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A classic result due to Taylor is that a weakly conducting drop bearing zero net charge
placed in a uniform electric field adopts a prolate or oblate spheroidal shape, the flow
and shape being axisymmetrically aligned with the applied field. Here I overview some
intriguing symmetry-breaking instabilities occurring in strong applied dc fields: Quincke
rotation resulting in drop steady tilt or tumbling, and pattern formation on the surface of a
particle-coated drop.
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I. INTRODUCTION

Electric fields provide a versatile means to generate and manipulate small-scale fluid and particle
motion. Weakly conducting fluids (leaky dielectrics) allow free charge to accumulate at interfaces
where the tangential electric stresses, due to the electric field acting on the induced charge, drag
fluids into motion [1].

The dynamics and stability of fluid-fluid interfaces, stressed by an applied electric field, have
been extensively studied since the pioneering works of Taylor [2–4]. Interest in electrohydrodynamic
instabilities has been fueled by many intriguing observations. For example, thin polymer films form
periodic arrays of pillars when subjected to a vertical dc [5,6] or ac electric field [7,8]. Drops,
bearing no net charge, can form conical tips at poles and emit jets of charged microdroplets [9–11],
a phenomenon common to a wide range of applications such as printing, electrospinning, and
electrosprays. More recently, suspensions of colloidal particles subjected to external electric fields
were found to self-organize into large-scale structures [12–14] such as bands [15,16] or undergo spon-
taneous directed motion [17,18]. Confinement, as in the case of particles trapped on fluid interfaces,
plays an important but largely unexplored role in the instabilities and pattern formation [19,20].

Here I overview some recent intriguing research on drop dynamics and instabilities in an applied
uniform dc electric field. Even though I will attempt to acknowledge all relevant contributions to
this topic of resurgent interest, the selection may be far from exhaustive as I will mainly focus on
work from my group.

II. QUINCKE ROTATION OF A DROPLET

A. Quincke effect

The spontaneous spinning of a rigid sphere in a uniform dc electric field has been known for over
a century [1,21,22], although this phenomenon has been largely overlooked until the recent interest
in “active” suspensions (collections of motile colloids, in particular, Quincke rollers) [17,23–25].

The phenomenon arises from particle polarization in an applied electric field due to the
accumulation of free charges at the particle interface [1]. The induced dipole due to these free
charges lags behind the application of the uniform dc electric field

P = (χ0 − χ∞)E[1 − exp(−t/tMW)], (1)

*This paper is based on an invited lecture given by Petia M. Vlahovska at the 68th Annual Meeting of the
APS Division of Fluid Dynamics, which was held 22–24 November 2015 in Boston (MA), USA.
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FIG. 1. Charge distribution in unstable equilibrium for a sphere with R/S < 1. Above a critical field strength
E0 > EQ, where E0 = |E| and EQ is given by Eq. (8), constant rotation around an axis perpendicular to the
electric field is induced by the misaligned dipole moment of the particle (right). The rotation can be either
clockwise or counterclockwise [21,26,27].

where χ0 and χ∞ are the low- and high-frequency susceptibilities of the particle. For a sphere with
radius a,

χ0 − χ∞ = 4πεsa
3 3(R − S)

(R + 2)(S + 2)
, (2)

where R and S characterize the mismatch of electrical conductivity σ and permittivity ε between the
sphere and the suspending fluid

R = σp

σs

, S = εp

εs

. (3)

The subscripts p and s denote the values for particle and suspending medium, respectively, and the
Maxwell-Wagner polarization time tMW is the characteristic time scale for polarization relaxation

tMW = εp + 2εs

σp + 2σs

. (4)

For rotation to occur, the induced dipole moment of the sphere has to be oriented opposite to
the direction of the applied field (R/S < 1) [see Eqs. (1) and (2)]. This configuration is unfavorable
and becomes unstable above a critical strength of the electric field. A perturbation can displace the
dipole and the resulting torque induces physical rotation of the sphere (around an axis perpendicular
to the applied field direction).

For rotation to be sustained, the rotation period should be comparable to the Maxwell-Wagner
polarization time. This condition ensures that while the induced surface-charge distribution rotates
with the sphere, the exterior fluid can recharge the interface. The balance between charge convection
by rotation and supply by conduction from the bulk results in an oblique dipole orientation shown
in Fig. 1.

The rotation rate ω of the Quincke rotor is determined from the conservation of angular momentum
of the sphere [26,27]

I
dω

dt
= P⊥E − αω, (5)

where I = 8πρpa5/15 is the moment of inertia and α = 8πμsa
3 is the friction factor of the sphere.

The dipole component orthogonal to the filed direction P⊥ is determined from the equations for the
polarization evolution

dP⊥
dt

= −ωP|| − t−1
MWP⊥,

dP||
dt

= ωP⊥ − t−1
MW[P|| − (χ0 − χ∞)E]. (6)
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FIG. 2. (a) Sketch illustrating drop shape and flow streamlines in a uniform dc electric field with increasing
strength. (b) The drop is spherical in the absence of electric field. (c) Weak fields induce pure straining flow and
axisymmetric oblate deformation in the case R < S. In strong fields, the flow acquires a rotational component
and the drop is tilted with respect to the applied field direction.

Steady-state solutions of Eqs. (5) and (6) are no rotation [with ω = 0, induced dipole P|| given
by Eq. (1), and P⊥ = 0] and steady rotation with

ω = ± 1

tMW

√
E2

E2
Q

− 1, P⊥ = αω

E
, (7)

where the ± sign reflects the two possible directions of rotation and

E2
Q = 2σsμs(R + 2)2

3ε2
s (S − R)

. (8)

Equation (7) shows that rotation is possible only if the electric field exceeds a critical value given
by EQ; notably, the rotation rate is independent of particle size. A more detailed analysis shows
that the transition to rotation occurs via a pitchfork bifurcation [21,27]. Intriguingly, the set of three
equations, i.e., evolution of the two dipole components (parallel and perpendicular to the applied
field direction) [Eq. (6)] and conservation of angular momentum [Eq. (5)], map onto to the Lorenz
equations [28] and show that the second bifurcation occurs at stronger fields resulting in chaotic
rotation (random reversals of rotation direction) [21,29].

B. Drop electrorotation

Particle fluidity increases complexity. The electric field acting on the induced surface charge
creates normal stresses that deform the drop into an ellipsoid and shear stresses that drag the fluids
into motion. In the Taylor regime (nearly spherical drop and no electrorotation), the fluid undergoes
axisymmetric straining flow about the drop [4] [see Fig. 2(b)] with surface velocity

uθ = aεsE
2
0

μs

9(S − R)

10(1 + λ)S(R + 2)2
sin(2θ ), (9)

where λ = μp/μs is the viscosity ratio and θ is the angle with the field direction. Above a threshold
electric field, which is in general different from Eq. (8), the flow acquires a rotational component
due to the Quincke effect and experiments show that the deformed droplet can assume a steady
tilted orientation relative to the applied field [30–32] [see Fig. 2(c)] or undergo irregular rotational
motions [33,34] (see Fig. 3). If drop viscosity is high, the ellipsoidal drop tumbles [see Fig. 3(b)] while
randomly reversing the direction of rotation. A low-viscosity drop, however, can undergo additional
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FIG. 3. Examples of unsteady drop behavior in a uniform dc electric field [34]: (a) viscosity ratio λ = 1, field
strength E0 = 9.9 kV/cm, and drop radius a = 1.8 mm and (b) λ = 14, E0 = 9.7 kV/cm, and a = 3.0 mm.
The experimental system is a silicon oil drop suspended in castor oil, tMW = 1.3 s, and EQ = 2.7 kV/cm.

deformation while rotating [see Fig. 3(a)]. The resulting shape variations resemble oscillations (see
Fig. 4).

The steady tilt is well understood [32,35]. Analytical models, which assume small deformations
and charge convection dominated by the rotational flow, agree only with the experimental data for
high-viscosity drops [32] but do not capture the increased threshold for electrorotation and shape
variations with field strength of low-viscosity drops.

The time-dependent tumblinglike dynamics, however, remains to be explained. Anisotropy in
the polarization relaxation due to the nonspherical shape can give rise to similar behavior [34].
Indeed, rigid ellipsoids are predicted theoretically to align, swing, or tumble [36,37] (although
these behaviors are only recently being probed experimentally [38]). Including shape variations
as observed in the case of the low-viscosity drop is analytically challenging and tractable only by
fully-three-dimensional numerical simulations. Such simulations are, however, currently unavailable
as all three-dimensional computational analyses of drop electrohydrodynamics are restricted to
axisymmetric geometries [39–41].

FIG. 4. Evolution of the aspect ratio in real time and in time-delay plots with �t = tMW/4 (inset) for the
drop shown in Fig. 3(a).
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FIG. 5. Polyethylene microspheres (diameter 50 μm), initially randomly distributed at the surface of a
silicon oil drop suspended in castor oil, can assemble at the equator into nearly circular patches, a continuous
belt, or a sinusoidally shaped ribbon (see [45]).

III. INTERFACIALLY COMPLEX DROP: PARTICLES AND SURFACTANTS

Fluid interfaces allow adsorbed particles and surfactants to move laterally and be convected by
flow. In the Taylor regime (9), the surfactants or particles accumulate at either the drop tips or
the equator depending on the flow direction. The redistribution of surfactant has different effects
on drop electrohydrodynamics than surface-adsorbed particles, even though colloidal particles are
often considered to act as surfactants [42].

A. Weak electric fields

Nonuniform surfactant coverage generates Marangoni stresses that at equilibrium immobilize the
interface [43,44]. As a result, at steady state there is no flow and the drop shape is independent of
the viscosity ratio and surfactant elasticity

D = Ca
9[(1 + R)2 − 4S]

16(2 + R)2
. (10)

Surfactant elasticity β enters implicitly through the definition of the capillary number

Ca0 = Ca(1 + β)−1, β = γ0 − γeq

γeq
. (11)

Here Ca0 = εsE
2a/γ0 is defined for a clean, surfactant-free drop with interfacial tension γ0, while

Ca is defined based on the equilibrium surface tension of the surfactant-covered interface γeq. Drop
deformation is enhanced compared to clean interfaces.

In contrast, surface adsorbed particles suppress the flow only at high coverage (greater than 90%);
at low coverages the flow persists in the clean (free of particles) spots (e.g., the area not covered by
the particle belt seen in Fig. 5). Drop deformation cannot be described by Eq. (10); instead a capsule
model, which treats the particle monolayer as an elastic sheet, works best [46].

B. Strong electric fields and drop destabilization

Application of strong electric field leads to different instabilities depending on the base Taylor
flow direction (9). If R/S > 1 the surface flow is from the equator to the pole and tip streaming can
occur from cones formed at the opposite poles of the prolate drop [10,44,47,48].

In the case R/S < 1 the surface flow is from the pole to the equator and the equator is a stagnation
ring. Surfactant accumulation at the equator lowers the surface tension and thus can destabilize
the stagnation ring [49]. The oblate drop flattens and forms a sharp rim, from which tiny drops
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FIG. 6. Microparticles (radius r = 0.5–5 μm) of different conductivity and shape all form a belt that
undergoes buckling instability. The electric stress scaled by surface tension stresses is denoted by Ca, ϕ is the
surface coverage, and a denotes the drop radius.

are emitted (equatorial streaming) [50]. The effects of surfactant on droplet electrohydrodynamics,
however, remain largely unexplored.

Surface-adsorbed colloidal particles also accumulate at the equator and form a belt if R/S < 1
(see Fig. 5) [19,20,46,51,52]. However, in stronger fields the belt destabilizes: It buckles and forms a
variety of surface patterns depending on coverage, such as an undulating belt around the equator or
isolated, rotating clusters of particles. The undulating belt itself is a dynamic structure and consists
of segments within which particles move in closed orbits.

Experiments have shown that particles move to the equator for a very broad range of particle
conductivities [20] (see Fig. 6). Hence, the formation of the equatorial belt is likely driven not by
electrostatic interactions (dielectrophoresis or dipole-dipole interactions) but by the flow.

To see this, we can estimate the relative importance of particle dielectrophoresis (which is
the dipole translation driven by a gradient in the electric field) and convection by comparing the
magnitudes of the electrohydrodynamic and the dielectrophoretic velocities. The first one ve can be
estimated from the solution for the electrohydrodynamic flow around a spherical drop [Eq. (9)],

ve ∼ aεsE
2
0

/
μs. (12)

The dielectrophoretic velocity vd is obtained by balancing the dielectrophoretic force and
hydrodynamic drag

vd ∼ (
εsr

3KCME2
0

/
a
)
/μsr, (13)

where r is the particle radius and KCM = (σp − σs)/(σp + 2σs) denotes the Clausius-Mossotti
factor for a sphere. Comparing these two, we see that indeed dielectrophoresis is much weaker than
convection ve/vd ∼ a2/r2 � 1.

The mechanism responsible for the belt buckling and breakup into patches remains unknown.
Specifically, it is not clear if this is a result of (i) a hydrodynamic instability (occurring even in the
absence of particles) [49] or (ii) self-organization emerging from the collective particle dynamics
[25,53]. There is evidence favoring both explanations. In favor of the instability, (i), Tseng and
Prosperetti recently showed [49] that the convergent flow near a zero vorticity point can become
unstable and that a local perturbation can grow due to kinematic compression and viscous stresses.
In the classical example of tip streaming [47,48], if surfactants are present, they are carried by the
flow toward the zero-vorticity point and weaken the action of surface tension, which is the only
physical mechanism countering the instability. In our case, however, surfactants are absent and it is
unclear how the electric field and possibly charge convection drive this type of instability. Evidence
in favor of self-organization, (ii), was presented using a simple model of particles trapped on the drop
interface. We have simulated the collective dynamics of a monolayer of spheres driven by constant
clockwise or counterclockwise torques [25]. The emergence of patterns, resembling those seen in
experiments, such as traffic lanes or large vortices comprised of same-type rotors was observed. A
more refined model [53], which includes dipole-dipole and hydrodynamic interactions between the
particles, also shows structuring similar to the experiment.
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IV. CONCLUSION AND OUTLOOK

Electrohydrodynamics is undergoing a renaissance that has been inspired by the scientific
intrigue of the recently discovered instabilities of drops reviewed here, as well as the integration of
electrokinetic and electrohydrodynamic theories [54,55], which is bringing these two fields closer.
The emergent behavior and intricate patterns formed by surface- trapped particles in electric fields
could provide novel ways to create structurally complex materials with tailored optical, mechanical,
magnetic, or electric properties. Suspensions of hard (colloidal sphere) and soft (drop) Quincke rotors
are a new class of active matter, which is virtually unexplored. Other soft particles with complex
interfacial mechanics such as vesicles [56–58] also undergo fascinating electrohydrodynamic
instabilities (formation of edges, reversible poration, and phase separation). I hope that the questions
defined in this paper will inspire further research in the area of electrohydrodynamics of complex
interfaces.
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