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A spheroidal particle in simple shear flow shows surprisingly complicated angular
dynamics; caused by effects of fluid inertia (characterized by the particle Reynolds number
Re,) and particle inertia (characterized by the Stokes number St). Understanding this
behavior can provide important fundamental knowledge of suspension flows with spheroidal
particles. Up to now only qualitative analysis has been available at moderate Re,,. Rigorous
analytical methods apply only to very small Re,, and numerical results lack accuracy due
to the difficulty in treating the moving boundary of the particle. Here we show that the
dynamics of the rotational motion of a prolate spheroidal particle in a linear shear flow
can be quantitatively analyzed through the eigenvalues of the log-rolling particle (particle
aligned with vorticity). This analysis provides an accurate description of stable rotational
states in terms of Re,,, St, and particle aspect ratio (r,,). Furthermore we find that the effect
on the orientational dynamics from fluid inertia can be modeled with a Duffing-Van der
Pol oscillator. This opens up the possibility of developing a reduced-order model that takes
into account effects from both fluid and particle inertia.

DOLI: 10.1103/PhysRevFluids.1.044201

I. INTRODUCTION

The study of particles in fluid flows has attracted a lot of attention during the last century due to the
vast applicability in describing industrial [1-3], biological [4—6], and geophysical processes [7-9].
In order to be able to pinpoint the important physical processes, numerical simulations have been
growing to become a crucial scientific tool to complement the traditional experimental approaches.
The straightforward way of simulating these flow problems is through direct numerical simulations,
where the coupled motions of fluid and particle are simultaneously calculated. However, this quickly
becomes computationally expensive as the number of particles increase, since the numerical grid
resolution must be very fine around each particle for accurate results. If the particles are small, and if
the concentration of particles is low, the forces exerted by the particles on the fluid can be neglected.
This enables the use of Lagrangian Particle Tracking (LPT) methods. In LPT the particle trajectories
are defined by local forces and their orientational dynamics are evaluated in the linearized reference
frame of each particle. Generally many of these systems have been modeled with spherical particles
due to the availability of models for the hydrodynamic force and torque [10]. However, for a large
number of cases, the nonsphericity of the particles is crucial for the suspension properties such
as rheology, mixing, and particle interactions. Jeffery [11] derived analytical expressions for the
torque on ellipsoidal particles in linear flow fields, which enables LPT to be applied to nonspherical
particles [12]. However, these methods are restricted by the assumption that neither the particle
nor the fluid around the particle has any inertia. Particle inertia can be included in such models by
allowing acceleration terms to be active in the particle equations of motion [13—15], but the influence
of fluid inertia is more difficult to characterize as the flow field changes significantly around the

“rosen @mech.kth.se

2469-990X/2016/1(4)/044201(21) 044201-1 ©2016 American Physical Society


http://dx.doi.org/10.1103/PhysRevFluids.1.044201

ROSEN, NORDMARK, AIDUN, DO-QUANG, AND LUNDELL

particle [16-18]. In conclusion, it is desirable to find a model of the orientational dynamics for a
single, nonspherical, particle that takes into account both fluid and particle inertia. This can then be
used in a Lagrangian frame in a fluid simulation.

To tackle this problem, some assumptions must be made with respect to the practical flow problem
that we want to describe: (1) The suspension is assumed to be dilute and particles are not interacting
with each other either hydrodynamically or through collisions. (2) Any influence of turbulence is
neglected as this can cause small-scale fluctuations of the flow field around the particle and also
local concentration variations that might violate the first assumption [15,19,20]. (3) The translational
velocity of each particle is the same as the local fluid velocity, which implies that sedimentation is
neglected and the flow is stationary with straight streamlines. If there is no such slip velocity between
particle and fluid, any translational drift of particles to neighboring streamlines cannot occur because
Saffman and Magnus forces are not present; this assumption also implies that the Lagrangian frame
around each particle is an inertial frame of reference following the fluid. (4) The particles are
assumed to be large enough for Brownian diffusion to be neglected. (5) The particles have rotational
symmetry and potential chaotic motions due to triaxiality is neglected [21-23]. (6) The flow field
inside the Lagrangian frame is assumed to be a linear shear flow, i.e., there are no second spatial
derivatives of the flow velocity. With these assumptions, the study of a single spheroidal particle in
a simple shear flow provides fundamental knowledge to understand the orientational dynamics of
nonspherical particles in fluid flows. Although these assumptions render the flow problem highly
idealized, understanding the physics in this system can still provide a strong foundation that will
make it possible to tackle each one of the assumptions. It should be noted, however, that the results
presented in the paper are not based on these assumptions, and the only assumptions made are based
on DNS of governing equations.

In this work, we consider the aforementioned flow problem with numerical simulations and
provide the first accurate and domain-size independent results at moderate Re,. We also isolate the
respective effects from fluid and particle inertia. Specifically we find that the fluid-inertia effects
lead to orientational dynamics similar to that of a Duffing-Van der Pol oscillator. These results are
important steps towards a reduced-order model for both fluid and particle inertia to be used in LPT
methods. We concentrate on describing the prolate spheroid but also briefly comment on the case of
an oblate spheroid.

A. Formulation of the problem

A single prolate spheroid with density o, is rotating in a simple shear flow, which is created by
the motion of two parallel walls separated by distance L and moving in opposite directions with
velocity U, as shown in Fig. 1(a). The coordinate frame is centered on the particle center of mass,
and the particle orientation is determined by a unit vector along the particle symmetry axis (s).
The particle has an aspect ratio, r,, defined by the ratio between the symmetry axis length and
the equatorial diameter. A prolate spheroid thus fulfills 7, > 1 and an oblate spheroid r, < 1. The
motion of the fluid with density o, and kinematic viscosity v is governed by the incompressible
Navier-Stokes equations. The equations are nondimensionalized using: the particle major axis /
(which is the same as symmetry axis length for a prolate spheroid) as characteristic length, the
inverse shear rate [G~! = L /(2U)] as a characteristic time, and pvG as a characteristic pressure.
With these scalings, the nondimensional equations read

V-u=0,

ou
Rep[a ~|—(u-V)ui| =—-Vp+Viu+f. (1)
These describe the evolution of the fluid velocity # and pressure p when being subject to volumetric
forces f, where the size of the inertial term is governed by the particle Reynolds number defined as
Re, = GI?/v. The confinement of the system is defined as « = [/L. Through the no-slip condition
at the particle surface (# = w x r, with particle angular velocity @ and r as a position vector to the
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FIG. 1. (a) Illustration of the flow problem of a single prolate spheroidal particle in a linear shear flow;
(b) stable rotational states illustrated by the trajectory of (sy,s,) in different parameter regions i—vi; (i) planar
rotation of tumbling (T) or rotating (R); (i7) planar rotation and log rolling (LR); (iii) planar rotation and
inclined rolling (IR); (iv) planar rotation and inclined kayaking (IK); (v) planar rotation and kayaking (K);
(vi) steady state (S); the planar states (T and R) and nonplanar states (LR, IR, IK, and K) are separated by an
unstable limit cycle (ULC).
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particle surface; both quantities nondimensional), the fluid enforces stresses on the surface giving
a resulting (nondimensional) torque M, from which the particle rotation is determined through the
nondimensional equation of motion:

M =StIo+ o x (Io)], )

where I is the (nondimensional) inertial tensor of the spheroid. The additional scalings required to
nondimensionalize the second equation are the characteristic torque (o vG/?) and the characteristic
inertial tensor element (p,[°). The size of the particle inertial term in the equation is governed by the
Stokes number St = aRe,, where @ = p,,/p is the solid-to-fluid density ratio. The reaction forces
from the particle on the fluid are in turn included in the force term in Eq. (1).

B. Summary of previous work

The pioneering work in Ref. [11] provided a complete description of the motion of an unconfined
(k = 0) ellipsoidal particle in any linear flow in the absence of inertia, i.e., St = Re, = 0. However,
in this degenerate case, no preferential rotational state exists for a prolate spheroid in a simple shear
flow, and the rotation depends on the initial orientation. It was shown by Bretherton [30] that the
same angular dynamics of the spheroid can be described with the vector g, where

1
0 e+ 0
g=|ie-1 0 0]q. (3)
0 0 0
with
_r%—l
& = 5 1.
rp—i—

The dynamics of the particle symmetry axis can then easily be obtained by disallowing the
deformation of the vector through the normalization s = ¢/|q|, which ensures that unit length
is maintained.

Lundell and Carlsson [31] used the torque (M) on a spheroid in creeping shear flow in Ref. [11]
and coupled this to the equation of motion [Eq. (2)]. In this way the dynamics at Re,, = O (but finite
St > 0) was obtained. Particle inertia was found to cause a drift of the prolate spheroid towards
rotation in the flow-gradient plane (s, = 0) due to centrifugal forces.

The final planar dynamics can be described with the evolution of the angle ¢, defined as the angle
between the symmetry axis s and the x axis. According to Nilsen and Andersson [32], the planar
dynamics is described by the following:

StAK AKNG — 1 ) | B 4
30 (K1 + 2)¢—8<§—COS ¢>+§—¢, 4)
where
l1—¢
A= ,
1+e¢
_/°° dp
o (L+BY2(r,2 + )

K2=/°° ar |
o JTFB(r;?+B)

At St = 0, the particle will rotate with a period as described by in Ref. [11]: T; = 27 (r), + r;l) in
an intermittent rotation called rumbling. As St — oo, particle inertia becomes much greater than the
viscous forces from the fluid, and the particle will rotate with constant angular velocity along with
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the local vorticity, i.e., with a period Ty = 47 (subscript H for heavy). This type of motion is called
rotating. Lundell and Carlsson [31] defined a transitional Stokes number (Stj; 5) where the period is
T = (T, + Ty)/2 and particle inertia is of the same order of magnitude as viscous forces. With the
corrections from Ref. [32], this number is found to be

S — 80[0.7 + 0.3[1 — £2]%/8)]
05— A[K| + AK>]

Although influence from particle inertia is quite well understood, the influence from fluid inertia at
Re, # 0 is more complicated to describe. Several experimental [33-36], theoretical [37-39], and
direct numerical [24-28,40] methods have been used to address the problem. Although preferential
rotational states were found as a consequence of fluid and particle inertia, a complete, fundamental,
understanding of the motion remains elusive due to contradicting results.

In order to distinguish the effects of particle and fluid inertia respectively, St and Re, need to
be studied independently from each other. In any practical case, in order to fulfill the assumptions
in Sec. I, St must equal to Re,, in order for no sedimentation to occur in the presence of gravity.
However, by studying the dynamic behavior in the case of St # Re,, we can both predict what
happens for neutrally buoyant particles (¢« = 1) and gain valuable insights for the development of a
reduced-order model of the system.

Rosén et al. [29] performed direct numerical simulations of the flow problem at k = 0.2, with
variations in Re,, St, and particle aspect ratio (r,). The found rotational states are summarized in
Fig. 1(b), which schematically draws the flow-gradient (xy) components of the orientation vector
(sx,8y). Atlow Re,, it was found that the particle drifts towards planar rotation of tumbling (s, = 0
and o, varies with orientation) or rotating (s, = 0 and w, is almost constant) and is represented
by the circular trajectory in Fig. 1(b) i—v. At higher Re,, the stable planar rotation can coexist
with a stable nonplanar state with s, # 0 [Fig. 1(b) ii—v]. At a certain Re, = Re g, the log-rolling
state (s, = s, = 0) stabilizes in a subcritical Hopf bifurcation [Fig. 1(b) ii]. In this bifurcation, an
unstable limit cycle (ULC) is created and determines which initial conditions that lead to planar
or nonplanar motion, respectively. The log-rolling state is destabilized at Re, = Repr > Reg,
in a supercritical pitchfork bifurcation creating two symmetrical fixed points corresponding to the
inclined rolling state at (sy,sy) = (A,B) and (sx,s,) = (—A,—B), where A and B are positive
nonzero constants [Fig. 1(b) iii]. Further increasing Re,, we get inclined kayaking [Fig. 1(b) iv]
and kayaking [Fig. 1(b) v], and above a certain Re, > Re,, the particle can assume a stationary
steady state [16] where s, = w, = 0 [Fig. 1(b) vi]. As long as r, 2 3, the dynamics was found to
follow the same sequence of bifurcations when increasing Re,, at o = 1. However, for neutrally
buoyant spheroids with low aspect ratio (r, < 2), the period doubled and chaotic orbits were found
atRepr < Re, < Re, in Refs. [26,29].

Although these results were found to be qualitatively unaffected by numerical grid resolution,
it was not possible to obtain the precise quantitative transitional numbers. This would require a
stability analysis, otherwise the required spatial resolution and excessive time integration becomes
computationally intractable. This is also believed to be one of the reasons for previous numerical
studies being quantitatively inconsistent. Another reason is that the confinement is seen to influence
the results significantly atx > 0.2, and most of the previous studies have insufficiently sized domains
for the results to be domain-size independent. In other cases, the particle is initialized in an orientation
far away from a stable solution, and it is thus difficult to distinguish when the bifurcations occur. A
summary of the transitions between rotational states found in previous numerical works at moderate
Re, is presented in Table I. It is clear that there remains no general quantitative description of this
flow problem.

Recently, the works by Einarsson et al. [41,42] and Candelier et al. [43] provided a complete
theory for the orientational dynamics of a spheroid in an unconfined (v = 0), linear shear flow
at infinitesimal Re, that was consistent with observations from numerical simulations. To assess
the validity of these results, Rosén et al. [44] performed a numerical linear stability analysis of
the log-rolling spheroid and confirmed the quantitative values of the stability exponent provided

®)
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TABLE 1. Inconsistencies in some of the previous numerical studies of a neutrally buoyant (St = Re,)
prolate spheroid in simple shear flow at moderate Re,; the simulations by Mao and Alexeev [28] were performed
in a triply periodic domain using Lees-Edwards boundary conditions in the velocity gradient direction and using
density ratio @ = 0.1 (St = Re,, /10) when studying the three-dimensional rotation.

Previous work K Rep (@ =1) Repr Re. Remarks

Qi and Luo [24] 0.5 205-345(r, =2) - - Few initial orientations
and high «

Yu et al. [25] 0.4 S128 (r, =2)  224-256 (r, = 2) - Few initial orientations
and high «

Huang et al. [26] 0.5 120 (r, = 2) 235(r, =2) 445 (r, =2) High«

Huang et al. [27] <0.2 - - 167 (r, = 3.3) Did not compute stability

120 (r, =) of states
Mao and Alexeev [28] <0.2* <50 (r, = 2) - - Did not compute stability
~40 (r, =5) of states, and few

initial orientations

Rosén et al. [29] 0.2 235(r, =4 155.5 (r, =2) 103 (r, = 3.3) Not converged in terms

~25(r, =5) 6150, =4) 90 @, =4 of grid resolution
60.5 (r, =5) 89 (r,=5)

in Refs. [41,42] as Re,,k — 0. In Ref. [44] we also find the required corrections in terms of Re,,
and « for the theory to be applicable for small Re, and confined systems. However, the theory was
not sufficient to explain the complicated dynamics seen for moderate Re, (Re, 2 1) in previous
numerical work, e.g., Ref. [26].

As mentioned in Ref. [40], the important dynamical transitions at Re; g and Re p  are explained by
the linear stability of the log-rolling spheroid. It was further argued that the sequence of bifurcations
might originate from the fact that the log-rolling state is close to having a double zero eigenvalue
for a certain choice of parameters. By utilizing the same linear stability analysis as Ref. [44], which
is already seen to be consistent with theory when Re,,x — 0, we will address this hypothesis. We
will also study much higher values of St than Ref. [29] did previously, to find the full appearance of
the state space that is applicable as St — oco. Consequently, in this work, we combine the qualitative
direct numerical simulations with the quantitative linear stability analysis and can finally provide a
complete and accurate theory of the prolate spheroid in simple shear flow.

C. The Duffing-Van der Pol oscillator

Rosén et al. [40] found that the sequence of bifurcations seen between nonplanar states, as Re,,
increases, was very similar to a typical dynamical system: a Duffing-Van der Pol (DVP) oscillator
[45,46]. This system describes a one-dimensional inertial system:

X = (i — xH)x + (o + x)¥, (6)

where | and w; are constants. This system has odd symmetry around the origin, with nonlinear
restoring forces and nonlinear damping. Following the idea in Ref. [30], we study the x and y
components of a vector (q) that has similar dynamics to the symmetry axis (s) but is free to deform,
i.e.,s = q/|q|. We then use the DVP oscillator to describe the qualitative noninertial two-dimensional
dynamics of g, and g,:

gx = qy,
Gy = (11— 42)qx + (12 + 47) gy (7)
Rewriting it like this, we note that the origin, g, = g, = 0, corresponds to the log-rolling state,

which always is an equilibrium point of the dynamical system. The stability of this equilibrium is
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FIG. 2. Dynamical behavior of the DVP oscillator described by Eq. (7) depending on the choice of 1, and
W2; the dynamical behavior is also what we expect in a dynamical system with odd symmetry around the origin
(corresponding to the log-rolling state) if this equilibrium point is close to having a double zero eigenvalue; the
regions i—vi are analogous to the regions in Fig. 1 when increasing Re,,.
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With the choice of u; = u, = 0, the system thus has a double zero eigenvalue at the origin. Varying
the values of these constants, one obtains the different dynamical states illustrated in Fig. 2. The
system shows significant similarities to the prolate spheroid in the shear flow. For example, the
bifurcation at p; < 0 and u, = 0 corresponds to Re, = Re; g, and the bifurcation at 1y = 0 and
w2 < 0 corresponds to Re, = Repr. The behavior of the DVP oscillator is also typical for any
nonlinear dynamical system with odd symmetry close to a double zero eigenvalue at the origin [47].
It is not fully known why the infinite dimensional problem of the prolate spheroid in a shear flow
behaves like the DVP oscillator, but it must be the cause of symmetry and degeneracy in the system.
The odd symmetry around the log-rolling state is easily understood from the nature of the flow
problem, but the degeneracy is more difficult to explain. Here we will show that the degeneracy is
only caused by fluid inertia at Re, = Repr where the log-rolling state is close to having a double
zero eigenvalue in the absence of particle inertia.

The fact that the angular dynamics of the spheroid in simple shear flow behaves like this simple
DVP oscillator in the absence of particle inertia opens up the possibility of finding a reduced-order
model to mimic fluid inertial effects at any Re,,. It must be emphasized that the model in Eq. (7) is
by no means a good model itself for general particle dynamics, but used only as a demonstrative tool
to explain the underlying dynamics in the nonplanar motion where s, # 0. For example, the model
cannot capture the steady-state transition without ensuring that g, > 0 at g, = 0 for all g, > 0 at
high Re,,. In the present form this is not possible due to the ¢ term. However, we hypothesize that,
with appropriate modifications of the torque expressions of Ref. [11], we could obtain a dynamical
system similar to that of a DVP oscillator.

given by the eigenvalues:

II. NUMERICAL METHODS

Two numerical methods are used in the present work to approach the current flow problem. First,
we perform transient direct numerical simulations (DNS) of the particle motion using the lattice
Boltzmann (LB) method [48,49] with external boundary force (LB-EBF [50]). The same method
was used by Rosén et al. [29,40,44,51]. Second, a linear stability analysis (LSA) of the equilibrium
state is performed using the commercial finite-element software Comsol Multiphysics v. 5.1 [52].
In Comsol, we utilize the eigenvalue solver, which is based on ARPACK FORTRAN routines for
large eigenvalue problems [52,53]. In this example, the linear stability of the steady state version of
Egs. (1) and (2) is examined for the log-rolling case to capture the critical Re,, and St. The transient
motion close to this state can furthermore be analyzed with the same model to observe the influence
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of the modes corresponding to the leading eigenvalues. Note that all the time-dependent quantities
in the results are nondimensionalized using the shear rate, G.

A. Direct numerical simulations (DNS)

In the DNS, the flow problem is set up according to Fig. 1(a), in a cubic domain with L = 120
lattice units (l.u.) in each spatial direction. The shear rate is set to be the same as used in Refs. [29,40],
ie., G =2U/L = 1/600 (given in inverse time steps). Periodic boundary conditions are applied in
the x and z directions. A prolate spheroid is placed in the middle of the domain and has length [ = 24
(L.u.) and r, = 4. The confinement is thus constant: k = 0.2. The particle is always initialized at rest
with initial orientation s = (sin 1°,0, cos 1°), i.e., close to being aligned with the z direction. The
particle is then free to rotate until it is judged to have reached the final rotational state, but never
longer than ¢+ = 10000 (time scaled with shear rate as mentioned above).

B. Linear stability analysis (LSA)

In the LSA, the flow problem is setup in a cubic domain with the same confinement (x) as the
DNS. The particle was aligned in the vorticity direction s = (0,0, 1). Exactly the same method was
previously applied in Ref. [44] at low Re,. The fluid is discretized with a tetrahedral mesh that
is free to deform with local grid refinement around the particle. Velocity boundary conditions are
applied on the particle surface to ensure that there is no deformation of the grid due to the rotation
around the particle symmetry axis. The angular velocity of the particle around the symmetry axis
w, = wy is recovered through finding a stationary solution of the governing Eqs. (1) and (2) with s
fixed in the z direction. The discretized system is then linearized around this solution to find the most
unstable eigenvalues that govern the dynamics close to the log-rolling state. The model provides
the N eigenvalues closest to a shift (o) in the complex plane. In this study we chose N = 200
ando =iQ,, where Q; = (r;1 + r,)~!is the analytical rotational frequency at Re, = St = x =0
given in Ref. [11]. The LSA provides us with the list of N eigenvalues (1;,Az, ...,Ay) of the log-
rolling particle, ordered by descending real part, i.e., RA; > RAy > --- > RAy. The most unstable
eigenvalue A; will determine the dynamics close to the log-rolling state as long as [RA;| < |RAz. |
and N,y < 0, i.e., all other modes die out quickly.

The solver, with a deformable grid, can also be used to numerically integrate the transient motion
close to the log-rolling state (s, =~ 1). This allows us to directly verify the influence of the dominating
modes. The transient motion is analyzed by initializing the system in a stationary solution to the
particle orientation s = (sin 1°,0, cos 1°).

III. RESULTS
A. DNS

The results from the DNS are summarized in Fig. 3 for a particle of 7, = 4, which shows regions
in the parameter space with different stable rotational states. Note that the numerical method and
lattice Boltzmann parameters used here are the same as in Ref. [29]. The results between these two
works are thus directly comparable. However, since much higher Stokes numbers (St) are studied
here than in previous work, only the results at St < 1000 are identical to the results of Ref. [29]. The
curve separating the region with only steady state (VIIa) and the region with coexisting tumbling
and steady state (VIIb) is called St. and was taken from Ref. [29]. This is also the case for the
curve separating the regions of tumbling (Ia-IVa, VIIb) and rotating states (Ib-IVb, V, VI, VIIc)
called Sty 5. As mentioned in Sec. I B, this number corresponds to the St where the tumbling period
is T = (T; 4+ Ty)/2 and describes when particle inertia is of the same order of magnitude as the
viscous damping from the fluid during the planar rotation. The value of Sty 5 at Re,, = 0, called St; s,
is found through the analytical expressions given by Eq. (5). The final rotational state of the particle
initialized close to log rolling is denoted by the symbols.
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FIG. 3. (a) Results from the direct numerical simulations for a particle with r, =4 (x = 0.2), with the
symbols denoting the final state of the particle initialized close to log rolling; T = tumbling and R = rotating
(white circles); LR = log rolling (black circles); IR = inclined rolling (gray squares); IK = inclined kayaking
and K = kayaking (gray triangles); PD = period-doubled kayaking and C = chaotic kayaking (gray stars);
S = steady state. (b) Simplified topology of the state-space using the critical values Repr, Rep g sio, Ree, Stj 5,
and Strz; the stable rotational states in the respective regions 1-8 are described in Table II.
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FIG. 4. Trajectories from the DNS atRe, = 80 for a particle with r, = 4; (1) chaotic kayaking at St = 2000;
(2) period-doubled kayaking at St = 2500.

There are two new important features of this state-space topology that were not observed in
Ref. [29]. First, the curves Re;r and Repr separating the region of stable log rolling coincide at
a point at Re, = Repr = 61.5 % 0.5 and St = Styz = 2650 £ 50 [indicated with the red circle in
Fig. 3(a)]. This critical Stokes number thus (in principle) sets a maximum level where nonplanar
states can be stable, since more particle inertia will eventually favor the planar rotation. Second,
complicated nonplanar dynamics is found in region V (cf. Fig. 3) and illustrated in Fig. 4. In this
region we find that states of chaotic kayaking (Fig. 4, case 1) and period-doubled kayaking (Fig. 4,
case 2) exist and are long-term solutions to the flow problem. The requirement for having chaotic and
period-doubled states seems to be that St > Sty 5, which is a similar requirement for chaotic motion
of the prolate spheroid in oscillating shear at Re,, = 0 (reported by Nilsen and Andersson [32]). As
mentioned, the transition at Sty s describes where inertial forces from the particle dynamics are of
the same magnitude as the external forces from the fluid. However, this is not a sharp transition, but
Sty.s is rather describing the midpoint of a smooth transition in terms of St. Far below this curve,
particle inertia is negligible for the nonplanar dynamics, and the particle consequently behaves like
a DVP oscillator.

For nonplanar motion, the particle inertial effects enable the type of complicated dynamics seen
in Fig. 4. In planar motion, particle inertia controls the transition between tumbling and rotating
states. The latter transition is actually similar to St., above which nonplanar rotation can coexist with
a steady state. All three examples are really describing transitions from noninertial particle dynamics
(second derivatives of s are negligible) to inertial particle dynamics where the final rotational state
depends on both initial orientation and angular velocity. Even though they occur at slightly different
St, the analytical value of Stj 5 can be seen as a valuable estimate of all these three transitions. With
this assumption, we can use only five critical numbers to draw the simplified topology of the state
space as done in Fig. 3(b): Repr, Rep g si0, Ree, St} 5, and Sty . The different regions of rotational
states in Fig. 3(b) are summarized in Table II.

Just as in Ref. [29], the grid resolution in the DNS is not sufficient to provide any quantitatively
accurate results. Therefore, only the qualitative dynamics and the topology of the state space can
be studied with the resolution employed here. To demonstrate the dependence on the resolution, we
find that the critical values of Repr and Sty using L = 240 (I = 48) and G = 1/1200 are found at
Repr = 75 £ 5 and St = Sty = 2000 % 250. The uncertainties arise as a result of being unable to
simulate for long enough to determine if the final state was tumbling, log rolling, or inclined rolling,
close to the critical point.

We will show that the critical numbers for drawing the simplified topology can be obtained with
high accuracy and without dependence of the numerical domain size, despite these DNS resolution
issues.
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TABLE II. Stable rotational states in the different regions in Fig. 3(b);
T = tumbling; R = rotating; LR = log rolling; IR = inclined rolling; IK = inclined
kayaking; K = kayaking; PD = period-doubled kayaking; C = chaotic kayaking;
S = steady state.

Region Planar state Nonplanar state

1 T -

2 R -

3 T LR

4 R LR

5 T IR, IK, or K

6 T IR, IK, K, PD, or C
7 S -

8 RorS -

B. LSA (St =Re,)

For the LSA, we first consider the case of a neutrally buoyant spheroid (St = Re,,). The real part
of the most unstable eigenvalues %) _y are plotted versus Re, in Fig. 5. At low Re,, we find that
the dynamics close to the log-rolling state is governed by a complex pair of eigenvalues. This was
previously investigated in Ref. [44]. We will denote these eigenvalues A, (red circles in Fig. 5). At
high Re,,, we find that the dynamics is dominated by an unstable real eigenvalue. This eigenvalue is
denoted Ay (blue squares in Fig. 5).

0.03

RA
o

-0.03

FIG. 5. MA; _n as a function of Re, for a neutrally buoyant particle of r, = 4 (St = Re,); eigenvalues
can be either complex (circles) or real (squares) and be stable (filled symbols) or unstable (open symbols);
red symbols show the eigenvalues A, blue symbols denote A/, green symbols denote the eigenvalues of the
symmetry breaking (SB) mode, and gray symbols are other stable modes which are considered not to influence
the dynamics; the dash-dotted line show Re,, = 80, at which the results in Fig. 6 are illustrated.
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FIG. 6. Flow field showing the influence of the symmetry breaking (SB) mode at Re, = 80 for a neutrally
buoyant particle of 7, = 4 at (a) t = 1000 and (b) ¢ = 1920; the lower plot shows the evolution of s, compared
with the evolution as described by A, (dotted).

Apart from these eigenvalues, we observe that there is another eigenvalue (denoted Agp) that
becomes unstable at Re,, = 68.75 £ 1.25. To observe the influence of the corresponding dynamical
mode, we numerically determined the motion at Re, = 80 where this mode should be dominating.
The time series of s, is shown in Fig. 6. It is clear that the dynamics is initially controlled by the
complex eigenvalue A ,, which takes the particle to a stable log-rolling state (s, = 1). After spending
a long time in the log-rolling state, some instability grows in the flow field, where the symmetry is
eventually broken (cf. Fig. 6) and the particle moves away from the log-rolling state. Such growth of
a global mode, after a long period in a seemingly steady state, has previously been observed in flows
without particles, e.g., in a co-flowing wake in Ref. [54]. Furthermore, it is found that the eigenvalues
(Asp) of this symmetry breaking (SB) mode are almost completely unaffected by St. If we assume that
the initial disturbance triggering this instability is a small numerical fluctuation in the fluid simulation
rather than the particle motion, it should have an initial amplitude on the order of machine precision
€0 = 0(107'%). Assuming, furthermore, that it needs to grow to € = €y exp(Agpt) = O(1)forit to be
present, it would take + = O(1000) until we could see the effect, which is exactly what we observe
in Fig. 6. These results indicate that the particle dynamics actually do not inject any energy into the
unstable SB mode, and that oscillations of the symmetry axis s stabilize this mode. Since this work
is focusing on the orientational dynamics of the spheroidal particle, we discard this mode as a fluid
instability, which is interesting to study, but lies outside the scope of the present work.

Following the branch of A, in Fig. 5 with increasing Re,, we find two interesting transitions.
The first one is when the complex pair goes from unstable ($id, > 0) to stable (11, < 0) at
Re, = 28.75 £ 1.25. This corresponds to the stabilization of the log-rolling state through the Hopf
bifurcation at Re,, = Reg, as seen in the DNS. The second one is when I, = 0 and the complex
pair is split up into two real eigenvalues at Re,, = 92.9 & 0.1. Here the system is close to having the
hypothesized double zero eigenvalue. The most unstable real eigenvalue created in this transition is
A r, as previously introduced.

At slightly higher Re, = 93.4 &= 0.1, A becomes unstable, which results in the creation of the
inclined rolling state through a pitchfork bifurcation at Re, = RepF, as seen in the DNS. Note that
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FIG. 7. %A, (thin red line) and 3 ¢ (thick blue line) as functions of Re, for a particle of r, = 4 at three
different St; the right figures (b), (d), (e) show the corresponding spectra in the complex plane; (a), (b) St = 1;
(¢), (d) St = 1500; (e), (f) St = 2000.

this transition implies a transition between two stationary solutions of the flow field and is therefore
independent of particle inertia.

The results from this stability analysis, including the fact that the system is close to having a
double zero eigenvalue for certain parameters, explains the sequence of bifurcations for the nonplanar
rotation seen for the neutrally buoyant particle in Ref. [40].

C. LSA (Re, # St)

To be able to distinguish between effects from fluid and particle inertia on the dynamics, we
performed the same analysis for several other St. We find that there are three distinct regions in
terms of St, which are illustrated in Fig. 7. These regions are similar as the ones found in the DNS:

(1) St < 625 £ 125 [illustrated in Figs. 7(a) and 7(b) at St = 1]. Fluid inertia dominates the
dynamics; A, and A, almost connect at the origin in the complex plane at Re, = Repr. At low
Re, (Re, < Repr), A, is unstable even though particle inertia is negligible. This shows that fluid
inertia actually causes a drift to planar tumbling in this regime. This falsifies the hypotheses in
Refs. [29,31,40], which argued that particle inertia is the dominant cause for this drift (which is of
course true at higher St). The fact that fluid inertia is causing a drift towards tumbling at low Re,
was also recently found in Refs. [28,41,42].
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St/1000

FIG. 8. Stability of the two modes determined by A, (symbols with dashed border) and A ¢ (symbols with
solid border), which control the nonplanar orientational dynamics of the prolate spheroid of r, = 4 as function
of Re, and St; the eigenvalue with larger real part is denoted with a larger symbol; the eigenvalues are either
stable (filled symbols) or unstable (open symbols); the parameter pair (Repr,Strz) is denoted with the thick
red circle.

(2) 625+ 125 < St < 1975 + 25 [illustrated in Figs. 7(c) and 7(d) at St = 1500]. Particle and
fluid inertia are in competition; A, and A ; are detached and linked to two separate modes, which
are present for all Re,. In the low Re, regime (Re, < Rezr), A, still dominates the dynamics,
but at higher Re,, both modes (three eigenvalues) can be important. At the transition at St =
625 £ 125, the dynamics close to the log-rolling state goes from being two-dimensional (governed
by two eigenvalues) to three-dimensional (governed by three eigenvalues), which would explain the
complicated dynamics illustrated in Fig. 4.

(3) St > 1975 % 25 [illustrated in Figs. 7(e) and 7(f) at St = 2000]. Particle inertia dominates
the dynamics; in the Re, regime where the oscillatory mode of A, dominates the dynamics, it is
always unstable. At these values of St, log rolling will never be a stable rotational state. Note that
at St = 1975 £ 25 and Re, = Repr, both modes (three eigenvalues) are neutrally stable, i.e., have
eigenvalues with zero real part.

To illustrate the stability of the log-rolling state depending on Re, and St, the stability of A, and
A ¢ are plotted in Fig. 8. Note the resemblance to the state space in Fig. 3. Decreasing the numerical
grid resolution in the LSA, model we arrive at almost identical results, and we can conclude that the
results from the LSA model are converged in terms of grid resolution. We also find that the values
of Strz and Repp from the DNS with higher resolution seem to be approaching the values found
in the LSA. We therefore believe that grid resolution is the main reason for the DNS results not
matching the LSA. Using the values for Re, g si~0, Repr, and Strz obtained from the LSA, we can
now create a quantitatively accurate version of the simplified topology in Fig. 3(b), with all critical
values obtained with accurate methods:

(1) Repp si~o. Obtained through the LSA model by finding the Re,, at St = 1 where A, =0
and 3, # 0.

(2) Repp. Obtained through the LSA model by finding the Re, where A ; = 0.
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TABLE III. Accurate critical values for a prolate spheroid of r, =4 at x =
0.2; the numbers in the rightmost column show the values obtained with the low-
resolution DNS (cf. Fig. 3).

Quantity Accurate values Low-resolution DNS
Repg si~0 27.5+0.5 _

Repr 93.4+0.1 61.5+0.5

Re. 138.5+5 90

Strz 1975 +£25 2650 + 50

St 5 3133 -

(3) Strz. Obtained through the LSA model by finding the St at Re, = Repr (A = 0) where
RA, =0and I1, # 0.

(4) Re.. Obtained by finding a zero-torque solution of a stationary particle in the flow gradient
plane (s, = 0) as done in Refs. [29,44].

(5) Stj 5. Obtained through an analytical expression for this number at Re, = 0 in Eq. (5).

For a prolate spheroid of 7, =4 at ¥ = 0.2, these numbers are summarized in Table III, with
the value of Re. taken from Ref. [44] and can be compared with the values obtained using DNS in
Fig. 3. Generally, it is seen that the critical Reynolds numbers are underestimated and the critical
Stokes numbers are overestimated in the low-resolution DNS.

D. Effect of confinement

So far, we have only considered the flow problem with a constant confinement of « = 0.2. Our aim
is to provide results in a domain large enough for spatial boundary conditions to be insignificant, and
therefore we need to find the influence of confinement. There are two effects of confined geometry.
First, the results can be affected by the fact that we have periodic boundary conditions, which means
that flow disturbances from the periodic images of the particle can affect the particle itself. Second,
the walls can influence the flow field as the fluid velocity there is forced to be equal to the wall
velocity. To investigate these effects, we find the values of Repr, Rep g six0, and Sty for a particle
with r,, = 4 for « = 0.3,0.2,0.15,0.1, and 0.05. The results are shown in Fig. 9(a) where we make
two observations. First, the results show that the transitions covered in this work are not an effect of
either the presence of walls or periodic boundary conditions as the values of the critical transitional
numbers converge with increased domain size (lower «). Second, the true domain-size independent
results are slightly overestimated by the values found at k = 0.2 but converged at ¥ < 0.1. Note that

(a) (b)

— Sto5
ol s, - Strz/10
3 %R/GC /
o 800 —— Repr /
—— Rerr.si~o / :
100{ .. _ Rep
. Repr _ 400
501
oo ] Repr.sixo )
% 5 10 15 20 25 %
K K

FIG. 9. (a) Critical values of Repr, Repg s~o, and Sty at r, = 4 for different values of «, (b) Critical
values Repr, Repr s, Stp 5, and Strz for different moderate aspect ratios r, at « = 0.05; the values of Re,
are taken from Ref. [44]; the corresponding empirical relations are described in Table IV.
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FIG. 10. Simplified topology of the state space using the critical values Repr, Re; g si~0, and Sty obtained
at k = 0.05, which are considered converged in terms of domain size; Re, is taken from Ref. [44] and St 5
taken from Eq. (5); the figure shows the the critical transitions for r, = 4 (solid lines and colored regions),
rp, = 5 (dashed lines) and r, = 6 (dotted lines) with the arrows indicating how the state space changes with
increasing r,,.

the value for Re, was seen in Ref. [40] to be almost converged at k = 0.2. We therefore consider the
results of Ref. [44] to be converged in terms of confinement, since these were obtained at k = 0.2.
The formula of Stjj 5 is, strictly speaking, valid only in an infinite domain (x = 0) and Re, = 0, but
was seen in Ref. [29] to be in reasonable agreement with the DNS at k = 0.2 and low Re,,.

E. Effect of aspect ratio

Previously we showed the procedure to get an accurate simplified topology of the rotational state
space in terms of Re,, and St by using just five critical values: Repr, Rep g si~0, Rec, Stj 5, and Sty
[see Fig. 3(b)]. We found the same values for some other moderate aspect ratios, which are illustrated
in Fig. 9(b). The values from the LSA (Repr, Repr si~0, and Strz) are obtained at k = 0.05 and are
thus almost fully converged in terms of domain size. The values of Re, are taken from Ref. [44] and
are also considered confinement-independent as described previously. The changes of the critical
values due to r, in the topology of the state space are illustrated in Fig. 10. For the lowest aspect
ratio r, = 2, the transition at Rep is too high (Repr > 150) and a converged steady state solution
of the log-rolling state could not be found in order to perform the LSA. By fitting the data points,
we can provide the empirical formulas for the critical values: Repr, Repr siv0, Re., and Strz in
Table IV. Even though the empirical formula of Re, lacks support for particles with r, < 4, there are
still indications that Stjj 5 < Re, at r, = 2. This, in turn, would imply that the nonplanar dynamics
can be chaotic even for a neutrally buoyant particle where St = Re,, which is exactly what was
observed both in Refs. [26,29].

Throughout this study, we have been considering only the case of a prolate spheroid where
rp > 1. The case of an oblate spheroid (v, < 1) was extensively studied in Refs. [44,51]. It was
found that log rolling was always stable as k — 0 regardless of Re, or St. Two critical transitions
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TABLE IV. Empirical formulas for the critical values Repp,
Re, g si~0, Re., and Sty for a prolate spheroid with moderate aspect
ratios in simple shear flow; the data used for Re, are taken atk = 0.2
from Ref. [44]; the other formulas are fitted to the data from the
LSA analysis at « = 0.05.

Reppsimo = 72.1r, 15 +12.6
Repp = 371.17;2'1 + 69.0
Re, = 374.6r; 10 4 43.1
Strz = 95.5}’2'0 +401.6

between rotational states were found. First, the tumbling motion was seen to stabilize for thin oblate
particles, which was a transition also dependent on Re,, and St. Second, a steady state was found at
Re, > Re, also for oblate particles. Both these transitions were fully described quantitatively in these
works. The data from Rosén et al. [44] of Re, are fitted here with a similar empirical formula as in
Table IV:

Re oblate = 367.1r20 +5.5. 9)

IV. CONCLUSIONS

This work provides a quantitatively accurate description of a prolate spheroid in a simple shear
flow at moderate Re,. Previous direct numerical simulations (DNS) on the same flow problem
[24-29,40] have been inconsistent in terms of critical transitional numbers. This is believed to be
owing to the problem of resolving the fluid close to the particle boundary. This problem also leads
to numerical difficulties to study the true effect of the finite domain size, since very small particles
need to be resolved in a huge domain at low «.

Here we first studied the state space qualitatively with DNS to characterize the important
dynamical transitions. This was done at much higher St than previously done by Rosén et al. [29], in
order to get a complete picture of the state-space as St — 0o, and we found that five critical values
of the governing parameters were sufficient to draw a simplified topology of the state space: Repp,
Rey g, si~0, Strz, Reg, and St 5.

We showed that three of these critical values (Repr, Repg si~o, and Strz) can be accurately
obtained through a linear stability analysis (LSA) of the log-rolling prolate spheroid.

It has previously been shown that the fourth critical value, describing the steady-state transition
at Re, = Re., can be accurately, numerically, predicted by finding a zero-torque solution on a
stationary particle [29,44] without the use of a moving grid.

The final critical value Stj 5 describes when the particle inertial forces are of the same magnitude
as the viscous forces from the fluid [31,32] and can be found through analytical expressions at
Re, = 0. Although, the number is derived without any inertia in the fluid, Stj} 5 is seen to be relevant
even at higher Re,, and describing when the particle dynamics becomes inertial and dependent on
the particle angular acceleration. This can even lead to complicated nonplanar dynamics and chaotic
rotational states. The fact that Stjj5 is low for particles with low r, shows that the complicated
dynamics can be present even for a neutrally buoyant particle, which is exactly what is observed in
previous work [26,29].

The combined qualitative and quantitative analysis finally provides us an accurate description of
all stable rotational states of a single prolate spheroid in simple shear flow given Re,,, St, and r,.
This state space can also be analyzed in terms of channel confinement without significant increase
in computational effort. The LSA method has, furthermore, already been proven in Ref. [44] to be
consistent with analytical results in the low Re, regime.
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FIG. 11. Rotational states for a neutrally buoyant (St =Re,) spheroid depending on Re, and r,;
T = tumbling; R = rotating; S = steady state; LR = log rolling; the regions (2)—(6) in the upper right
part refer to Table II; the theoretical results of Re!'cr,, and Reﬂfjﬁm for thin oblate slender prolate spheroids,
respectively, as well as the numerical and theoretical values of Rer obiae are taken from Ref. [44]; the dotted
lines are the extrapolated values according to the empirical formulas in this work; the dashed lines are only

hypothetical to connect numerical results to the theoretical results in Ref. [44].

The present LSA has enabled us to find the true distinction between fluid and particle inertial
effects in this flow problem and that this transition is well described by the critical value of St s.
In the absence of particle inertia, at St < St; 5, the dynamics of the particle is well described
by the two-dimensional noninertial dynamics of the DVP oscillator. This condition of the Stokes
number is typically true for all neutrally buoyant prolate spheroids if 7, 2 4. The fact that the
infinite dimensional dynamical system of a spheroid in a shear flow can be modeled with a simple
two-dimensional system is particularly interesting for the development of a usable model in a LPT
framework that can include effects of fluid inertia. Since a two-dimensional DVP oscillator captures
the dynamics without any particle inertia, this probably means that there is only a need to modify
the torque expressions in Ref. [11] to correctly mimic the effects from moderate fluid inertia. The
empirical formulas obtained in Table IV together with results in Refs. [41,42,44] can be used in
order to validate such a model.

Combining the present results with the accurate results at low Re,, from Ref. [44], we can now
predict the rotational states of neutrally buoyant (St = Re,) spheroidal particles at moderate aspect
ratios r, € [0.1,0.5] (oblate) and r, € [2,10] (prolate) at any Re,, € [0,150]. This is summarized in
Fig. 11. Any extrapolations to other ,, and higher Re,, using the empirical formulas provided in this
work are indicative at best. For oblate particles, the numerical results match well with the theory,

but it is clear that there is some unknown dynamics still to be explored at r, > 10 since Re. and

R gf;f(rﬂyme do not seem to join into one curve. The empirical relationships suggest that Re, < Repp

atr, 2 13.7, which would mean that the steady state can coexist with the log-rolling state for such
particles. For even more slender prolate spheroids, the theoretical results indicate that Re, < Reg,
which would mean that the steady state appears before any of the nonplanar states are stabilized.
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These observations however are made based on the extrapolation of the present results; thus, it is
clear that more studies are needed at , > 10.

In conclusion, the results from this work can be used for understanding the orientational dynamics
in any dilute suspension flow with elongated particles with moderate aspect ratios. Given a local shear
rate (and thus Re,) in the suspension flow, not only can we predict a probable stable orientational
distribution, we can also predict the local effective viscosity due to the suspended particles in that
region [27,29]. However, careful experiments will be needed in the future to establish the true
usefulness of such rheological predictions.
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