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A vortical impulse theory is used to compute the thrust force of a plunging and
pitching airfoil in forward flight at high Reynolds numbers within the framework of linear
potential flow theory. The result is significantly different from the classical one of Garrick,
which considered only two effects, the leading-edge suction and the projection in the
flight direction of the pressure force on the airfoil. By taking into account the complete
vorticity distribution on the airfoil and the wake the mean thrust coefficient contains, in
addition to the pressure force projection term, a new term that generalizes the leading-edge
suction term in Garrick’s theory. This term depends on Theodorsen function C(k) and
on a new complex function C1(k) of the reduced frequency k. The main qualitative
difference with Garrick’s theory is that the propulsive efficiency, or ratio of the mean
thrust power and the mean input power required to drive the airfoil, tends to zero as
the reduced frequency increases to infinity (as k−1), in contrast to Garrick’s propulsive
efficiency that tends to a constant (1/2). Consequently, for pure pitching and combined
pitching and plunging motions, the maximum of the propulsive efficiency is not reached
as k → ∞ like in Garrick’s theory, but at a finite value of the reduced frequency that
depends on the remaining nondimensional parameters. The present analytical results are
in good agreement, for small amplitude oscillations, with numerical results from unsteady
panel methods, and with experimental data and numerical results from the Navier-Stokes
equations, except for small reduced frequencies where viscous effects are obviously
important.
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I. INTRODUCTION

Unsteady aerodynamics of flapping airfoils is now a subject of active research because of the recent
interest in the development of microaerial vehicles, bioinspired by small flying animals [1,2]. But it
has a long tradition starting from the early 20th century. In particular, Glauert [3] and Theodorsen
[4] developed theoretical analyses for the force and moment on oscillating airfoils in forward
flight at high Reynolds numbers within the framework of linear, two-dimensional potential flow
theory. Taking into account the unsteady vorticity wake, Theodorsen [4] obtained analytical relations
for the lift and moment of pitching and plunging airfoils which were subsequently rationalized
by von Kármán and Sears [5], decomposing them into three distinct physical contributions: the
quasisteady lift and moment generated by the bound circulation, the apparent mass contribution, and
the contribution from the wake vorticity. In this linear potential theory it is assumed an inviscid flow
and small amplitude oscillations of the airfoil, with a horizontal plane wake in first approximation.
Following a method stated by von Kármán and Burgers [6], Garrick [7] extended Theodorsen’s work
to obtain also the thrust of a pitching and plunging airfoil by considering only two contributions,
the leading-edge suction due to the high-speed flow about the leading edge and the projection in
the flight direction of the pressure force on the airfoil. This propulsion linear theory overestimates
the time-averaged propulsion coefficient and propulsive efficiency for small amplitude oscillations,
not only for small frequencies, where obviously viscous effects cannot be neglected, but also for
intermediate and high frequencies of the oscillations [8–12]. The main aim of the present paper is
to correct these deficiencies by deriving the thrust force within the linear potential flow framework
by using a more general vortical impulse theory.
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To be more specific, von Kármán and Sears [5] developed general expressions for the lift and
moment using the theorem of moment of momentum conservation, or impulse theory, which for an
oscillating airfoil reproduced previous results by Theodorsen [4] based on velocity potentials for the
circulatory and noncirculatory flows. Both approaches are equivalent because they are based on the
correct computation of the vorticity distribution generated by the unsteady vortex wake and on the
Kutta condition at the trailing edge. Garrick [7] used Theodorsen’s results for the velocity potentials
and for the lift force to compute the projection of the pressure force and the leading-edge suction
force, which were used to obtain the thrust or propulsion force. But this force in the flight direction
can be computed, like the lift force, in a more general way by using the vortical impulse theory
developed later by Lighthill and Saffman, among others (see, e.g., Refs. [13–15]). Thus, the general
vortical impulse theory is used in the present paper to compute the thrust or drag force of a plunging
and pitching airfoil, generalizing Garrick’s propulsion based on Theodorsen results (T-G propulsion
theory for short) but which considered only, in addition to the projection of the pressure force, the
leading-edge suction force. By using the same wake vorticity first obtained by Theodorsen [4] to
compute the lift force, the vortical impulse theory takes into account its effect all over the airfoil,
and not only at the leading-edge, to yield a more accurate analytical expression for the thrust force.

The resulting time-averaged thrust and propulsive efficiency are in general smaller than those
predicted by the T-G propulsion theory, particularly for large frequencies, approaching results based
on numerical simulations from the full Navier-Stokes equations and experimental data. Of course, the
theory still neglects the effect of the leading-edge vortex, which has been proved to be very relevant
in the unsteady thrust (and lift) generated by plunging and pitching airfoils [16–24], especially at low
Reynolds numbers. But it provides an analytical approximation that, like the classical Theodorsen
theory for lift and moment, may be useful to estimate forces on a flapping airfoil, improving the
propulsion and propulsive efficiency predicted by Garrick’s theory. The effect of the leading-edge
vortex, or of additional leading or trailing edge vortices, may be latter included in the formulation
as done, for instance, in the recent work by Li and Wu [25] for the Wagner’s problem [26], which is
also a linearized theory but for a suddenly starting flat plate.

The general unsteady aerodynamic problem is formulated in Sec. II, including a summary of
some of the results by Theodorsen [4], Garrick [7], and von Kármán and Sears [5] needed to evaluate
some of the integrals appearing in the new propulsion formulation. Part of this summary is relegated
to the appendices, particularly the lift and moment coefficients [4,5] needed to compute the input
power required to drive the airfoil and, therefore, the propulsive efficiency. Section III presents the
main results on propulsion force and propulsive efficiency, which are compared in Sec. IV with
Garrick’s results, and with some other numerical and experimental results.

II. FORMULATION OF THE PROBLEM AND SUMMARY OF THEODORSEN
LIFT AND MOMENT

We consider the two-dimensional (2D), incompressible, and inviscid flow over a plunging and
pitching thin airfoil of chord length c that translates with constant speed U along the x axis (see
Fig. 1). The vertical amplitudes of the heaving and pitching motions are both very small compared to
c so that the airfoil and every point of the trail of vortices which it leaves behind may be considered
to be upon the x axis in first approximation.

For simplicity we take c = 2, so that all the lengths are scaled with the half-chord c/2 and the
airfoil extends from x = −1 to x = 1, approximately, in a frame translating with it at speed U along
the x axis. In this reference frame the motion of the airfoil is given by the vertical displacement (see
Fig. 1):

zs(x,t) = h(t) − (x − a)α(t), − 1 � x � 1 (1)

with

h(t) = �[h0e
iωt ], α(t) = �[α0e

iωt ], (2)
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FIG. 1. Schematic of the oscillating airfoil and wake.

where ω is the frequency of the oscillations of both the heaving motion, h(t), and the pitching rotation
around the horizontal axis x = a [i.e., the dimensional pivoting distance from the leading-edge is
sp = (1 + a)c/2], and � means real part. The amplitudes h0 and α0 are in general complex constants
(to account for any phase shift between both oscillations) satisfying |h0| � 1 and |α0| � 1. For
simplicity we select h0 real and

α0 = a0e
iφ, (3)

with φ the phase shift between the plunging and pitching motions and a0 the maximum pitching
amplitude. In what follows we shall work with the complex functions knowing that we have to take
the real part of the results. The vertical velocity of the rigid airfoil is

v0(x,t) = ḣ − (x − a)α̇ − Uα, (4)

where a dot denotes the time derivative.
The vortical impulse theory for an incompressible and unbounded flow is used to obtain the forces

on the airfoil. Neglecting the volume (section) of the airfoil, one may write [15]

F ≡ Dex + Lez = −ρ
dI
dt

, (5)

where D is the drag (or minus the thrust) force, L is the lift force, both per unit span, ρ the fluid
density, and the vortical impulse (or vorticity moment) I is

I =
∫
V

x ∧ ω dV, (6)

where ω = ∇ ∧ v is the vorticity field and V is the entire volume (area in this case) occupied by the
fluid plus the airfoil. In writing (5) it is assumed that V is not only unbounded, but that the flow is
potential far from the airfoil [14,15].

In the thin airfoil theory it is assumed that the vorticity, which is directed along the normal ey

to the plane of the fluid motion, is concentrated at the airfoil surface and at the trailing wake, both
considered as vortex sheets. Thus,

I �
∫ 1

−1
(−zs�sex + x�sez) dx +

∫ ∞

1
(−ze�eex + x�eez) dx, (7)

where �s(x,t), −1 � x � 1, is the vorticity density distribution on the airfoil, �e(x,t) is the vorticity
density distribution in the trailing wake, and ze(x,t) is the vertical position of each point in this vortex
wake (Fig. 1). It is considered the large-time behavior in which the vortex wake extends many chord
lengths downstream of the airfoil, so that, in first approximation, 1 � x � ∞ for both �e(x,t) and
ze(x,t), with |ze| � 1 in the present linearized theory. Consequently, under the assumptions made,
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the drag and lift forces on the airfoil are given by

D = ρ
d

dt

∫ 1

−1
zs�s dx + ρ

d

dt

∫ ∞

1
ze�e dx, (8)

L = −ρ
d

dt

∫ 1

−1
x�s dx − ρ

d

dt

∫ ∞

1
x�e dx. (9)

On the other hand, the vortical impulse theory also provides the moment on the airfoil,

M = Mey = −ρ
dA
dt

, (10)

where

A = −1

2

∫
V

|x|2ω dV � −1

2
ey

(∫ 1

−1
x2�s dx +

∫ ∞

1
x2�e dx

)
(11)

is the angular impulse [14,15].
The lift (L) and moment (M) for an oscillating thin airfoil were computed by von Kármán and

Sears [5] using (9) and (10), reproducing previous results by Theodorsen [4] but in a more general
framework. To that end von Kármán and Sears [5] separated the contribution of the wake to �s

from the bound circulation that would be produced by the motion of the airfoil as if the wake had
no effect:

�s(x,t) = �0(x,t) + �1(x,t), − 1 � x � 1, (12)

with ∫ 1

−1
�0(x,t) dx = �0(t) (13)

the bound circulation, and

�1(x,t) = 1

π

∫ ∞

1

√
ξ + 1

ξ − 1

√
1 − x

1 + x

�e(ξ,t)

(ξ − x)
dξ, (14)

where the Kutta-Joukowski condition is applied at the trailing edge. Applying Kelvin’s theorem of
vanishing total circulation, they obtained the following general relation between �e(x,t) and �0(t):

�0(t) +
∫ ∞

1

√
ξ + 1

ξ − 1
�e(ξ,t) dξ = 0. (15)

Then, substituting into (9), von Kármán and Sears obtained the following general relation for the
lift:

L = L0 + L1 + L2, (16)

where

L0 = ρU�0, L1 = −ρ
d

dt

∫ 1

−1
x�0 dx and L2 = ρU

∫ ∞

1

�e√
ξ 2 − 1

dξ (17)

are the quasisteady lift, the apparent mass lift, and the wake lift, respectively, and similar general
expressions were obtained for the moment M . Finally, by considering the oscillatory motion (1) of
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the thin airfoil, the following expressions for �0, �0, and �e are obtained:

�0 = 2π

[
Uα − ḣ −

(
a − 1

2

)
α̇

]
≡ G0e

iωt , G0 = 2π [Uα0 − iωh0 − iω(a − 1/2)α0], (18)

�0(x,t) = g0(x)eiωt , g0(x) = 1√
1 − x2

[
G0

π
+ 2(iωh0 + iωaα0 − Uα0)x + iωα0(1 − 2x2)

]
,

(19)

�e(ξ,t) = geiω(t−ξ/U ), g = − G0∫ ∞
1

√
ξ+1
ξ−1 e−iωξ/Udξ

= 2G0

π

1

iH
(2)
0 (k) + H

(2)
1 (k)

, (20)

where H (2)
n (z) = Jn(z) − iYn(z), n = 0,1, are Hankel functions, related to the Bessel functions Jn

and Yn [27], and k is the reduced frequency

k = ω

U
. (21)

Note that we are taking c = 2, so that all the lengths are scaled with c/2 and the dimensionless
reduced frequency is actually k = cω/(2U ).

The relation between the integral in Eq. (20) and the Hankel (or Bessel) functions was given by
Theodorsen [4], who derived the following relations for the lift and moment of an oscillating thin
airfoil using a different approach to that summarized here due to von Kármán and Sears [5]:

L = πρ(Uα̇ − ḧ − aα̈) + ρU�0C(k), (22)

M = −πρ
[(

1
2 − a

)
Uα̇ + (

1
8 + a2

)
α̈ + aḧ

] + ρU�0
(
a + 1

2

)
C(k), (23)

where

C(k) = H
(2)
1 (k)

iH
(2)
0 (k) + H

(2)
1 (k)

≡ F (k) + iG(k) (24)

is the Theodorsen function [4,28].
The corresponding lift and moment coefficients are summarized in Appendix A.

III. PROPULSION FORCE AND PROPULSIVE EFFICIENCY

Following von Kármán and Burgers [6], Garrick [7] used the linearized theory of Theodorsen
[4] for an oscillating airfoil to compute the propulsive (or drag) force by taking into account the
projection along the x axis of the lift force normal to the foil and the leading-edge suction force. We
shall see that this propulsive force, which is summarized in Appendix B, does not coincide with that
obtained from the more general expression (8).

Before substituting (12)–(14) and (1) into (8) it is convenient to note that the expression (20)
for �e comes from the assumption that the vorticity in the wake is convected downstream with
velocity U , so that �e remains constant in a reference frame stationary with the far field fluid,
�e(ξ,t) = �e(X), with X = ξ − Ut [this property is also used to obtain L2 in Eq. (17)]. The same
can be said for the vertical displacement of the wake, ze(ξ,t) = ze(X). In fact, it must coincide with
the trailing edge vertical displacement at the time t ′ = t + (1 − ξ )/U = (1 − X)/U when it was
shed from the airfoil, ze(X) = zs(x = 1,t ′):

ze(X) = h

(
1 − X

U

)
− (1 − a)α

(
1 − X

U

)
. (25)
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Thus,

d

dt

∫ ∞

1
ze�e dξ = d

dt

∫ ∞

1−Ut

ze(X)�e(X) dX = U [h(t) − (1 − a)α(t)]�e(ξ = 1,t). (26)

Taking into account that

d

dt

∫ 1

−1
�1 dx = d

dt

∫ ∞

1

(√
ξ + 1√
ξ − 1

− 1

)
�e dξ = − d

dt

(
�0 +

∫ ∞

1
�e dξ

)

= −d�0

dt
− U�e(ξ = 1,t), (27)

d

dt

∫ 1

−1
x�1 dx = d

dt

∫ ∞

1
(
√

ξ 2 − 1 − ξ )�e dξ = U

∫ ∞

1

ξ√
ξ 2 − 1

�e dξ − U

∫ ∞

1
�e dξ, (28)

and using the total-circulation conservation (15) [which has already been used in Eq. (27)] together
with (16)–(17), one may write the thrust as

T ≡ −D = −αL + T1 + T2, (29)

with

T1 = ρα̇

∫ 1

−1
x�0 dx (30)

and

T2 = ρ

∫ ∞

1
[ḣ + aα̇ − αU + α̇(

√
ξ 2 − 1 − ξ )]�e dξ. (31)

The first term in Eq. (29) is the projection in the flight direction of the normal force to the plate, also
included in the T-G approximation (see Appendix B). The second is an apparent mass term, and the
third one is the contribution of the wake to the thrust, in addition to that contained in the first term
(associated to L2). This expression includes the contribution due to the suction at the leading edge,
together with all the other contributions to the thrust force coming from the vorticity distributions
on the airfoil and the vortex wake.

By using (18)–(21) for an oscillating airfoil and taking the corresponding real parts, the thrust or
propulsion coefficient CT = T/(ρU 2/2) can be written as

CT = −�[α] CL + CT1 + CT2 , (32)

where CL is given in Eq. (A1) in Appendix A,

CT1 = πa0k sin(ωt + φ)[(kh0) sin(ωt) + aka0 sin(ωt + φ) + a0 cos(ωt + φ)] (33)

and

CT2 = 4 �
{
a0e

i(ωt+φ)

[
1 − ik

(
a − 1

2

)]
− i(kh0)eiωt

}

×�
(

C1(k){(kh0)eiωt + [2i + k(a − 1)]a0e
i(ωt+φ)} − π

2
C(k)a0e

i(ωt+φ)

)
, (34)

where

C1(k) ≡
1
k
e−ik

iH
(2)
0 (k) + H

(2)
1 (k)

≡ F1(k) + iG1(k). (35)

Figure 2 compares this new complex function C1(k) with Theodorsen function C(k).
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FIG. 2. Theodorsen function C(k) = F (k) + iG(k) (24) and function C1(k) = F1(k) + iG1(k) (35).

It is convenient to define the mean thrust coefficient, or thrust coefficient time-averaged over a
cycle of motion:

CT = ω

2π

∫ t+2π/ω

t

CT dt. (36)

This quantity is given by

CT = −2(kh0)2G1 − a2
0

{
2πF + 2akF1 + 2

[
2 + k2(a − 1)

(
a − 1

2

)]
G1

}
+ a0(kh0){−[2F1 + k(4a − 3)G1] cos φ + (2πF + kF1 + 6G1) sin φ}. (37)

In Eq. (37), all the terms coming from CT1 cancel with terms in the other two contributions, so that
only part of CT2 and �[α] CL contribute to the time-averaged propulsion.

Another quantity of interest is the propulsive efficiency, or ratio of the time-averaged power
output of the airfoil and the time-averaged input power required to drive the airfoil:

η = T U

P
= CT

CP

, (38)

where the power P and the mean power coefficient CP are defined and given in Eqs. (A3) and (A5),
respectively, in Appendix A.

In the next section we shall compare the mean thrust (37) and the thrust efficiency (38) with
the corresponding values CTG

and ηG = CTG
/CP given by the T-G theory (see Appendix B). But

before that, it is useful to add some comments about the non-dimensional parameters governing
the problem. The nondimensional parameters appearing in the above defined coefficients are the
pitching amplitude and phase shift, a0 and φ, the pivot point location a, and two Strouhal numbers,
one based on the chord length c, which has been written here in terms of the reduced frequency,

k = ωc

2U
= πStc, Stc = f c

U
, f = ω

2π
, (39)

and the other one based on the plunging amplitude h∗
0 = (c/2)h0, related to the nondimensional

parameter kh0,

kh0 = ωh∗
0

U
= 2πSta = 1

J
, Sta = f h∗

0

U
, J = U

ωh∗
0

, (40)

where J is the advance ratio. It is common in the literature on the aerodynamics of flapping flight
to use the couple of nondimensional parameters reduced frequency k and advance ratio J (e.g.,
Refs. [2,29]), or the two Strouhal numbers Stc and Sta (e.g., Refs. [18,24]). Here we use k and kh0,
which is also a common choice (e.g., Refs. [8,12,30]), serving the relations (39)–(40) to compare
different results.
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FIG. 3. Comparison of CT /(kh0)2 (a) and η (b) given by T-G theory (dashed lines) and by the present theory
(continuous lines) for pure plunging motion (a0 = 0).

IV. COMPARISON WITH THEODORSEN-GARRICK PROPULSION AND WITH
EXPERIMENTAL AND NUMERICAL RESULTS

The expressions (37) and (B4) for the mean propulsion coefficients seem quite different. But, in
order to appreciate the main differences, if any, it is convenient to compare them first in some special
limits.

A. Pure plunging motion

For pure plunging motion (a0 = 0), the two expressions simplify to

CT = −2(kh0)2G1(k), CTG
= π (kh0)2[F 2(k) + G2(k)]. (41)

The corresponding propulsive efficiencies are

η = − 2G1(k)

πF (k)
, ηG = F 2(k) + G2(k)

F (k)
. (42)

Figure 3 compares these expressions for a wide range of values of k. Note that neither CT /(kh0)2

nor η depend on the amplitude h0 in both theories. It is observed that the results are quite similar for
small reduced frequencies, with the the maximum propulsion efficiency unity reached for k → 0,
and with both CT and η from the T-G theory slightly larger than from the present results for k � 1.
The main differences are, however, for large k, with ηG → 1/2 as k → ∞, while η → 0 in the
present theory for k → ∞, in accordance with experimental and numerical results for pure plunging
motions. For instance, the results for the propulsive efficiency obtained by Young and Lai [9,31]
with an unsteady panel method and from full Navier-Stokes simulations using a NACA0012 airfoil
have the same behavior as the present results for k � 1 and disagree with the T-G results (Fig. 4).

Actually, both T-G propulsion coefficient CTG
and the present CT are in reasonable agreement

with experimental data and with full Navier-Stokes simulations for high Reynolds numbers if h0

is small enough [Fig. 5(a)]: the propulsion coefficient CTG
from the T-G theory and that from the

unsteady panel method overestimate the experimental data and Navier-Stokes numerical results,
while CT from the present theory agree with the experimental data and numerical results in a wide
frequencies range. However, the T-G prediction for the propulsive efficiency η is quite bad for large
frequencies, since it tends to a constant (1/2), while the efficiency from the present theory correctly
predicts its decay for large frequencies, though overestimating the experimental and numerical data
just like the results from the unsteady panel method [Fig. 5(b)]. Obviously, the efficiency from the
inviscid theories (T-G, present and UPM) are not valid for very low frequencies, since viscous effects
are then very important. That is why these theories do not predict the maximum in the propulsive
efficiency for a finite Strouhal number found in experiments and full NS numerical simulations for
pure plunging motions.

084502-8



LINEARIZED PROPULSION THEORY OF FLAPPING . . .

0 5 10 15 20

0

0.2

0.4

0.6

0.8

1

k

η

T−G
Present
Young & Lai UPM
Young & Lai NS

FIG. 4. Propulsive efficiencies vs k given by (42) for pure plunging motion compared with numerical
results by Young and Lai [9,31] employing a NACA0012 airfoil with kh0 = 0.6 computed with an unsteady
panel method (UPM), and form the full Navier-Stokes (NS) equations with Reynolds number 20 000 and Mach
number 0.05 (data from Fig. 6.11 in Ref. [31]).

B. Pure pitching motion

For pure pitching motion (h0 = 0),

CT = −a2
0

{
2πF + 2akF1 + 2

[
2 + k2(a − 1)

(
a − 1

2

)]
G1

}
, (43)

CTG
= πa2

0

{[
1 + (

a − 1
2

)2
k2

]|C|2 + (
a − 1

2

)(
F − 1

2

)
k2 − (

a + 1
2

)
kG − F

}
, (44)

which are compared, together with the corresponding propulsive efficiencies, in Fig. 6 for two values
of a: a = 0, or pitching motion about the center of the airfoil chord, and a = −1/3, pitching about
1/3 chord length from the leading edge. Note that neither CT /a2

0 nor η depend on the amplitude
a0 of the oscillations in both theories. The mean thrust coefficient is negative (it becomes a drag
coefficient) for values of the reduced frequency smaller than a value k∗ that depends on a [Fig. 6(b)].
For the cases plotted in Fig. 6, k∗ is smaller for the T-G theory than for the present results, and
for a = −1/3 than for a = 0 in both cases [k∗ = 1.781 in the T-G theory for a = 0, as reported
in Ref. [32], and k∗ = 1.128 for a = −1/3, while k∗ = 2.274 and 1.601 in the present theory for
a = 0 and a = −1/3, respectively]. It is also observed that CTG

> CT and ηG > ηG for positive
thrust (k > k∗). But the main qualitative difference between the T-G and the present results is that
the T-G propulsive efficiency tends again to a constant (1/2) as k → ∞, while the new propulsive
efficiency decays to zero, in accordance with experimental and numerical results. In fact, it decays
as k−1, as recently demonstrated theoretically and corroborated with numerical simulations by
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FIG. 5. CT (a) and η (b) vs Strouhal number Sr = 2Sta = (kh0)/π for pure plunging motion with h0 = 0.35
compared with numerical results by Young and Lai (see caption of Fig. 4) and experimental results by Heathcote
and Gursul [10] for a NACA0012 airfoil with h0 = 0.35 and three values of the Reynolds number (data from
Refs. [10,11]).
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FIG. 6. Comparison of CT /a2
0 (a) and (b) and η (c) given by T-G theory (dashed lines) and by the present

theory (continuous lines) for pure pitching motion (h0 = 0) for two values of the pivot parameter a.

Das et al. [33] for pure pitching motion. As a difference with the pure plunging motion, η decays
to zero as k decreases in both cases, so the present theory correctly predicts that the propulsive
efficiency η presents a maximum for a finite value of the reduced frequency that depends on a [Fig.
6(c)].

Figure 7 shows a comparison between the theoretical results with experimental measurements
by Mackowski and Williamson [34] and with numerical simulations by Das et al. [33] for a NACA
0012 airfoil pitching about its quarter-chord point (a = −1/2) with very small amplitudes (a0 = 2◦
and 5◦). The experimental data and numerical results agree much better with the present theory than
with T-G results. Note that the abscissas in Fig. 7(b) is a Strouhal number based on the peak-to-peak
trailing edge amplitude A, StA = f A/U = k × 3a0/(2π ) for a = −1/2.
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FIG. 7. (a) Comparison of CT vs k given by T-G and by the present theory with experimental data by
Mackowski and Williamson [34] for a pitching NACA0012 airfoil with a = −1/2 and a0 = 2◦ at Re = 16 000.
According to Ref. [34], a constant offset representing the viscous, static drag of the airfoil section has been
added to the theoretical results to present a more meaningful comparison with measured data. (b) η vs StA =
k × 3a0/(2π ) given by T-G and by the present theory compared with the same experimental data, and with
numerical results by Das et al. [33] also for a = −1/2, but a0 = 5◦ and Re = 2000.
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FIG. 8. Comparison of CT (a) and η (b) given by T-G theory (dashed lines) and by the present theory
(continuous lines) for combined plunging and pitching motions with h0 = 0.35, a0 = 0 and for two values of
the pivot parameter a and two values of the phase shift angle φ (as indicated).

C. Combined plunging and pitching motions

For general pitching and plunging motions one has to use the complete expressions (37) and
(B4) for the mean propulsion coefficients, and the corresponding ones (divided by the same CP )
for the propulsive efficiencies. An exhaustive comparison between both results for all the values of
the parameters would be too lengthy, so that we just consider here the effect of the pivot parameter
a and the phase shift angle φ for given values of the plunging and pitching amplitudes h0 and a0:
h0 = 0.35 and a0 = 15◦ (see Fig. 8), which are sufficiently small for the validity of the linearized
theory. Two different values of a and φ are selected in Fig. 8: a = 0,−1/3, and φ = 0,π/2.

As in previous cases with pure plunging and pitching motions, the main difference resides in
the fact that the T-G propulsive efficiency always tend to 1/2 for large k, while in the present
theory η → 0 as k → ∞, in accordance with numerical and experimental results. Thus, the present
propulsive efficiency presents a maximum value for a finite reduced frequency that depends on the
rest of the nondimensional parameters. In addition, T-G mean thrust and efficiency are, in general,
larger than the present results. But, for phase shift φ = π/2, there is a region of reduced frequencies
around unity where the present mean thrust and efficiency are larger than the corresponding T-G
results. This is particularly clear in Fig. 8(b), where a marked maximum of the efficiency is observed
at k ≈ 1 when φ = π/2, for the two values of a considered. This enhanced propulsive efficiency
around reduced frequency unity in relation to the T-G result is found for 45◦ � φ � 160◦ for a = 0.
A formal search for the optimal efficiency as the parameters are varied is, however, out of the scope
of the present work.

V. CONCLUSION

The propulsion force and propulsive efficiency obtained analytically in the present work for a
plunging and pitching airfoil by using the vortical impulse theory within the framework of the
linearized potential theory modifies in a significant way the classical result by Garrick, particularly
for reduced frequencies k larger than about unity. It is perhaps surprising that this classical result,
that takes into account (in addition to the projection in the direction of flight of the normal forces
to the airfoil) only the suction force at the leading edge has not been corrected by considering the
complete effect of the nonstationary vortex wake on all the points of the airfoil, not just on its
leading edge. Here it is shown that this whole effect correctly predicts the decay of the propulsive
efficiency for large reduced frequencies as k−1, and the fact that the efficiency reaches a maximum
for a finite value of k, in contrast to Garrick’s theory. The results have been favourably compared
to experimental data and numerical simulations for the case of pure plunging and pure pitching
motions, for which results for airfoil oscillations with small enough amplitudes for the linearized
theory to be valid are available.
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APPENDIX A: THEODORSEN LIFT, MOMENT, AND POWER COEFFICIENTS

Taking the real part of (22) and (23) and using (2), (3), (18), and (24), the lift and moment
coefficients can be written as

CL ≡ L
1
2ρU 2c

= 2π

(
(kh0)

{[
G(k) + k

2

]
cos(ωt) + F (k) sin(ωt)

}

+ a0

{
cos(ωt + φ)

[
ak2

2
+ F (k) + G(k)k

(
a − 1

2

)]

+ sin(ωt + φ)

[
−k

2
− G(k) + F (k)k

(
a − 1

2

)]})
, (A1)

CM ≡ M
1
2ρU 2c2

= π

(
(kh0)

{[
G(k)

(
a + 1

2

)
+ ak

2

]
cos(ωt) + F (k)

(
a + 1

2

)
sin(ωt)

}

+ a0

{
cos(ωt + φ)

[
k2

2

(
a2 + 1

2

)
+

(
a + 1

2

)
F (k) +

(
a2 − 1

4

)
G(k)k

]

+ sin(ωt + φ)

[
k

2

(
1

2
− a

)
−

(
a + 1

2

)
G(k) +

(
a2 − 1

4

)
F (k)k

]})
, (A2)

where F (k) and G(K) are the real and imaginary parts of Theodorsen function (24).
The mean or time-averaged values of both lift and moment vanish. On the other hand, the power

required to drive the airfoil motion is

P = −�[L]�[ḣ] − �[M]�[α̇]. (A3)

The input power coefficient can be written as

CP = P
1
2ρU 3c

= −CL�[ḣ] − CM�[α̇], (A4)

where now the length and time are both scaled with c/2 and c/(2U ), respectively. Its mean value,
time-averaged over one cycle of motion, is

CP = π (kh0)2F + πa2
0

[(
a2 − 1

4

)
k2F −

(
a + 1

2

)
kG − 1

2

(
a − 1

2

)
k2

]

+π (kh0)a0

[
(−F + kG) sin φ +

(
2akF − G − k

2

)
cos φ

]
. (A5)

APPENDIX B: THEODORSEN-GARRICK PROPULSION

According to Garrick [7], the thrust or propelling force per unit span can be written, in the present
notation, as

TG = −DG = πρ(�[S])2 − �[α]�[L], (B1)
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where the subscript G is added to distinguish it from that computed in Sec. III. The first term is the
horizontal force due to the leading-edge suction, with

S = lim
x→−1

1
2

√
x + 1 �s, (B2)

and the second term is the projection in the flight direction of the normal pressure force on the plate,
with L given by (22) (of course valid for small |α|).

On using (12), (14), (18), and (19),

S = 1√
2

[
�0

π
− 2ḣ − 2(a + 1)α̇ + 2Uα

]
+

√
2

π

∫ ∞

1

�e√
ξ 2 − 1

dξ = 1√
2

[
�0

π
C(k) − α̇

]
. (B3)

The thrust coefficient time-averaged over a cycle of motion is

CTG
= π (kh0)2|C|2 + πa2

0

{[
1 +

(
a − 1

2

)2

k2

]
|C|2 +

(
a − 1

2

)(
F − 1

2

)
k2 −

(
a + 1

2

)
kG− F

}

+π (kh0)a0

{
(−2|C|2 + kG + F ) sin φ +

[
k(2a − 1)|C|2 + kF − G − k

2

]
cos φ

}
. (B4)
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