 €840 ATM Q D
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(@) Y, Y50 (b) Ysp

FIG. 2. (a) Quadrupole heat moment as spanned by the real spherical harmonics with / = 2. Only the
first line contributes to the effective viscosity. (b) Hexadecapole heat moment as spanned by real spherical
harmonics (I = 4, m = 0, 4). Only components that contribute to the stresslet are presented.

Figure 2(a) gives the decomposition of the quadrupole to the different real spherical harmonics,
including Y» o, which contributes to the effective viscosity coming from a hot stresslet.
For the hexadecapole, the bulk-stress tensor is given by

| oapH [ HTP-HTE 6(HO—HY  BHT M)
H _ 0 4 -2 —4 1 3
= To0g | O —HY - 3HZ —HT BGH ) |, (72)
AT 3 -1 3 +H)  —6H?

and the correction to the effective viscosity X, is given by

” 5 1 ATH
nw“”(z Sleg agm P ) 73)

Figure 2(b) shows the real spherical harmonic components of the hexadecapole that contribute to
the stresslet.

If there is an external torque fixing the particles at a given orientation, angular momentum is
no longer conserved and, therefore, the stress tensor is not necessarily symmetric. The quadrupolar
contribution to the stress tensor £ < will include additional terms as given by Eq. (57). The first
contribution is related to the effect of the background vorticity on the stresslet. It is given by

-2 2 -1
ZQ,SQ_I ATQ 20 —-20 Q

= —20? —20? —Q'. 74
40 ATM Q—Ql _gl OQ )

The second contribution comes from the effect of the background vorticity on the torque. It is given
by

B 0 -2 0 -1
QTQ_i ATQ Q Q

=——_| 29° 0 -Q' . (75)
40 ATM __Q—l Q! 0

The third contribution comes from the effect of the shear-rate tensor on the torque and is given by

B 0 —2Q2 Qfl
1 ATS
Q,TE - 2 2 0 1 . 76
40 ATM _3—1 —Q! % (76)
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The new terms that appear in the stress tensor indicate certain symmetries

Moa =ik = Niisye (77)
Mg =~ =~y (78)
nh = =N = Mg (79)
Mow = Miie = s (80)

where Eqgs. (78) and (80) represent an odd viscosity property of the suspension.
In total, the correction to the effective viscosity from the particles is given by

1 9P 5 3 193 ATS (1 , 95 1 aT? o,
- = = S g s (- Q%) —E— 1O — MY,
@ n>® 2 3 $144 gATM<10Q +84OQ 5168ATM( )
—— —— ——
Einstein Cold torque ~ Monopole Quadrupole Hexadecapole

81

In addition, a consequence of a nonisotropic fluid is that the fluid is non-Newtonian at O(£¢), as
there can be normal stress differences for certain heat distributions

1 AT® 2 ATH

Ny = (Zn) — (E) =-— 10 ~+ Tos
1= (X)) — (322) <P§<10ATMQ * 008 AT M

(H2+ 7—[‘4)> , (82)

73 ATS 1 ATH
Ny = (X)) — (Z33) = —¢& (--—9_2 +

) —4
840 ATM 1008 ar M CH T T H )>' (83)

Lastly, we present another consequence of the tensorial viscosity by using a different simple
shear, such as is caused by the flow

u™ =xj, (84)

which gives the background strain-rate tensor and vorticity vector

o 1 0 0
=211 0 o, ex=-Y]o|. (85)
2o 0 o 21

In this case, the scalar effective viscosity is given by n° = 3, /y. Note that the sole difference is in
the sign of the vorticity vector, yet the effective viscosity, calculated from Egs. (77) to (80), gives a
scalar effective viscosity that is different from that of Eq. (81)

1 nP 5 3 193 ATC (1 95
—n—ooz 5 t 3 S oM T O T
©on 2 2 144 ° AT 10 840
N—— —— N ——
Einstein ~ Cold torque Monopole Quadrupole
L AT G0 _ gy (86)
168 ATM '

Hexadecapole

We can conclude that not only is the suspension anisotropic due to the coupling to the particles’

heat orientation (Q, H) but also that it can be presented more accurately by a tensorial viscosity,
ff ff

Eq. (53), as for example, n5},; # 155,
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V. CONCLUSIONS

To conclude, in this paper, we calculated the effective stress tensor and viscosity of a suspension
of hot particles. The particles are assumed to be heated (e.g., by an external field), and the
temperature distribution over the particles’ surface is given by 7T (r). The temperature affects
local viscosity. We assumed a small temperature difference defined by a small parameter £. To
calculate the correction to the viscosity, we used the extended Lorentz reciprocal theorem. First,
we used it to calculate an extensive correction to the viscosity coming from the heated fluid. This
correction depends on system size—for a given concentration of hot particles, a larger system is
hotter than a smaller one, therefore its viscosity will be lower in comparison. The second correction
comes from the particles themselves—each particle is force free and, therefore, changes the stress
distribution by the force dipole. In cases where there is no external torque, the particles only affect
the flow by the symmetric part of the force dipole—the stresslet. The stresslet is modified by the
temperature distribution on the particle. For spherical particles, and if the particles are free to rotate,
the only correction comes from the heat monopole. Higher-order multipoles do not contribute.
The correction to the stresslet is negative. If the particles are non-Brownian and are all oriented
in the same direction, there may be additional contributions to the stresslet from the quadrupole
and hexadecapole. The fluid is no longer isotropic, and the viscosity, in principle, has a tensorial
form as the relationship between external strain rate and the fluid’s stress. In such a case, the fluid is
also non-Newotonian as there are normal stress differences. If the particles’ orientation is fixed due
to an external field, there is a torque acting on them, prohibiting rotation. In such a case, angular
momentum is no longer conserved, and the stress tensor is not symmetric as there are contributions
coming from the vorticity field and torque. This latter case can be thought of as a fluid with odd
viscosity.
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