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The fresh water equation of state exhibits a fundamentally important nonlinearity; the
temperature at which it attains its maximum density occurs at roughly 4° C as opposed to at
0° C. The form of the equation of state in this regime is quadratic and has the well-known
implication that two fluid parcels may mix and produce a child parcel with a higher density;
a process known as cabbeling. In this work we report on direct numerical simulations of the
Rayleigh-Taylor instability in the cabbeling regime. We demonstrate that the mature, three-
dimensional state of the instability leads to cabbeling, which, in turn, serves to sustain an
instability that would otherwise saturate outside of the cabbeling regime. We present a new
quantitative measure of strong cabbeling potential and use it, along with the mechanical
energy, to demonstrate that the Rayleigh-Taylor instability is arrested in two ways that are
unique to the cabbeling regime. Our results have implications for radiatively driven, under-
ice flows in late winter during which ice prevents mechanical driving by the wind. While
our focus is on the freshwater setting, we extend the derivation of the strong cabbeling
potential to heat-salt systems, thereby extending its usefulness to the broader community.

DOI: 10.1103/6m6k-tkjy

I. INTRODUCTION

Rayleigh-Taylor instability (henceforth RTI) is one of the canonical examples of transition to
turbulence [1,2] in a stratified fluid. The instability is driven by an unstable buoyancy gradient, for
example, rapidly overturning a glass of water (the dense fluid) in air (the light fluid), or when water
below the temperature of maximum density is heated by radiation passing through overlying ice
[3]. Rayleigh-Taylor instability has a broad research community spanning experimental [4,5], and
numerical [6-8] approaches. In the field, RTI is often associated with convection due to radiative
forcing, and the associated motions are often inferred from measurements of quantities relevant to
the field campaign. An example are under-ice motions in Lake Simcoe, Canada, inferred based on
dissolved oxygen measurements by the authors of [9]. While both layered (i.e., as distinct layers
with discontinuous profiles of temperature and density across layer interfaces) and continuously
stratified approaches have representation in the literature, we focus on the continuously stratified
case.

The vigour of an RTI is largely set by the dimensionless density difference across the unstable
interface. This is labeled the Atwood number and the literature contains examples of both large
[10] and small Atwood number [4]. In ice-covered freshwater bodies of water toward the end of
the winter, a regime of water colder than the temperature of maximum density (roughly 4°C) is
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often observed [9,11]. For this temperature range the representative Atwood number is roughly
two orders of magnitude smaller than laboratory examples [4]. As solar radiation penetrates the
overlying ice, the fluid column is destabilized in the near-surface layer. With continued heating,
the water column reaches a point in which fluid parcels of identical densities on either side of
the approximately parabolic equation of state are present. This implies that two fluid parcels of
identical density can mix to produce a child parcel that is denser than both parents a process
known as cabbeling. Cabbeling may be further subdivided into two types, one in which the
nonlinear equation of state implies that pchiia 7 0.5(0Oparent1 + Oparent2) and a smaller subset in which
Pehild > MAaX(Oparentl > Pparent2)- Historically, the distinction was not always clear in the literature. In
[12], the authors interpreted cabbeling by the more restrictive definition. The above subdivision
was recognized in [13], though no consistent terminology was adopted in the literature. Based on
discussions in the large-scale oceanographic literature [14], Grace et al. [15] suggested that the
case in which pcpilg > max(Pparent1 > Pparent2) should be referred to as strong cabbeling due to the
possibility of mixing leading to new local maxima of density, and hence a stronger influence on
local dynamics. The same authors argued that the case for which pparentt < Ochila < Oparent2 sShould
be referred to as weak cabbeling because no new local density maximum are introduced via mixing.
Weak cabbeling has been shown to affect the detailed dynamics of both gravity currents [15,16] and
shear instabilities [17] on the laboratory scale. At the field scale, cabbeling is believed to play an
important role in controlling mixing processes between river inflow and lakes below the temperature
of maximum density [18].

Experimentally realized RTI typically begins with a pre-existing reservoir of potential energy
that is subsequently converted to kinetic energy. Strong cabbeling can create new, local regions
of instability when two fluid parcels on opposite sides of the temperature of maximum density
mix. This implies that mixing induced by the instability can serve as a “bootstrap” for further
instability and further mixing. Therefore, strong cabbeling serves as a distinct mechanism that drives
the continual development of RTI. An alternative interpretation would identify strong cabbeling
as a wholly new instability. We choose to keep the term RTI as a description of all instances of
locally unstable density gradients, whether due to initial conditions or strong cabbeling. Due to
the extremely small density differences (on the order of 0.1kgm™3) that typify the cold water
regime, mechanical energy is expected to be dominant, but buoyancy cannot be neglected since
it is the sine qua non of the instability. The nonmonotonicity of the equation of state provides novel
exchange pathways between kinetic and potential energy. These need to be incorporated into the
sorting method for separating available and background potential energy [3,19-22]). Of these, the
authors of [21] provided a concrete accounting for the nonlinear equation of state and the radiative
forcing (e.g., their Fig. 3), though the topic of strong cabbeling is not explicitly mentioned. Indeed,
mixing in the context of the nonlinear equation of state, such as in descriptions of the deep ocean
(for which all of the salinity, temperature, and pressure impact density) is a rich subject. Tailleux
has considered the problem in a number of works [22-24]. In an independent study, Nycander [25]
considered the problem of energy conversion under a nonlinear equation of state using the concept
of neutral surfaces. Given that it is the strong cabbeling that works to enhance the vigor of the RTI,
the central questions we aim to answer are somewhat more localized.

(1) Can the local occurrence of strong cabbeling be tracked using a computationally simple
measure/algorithm?

(2) Can this algorithm be applied to discriminate between conditions under which cabbeling
drives a mature (i.e., late time), three-dimensional RTI, and those in which the RTI is arrested?

(3) Can this algorithm be generalized to the oceanic setting in which density depends on
temperature and salinity.

The first and third questions are answered by constructing what we call the strong cabbeling
potential and providing an algorithm for its calculation. To answer the second question, we employ
pseudospectral numerical simulations [26] to demonstrate that strong cabbeling can drive RTI that
would saturate at the same Atwood number outside the cabbeling regime. The new strong cabbeling
potential measure and standard energetics are subsequently used to demonstrate a unique type of
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TABLE I. The list of constant parameters used in this study, their values, dimensions, and a description.

Parameter symbol Value Dimensions Description
g 9.81 m/s? Acceleration due to gravity
Ta 3.98 °C Temperature of maximum density
o 999.974 kg/m? Constant reference density
Y 7.6 x 1076 °C™2 NLEOS constant
L 0.256 m Side length of cubical domain
Pr 7 Prandtl Number
1.0 x 1076 m?/s Kinematic viscosity
0.1429 x 10° m?/s Tracer diffusivity

arrested development of the RTI in the strong cabbeling regime. Our results have implications for
mixing in natural waters over the late winter/early spring, while the new measure of strong cabbeling
potential can be applied for any flow in the strong cabbeling regime.

II. METHODS

We employ the pesudospectral solver spins [26] to solve the incompressible Navier-Stokes
equations under the Boussinesq approximation (i.e., p is the perturbation pressure)

bi v (Thg + uVii

- - _Vp— i,

Pth p—pU)gT 1L

V-i=0,

pT .

D—t:KV T, (1)

in a rectangular prism of size L3, where L is the vertical extent. After a set of preliminary simulations
we settled on L = 0.256 m and a grid resolution of 5 x 10~*m, which implies that the simulations
can be considered to be DNS. It is worth noting that the Reynolds number of our situation is too low
for isotropic homogeneous turbulence to be realized. As we are focused primarily on the dynamics
away from boundaries, we have chosen to employ free-slip boundary conditions for velocity along
all walls, and no-flux boundary conditions for temperature. In this work, the departure of density
from its reference state py (Table I) is approximated by a quadratic fit [7,27]

p=—y(T —T) )

to the freshwater, surface-pressure limit of the equation of state of McDougall et al. [28]. As such,
this expression is suitable for cold, fresh water less than approximately 10°C [27]. Here T is
the dimensional temperature, and T}, is the temperature of maximum density. We define AT as
the absolute maximum temperature change from 7,,; in the initial conditions, and y is a fitting
constant (value shown in Table I) proportional to the temperature derivative of the thermal expansion
coefficient. The temperature field is scaled as

T=—"" 3)

so that the dimensionless temperature range for initial conditions symmetric about the temperature
of maximum density is £ 1. The vertical extent of the tank L is a reasonable choice of a characteristic
length scale, and a characteristic time can be defined using the phenomenological, quadratic scaling
of Clark [6] as the time for the interface to grow to one tenth of the vertical extent of the domain.
This choice is motivated by the desire to choose a timescale relevant to the mature stage of the
instability and not its initial growth, though we note that it is not unique. It should, however,
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FIG. 1. A schematic representation of the initial temperature and density profiles, as well as the geometric
of the numerical domain. The temperature profile crosses 7,,,, which is highlighted in the plot of the nonlinear
equation of state on the right.

be readily realizable in the laboratory; a major factor in our choice of configuration since strong
cabbeling is understudied from an experimental point of view. The Reynolds number based on the
above choices of scales is O(10%), which is confirmed a posteriori using the root mean square speed
of a mature state in the simulations. The Atwood number is defined as

_ Pmax — Pmin

At = /528 “)
0o
and for the simulations presented below can be estimated as At &~ 6.6 x 107>, As noted in the Sec.
I, this is several orders of magnitude smaller than experimental realizations in the literature [4]. In
this work, we consider an initially quiescent flow for which the temperature distribution takes the
form

T(x,y,2,1 =0) = Toor + (Tiop — Toot)3{1 + tanh[(z — z0)/d1}, (&)

with Tyo and Tiop chosen so that p(The) = p(Tiop). The temperature at the center of the interface
is the temperature of maximum density. Three different interface heights, zo = (0.125, 0.5, 0.875)
(dimensionless) are considered, to investigate the efficacy of cabbeling as a mechanism for mixing.
All cases are statically unstable. Since it is known from previous work, i.e., Grace et al. [27,29], that
cabbeling is a highly nonlinear and spatially nonlocal mixing mechanism, we expect the proximity
of the unstable layer to the boundaries to play a nontrivial role in the dynamics a priori as the
boundaries can limit the growth of the instabilities and modify the overall state of mixing. The setup
is schematized in Fig. 1.

An equation for the density can be constructed from the temperature equation and the equation

of state
i =kV?p +2yk|VT. (6)
Dt
The second term on the right-hand side corresponds to the effect of cabbeling. However, it is
agnostic as to the actual temperature value (i.e., one can add an arbitrary constant value to 7" while
leaving |VT | unchanged). It thus does not discriminate between strong and weak cabbeling.

To quantify the role of strong cabbeling, we define a measure of strong cabbeling potential,
labeled @, defined in the following manner. If we let T (X) represent the temperature at a specified
location in a three-dimensional space, and T (X + 7) represent the temperature at a location ¥ + 7,
we can define a quantity S, such that

11 (TGE+T)
S = 51gn<—T @ ), (7)
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FIG. 2. Diagram demonstrating the calculation of the strong cabbeling potential ® in two dimensions for
simplicity.

where sign(-) returns 1 if the sign of the argument is positive, identically zero, or undefined [i.e.,
T(X+7) or T(X) are zero], and —1 if the sign of the argument is negative. Therefore, if the
(nondimensional) temperatures measured at a separation 7 are of opposite signs (meaning cabbeling
will occur), then S takes on a value of 1, and takes on a value of zero in all other cases. Therefore,
we define the strong cabbeling potential on a scale 7, as

Q(r) = (S)r, ®)

where the notation (-); represents an average conditioned on the separation vector 7. ® is ultimately
an average of a binary measure, and its magnitude represents a measure of how active cabbeling
is on a scale ||r||. In principle, the strong cabbeling potential could be applied to any separation
distance (and could therefore be related to the spatial correlations of the temperature field and the
spectra of the temperature fluctuations), but since we are only concerned with ||| = O(Ax) (i.e., on
the order of the numerical grid spacing), then ® = (S) A, where Ax is fixed. In practice, we compute
@ according to the following algorithm.

The algorithm is schematized in Fig. 2.

Relative to the primary point of interest, grid points are either located at a distance ~/3Ax, v2Ax,
or Ax, due to the uniform rectilinear grid. However, as the flow is well resolved (discussed earlier),
the errors associated in this difference in the evaluation do not change the conclusions of this work.

Figure 3 demonstrates how the strong cabbeling potential is novel. Figure 3(a) shows the
temperature field for a shear instability in sub-four degree water for which only weak cabbeling
is possible. This configuration was studied in [17], and the reader is directed to this article for
detailed consideration of the dynamics. For the present purposes, the essential point to note is that
by construction P, the strong cabbeling potential, is identically zero. In Fig. 3(b), we show the
cabbeling diagnostic from the density equation (6). The values are clearly nonzero, and hence if
one is interested in identifying regions of strong cabbeling, this diagnostic may not prove helpful
(though it does have the advantage of a direct link to the sorting algorithm characetrization of bulk
mixing [21]). We will return to this discussion in the Sec. III.

The focus for the present work is on the freshwater situation for which p(7'), it is worth noting
that the strong cabbeling potential may be generalized to the situation for which p(s, T'), where s is
the salinity. For the majority of oceanic situations the range of observed salinity is high enough to
preclude nonmonotonocity in the equation of state. However, for brackish waters nonmonotonocity
is still possible. Indeed measurements in small Arctic lakes suggest salinity plays a dynamical role
in springtime mixing [30], and [31] have shown experimentally that salt-fingering is possible in a
slowly chilled tank of water representative of a subset of lake conditions. The key observation is
that in the subdomain of s — T space for which cabbeling is possible s acts to shift the parabola
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FIG. 3. (a) The scaled temeprature of the mature stage of the KH instability in the cold water (sub-four
degree) regime for which ONLY weak cabbeling is possible. See [17] for more details of the simulations.
(b) The cabbeling diagnostic from Eq. (6). @ is identically zero for this simulation.

observed in the pure p(7T') case. This means that a curve C can be defined, for which the maximum
density for a given salinity value is achieved (see Fig. 4). The algorithm above is then generalized
as follows.

Regardless of whether one is working in the freshwater (7' only), or oceanic (s — T') setting,
the point of the above derivation is that the potential for cabbeling to take place can be defined
1.004
1.003

1.002

1.001

FIG. 4. Shaded contours of density in s — T space with the curve C at which the maximum density occurs
in white. This curve is needed to calculate the strong cabbeling potential in situations in which both salinity
and temperature are important
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ALGORITHM 1. The strong cabbeling potential algorithm for an equation state that is a function of
temperature only.

(1) Choose a point and loop over its 26 neighbors (8 for a two dimensional simulation) on the
computational grid.

(2) For each neighbor determine if the original point and the neighbor lie on opposite sides of the
temperature of maximum density. If so add one to ®.

(3) Divide ® by 26 (or 8 for a two dimensional simulation) to get a fraction of strong cabbeling
potential.

locally (i.e., pointwise) or in various integrated forms (e.g., as a horizontal total at a fixed z value).
As constructed, the strong cabbeling potential does not account for the strength of cabbeling. In
previous work [32] we reported on the fraction of the computational domain that is within a fixed
percentage of the maximum density. This gives some indication of cabbeling, though the present
computational algorithm (Algorithm 1 in practice) has the advantage that it ensures cabbeling will
actually take place. Moreover, it works for all data pairs, with no restriction of points near the
temperature of maximum density. We believe this diagnostic, and its extension to thermohaline
systems which we also give above, could be useful for a far broader set of applications than the RTI
studied herein, such as the study of CO, mixing in multiphase systems [33,34].

III. RESULTS

We begin by contrasting the mature state of the RTI for cases with cabbeling and outside of the
cabbeling regime. For the noncabbeling case the temperature range was adjusted so as to match the
initial state for density in the cabbeling case (similarly to the shear instability case studied in [32]).
Figure 5 shows both quantitative and qualitative comparisons. Figure 5(a) shows the horizontally

1 ; :
(a)
-2
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%1073
2
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0 0.2 0.4 - x108
<KE> 2

FIG. 5. Summary comparison of cabbeling RT and RT outside cabbeling regime. (a) Horizontally averaged
KE att = 3.36 (blue) and t = 5.04 (red); signals from the cabbeling case are indicated by solid lines. Note that
all signals are scaled by the maximum of the solid red curve, (b) Nondimensional density difference from the
reference density at = 5.04 for the cabbeling RT case, and (c) Nondimensional density difference from the
reference density at # = 5.04 for the noncabbeling RT case.
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0 0.03

FIG. 6. Two isosurfaces of temperature on either side of the temperature of maximum density (7 = £0.1)
at time ¢ = 5.04. Overlaid along the y = 0 and x = 1 planes are plots of the total strong cabbeling potential
fraction & at each height z (the upper axes show the extent of ®).

averaged kinetic energy at two different times for the cabbeling (solid) and noncabbeling (dashed)
cases. All curves have been scaled by the maximum value of the red solid curve (i.e., the cabbeling
case at late time). It can be seen that for the earlier time shown, the two cases are comparable.
However, the noncabbeling case quickly runs out of buoyancy to drive instability as the three-
dimensional motions lead to rapid temperature mixing (and hence density homogenization). This
is confirmed by contrasting Figs. 5(b) and 5(c) which show a slice of scaled density difference
from the reference density in the center of the domain at + = 5.04. It is clear that there is a strong
coupling between the RTI dynamics and the formation of dense water. Cabbeling drives the creation
of dense water and this in turn energizes the instability over the bottom 60% of the domain, implying
entrainment of fluid initially in the upper half of the domain has taken place.To get some intuition
for the three-dimensionalized state and the role of cabbeling in it, Fig. 6 shows two isosurfaces of
temperature near the temperature of maximum density at t = 5.04 for the case with the interface
initially at the middepth. At this time, the RTI is fully three-dimensional and extends both upward
via entrainment and downward due to sinking plumes of dense fluid. Overlaid on the isosurfaces (on
the planes y = 0 and x = 1) are two plots of the total strong cabbeling potential ® at each height z.
The maximum value attained is roughly 0.02 and the profiles have been scaled so as to be visible on
the scale of the isosurface (the axis for @ is shown at the top of the plot).

Figure 7 provides an alternative view point by plotting the x — z slices of excess density (o =
o — 1000kg m~?), strong cabbeling potential and the kintic energy. It is particularly poignant in
demonstrating that while density and kinetic energy variations occupy large portions of the domain,
the potential for cabbeling is much more localized.

Taken together, the two figures show unambiguously that while the downward spreading plumes
lead to some enhanced cabbeling below the initial level of the density interface, it is the region where
fluid from above the interface is entrained into the active RTI region that leads to the largest increase
in strong cabbeling potential. It is this region in which the RTI is subsequently “boot-strapped”
by cabbeling. It is worth noting that @ identifies the beginning of the “boot-strapping,” with the
actual increase in Kinetic energy occurring some time later. Moreover, Fig. 7 clearly indicates that
@ provides novel local information from both the density and KE fields.

The evolution of the horizontally integrated strong cabbeling potential as a function of z for three
interface height cases is shown in Fig. 8 (40% of the domain in the vertical is shown). It can be seen
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FIG. 7. x — z slices at the same time as Fig. 6. (a) 0 = p — 1000 kg m~, (b) strong cabbeling potential, ®,
scaled by its maximum possible value, and (c) kinetic energy scaled by its maximum

that the interface initially found at z = 0.875, Fig. 8(a), leads to a period of enhanced instability due
to cabbeling, but as the upper layer is mixed out, cabbeling ceases entirely. In contrast the interface
found initially at z = 0.5, Fig. 8(b), yields cabbeling for all times shown. Interestingly, the locus
of cabbeling shifts upwards into the entrainment region, reaching above z = 0.7 by the end of the
simulation. The case with the interface initially at z = 0.125, Fig. 8(c) yields the largest strong
cabbeling potential values, but little to no entrainment from above. These results are intriguing,
as they suggest a coupling between the upper and lower layers of the flow; the entrainment from
above is influenced by the maturity of the instabilities which develop primarily downward. To relate
the strong cabbeling potential to the sorted density profile used to define the background potential
energy in energetics characterizations of mixing, Figs. 8(d)-8(f) show the horizontally averaged and
adiabatically sorted density profiles for the three cases at ¢t = 8.4. Following [19] z, is the vertical
coordinate for the sorted density profile. At this time, the near upper boundary interface case has
evolved to a state with a weak, stable stratification (i.e., the RTI has been arrested), the middle
interface case continues to exhibit an unstable overhang at the top of the entrainment layer (the RTI
continues to be “boot-strapped” by cabbeling), while the near bottom interface case has a much
smaller overhang at the top of what will be shown to be a far weaker entrainment layer.

Figure 9 shows histograms of the base 10 logarithm of the kinetic energy distribution at each
z value for the three initial interface height cases. The time = 5.04 has been chosen, though the
results are representative of the mature state of the instability. The high interface case, Fig. 9(a),

t t t
1 1 1

N N N —raw

2 o5 2 05 T 05| |——sorted

(11} (1} [}

RN C)! Noole Mool \
-5 0 -5 0 -5 0
p x 10° px10° px10°

FIG. 8. Hovmobller plots (¢ versus z) of the strong cabbeling potential; & saturated on [0,1] (a)—(c), and
plots of the horizontally averaged and sorted density profiles at # = 8.4 (d)—(f). (a) and (d) initial interface at
0.875, (b) and (e) initial interface at 0.5, (c) and (f) initial interface at 0.0125.
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FIG. 9. Histogram of the base ten logarithm of the KE distribution at each z. t = 5.04. Initial interface
indicated by green dashed line, the mean value by a white curve. (a) Initial interface at 0.875, (b) initial interface
at 0.5, (c) initial interface at 0.0125. The value of log,, KE = 0 is indicated by a blue dashed line.

leads to the systematically largest values of the kinetic energy. Moreover, the distribution is quite
tight around the mean value which is indicated by a white curve (and such a tight distribution is
observed for all cases). The RTI in its mature state has been energized by cabbeling and by the
fact that individual plumes have room to sink and interact in a fully three-dimensionalized flow.
Figure 9(b) shows the case with the initial interface at z = 0.5. This case yields a kinetic energy
distribution that is similar to the z = 0.875 case in the region of active instability. This includes
the bottom half of the domain as well as the region of entrained fluid above the middepth (below
about z = 0.75). Above the entrainment region the kinetic energy rapidly decays, as entrainment
by large scale instabilities becomes too weak to overcome the stable stratification appearing at the
interface, which was studied in detail in [29]. Figure 9(c) shows the rather contrasting picture for
the z = 0.125 case. Here the kinetic energy values are at least two orders of magnitude lower than
both other cases and while some entrainment is evident, above z = 0.25 the kinetic energy decays
rapidly. Thus a complete picture of the RTI in the cabbeling regime can only be established by
considering both the kinetic energy and the potential for cabbeling. For example, in the z = 0.875
case, when the instability runs out of fuel to drive cabbeling, it has already reached a state over
100 times more energetic than that of the z = 0.125 interface. If there is either insufficient fuel for
cabbeling, or room for plumes to reach a mature state, the RTI is arrested.

Finally, we return to the question of how different the characterizations of cabbeling due to
the strong cabbeling potential and the density equation based method (the term proportional to
|[VT|? often labeled y in the literature) are in practice. Figure 10 shows the spanwise average of
|VT|? [Fig. 10(a)] and the strong cabbeling potential [Fig. 10(b)]. It can be seen that the spatial
distribution is similar, though there are two clear differences, the most obvious is the vertical shift
between the two, with details of the geometric structure (the strong cabbeling potential is more
wispy in character). Figure 10(c) shows the horizontal average of the two scaled so as to lie on a
common horiozntal axis. It is clear that x peaks systematically above the strong cabbeling potential.
This is physically sensible since |V T| will be nonzero before the temperature of maximum density
is reached. The discrepancy is better quantified in Fig. 10(d) which shows the proportion of the areal
domain at each z that has SCP above 0.1 but x < 0.1 (cyan) and that has x above 0.1 but the strong
cabbeling potential below 0.1 (magenta). It is clear that the two quantities give similar distributions,
but with a clear and systematic difference. All panels are shown at# = 5.04, though the results were
found to be consistent with other output times (not shown).
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FIG. 10. (a) Spanwise average of |V T |? scaled by its maximum value saturated on [0,0.08], (b) spanwise
average of the strong cabbeling potential scaled by the highest possible value and saturated on [0,0.1].
(c) Horizontal mean of [VT|? (blue) and the strong cabbeling potential (red) labeled as SCP in the legends,
(d) error in the distribution of |VT'|? and the strong cabbeling potential, type 1 (magenta) type 2 (cyan). All
panels att = 5.04.

A user thus has the choice of using yx if they wish to make contact with sorting algorithm-based
characterizations of bulk mixing (at the cost of not being able to differentiate between strong and
weak cabbeling), or using the strong cabbeling potential if they want to identify regions of strong
cabbeling (at the cost of losing the direct connection to bulk mixing).

IV. DISCUSSION

The cold water of regime of mid to high latitude lakes under late winter/early spring ice
provides the setting for a unique type of stratified flow dynamics (e.g., [18,35]). On the one hand,
the density differences (i.e., Atwood numbers) are very small, implying that while motions are
three-dimensional they are not typified by the high Reynolds numbers common to virtually all
other natural flows. On the other hand, the nonlinearity of the equation of state, and the resultant
phenomenon of strong cabbeling, implies that motions have the potential to sustain themselves by
mixing fluid parcels on opposite sides of the density versus temperature parabola, an effect absent
outside of the strong cabbeling regime.

In the context of the RTT this implies that the vigor of the instability may be increased by strong
cabbeling, while at the same time implying that the longevity of the instability depends on a reservoir
of fluid that facilitates strong cabbeling. In practice, this implies that the strong cabbeling regime
has two additional means by which the development of the RTI is arrested, in addition to the general
scenario of “instability is quenched by diffusion.” The three scenarios are summarized in diagram
form in Fig. 11.

The diagrams have been augmented with profiles of the scaled temperature field at = 8.4 in
the (i) x — z, and (ii) x — y planes. Since the color bar is chosen to be consistent between cases,
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FIG. 11. Diagram of the three possible ways the development of the RTI is arrested. For each scenario
representative x — z and x — y slices of the scaled temperature field are shown in subpanels (i) and (ii),
respectively.

» Time x x

the range of colors demonstrates how efficiently the temperature field has been mixed. The outside-
the-strong-cabbeling-regime case exhibits temperatures that span the whole range of dimensionless
temperatures. However, since the density change is chosen to match that in the cold-water regime,
the dimensional temperature changes are very small. This weaker response was also clear in the
horizontally averaged kinetic energy profiles in Fig. 5. The near-upper-boundary-case shows a
thoroughly mixed, warm fluid with some thin filaments, while the near-lower-boundary case exhibits
a large, quiescent pool of cold fluid, and weak R-T instabilities with larger scales than the other two
cases in the x-y plane. To discriminate between the scenarios in Figs. 11(b) and 11(c) we developed
a novel measure of strong cabbeling potential @ with the calculation method for this quantity
summarized in Algorithm 1. This quantity, by design, uses the scalar actually advected by the
numerical model, as opposed to a derived quantity such as density or buoyancy. The algorithm can
be used locally, or in integrated form (e.g., over horizontal slices). Moreover, it is readily extensible
to the oceanic p(7, s) setting and hence we believe this quantity has utility well beyond the study
of the RTI.

Future work should build on recent work on cabbeling in the context of heat-salt systems [36] and
apply the extension of the strong cabbeling potential described in Algorithm 2 to this system. The

ALGORITHM 2. The strong cabbeling potential algorithm for an equation state that is a function of
temperature and salinity.

(1) Define the curve C described above (i.e., using a fine grid in s — T space).

(2) Choose a point in the computational domain and define the density o, at this point.

(3) For each neighbor determine if the density at the neighbor point and p,o lie on opposite sides of
the curve C. If so add one to ®.

(4) Divide ® by 26 (or 8 for a two dimensional simulation) to get a fraction of strong cabbeling
potential.
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spatially varying solar forcing of freshwater lakes [37] with overlying lake ice provides a different,
applied research direction and would involve either Algorithm 1 or 2, depending on whether salinity
is relevant in the particular lake context (see the discussion in [31]).
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