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Thermosolutal Marangoni effects on the inclined flow of a binary liquid
with variable density. I. Linear stability analysis
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We consider the stability of a binary liquid film flowing down a heated incline. A
theoretical model is implemented which captures the Soret effect and the dependence of
surface tension on both temperature and solutal concentration. The model also allows for
variation in the density of the liquid mixture with thermal and solutal differences. A linear
stability analysis is performed with asymptotic and numerical results being obtained. The
coupling of the effect of a variable density with the thermosolutal-Marangoni instability
and the Soret effect is investigated. Good agreement with previous results for the constant
density case is found.
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I. INTRODUCTION

The founding experiments of Kapitza and Kapitza [1] generated enormous interest in thin films.
The onset of instability in inclined thin film flows was first predicted by Benjamin [2] and Yih [3],
and the reviews by Craster and Matar [4] and Kalliadasis et al. [5] summarize many related studies
and findings. Researchers continue to pursue extensions to the original problem investigated by the
father-and-son team. Although much progress has been made over the years, new interesting effects
continue to emerge as the focus shifts to different aspects associated with the flow. For example,
one related aspect concerns the impact of bottom topography on the stability of the flow. The
independent studies of D’ Alessio et al. [6] and Heining and Aksel [7] have shown that, in general,
bottom topography tends to stabilize the flow provided that surface tension is not too strong. Another
related problem involves variations in surface tension brought on by heating. This gives rise to the
thermal Marangoni effect, and the key result here according to the studies of Trevelyan et al. [§]
and D’ Alessio et al. [9] is that the thermocapillary effects act to destabilize the flow. Yet another
related problem involves the gravity-driven flow down an inclined porous surface. Here Pascal [10]
showed that a porous bottom will destabilize the flow when compared to the same flow down an
inclined impermeable surface.

Another area of interest regards the role played by surfactants on the stability of gravity-driven
flow down an incline. For the case of insoluble surfactants which do not dissolve in the bulk but
rather reside on the surface, it was first shown by Benjamin [11] and Whitaker [12] that these surface
active agents delay instability when compared to a flow without surfactants. Later investigations
include the studies by Blyth and Pozrikidis [13], Pereira et al. [14], and Pereira and Kalliadasis [15].
Variations in the surfactant concentration leads to variations in surface tension which in turn gives
rise to the solutal Marangoni effect. Karapetsas and Bontozoglou [16,17] recently quantified the
stabilizing influence of soluble surfactants. Their results indicate that moderately soluble surfactants
may be more effective than insoluble ones.
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In the less studied case of a heated binary liquid film the combined thermal and solutal Marangoni
effects may be present as a result of the dependence of surface tension on both the temperature and
the concentration of solute. Concentration differences in the liquid are due to a mass flux induced
by the temperature gradient. Some of the first investigations involving binary liquids considered a
heated horizontal quiescent fluid layer. For example, Bhattacharjee [18] and Joo [19] addressed the
stability using constant temperature boundary conditions, while Podolny et al. [20-22] and Morozov
et al. [23] have extensively dealt with the case of a specified heat flux imposed across the fluid layer.
In these problems two instability mechanisms may be present: the usual thermocapillarity effect
brought on by temperature variations along with the solutocapillarity effect arising from variations
in solute concentration. The work by Hu ef al. [24] was the first to consider the stability of a binary
liquid falling down an inclined uniformly heated plate.

The present investigation represents a continuation of the work by Hu ez al. [24] to also include
variations in density. We allow both the density and the surface tension to vary linearly with
temperature and solutal concentration. The recent work by D’ Alessio et al. [25], which examined
the impact on stability when several fluid properties are allowed to vary with temperature, has
demonstrated that variations in other fluid properties can influence the overall stability of the flow.
This research attempts to quantify this influence for the case of a variable density.

This two-part paper is structured as follows. In Sec. II the mathematical formulation of the
problem and corresponding boundary conditions are outlined. Following that a linear stability
analysis is conducted in Sec. III. Then in Sec. IV we present and discuss our results. The research is
summarized in Sec. V. A brief appendix is also included which lists an analytical expression for the
critical Reynolds number. Part II is devoted to nonlinear numerical simulations using the weighted
residual method and a weakly nonlinear analysis.

II. GOVERNING EQUATIONS

We consider the gravity-driven flow of a thin layer of a binary liquid mixture down an inclined
surface. The flow is assumed to remain laminar and two-dimensional with g referring to the angle
of inclination with the horizontal. The Cartesian coordinate system (x,z) is oriented with the x axis
pointing down the incline and the z axis pointing into the liquid. We denote the velocity components
in the x,z directions by u,w, respectively, and the position of the free surface is given by z = h(x,1).
The thin liquid layer is heated as a result of the temperature difference, AT = T, — T, between the
uniformly heated incline and the ambient gas above the liquid where T}, is the temperature of the
incline and 7y is the surrounding gas temperature.

After applying the Boussinesq approximation the governing equations become
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where p is the pressure, T is the temperature, C is the solutal concentration, g is the acceleration due
to gravity, v is the kinematic viscosity, p is the variable mass density with py denoting a reference
value, « is the thermal diffusivity, D,, is the mass diffusivity, and x is the Soret coefficient. We
note that the contribution to the solutal concentration brought on by temperature variations is known
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as the Soret effect and is measured by the parameter . Following Hu et al. [24] we have ignored
the Dufour effect, which accounts for changes in temperature resulting from changes in solutal
concentration.

We will allow the surface tension to vary linearly with temperature and solutal concentration
according to

o =00 —yr(T — To) + yc(C — Cp),

where o is the surface tension and oy, Ty, Cy represent reference values of o, T, C, respectively.
We will assume that surface tension decreases with temperature, but increases with concentration,
so the rate of change parameters yr and y¢ will be assigned nonnegative values.

For the variable fluid density we again assume a linear dependence on temperature and solutal
concentration of the form

Lo 1= 4r(T — Ty) — 6c(C ~ Cy).

Lo
where py denotes the reference density attained at 7 = Ty and C = Cy, and &7 and &c¢ are the
thermal and solutal expansion coefficients. This formulation for the density has been employed by
Hu et al. [26] to study the stability of Poiseuille-Rayleigh-Benard flows exhibiting the Soret effect.
The parameter @7 is taken to be nonnegative, and as such the fluid is assumed to expand if heated.
On the other hand, &¢ can take on negative and nonnegative values, which will thus include cases
of decrease and increase in density with solutal concentration.

The other fluid properties are, as in Ref. [26], assumed to remain constant. Some of these, such as
viscosity, can vary with temperature, but it is only density and surface tension that will realistically
depend on both temperature and concentration, and we expect this combined variation to be more
relevant in connection with the Soret effect.

The system of equations (1)—(5) is to be solved subject to the following conditions. Along the
free surface z = h(x,t) we apply the dynamic boundary conditions

s 2 ([on 2 u Low _ohfou  dw o 9%h ®
P=Pm 7 \lox]| ax " 8z ax| oz | ox F3/2 9x2’
do  dhdo ou Jdw oh du
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0x 0x

the kinematic condition which in the absence of evaporation leads to

where

oh n oh ®)
w=—+u—,
ot 0x
Newton’s law of cooling
0T 0hoT
—aNVF(T —To) =r — — —— |, 9
ocg«/_( ) ( dz  Ox Bx) ©)
and the zero mass flux condition
dC 0dhoC oT 0hoT
— — ——— 4+ x|{————] =0. (10)
0z dx 0x 9z dx 0x

In the above pg refers to the pressure in the ambient gas, u is the dynamic viscosity, o, is the
heat transfer coefficient, and A is the thermal conductivity. The dynamic conditions (6) and (7) are
based on the assumption that the ambient gas is dynamically passive. Condition (6) represents the

083603-3



J. P.PASCAL AND S. J. D. D’ALESSIO

balance between the normal force exerted by the flow, surface tension, and the ambient pressure,
while condition (7) equates the tangential stress due to the flow to the Marangoni stress resulting
from the variation in surface tension. At the bottom z = 0 we apply the no-slip, impermeability, zero
mass flux, and constant temperature conditions given by

aC aT
=—+X—=0, T:Th. (11)
9z 9z

We next render the equations in dimensionless form by choosing the Nusselt thickness, H, given

by
3 1/3
H= (“—Q> ,
gpo sin

to be the length scale where Q denotes the constant volume flux. The velocity scaleis U = Q/H
while the time scale is H/U. The scaled pressure, temperature, and concentration, denoted by an
asterisk, are

u=mw

)/TAT

Yc

respectively. The dimensionless equations, with the asterisk removed for notational convenience,
become

p=po+pU’p*, C=Co+ C*, T =Ty+(AT)T*,

u vy, (12)
0x 0z
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where Re = Q/v is the Reynolds number, Pr = v/k is the Prandtl number, Sc = v/D,, is the
Schmidt number, So = xy./yr is the Soret number, and oy = &7 AT,0xc = @cyr AT /yc are the
dimensionless thermal and solutal expansion coefficients, respectively.

The corresponding dimensionless free-surface conditions along z = h(x,?) become

2 ([on7%0u  dw  oh[du dw [We — M(T — C)] 9*h
p=—||—| —F+—- —|—+—1|] - —, (17
ReF\|ox | ax 0z ox| dz  0Ox F3/2 ax2
MReVE| 21—y + L0 oy = (24 ) g2 2 (18)
dx dx 9z — o \oz oax dx ox’
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f 0z 0x 0x 20
C oh oC oT ohoT
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where We = 0¢/(poHU?) is the Weber number, M = yr AT /(pgHU?) is the scaled gradient of
surface tension with respect to temperature, and B = oz H /A is the scaled heat transfer coefficient.
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Finally, the dimensionless bottom conditions at z = 0 become

aC AT
+So— =0, T=1. (22)

u—uw—  —
0z 0z

III. STABILITY ANALYSIS

We begin by determining the steady flow possessing no variations in the x direction. If we denote
this steady flow by T = T;(2),C = C,(2),p = ps(2), u = us(z),w = wy(z) =0 and hy =l itis a
straight-forward exercise to deduce that

T,(2) =1— ,
5(2) 7B
Cu(z) = BSo
=TT
3cotf B ,
ps(z) = — (IT—ap)z—D+ =@ -1,
Re 2
B 3
ug(z) = —7123 - 5(1 —ar)z* + Ciz,
where
B(ar — a¢So) 3
Bl=——— (C;=301- - By,
1 5B 1 ( aT)+2 1

and without loss of generality we set C;(0) = 0. It is worth noting the departure from the linear
hydrostatic pressure and parabolic velocity profile as a result of the variable density. The constant
density case can be easily recovered by setting ar = oc = 0. We also point out the limiting cases:
B = 0 corresponding to an insulated fluid layer having the constant temperature 7;(z) = 1, and
B — oo corresponding to an infinite rate of heat transfer across the interface giving rise to the
temperature profile 7;(z) = 1 — z.

To investigate the stability we superimpose infinitesimal disturbances on the steady flow and then
monitor how the disturbances evolve in time. The perturbed flow is expressed as

u=uy(z) +ilx,z,0), w=wx,z1), p=psz)+p,z1),
T =T+ Tz, C=C@)+Cxzn, h=1+nx0),
where 7 is the imposed perturbation in the fluid thickness while the tilde denotes perturbations in

the other quantities. We linearize the problem with respect to the disturbances and introduce normal
modes

(@w,p.T.C.1) = (@(2),0(2), p(2), T (2),C (@), e,

The wave number £ is taken to be real and positive, while ¢ is a complex quantity where the real
part is the phase speed and the imaginary part, denoted by Im(c), is related to the growth rate. We
obtain the following equations for the z-dependent factors

D + ikii =0, (23)

Relik(uy — ¢)ii + (Duy)®] = —ikRep — 3(arT + acC) + D*ii — k%4, (24)
ikRe(us — ) = —ReD p + 3cotBarT + acC) + D*% — k*w, (25)
PrRe[ik(u; — )T + (DT)0] = D*T — k°T, (26)
ScRe[ik(us — ¢)C 4+ (DCy)W] = D>C — k*C + So(D*T — k*T). (27)
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Here D denotes the differential operator D = d/dz. Transferring the boundary conditions at z =
1 4+ n to z = 1 and linearizing yields the following free-surface conditions at 7z = 1:

3B, cot 2
5= 2820 L 2 K2 (We — MIT.(1) — C(D)])A. (28)
Re Re
—ikMRe{T — C + [DT,(1) — DC,(1)]A} = [D*u,()]A + Di + ik, (29)
W = ik[us(1) — clf, (30)
DT + BT + B[DT,(1)]f = 0, (1)
DC +SoDT =0, (32)
where
1 — ar + B(] — ocho)
B, = )
1+ B
At z = 0 we have
G=w=T=DC+SoDT =0. (33)

By combining Eqgs. (24)—(25) the pressure can be eliminated. If we also introduce the perturbed
stream function defined as

0 0
H(x.21) = 3—‘/1’ D(x,2,0) = —%,

and set ¥ (x,z,t) = ¢(z)e’** =D then the system of equations (23)—(27) simplifies to

D*¢ — [ikRe(uy — ¢) + 2k*1D*¢ + [ik*Re(u; — ¢) + k* + ikReD?u, ¢

=3ikcotB(arT + acC) + 3(ar DT + acDC), (34)
PrRelik(us; — c)T — ik(DT,)¢] = D*T — k*T, (35)
ScRe[ik(us — ¢)C — ik(DCy)¢] = D*C — k*C + So(D*T — k*T). (36)

The boundary conditions at z = 1 transform to

D3¢ — [ikRe(us(1) — ¢) + 3k*1D¢
=3(arT + acC) + Bik B, cot B + ik’Re{We — M[T,(1) — C,(D)IHA, (37)

D¢ + k*¢ + ikMRe(T — €) + {D?u,(1) + ikMRe[DT,(1) — DCy(1)1}f = 0, (38)

¢ + [u;(1) — ]l =0, (39)
DT + BT + B[DT,(1)]/ = 0, (40)
DC +SoDT =0, (41)

while the bottom conditions at z = 0 become
¢$=D¢p=T=DC+SoDT =0. (42)

The system of equations (34)—(42) is posed as an eigenvalue problem where ¢ denotes the eigenvalue.
We begin by carrying out an asymptotic analysis for small wave numbers by letting k — 0 and
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expanding the perturbations in powers of k as follows:
¢ = po(2) + ik1(2) + O(K?),
¢ = Co2) + ikCi(z) — K2Calz) + O,
T = To(z) + ikTi(z) — K*Ta(z) + O(KY),
i = fo + ikij + OK?).

The eigenvalue is similarly expanded as

¢ = co+ikey + OK>).

With this formulation for the expansions, the undetermined quantities will be real, and consequently
the growth rate is given by k’c, with neutral stability occurring when c; = 0. When the above are
substituted into (34)—(42) and all parameters are assumed to be O(1) as k — 0, we obtain a hierarchy
of problems at various orders of k. In solving these problems we find that 7 is arbitrary, and the
neutral stability relation is independent of 7j;. Thus, without loss of generality we set 7jp = 1 and

i1 = 0 in the analysis that follows.
The leading-order problem satisfies

D4¢)0 = 3aTDfo + 3acDéo,

D*Ty =0,
D*’Cy =0,

subject to
$0(0) = D¢o(0) = 0,
D3¢o(1) — 3arTo(1) — 3acCo(1) = 0,
D*¢o(1) + D*uy(1) =0,

¢o(1) +ug(1) —co =0,

2
1+B
DCy(0) + SoTy(0) = DCy(1) + SoTp(1) = 0.

T5(0) =0, DTy(1)+ BTy(1) — 0,

The solution to this system is given by

¢0(z) = B*(ar — acS0)z* +4 (B + 1)*2’ac(z — 3)Coo — [6 (3 B> + 4 B + oy
—6acSo B2 — 12(B + 1)*(1 + B2,

. 2B?
lo@ =335 5p%
N 2B%So R
Coz) = —mz + Coo,
. (9B*+28B +24)ar 5BSo(3 B+ 4)ac
co=3—acCo — 5 - >
8B +1) 8(B+1)

where the constant éoo can be determined from the O (k) problem.
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At O(k) Eq. (36) and conditions (41) and (42) yield
ScRe[(u; — c9)Co — DCs¢ol = D>Cy + SoD*Ty,
subject to the conditions
DC +SoDT; =0 at z=0,1. (53)

Solving the differential equation for DC; + SoDT; and substituting into the conditions, we find that
we must have

¢ _So[(9Soac—2000—5401T+36Bl+45)B3—(2000+65aT—56Bl—65)32—1—(2004T—2031—20)B]
0 5(3BSoac—8Bcy—8Bar+5B B +8B—8co—8ar+5B,+8)(B+1) '

From the O (k) problem we also obtain

PrRe[(us — co)To — DT¢o] = D*T,
subject to the conditions
DT\(1)4+ BTi(1)=0 and 7,(0) = 0. (54)

From the above we can determine 7}, and then obtain the solution for C; to within an additive
constant Cg. This constant is determined in a similar manner to Cyy by using the O(k?) terms in the
concentration equation and the mass flux conditions given by

ScRe[(uy — c9)C1 — c1Cy — DCypy] = D*C, + SoD* T + €y + SoTy
and
DC, +SoDT, =0 at z=0,1. (55)
From the O(k) terms we can then construct the following problem for ¢;:

D*¢1 — Re(uy — co)D*¢o + ReD*us¢pg — 3ar DTy — 3ac DEy — 3 cotBlar Ty + acCo) = 0,

D3¢1(1) — Re[u(1) — o] Do(1) — 3ar Ty (1) — 3aC(1) — 3cotfBy = 0, (56)
D?*¢1(1) + MRe[Ty(1) — Co(1) + DT,(1) — DCs(1)] = 0, (57)
$1(0) = D¢1(0) = 0. (58)

We obtained explicit solutions for C;, T}, and ¢, using the Maple symbolic algebra software;
however, the expressions are very long, and presenting them would not serve a useful purpose.

The O(k) terms in the kinematic condition give ¢(1) = 0, and letting ¢; = 0 in this equation
gives the state of neutral stability. We solved this for Re using Maple and obtained an expression
for the critical Reynolds number in terms of the other parameters of the problem. The expression is
too long to list in its entirety, so in the Appendix we present its asymptotic approximation for small
values of the density variation parameters.

For the constant density case our expression reduces to

B 10(1 + B)? cotB
12(1 + B + 2 M B(16 + 12S0 + 3S0B)

€erit (59
which is in full agreement with the result obtained by Hu et al. [24] once we correct for the change
in scales. Further disregarding the Soret effect by setting So = 0 we obtain the expression obtain by
D’ Alessio et al. [9] which accounts for thermocapillary effects. If the thermal effects are completely
disregarded by also setting M = 0 the well-known isothermal result is obtained: Rej; = 5 cotf/6.
We can conclude that the obtained result for Re corresponds to the onset of inertial instability,
referred to as the H mode, enhanced by thermocapillary and solutocapillary effects.
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It is evident that the expression for the critical Reynolds number give by Eq. (59) is a decreasing
function of So, and hence increasing the Soret number destabilizes the flow. We also point out that if
B = 0 this expression reproduces the expected isothermal result while in the limit B — 0o we obtain

10 cotp

Recii = ———.
T 124 Buso

As B is increased from zero a minimum critical Reynolds number, Rei min, 1S attained when
B = (8 4+ 6S0)/(8 + 3S0) and is given by

10 cotg
Recrit,min = W
4(16+9S0)
This dependence on B can be explained as follows. When B = 0 the steady-state temperature within
the fluid layer is constant while the concentration is zero; thus, the free-surface temperature and
concentration are uniform, which neutralizes the thermosolutocapillary effects. As B is increased
a variation in free-surface temperature and concentration develops which triggers the thermal and
solutal Marangoni effects. However, for large B the temperature along the free surface approaches
that of the constant ambient medium while the concentration approaches So, and as such the thermal
and solutal Marangoni effects are again weakened. Consequently, there exists an optimal value of
B for which these effects are maximized resulting in a minimum value for Re . Last, Re does
not depend on the parameters Pr, Sc, and We.

IV. RESULTS AND DISCUSSION

It is well known that the Marangoni effect can even occur in stationary fluid layers with
nondeformable surfaces [5]. In these cases perturbations in temperature and concentration along
the surface cause variations in surface tension which induces flow along the surface. The resulting
long-wave instability is referred to as the S mode, while instability of short perturbations of length
comparable to the thickness of the fluid layer is referred to as the P mode [5]. In order for the analysis
to capture these other modes we must consider the implicit dependence of the parameters We, M, and
B on the Reynolds number. To this end we introduce the new parameters Ka, Ma, and Bi by letting

3 \'"? Ka 3 \'"? Ma 3\ s
We=(-—) —, M=(—) ——, B=(- BiRe'?,
sin B Re3 sin 8 Re/3 sin B

o p1/3
Ka = 0—2/3
sH

where

is the Kapitza number,

yrATpy” .
Ma = ———— is the Marangoni number, and

gut?

2/3
. o . .
Bi = LZB is the Biot number.

80,
In terms of these new parameters the neutral stability obtained from the asymptotic analysis, can,
depending on the value of the parameters, have two solutions for the Reynolds number. These
values indicate the onset of instability of the S and H modes.

It should be pointed out that the asymptotic analysis can only predict the instability of very long
perturbations. To determine the stability of perturbations in general we must resort to numerical
solutions of the eigenvalue problem. We used a Chebyshev spectral collocation method to calculate
the eigenvalues of the problem (34)—(42). Shown in Figs. 1-3 are neutral stability curves in the
Re-k plane. The intercepts of these curves with the Reynolds number axis correspond to the critical
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FIG. 1. Neutral stability curves for various Ma values with So = —0.5, ar = 0.2, o¢c = 0.2, Pr =7, Sc =
700, Ka = 100, Bi = 1, and cotB = 1.

Reynolds number for the onset of instability of perturbations with k = 0. These values are in excellent
agreement with the formula from the asymptotic analysis for parameter values that are O(1).

Before we interpret our results we discuss the numerical restrictions and realistic ranges for the
parameters. Now, in terms of scaled quantities the density is given by

PE£=1—OITT—OlCc.

o

04 06 08 1 1.2
Re

FIG. 2. Neutral stability curves for various Ma values with So = —0.5, a7 =0, ¢¢c =0, Pr=7, Sc =
700, Ka = 100, Bi = 1, and cotg = 1.
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o

Unstable

I
0 0.5 1 1.5

FIG. 3. Neutral stability curves for various Ma values with So = —0.5, oy = 0.2, 0¢c = —0.2, Pr =7, Sc =
700, Ka = 100, Bi = 1, and cotg = 1.

Consequently then, for the equilibrium flow the density distribution is

Pi(z) =1 — ar + (ar — acSo) z, 0<z< 1. (60)

B+1

It is evident from this expression that the density will attain negative values if a7 > 1, so oy will
be restricted to nonnegative values less than 1. Now, if in addition the values of ¢ and So have
the opposite sign or one of them is zero, then the density is positive throughout the equilibrium
flow. If these two parameters have the same sign, the density will be a positive function of z for
all values of B as long as a¢¢So < 1. However, since we are approximating the density by a linear
approximation, we should restrict «¢ to absolute values less than 1. In this case the density will be
positive if |So| < 1. This includes the range of Soret numbers considered by Hu et al. [24]. We point
out the special case when oy = a¢So. Here at equilibrium the density will be uniform throughout
the liquid layer.

In order to determine realistic ranges for our thermal and solutal expansion coefficients, we make
comparisons with the parameter values employed by Hu ef al. [26] in their study of convective
instability in Poiseuille flow. They considered cases consistent with binary liquids such as ethanol-
water mixtures. The relevant parameters in their investigation are the Rayleigh number and the
separation factor, which in terms of our scaling are expressed as

Ra = 3arPrRecotp
and

¥ = —a—CSo,
or
respectively. In our investigation we have set cot = 1 and Pr = 7 and considered Reynolds numbers
less than 2. Therefore, with oy restricted to values less than 1 as described above, we are considering
Rayleigh numbers ranging up to approximately 40. These values are insufficient for generating
outright Benard-Rayleigh instability; however, our aim in this study is to investigate how a variable
density couples with the various instability mechanisms affecting inclined free surface flows.
Regarding the separation factor, Hu et al. [26] have considered values in the range |W| < 0.5.
The cases examined in our investigation fall within this range. Finally, in our investigation we set
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FIG. 4. Re,; vs Ma for various Bi values with Pr = 7, Ka = 100, a7 = ¢ = So =0, and cotf = 1.

the value of the Schmidt number to Sc = 700, which corresponds to a value of 0.01 for the Lewis
number, Le = Pr/Sc, as was used in Ref. [24,26].

The results in Fig. 1 show that as the Marangoni number increases, both the S and H modes are
destabilized, and the two eventually merge corresponding to an equilibrium flow that is unstable
for all Reynolds numbers. It is also apparent that the onset of instability for both modes is due
to the amplification of the infinitely long perturbations. These general aspects are the same as
those observed for the basic nonisothermal problem [5] and the basic thermosolutal problem with
nonnegative values for the Soret number as presented by Hu et al. [24]. However, as is illustrated
in Fig. 2, our results reveal that if the Soret number is negative and of sufficiently large absolute
value, then, if the Marangoni number is large enough, the neutral stability curves for the S and H
modes exhibit a “nose-like” profile. More specifically, the onset of instability in the equilibrium
flow is not the result of the instability of infinitely long perturbations, but rather the amplification of
perturbations of finite wavelength. Regarding the effect of a variable density on this phenomenon,
it turns out that the variation with concentration parameter, o¢ has an important qualitative and
quantitative effect. We find that if ¢ is positive and sufficiently large, as is the case in Fig. 1, then
the phenomenon is suppressed. However, as is exemplified in Fig. 3, if the Soret number and «¢
have the same sign, and if their product is sufficiently large, then the effect on the H-mode branch
is greatly amplified, i.e., there is a larger difference between the critical Reynolds number for the
onset of instability of the equilibrium flow and that for the instability of perturbations with k = 0.

Of particular interest is to investigate the effect of the parameters of the problem on the interval
of Reynolds numbers for which the equilibrium flow is stable. To accomplish this we analyze the
critical Reynolds number for the onset of the S and H modes as a function of Ma for different values
of the other parameters. In Fig. 4 we have Re;; versus Ma for various Bi values. The upper branch of
the curve corresponds to the onset of instability of the H mode, while the lower branch corresponds
to the S mode. The region inside the curve measures the interval of Reynolds numbers for which the
flow is stable. As discussed above, as Bi is increased from zero the extent of the region of stability
decreases, attains a minimum and then increases. Additional information provided by these results
is that the H and S modes both experience the destabilizing effect with Bi for smaller values of Bi
and a stabilizing effect with Bi if these values are sufficiently large.
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FIG. 5. Re; vs Ma for various So values with Pr = 7, Ka = 100, Bi = 1, ay = ¢ = 0, Sc = 700, and
cotf = 1.

Figure 5 contains Re;; versus Ma curves for various values of the Soret number for the case with
a constant fluid density. The destabilizing effect of increasing So is evident as the region of instability
shrinks. This behavior is consistent with the findings of Hu er al. [24]. In terms of the magnitude of
the Soret effect, which is measured by the absolute value of the Soret number, the indication is that
magnifying the Soret effect destabilizes the flow when So is positive and stabilizes it when So is
negative. Now, due to the Soret effect, temperature perturbations induce a mass flux which increases
concentration differences thus further accentuating the Marangoni stresses. However, if the Soret
number is negative, solute is driven towards warmer regions resulting in a higher concentration at the
troughs of surface perturbations than at the crests. Since surface tension increases with concentration,
the solutal Marangoni stresses pull fluid from the crests to the troughs and thus play a stabilizing
role by diminishing the amplitude of interfacial undulations.

We now examine the effect of a variable density. As pointed out by D’Alessio et al. [25], a
variable density triggers competing instability mechanisms. Effects on stability are specifically due
to changes in the magnitude of the density and changes in its gradient with depth. An increase in
density contributes to inertia and thus destabilizes the H mode while stabilizing the S mode. Now, a
steeper depth gradient of the density enhances stratification in the liquid layer and leads to greater
density differences along the surface if its height varies due to the presence of undulations. The result
is a greater momentum variation along the surface which generates impulses creating surges and
acting to destabilize the H mode. Depending on the values of the relevant parameters a top-heavy
stratification can also exist. As a consequence, the crests of a wavy surface will have larger flow
rates thus amplifying the waviness of the surface and contributing to instability.

We begin by considering the effect of the scaled thermal expansion coefficient, ay. In Fig. 6
we show Re; as a function of Ma for different values of «r. Here we have suppressed the solutal
effects by setting the Soret number to zero. In this case it is clear from Eq. (60) that increasing oy
decreases the density at every point in the equilibrium flow, but the stratification increases with ar
and furthermore it is top heavy. Therefore, we expect that increasing o7 will destabilize the S mode,
but strengthen both the stabilizing and destabilizing mechanisms affecting the H mode.
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FIG. 6. Re; vs Ma for various a7 values with Pr=7, Bi = 1, Ka = 100, a¢ = 0, So =0, Sc = 700,
and cotB = 1.

The results in Fig. 6 show that the intervals of unstable Reynolds numbers for the S mode increase
with o7 confirming that the S mode is destabilized. It can also be seen that for sufficiently small
Marangoni numbers the critical Reynolds number for the onset of the H mode increases with a7,
which indicates that the stabilizing mechanism is dominant. However, for larger values of Ma we see
in Fig. 6 that some of the curves cross and the upper branches interchange position indicating that
Rei; changes from an increasing to a decreasing function of «r. To better visualize this, in Fig. 7

crit
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FIG. 7. Re.; for the H mode as a function of a7 for various Ma values with Pr=7, Bi=1, Ka =
100, ¢ = 0, So = 0, Sc = 700, and cotp = 1.
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FIG. 8. Re; vs Ma for various a¢ values withPr = 7, Bi = 1, Ka = 100, So = —0.5 a7 = 0.5, Sc = 700,
and cotg = 1.

we show Re;; for the H mode as a function of oy for several larger values of Ma taken from Fig. 6.
At the right endpoints of the curves in Fig. 7 the critical Reynolds number for the H mode coincides
with that for the S mode and the two separate modes are no longer relevant. It can be seen in Fig.
7 that Rey is indeed a decreasing function for certain ranges of oy, meaning that the destabilizing
mechanism associated with density variation now surpasses the stabilizing one. As concluded in
Ref. [25], the upshot is that the Marangoni effect couples with the destabilizing mechanism and if
sufficiently strong renders it dominant.

One last observation to be drawn from Fig. 6 regarding the effect of increasing «y is that the
lateral extent of the region of stability is shortened. So, if the variation of density with temperature is
increased then weaker Marangoni stresses suffice to destabilize the equilibrium flow for all Reynolds
numbers.

We now turn to analyzing how variation in density with solutal concentration impacts stability.
We find an important correlation between the solutal expansion of the fluid and the Soret effect,
which is illustrated in Figs. 8—11. In Figs. 8 and 9 we present Re; as a function of Ma for different
values of «c, with So fixed at a negative value in Fig. 8, while in Fig. 9 So is positive. The results
in Fig. 8 indicate that if So is negative, then the critical Reynolds number for the H mode decreases
with ¢ for all the relevant Marangoni numbers revealing that the H mode is destabilized. In Fig. 9
where So is positive the exact opposite occurs: increasing «¢ stabilizes the H mode. We find that,
unlike So, the value of a7 does not affect the qualitative effect of varying «¢. This general behavior
is explained by considering the equilibrium density given by Eq. (60). The rate of change of the
density with respect to ¢ is given by —SoBLjrlz. Consequently then, if So is negative the density
increases with a¢ for all values of z. As a result inertial effects are strengthened destabilizing the H
mode.

In Figs. 10 and 11 we display Re;; as a function of Ma for different values of So. Now, the
rate of change of the equilibrium density with respect to So is given by —a¢ BL;IZ’ and thus the
density increases or decreases with So depending on the sign of a¢. In Fig. 10 where o is negative,
the increase in density with So destabilizes the H mode. Figure 10 also reveals that increasing So
also destabilizes the S mode, as indicated by an increase with So of the lower branch of the critical
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FIG. 9. Re; vs Ma for various a¢ values with Pr =7, Bi = 1, Ka = 100, So = 0.5«a7 = 0.5,Sc = 700,
and cotB = 1.
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FIG. 10. Re; vs Ma for various So values with Pr =7, Bi = 1, Ka = 100, a¢c = —0.5a7 = 0.5, Sc =
700, and cotg = 1.
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FIG. 11. Re; vs Ma for various So values with Pr = 7, Bi = 1, Ka = 100, ¢ = 0.5a7 = 0.5, Sc = 700,
and cotB = 1.

Reynolds number curve. As pointed out above, an increase in density has a stabilizing effect on the
S mode due to increased inertia. However, the Marangoni stresses are also dependent on the Soret
number, and, as it was illustrated in Fig. 5, an increase in So has a destabilizing effect. The results
in Fig. 10 suggest that the latter effect is the dominant one, particularly for the larger Marangoni
numbers.

We now turn to the case with a¢ positive which is exemplified in Fig. 11. In this case density
decreases with So, which in itself is a contributor to the stability of the H mode. For Ma values in
the small to intermediate range in Fig. 11, Re;; on the upper branch of the curve increases with So,
and thus the H mode is stabilized. It should be stressed here that for the constant density increasing
the Soret number destabilizes the flow, so this behavior is an important consequence of the solutal
expansion of the fluid.

Examining the results in Fig. 11 for the larger Marangoni number range, we find that the upper
branches of the curves can cross, signaling a reversal of the stabilizing action of the Soret effect akin
to the one described above in connection with the thermal expansion effect, as presented in Figs. 6
and 7. The explanation in the present case is that if the Marangoni number is sufficiently large,
the coupling of the Soret effect with Marangoni instability surpasses its stabilizing effect related
to decreased density and reduced inertia. It is interesting to note that, as is evident in Fig. 10, this
phenomenon is not observed if «¢ is negative.

We next explore the effect of the strength of surface tension on the onset of instability. Now,
surface tension dampens surface undulations, but its effect is negligible on long perturbations.
Consequently, in cases when long perturbations are most unstable, like the case shown in Fig. 1,
strengthening surface tension, accomplished by increasing the Kapitza number Ka, has no impact on
the onset of instability. However, in cases like the one exemplified in Figs. 2 and 3, where the onset
of instability is due to the amplification of a perturbation of finite wavelength, the critical Reynolds
number is dependent on the Kapitza number. This is illustrated in Fig. 12. It is evident herein that
increasing Ka widens the region of stability. This is mostly due to the stabilizing of the H mode
which is related to the amplification of surface undulations. It is interesting however to note that
increasing Ka also has a stabilizing effect on the S mode. This, together with the stabilizing action of
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FIG. 12. Re.; vs Ma for various Ka values with Pr =7, Bi = 1, a7 = 0.5, a¢c = —0.5, So = —0.5, Sc =
700, and cotg = 1.

the Soret effect for negative So values discussed above in connection with Fig. 5, gives evidence that
perturbations in the position of the free surface play a significant role in the instability of the S mode.

V. CONCLUSIONS

In this paper we studied the stability of the flow of a binary liquid film with a deformable
surface down a heated incline. The Soret effect was taken into account, whereby the heating induces
a mass flux and thus generates concentration differences in the liquid mixture. As in previous
studies, surface tension was assumed to decrease with temperature and increase with concentration
generating Marangoni stresses. In addition we also considered a variable density for the fluid with
the thermal and solutal expansion coefficients as parameters. We assumed the fluid to expand with
heating and thus considered only nonnegative values for o7, but for the solutal expansion coefficient
we considered both negative and nonnegative values. Thermal expansion lowers the fluid density
but magnifies the stratification in the equilibrium flow. For small Reynolds numbers where inertia
is insufficient to amplify surface perturbations, the source of instability is the S mode due to fluid
motion along the surface caused by Marangoni stresses. Under these conditions, our linear stability
analysis indicates that thermal expansion is a destabilizing factor since the lower density facilitates
flow along the surface. For larger Reynolds numbers inertia acts to amplify surface perturbations
thus destabilizing the H mode. In this case the decrease in density is a stabilizing factor, however
the enhanced stratification has the opposite effect due to the creation of flow rate variations which
amplify surface undulations. Our results indicate that for small Marangoni numbers, i.e., when
surface tension variations are weak, an increase in the thermal expansion rate stabilizes the H mode.
On the other hand, if the Marangoni number is sufficiently large, an increase in thermal expansion
destabilizes the equilibrium flow. With regard to the solutal dependence of the density, we found
a strong coupling with the Soret effect. An important indicator of the qualitative aspects of flow
instability turns out to be the sign of the product of the solutal expansion coefficient and the Soret
number, a¢So, and how it affects the variation of the equilibrium density. For example, the solutal
expansion of the fluid can stabilize or destabilize the flow depending on the sign of the Soret number.
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Similarly, the sign of ¢ determines the stabilizing role played by the Soret effect. In particular, if
the solutal expansion is positive, then, in contrast to the constant density case, increasing the Soret
number stabilizes the flow as long as the Marangoni number is not too large. Another important
conclusion resulting from the present study is the coupled effect of solutal expansion and the
Soret phenomenon on the shape of the neutral stability curve. Specifically, if the product «¢So is
sufficiently large, then moderately long perturbations are significantly more unstable than infinitely
long ones.
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APPENDIX

The asymptotic approximation for the critical Reynolds number for small values of the density
variation parameters is given by

10(1 + B)?cot
( ) ﬂ+

2 2
Recie = Fiar + Fac + O(arac,af,af),

Gy
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, 5
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