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This study numerically investigates the dynamics of flexible filaments which are free
to move laterally in a uniform flow. The effects of Reynolds number (Re) and bending
stiffness (K) on the flow patterns and filament motion are considered. Results indicate
that the filament can achieve spontaneous translation or vibration in most cases due to
symmetry breaking, without any external energy input. Five distinct motion modes are
identified in the Re–K plane, i.e., static, quasistatic, translational, vibrational, and chaotic
modes. The translation Reynolds number (ReV ), which scales with the filament’s lateral
velocity, and Strouhal number (St), a measure of the vibration frequency, are adopted to
quantitatively distinguish these modes. For small K , ReV is found to follow a simple scaling
law with Re. A reduced-order parametrized model is developed that accurately describes
the local curvature and equilibrium configuration of the filament. Two key parameters,
i.e., the effective bending stiffness (Keff ) and effective Reynolds number (Reeff ), defined
based on the effective relative fluid velocity and the filament’s lateral projection length,
are introduced, successfully collapsing deformation and force data. Moreover, energy
characterization shows fluid kinetic energy conversion rates of up to 15.5% to bending
energy and 81.3% to filament kinetic energy. These findings provide insights into the
dynamics of flexible bodies in uniform flow.

DOI: 10.1103/5w11-6yc4

I. INTRODUCTION

Spontaneous symmetry breaking is a fundamental phenomenon observed in diverse nonlinear
and nonequilibrium systems, including fluid dynamics and biological processes [1]. A classic
example in fluid mechanics is the flow past a stationary cylinder, where increasing the Reynolds
number induces the phenomenon of symmetry breaking, leading to the formation of the von
Kármán vortex street with periodic vortex shedding [2,3]. The concept of symmetry breaking can
not only elucidate a variety of intriguing phenomena but also greatly deepen our understanding
of fundamental physical principles [4]. Consequently, these issues have long attracted significant
scholarly interest [5–9].

The oscillatory motion of an object in a fluid represents a classic problem involving symmetry
breaking. For a rigid wing allowed to translate horizontally while undergoing vertical heaving mo-
tion in an initially quiescent fluid, Vandenberghe et al. [10] demonstrated that spontaneous forward
flight occurs when the flapping frequency exceeds a critical threshold, highlighting the essential
role of symmetry breaking in thrust production. Numerical simulation by Alben and Shelley [11]
identified two key stages in the generation of motion, with flow symmetry first lost due to instability,
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followed by the interaction between the body and the previously shed vortex generating thrust,
which in turn propels the body forward. Subsequent investigations [12–15] further confirmed and
extended these findings by examining the effects of body mass, aspect ratio, and flexibility. Benetti
Ramos et al. [16] performed a fluid–solid Floquet stability analysis on a self-propelled heaving
foil, and found that synchronous and asynchronous unstable modes accurately predict the onset
of unidirectional and back-and-forth propulsion, respectively. For a self-propelled flexible plate,
the symmetry breaking of the wake is also observed, revealing a correlation with the mass ratio
[17,18].

In addition to horizontal free cases, symmetry breaking may also occur for an oscillating body
tethered in a uniform flow. Under the circumstances, the amplitude-based Strouhal number StA =
2A f /U∞ is the key parameter governing the symmetry properties of the wake [19], where U∞ is
the oncoming flow speed, and A and f are the oscillation amplitude and frequency, respectively.
Generally, as StA increases, the von Kármán vortex street and the reversed von Kármán vortex street
appear sequentially, and the average velocity profile remains symmetric about the centerline [20,21].
While, as StA further increases, symmetry breaking of the wake is triggered and a deflected wake is
observed [22]. This deflection arises from the formation of dipole structures, whose self-advection
is strong enough to decouple from the subsequent vortex [23]. Marais et al. [24] indicated that,
compared to the rigid case, foil flexibility can enhance thrust and suppress dipole formation, thereby
maintaining wake symmetry.

For the aforementioned actively oscillating bodies, continuous energy input is required. In
contrast, fixed flexible bodies immersed in a flow, without active driving, may exhibit passive
flapping motions [25–29]. For instance, Zhang et al. [30] experimentally demonstrated that a flexible
filament or flag with a fixed leading edge transitions from a straight configuration to a flapping
state as its length increases. This result was further confirmed by the combined experimental and
theoretical study of Shelley et al. [31], which also revealed a critical flow velocity required to trig-
ger flapping. Numerical studies on two-dimensional flags have complemented these experimental
findings, identifying three distinct flag-fluid interaction regimes, i.e., fixed-point, regular flapping,
and chaotic flapping regimes, by varying the Reynolds number, mass ratio [32], and bending
stiffness [33].

Large-amplitude flapping can also be achieved in an inverted flag configuration due to symmetry
breaking, where the flag is clamped at its trailing edge [34–37]. Previous studies have established
that, as flexibility increases, an inverted flag in a uniform flow transitions through four distinct
dynamical modes: straight, flapping, deflected, and deflected-flapping [38–40]. Notably, in the
flapping mode, the flag undergoes vigorous oscillations and large deformations, enabling the system
to store substantial kinetic and bending energy. This high energy density makes inverted flags more
promising for energy harvesting applications than the leading-edge-clamped flags [41].

However, these conventional configurations, which fix the leading edge, trailing edge, or both
[42], impose significant kinematic constraints on the body. A central question, therefore, is how
flexible bodies reconfigure and move when granted additional degrees of freedom, a considera-
tion explored in prior studies of horizontally unconstrained flapping wings [10,11]. To address
this, we investigate a fluid-structure interaction system wherein a flexible filament is constrained
streamwise at both ends but is free to move laterally. The filament is initially straight and oriented
perpendicular to a uniform incoming flow, establishing a symmetric initial condition. In contrast to
canonical configurations, this setup allows the filament’s dynamic response to the fluid to dictate
its motion, allowing it to autonomously select a dynamic equilibrium. This autonomy facilitates
the emergence of a richer spectrum of passive dynamical modes, providing an ideal paradigm for
studying spontaneous symmetry breaking. Note that any ensuing motion, whether translation or
vibration, emerges intrinsically from fluid-structure interactions, without external energy input or
restrictive kinematic boundary conditions. We systematically characterize the emergent dynamic
states resulting from symmetry breaking, quantifying the associated hydrodynamic forces and
structural reconfigurations. Energy transfer mechanisms are also analyzed in depth to evaluate the
potential for energy conversion with this system.
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FIG. 1. Schematic diagrams illustrating a flexible filament in a uniform flow. The filament with length L is
immersed in a uniform oncoming flow with speed U∞. The two ends of the filament are fixed in the x-direction
and free in the y-direction. Here, V is the lateral velocity of the center-of-mass of the flexible filament, and θ1

and θ2 are the angles between the tangent direction of the end points on the windward and leeward sides and
the horizontal direction, respectively.

The rest of this paper is organized as follows. The physical problem and mathematical formu-
lation are given in Sec. II. The numerical method and validation are presented in Sec. III. Detailed
results are discussed in Sec. IV and concluding remarks are provided in Sec. V.

II. PHYSICAL PROBLEM AND MATHEMATICAL FORMULATION

The schematic diagrams of the flexible filament considered in our study are illustrated in Fig. 1.
The filament with length L is immersed in a uniform oncoming flow with speed U∞. The two ends
of the filament are fixed in the x-direction and unconstrained in the y-direction, while other parts of
the filament can move freely, facilitated by fluid-structure interactions. Hence, in some cases, due
to symmetry breaking, the filament may experience passive lateral motion with a nonzero lateral
velocity.

The incompressible Navier-Stokes equations are employed to model and solve the fluid flow,

∂v

∂t
+ v · ∇v = − 1

ρ
∇p + μ

ρ
∇2v + f b, (1)

∇ · v = 0, (2)

where v is the velocity, p is the pressure, ρ is the density of the fluid, μ is the dynamic viscosity,
and f b denotes the Eulerian momentum force acting on the surrounding fluid due to the immersed
boundary.

The structural equation is adopted to describe the deformation and motion of the filament
[32,43,44],

ρl
∂2X
∂t2

− ∂

∂s

[
Eh

(
1 −

∣∣∣∣∂X
∂s

∣∣∣∣
−1

)
∂X
∂s

]
+ EI

∂4X
∂s4

= f s, (3)

where s is the Lagrangian coordinate along the plate, ρl is the structural linear mass density,
X (s, t ) = (X (s, t ),Y (s, t )) is the position vector of the plate, and f s is the Lagrangian force exerted
on the plate by the surrounding fluid. Here, Eh and EI denote the structural stretching rigidity and
bending rigidity, respectively.

At s = 0, the boundary condition in the x-direction is

X (t ) = 0, (4)

which constrains the x-coordinate of the filament’s end point to remain fixed. In the y-direction,
the end point is free, necessitating that the y-component of the internal elastic force Fe vanish.
From the constitutive relation in Eq. (3), Fe comprises two components: the tension force Ft =
Eh(1 − |∂X/∂s|−1)∂X/∂s and the bending force Fb = −EI∂3X/∂s3. Therefore, projecting these
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forces onto the y axis yields the boundary condition:

−Eh

(
1 −

∣∣∣∣∂X
∂s

∣∣∣∣
−1

)
∂Y

∂s
+ EI

∂3Y

∂s3
= 0. (5)

Furthermore, at s = 0, the filament is free to rotate in the plane, which implies a vanishing bending
moment, i.e.,

∂2X
∂s2

= 0. (6)

At the other end point (s = L), the same set of conditions applies, reflecting the symmetry in
the mechanical constraints at both ends. The initial configuration and velocity of the filament are
prescribed as X (s, 0) = (0, s) and ∂X/∂t (s, 0) = (0, 0), respectively.

In our study, the fluid density ρ, the dynamic viscosity μ, and the dimensional length of the
filament L are fixed. To normalize the above equations, the characteristic quantities ρ, L, and
Uref = λμ/ρL are chosen, where λ = 200 is a constant. While the specific value of λ may be
chosen arbitrarily, this choice merely rescales the magnitude of the normalized results and does
not influence the overall trends or conclusions of the study [45]. Note that using the oncoming
flow velocity U∞ as Uref would be inappropriate because U∞ is not constant. Consequently,
the characteristic time is defined as Tref = L/Uref . Based on dimensional analysis, the following
dimensionless governing parameters are introduced: the Reynolds number based on the oncoming
flow speed Re = ρU∞L/μ, the mass ratio of the filament to the fluid M = ρl/ρL, the stretching
stiffness S = Eh/ρU 2

ref L, and the bending stiffness K = EI/ρU 2
ref L

3.

III. NUMERICAL METHOD AND VALIDATION

The lattice Boltzmann method (LBM) [46] is adopted to numerically solve the Navier-Stokes
equations, while the finite element method (FEM) [47] is implemented to simulate the motion and
deformation of the flexible filament. Fluid-structure coupling is achieved through the immersed
boundary method (IBM) [43,48], which facilitates bidirectional interaction between the fluid and
structural domains. Specifically, the Lagrangian force f s is computed using a penalty scheme to
enforce the no-slip boundary condition, i.e.,

f s = α1

∫ t

0
[V f (s, t ′) − V s(s, t ′)]dt ′ + α2[V f (s, t ) − V s(s, t )], (7)

where α1 and α2 are positive penalty coefficients [49–51], V s = ∂X/∂t represents the physical
velocity of the filament at the Lagrangian points, and V f denotes the local fluid velocity obtained
through interpolation from the Eulerian grid to the Lagrangian points, i.e.,

V f (s, t ) =
∫

v(x, t )δ(x − X (s, t ))dx. (8)

The body force f b on the Eulerian points can be obtained from the Lagrangian force Fs by applying
the Dirac δ function,

f b(x, t ) = −
∫

Fs(s, t )δ(x − X (s, t ))ds. (9)

In the present study, a four-point regularized δ function is adopted [52,53],

δ = 1

�x�y
φ
( x

�x

)
φ

(
y

�y

)
,

φ(r) =

⎧⎪⎨
⎪⎩

(3 − 2|r| +
√

1 + 4|r| − 4r2)/8, |r| < 1,

(5 − 2|r| −
√

−7 + 12|r| − 4r2)/8, 1 � |r| < 2,

0, |r| � 2,

(10)

where |r| is the distance between the Lagrangian point and the nearby Eulerian grid points.

064102-4



SYMMETRY BREAKING OF LATERALLY UNCONSTRAINED …

FIG. 2. (a) Validation for the case of a 2D flag in a uniform flow with Re = 200, K = 0.0015, M = 1.5, S =
1000, and Fr = gL/U 2 = 0.5 [49]. The transverse displacement of the trailing edge of the flag as a function
of time is presented. (b) Grid independence and time step independence study for the filament with Re = 200,
K = 10−4, M = 0.5, and S = 104. The streamwise force Fx normalized by Fref = (1/2)ρU 2

ref L as a function of
time is presented.

In the simulations, the computational domain for fluid flow is chosen as [−15L, 25L] ×
[−15L, 15L] in the x- and y-directions, which is sufficiently large so that the blocking effects of the
boundaries are eliminated. Initially, the velocity of the fluid is set to U∞ex throughout the domain,
where ex is the unit vector in the x-direction. A uniform velocity U∞ex is applied at the inlet and
the side boundaries, and a convective boundary condition ∂v/∂t + U∞∂v/∂x = 0 is specified at the
outlet boundary. Besides, a finite moving computational domain (MCD) is used in the y-direction to
allow the filament to move for a sufficiently long time, i.e., as the filament travels one lattice in the
y-direction, the computational domain is shifted [44]. In Appendix A, we demonstrate that using an
MCD does not affect the kinematic characteristics of the filament.

To validate the numerical method, a 2D flag in a uniform flow is simulated with Re = 200,
K = 0.0015, M = 1.5, S = 1000, and Froude number Fr = gL/U 2 = 0.5 [49]. The transverse
displacement of the trailing edge of the flag as a function of time is presented in Fig. 2(a),
showing good agreement with the results of Huang et al. [49]. In Appendix B, we provide further
validation to demonstrate the effectiveness of our algorithm in simulating the free motion of flexible
structures. In addition, the numerical strategy employed in this work has been rigorously validated
and successfully applied to investigate diverse fluid-structure interaction problems, including the
effect of trailing-edge geometry on the propulsive performance of heaving plates [51], the scaling
laws governing the self-propulsive performance of flexible plates [54], and the flow-induced recon-
figuration of flexible ribbons [45]. Additional detailed numerical validations are available in the
corresponding references.

Figure 2(b) shows the results of grid independence and time-step independence for the filament
with Re = 200, K = 10−4, M = 0.5, and S = 104. It is seen that �x/L = 0.01 and �t/T =
0.00025 are sufficient to achieve accurate results. Hence, in all of the following numerical simu-
lations, �x/L = 0.01 and �t/T = 0.00025 are adopted.

IV. RESULTS AND DISCUSSION

In the simulations, the mass ratio of the filament to the fluid (M = 0.5) and the stretching stiffness
(S = 104) are kept constant. The selection of a sufficiently large S ensures near-inextensibility of
the filament [55]. The selected M value aligns with prior studies on flexible bodies in a uniform
flow [56–58], where M typically resides in [0.1, 1]. Note that the present study does not involve
gravity, i.e., the filaments are neutrally buoyant. The remaining two key parameters, namely, the
inflow Reynolds number Re ∈ [10, 600] and the bending stiffness K ∈ [10−4, 100], are variable.
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FIG. 3. The instantaneous vorticity contours for the five typical wake patterns of the filament: (a) static
(Re = 20, K = 0.0001), (b) quasistatic (Re = 40, K = 0.0001), (c) translational (Re = 100, K = 0.0001),
(d) vibrational (Re = 100, K = 0.1), and (e) chaotic (Re = 500, K = 0.0001). Animated visualizations for
these modes are also provided in the Supplemental movies available at [59].

In the following discussion, the time average of a variable q is defined as

〈q〉 := 1

t1 − t0

∫ t1

t0

q(t ) dt . (11)

In our computations, the averaging interval t1 − t0 is selected based on the nature of the quantities
under consideration. For periodic quantities, it is set to the fundamental period T = 1/ f1, where
f1 is the dominant frequency. For statistically steady (time-invariant) quantities, the interval can
be chosen arbitrarily; without loss of generality, it is taken as the characteristic timescale Tref in
this study. For quantities exhibiting chaotic behavior, the interval is chosen as 100Tref , which is
sufficiently large to obtain a statistically converged average.

A. Dynamic states

The emergent dynamic behaviors and corresponding wake patterns of the filament are first
systematically examined. Through extensive numerical simulations, five distinct modes are iden-
tified, i.e., static, quasistatic, translational, vibrational, and chaotic modes. Figure 3 shows the wake
structures of some typical cases for these modes. The subsequent section provides a detailed analysis
of their characteristic features.

Figure 3(a) illustrates the instantaneous vorticity contours for the static mode at Re = 20 and
K = 0.0001. In this low-Re regime, the filament exhibits static deformation due to fluid loading.
Symmetrical shear layers of opposing vorticity form at the upper and lower edges of the filament,
extending downstream in a manner analogous to bluff-body wakes at small Re [58]. When K re-
mains constant at 0.0001 and Re increases to 40, symmetry breaking occurs, leading to a quasistatic
mode [Fig. 3(b)]. Under the circumstances, the filament undergoes steady lateral translation at a
constant velocity V . Nevertheless, similar to the static mode, the shear layers remain attached to the
filament and dissipate further downstream, generating an inclined and stable wake.

Upon further increasing Re to 100 while maintaining K = 0.0001 [Fig. 3(c)], the filament
exhibits unidirectional translation coupled with vibrational motion, referred to as the translational
mode (see the Supplemental movies available at [59]). It is interesting and noteworthy that this
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(d) (e) (f)

(a) (b) (c)

FIG. 4. Time history of the streamwise force Fx , lateral force Fy, and lateral velocity of the center-of-mass
V of the filament for (a) Re = 100, K = 0.0001, (b) Re = 100, K = 0.1, and (c) Re = 500, K = 0.0001, corre-
sponding to the translational, vibrational, and chaotic modes, respectively. Panels (d)–(f) are the corresponding
power spectrum density (PSD) of the lateral force. The frequency is normalized by fref = Uref/L.

translation arises spontaneously from the fluid-structure interaction, without any external energy
input. In other words, the filament can extract energy from the surrounding flow to sustain its
motion, a behavior analogous to the spontaneous translation of droplets on fibers in a crosswind
[60]. Furthermore, the shear layer instability leads to the alternate shedding of counter-rotating
vortices, forming an inclined von Kármán vortex street in the wake [Fig. 3(c)]. This vortex shedding
is responsible for the pronounced oscillations observed in the filament’s hydrodynamic forces and
velocity. Note that the filament may translate either upward or downward, depending on the initial
perturbations (as detailed in Appendix C). Due to symmetry, these two states are identical in
nature. For instance, they share the same magnitude of mean translation velocity (see Fig. 18 in
Appendix C).

To further characterize the system dynamics, Fig. 4 presents the temporal evolution of the
streamwise force (Fx = ∫ L

0 f s · exds), lateral force (Fy = ∫ L
0 f s · eyds, with ey being the unit vector

in the y-direction), and center-of-mass lateral velocity (V ), alongside the power spectral density
(PSD) of Fy. As shown in Fig. 4(a), for the translational mode, Fx, Fy, and V oscillate periodically
at identical frequencies about their mean values. The PSD of Fy [see Fig. 4(d)] reveals a dominant
vibration frequency ( f1), corresponding to the vortex shedding frequency, at f1/ fref = 0.18 (here,
fref = Uref/L is the characteristic frequency). Note that the forces and velocity remain time-invariant
in both static and quasistatic modes. Consequently, temporal variations and PSD analyses for these
modes are omitted in Fig. 4.

Figure 3(d) depicts the vibrational mode at Re = 100 and K = 0.1. Here, the filament oscillates
about a fixed mean position, as evidenced by a zero time-averaged lateral velocity [see Fig. 4(b)].
The corresponding flow field is marked by a classical von Kármán vortex street (see Fig. 3(d) or
the Supplemental movies [59]), which generates periodic hydrodynamic forces on the filament.
The PSD of Fy suggests an isolated frequency at f1/ fref = 0.085 [see Fig. 4(e)], which is half of
the oscillation frequency of Fx [see Fig. 4(b)]. These observed characteristics are analogous to the
vortex-induced vibration (VIV) of an elastically mounted cylinder [61–64].

At higher Re [e.g., Re = 500 and K = 0.0001 in Fig. 3(e)], the wake transitions to a disordered
state (see the Supplemental movies [59]), termed the chaotic mode. The filament’s forces and
velocity exhibit aperiodic fluctuations [Fig. 4(c)], accompanied by a broadband PSD spectrum
[Fig. 4(f)]. Moreover, the vibrational frequency in this regime increases significantly compared to
lower-Re cases, as shown in Fig. 4(f).
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FIG. 5. Phase diagram for the five motion states of the filament. Symbols ◦, 	, �, �, and ♦ represent the
static, quasistatic, translational, vibrational, and chaotic modes, respectively. The typical cases in Fig. 3 are
labeled as (a)–(e).

The above analysis indicates that these modes can be quantitatively divided by the translational
velocity and vibration frequency of the filament, corresponding to two key dimensionless parame-
ters. Specifically, the first is the translation Reynolds number

ReV = ρV̄ L

μ
, (12)

where V̄ = |〈V 〉| is the magnitude of the time-averaged lateral velocity of the filament. The second
is the Strouhal number, based on the vibration frequency f1, inflow speed U∞, and filament length
L [31,45,57]:

St = f1L

U∞
, (13)

which describes the vibration characteristics of the filament.
Figure 5 displays the phase diagram for the five modes in the Re–K plane, while Fig. 7 illustrates

ReV and St as functions of Re for varying K . For small K (e.g., K = 10−4 or 10−3), the static,
quasistatic, translational, and chaotic modes emerge sequentially with increasing Re. In contrast, at
higher K (K � 10−2), the vibration mode occurs between the static and translational modes (evident
in the upper-central region of Fig. 5), and the quasistatic mode is absent. According to Figs. 5
and 7, the characteristics of each mode are summarized as follows.

(i) Static mode: ReV = 0 and St = 0, indicating that the filament remains stationary in equilib-
rium.

(ii) Quasistatic mode: ReV > 0 and St = 0, corresponding to pure translation without vibration.
(iii) Vibrational mode: ReV = 0 and St > 0, signifying in situ oscillatory motion.
(iv) Translational/chaotic modes: ReV > 0 and St > 0, reflecting concurrent translation and

vibration.
Indeed, a simple quantitative criterion to distinguish between translational and chaotic modes

based solely on ReV and St is lacking. Observing wake structures and PSD distributions serves as
a useful auxiliary method, as shown in Figs. 3 and 4. Nevertheless, we would like to propose a
feasible quantitative differentiation method in the following.

Note that the PSD of the lateral force signal, denoted by P( f ), is normalized such that its discrete
summation over the considered positive-frequency range is unity, i.e.,

pi = P( f̂i )∑
i P( f̂i )

,
∑

i

pi = 1, (14)
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FIG. 6. The variance of the normalized frequency σ 2 as a function of Re for different K .

where pi is the normalized PSD and f̂ = f / fref is the dimensionless frequency. With this normal-
ization, pi can be interpreted as a probability distribution in frequency space. Hence, the frequency
variance σ 2 can be calculated as

σ 2 =
∑

i

( f̂i − f̄ )2 pi, (15)

where f̄ = ∑
i f̂i pi is the mean frequency. Under this definition, a nearly periodic translational mode

gives a sharply concentrated PSD and hence a small value of σ 2, whereas a chaotic mode exhibits a
broadband PSD and therefore a much larger value of σ 2. For instance, the translational case depicted
in Fig. 4(d) yields σ 2 = 0.0016, while the chaotic case in Fig. 4(f) gives σ 2 = 0.447. Therefore, σ 2

provides a quantitative criterion for distinguishing between these two modes.
Figure 6 presents σ 2 as a function of Re for different K . It is seen that all cases identified as the

chaotic mode have σ 2 values clearly larger than 0.1, whereas the translational cases remain below
this threshold. This confirms that the threshold σ 2 > 0.1 is applied consistently in the phase-diagram
classification. Accordingly, in the present study, a case is classified as chaotic when σ 2 > 0.1.

It is also noteworthy that for the translational mode at relatively low K (specifically, K � 10−2),
ReV and Re obey a simple scaling law, ReV ∼ Re, as indicated by the black dashed lines in Fig. 7(a).
This relationship arises from a force balance analysis. The lateral force induced by pressure
differences, which drives filament motion, scales as ρU 2

∞Lx, where Lx represents the filament’s

(a) (b)

FIG. 7. (a) The translational Reynolds number ReV , and (b) the Strouhal number St for different K as
functions of Re.
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streamwise projected length. On the other hand, since the filament resembles a blunt body from a
lateral perspective [see the filament in Fig. 3(c) or as detailed in Sec. IV B], the lateral drag acting
on the filament scales as ρV̄ 2Lx [65]. Balancing these two forces yields

ρV̄ 2Lx ∼ ρU 2
∞Lx, or V̄ ∼ U∞, (16)

indicating that the lateral velocity of the filament V̄ is proportional to the oncoming flow velocity
U∞. From the definitions of ReV and Re, (16) can be transformed to

ReV ∼ Re, (17)

which is highly consistent with the ReV -scaling observed in Fig. 7(a). Note that, for larger K
(e.g., K = 0.1 and Re = 200), although the filament remains in a translational state, the bending
deformation of the filament is relatively small (see Sec. IV B), i.e., the filament no longer resembles
a blunt body in the lateral direction. Hence, (16) or (17) is inapplicable to such large-K cases.

B. Reconfiguration and reduced-order parametrized model

In the following, the flow-induced reconfiguration of the filament is further investigated. To
quantitatively describe the deformation and force of the filament, the streamwise projected length
Lx, lateral projected length Ly, chord-averaged curvature κc, and drag Fd are introduced, defined as

Lx = 〈Xmax − Xmin〉, Ly = 〈Ymax − Ymin〉,

κc =
〈

1

L

∫ L

0
κds

〉
, Fd = 〈Fx〉, (18)

where Xmax (Ymax) and Xmin (Ymin) are the maximum and minimum streamwise (lateral) coordinates
on the filament, respectively, and κ is the local curvature.

Figure 8 illustrates equilibrium configurations for varying Re and K (red solid lines). For a fixed
K , increasing flow velocity (i.e., Re) enhances the fluid load on the filament, inducing pronounced
deformation (see Fig. 8). Consequently, Lx, κc, and Fd exhibit monotonic increases with Re, while Ly

progressively decreases, as demonstrated in Fig. 9. These results align with the main characteristics
of the reconstruction of flexible bodies in flow [66–69]. With increasing K , the filament becomes
stiffer and deforms less, which leads to a decrease in Lx and κc and an increase in Ly [see Figs. 9(a)–
9(c)]. Besides, Fd approximately follows Re2-scaling [see dashed line in Fig. 9(d)], which conforms
to classical bluff-body theory [65,70,71]. Nevertheless, the data in Fig. 9 lack satisfactory collapse.
This limitation will be addressed in Sec. IV C.

It is also noted that the shapes of the filaments vary greatly under different parameters (see
Fig. 8). Specifically, at low values of K [e.g., K = 10−4 and Re � 150 in Figs. 8(d1)–8(f1)], the
filament approximates a circular arc, whereas high K and low Re [e.g., K = 1 and Re � 80 in
Figs. 8(a3)–8(c3)] produce nearly rectilinear profiles. To describe these shapes uniformly and to
gain further insight into the reconfiguration mechanism, a reduced-order parametrized model for
the filament is subsequently developed.

According to the force decomposition results in Appendix D, two key assumptions can be made:
first, the normal force fn is approximately evenly distributed along the filament, i.e., fn ≈ C; second,
the tangential force fτ is almost negligible, i.e., fτ ≈ 0. Therefore, balancing the local normal force,
tension, and bending force yields [72]

EI
∂2κ

∂s2
= Tsκ − fn, (19)

where Ts represents the filament tension. Here, Ts can be approximated as a constant along the
filament, since dTs/ds = fτ ≈ 0. By scaling space with L, (19) can be normalized as

∂2κ̂

∂ ŝ2
= 
1κ̂ − 
2, (20)
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(a3) (b3) (c3) (d3) (e3) (f3)

(a2) (b2) (c2) (d2) (e2) (f2)

(a1) (b1) (c1) (d1) (e1) (f1)

FIG. 8. The equilibrium configurations of the filament for various Re and K . The red solid lines and black
dash-dotted lines represent the numerical results and reduced-order model results given by (23), respectively.
The rows correspond to K = 10−4, 10−2, and 1, from top to bottom. The columns correspond to Re = 20, 40,
80, 150, 300, and 500, from left to right.

where κ̂ = κL and ŝ = s/L denote the dimensionless local curvature and dimensionless curvilinear
coordinate, respectively. It is worth noting that two dimensionless governing parameters emerge
from the scaling, i.e., the ratio of tension to bending force 
1 = Ts

EI/L2 and the ratio of normal

force to bending force 
2 = fnL
EI/L2 . These two parameters play a decisive role in determining the

equilibrium shape of the filament. Indeed, 
1 and 
2 are extracted from numerical simulations
rather than a priori quantities. Specifically, the tension is calculated using Ts = Eh(| ∂X

∂s | − 1), while
the normal force is obtained via force decomposition, as detailed in Appendix D.

Considering the boundary conditions at the filament ends, namely, κ̂ = 0 at ŝ = 0 and 1, the
analytical solution of (20) is

κ̂ (ŝ) = 
2


1

{
1 − cosh

[
1

2

√

1(2ŝ − 1)

]
sech

(√

1

2

)}
, (21)

which describes the local curvature of the filament.
Next, we will further consider the filament’s shape. As shown in Fig. 8, the filament is nearly

symmetric about the horizontal centerline, resulting in a vertical tangent at its midpoint. This
corresponds to a local inclination angle θ = π/2 at ŝ = 1/2, which simplifies subsequent shape cal-
culations. Exploiting symmetry, we restrict the analysis to the lower half-domain, i.e., ŝ ∈ [1/2, 1],
with the midpoint fixed at (0,0) without loss of generality. The local inclination angle for this
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FIG. 9. The normalized time-averaged (a) streamwise projected length Lx , (b) lateral projected length Ly,
(c) chord-averaged curvature κc, and (d) drag Fd of the filament as functions of Re for various K .

segment is given by

θ (ŝ) = π

2
−

∫ ŝ

1/2
κ̂dŝ, ŝ ∈ [1/2, 1]. (22)

Consequently, the local coordinates are obtained as

x(ŝ) = −
∫ ŝ

1/2
cos θdŝ, y(ŝ) = −

∫ ŝ

1/2
sin θdŝ, ŝ ∈ [1/2, 1]. (23)

The coordinates of the upper half (i.e., ŝ ∈ [0, 1/2]) follow directly from symmetry, thus fully
determining the shape of the entire filament.

To validate the preceding analysis, Fig. 10 displays the distribution of κ̂ along the filament for
diverse Re and K values, with reduced-order model results from (21) indicated by black dash-dotted
lines. The equilibrium filament configurations derived from (22) and (23) are depicted in Fig. 8 (see
the black dash-dotted lines). Close agreement between reduced-order model and numerical results
for the cases with various parameters is observed (see Figs. 8 and 10), which confirms the model’s
capability to accurately characterize both local curvature and equilibrium filament configurations.

Note that an interesting implication can be drawn from (21). When K is low and Re is high
(e.g., K = 10−4 and Re > 100), bending forces become negligible compared to tension and normal
forces, leading to 
1 → ∞. Under these conditions, the second term in the curly brackets of (21)
approaches zero, i.e.,

cosh

[
1

2

√

1(2ŝ − 1)

]
sech

(√

1

2

)
→ 0, ŝ ∈ (0, 1). (24)
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(a3) (b3) (c3) (d3) (e3) (f3)

(a2) (b2) (c2) (d2) (e2) (f2)

(a1) (b1) (c1) (d1) (e1) (f1)

FIG. 10. The dimensionless local curvature κ̂ along the filament for various Re and K . The red solid lines
and black dash-dotted lines represent the numerical results and reduced-order model results given by (21),
respectively. For the first, second, and third rows, K = 10−4, 10−2 and 1, respectively. From left to right, the
Re values for each column are 20, 40, 80, 150, 300, and 500, respectively.

Consequently,

κ̂ (ŝ) = 
2


1
= fnL

Ts
= C, (25)

meaning constant local curvature along the filament and a circular-arc filament profile. This result
is corroborated by Figs. 10(d1)–10(f1), where κ̂ remains nearly uniform away from the end points.
The corresponding equilibrium configurations of the filaments indeed resemble perfect circular arcs
[see Figs. 8(d1)–8(f1)].

In addition, for cases with large K , the bending force dominates over the tension, resulting in

1 → 0. Therefore, (20) reduces to

∂2κ̂

∂ ŝ2
= −
2. (26)

This implies a parabolic distribution (concave downward) for κ̂ along the filament, a profile that
closely matches the observations from Figs. 10(d3)–10(f3). As Re decreases, the curvature gradient
diminishes, causing the parabolic profile to flatten and approach a uniform distribution (i.e., κ̂ ≈ 0),
as illustrated in Figs. 10(a3)–10(c3).

In the above analysis, the filament is assumed to be symmetric about the horizontal centerline.
However, this assumption is not strictly valid, since the symmetry of the filament is not so perfect.
As depicted in Fig. 10, significant asymmetry in local curvature κ is observed near the two ends
of the filament under certain conditions. For example, for the case with K = 10−4 and Re = 80
in Fig. 10(c1), κ near ŝ = 0 is relatively larger than that near ŝ = 1. This curvature asymmetry
is a direct manifestation of symmetry breaking in the system, which ultimately leads to lateral
translation of the filament.

The asymmetry of local curvature at the two end points also implies a difference in corresponding
local inclination angles, denoted as θ1 − θ2, where θ1 (θ2) is the angle between the tangent direction
of the end point on the windward (leeward) side and the horizontal direction (see Fig. 1). Figure 11
presents θ1 − θ2 as functions of Re for various K . It is seen that, when the filament undergoes
lateral translation (i.e., the quasistatic and translational modes), θ1 − θ2 < 0 (see the blue symbols
at moderate Re in Fig. 11). In other words, the local inclination angle of the end point on the
windward side is smaller than that on the leeward side. This geometric asymmetry may initially
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FIG. 11. The difference of the angles between the tangent direction of the end points on the windward and
leeward sides and the horizontal direction θ1 − θ2.

result in nonzero lateral forces, which contribute to lateral translation. In contrast, for both the static
and vibrational modes, θ1 − θ2 = 0 (see the red symbols for Re < 200 in Fig. 11), which reflects a
highly symmetric filament shape and accounts for the absence of net lateral displacement.

C. Rescaling

In Sec. IV B, the deformation and force data of the filament are presented to quantitatively
characterize the reconfiguration of the filaments. Nevertheless, the datasets exhibit substantial
scatter and fail to collapse effectively (see Fig. 9). This obstructs rigorous analysis of the dynamic
characteristics in the fluid-structure system and the identification of underlying physical mecha-
nisms. Therefore, to achieve unified data collapse and possible scalings, the introduction of revised
scaling parameters is required.

It is worth noting that the fluid force (Ff ) and the bending force (Fb) are the two main forces
involved in our fluid-structure system, which play a key role in the dynamic characteristics of the
filaments. Typically, Ff and Fb can be scaled as ρU 2

∞L and EI/L2, respectively [73]. However,
the filament’s lateral translation results in an effective relative fluid velocity Ueff = √

U 2∞ + V̄ 2.
Similarly, substantial bending deformation leads to an effective length of the filament interacting
with the fluid Leff = Ly. Adopting Ueff and Leff as characteristic quantities gives Ff ∼ ρU 2

eff Leff =
ρ(U 2

∞ + V̄ 2)Ly and Fb ∼ EI/L2
eff = EI/L2

y . Hence, the effective bending stiffness of the filament
can be defined as the ratio of these two forces, i.e.,

Keff = EI

ρU 2
eff L

3
eff

= EI

ρ
(
U 2∞ + V̄ 2

)
L3

y

. (27)

Furthermore, the effective Reynolds number is introduced:

Reeff = ρUeff Leff

μ
= ρ

√
U 2∞ + V̄ 2Ly

μ
. (28)

All data on filament deformation and force from Fig. 9 are replotted in Fig. 12 against the new
scaling parameters (Keff and Reeff ). Remarkably, the data collapse well under this scaling, in contrast
to the scattered distribution observed in Fig. 9. Besides, for small Keff , Lx/L ≈ 1/π , Ly/L ≈ 2/π ,
and κL ≈ π [see Figs. 12(a)–12(c)], corresponding to the radius, diameter, and curvature of a
semicircle of unit circumference, respectively. This is consistent with the near-perfect semicircular
equilibrium shapes observed for low-stiffness filaments in Figs. 8(d1)–8(f1). Conversely, for large
Keff , we find Lx/L ≈ 0, Ly/L ≈ 1, and κL ≈ 0 [see Figs. 12(a)–12(c)], owing to negligible filament
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FIG. 12. The normalized time-averaged (a) streamwise projected length L̂x , (b) lateral projected length L̂y,
and (c) chord-averaged curvature κ̂c as functions of Keff , and (d) drag F̂d as functions of Reeff for various K .

deformation, which preserves a straight configuration [see Figs. 8(a3)–8(c3)]. Additionally, Fd

follows the Re2
eff -scaling well [see Fig. 12(d)], demonstrating that the drag is proportional to the

square of the effective velocity Ueff rather than U∞.

D. Energy conversion

As discussed, a flexible filament with lateral freedom in a uniform flow can undergo significant
bending deformation and, under certain conditions, generate sustained lateral motion, which can
be measured by the bending energy Eb and the translational kinetic energy Ek , respectively.
Specifically, these two quantities are defined as

Eb =
〈∫ L

0

EI

2
κ2ds

〉
, Ek = 1

2
mV̄ 2, (29)

respectively, where m = ρlL is the dimensional mass of the filament. Figure 13 shows Eb and Ek ,
normalized by the characteristic energy Eref = ρU 2

ref L
2, as functions of Re for various K . For small

K , Eb is comparatively larger at low Re due to larger deformation (see Fig. 8). As Re increases,
a simple scaling law is robustly satisfied between Eb and Re, namely, Eb ∼ Re4 [see Fig. 13(a)],
indicating a rapidly growing form of Eb. At high Re, filament deformation shows a negligible
increase with further Re augmentation (see Fig. 8), leading Eb to asymptotically approach a plateau
[see Fig. 13(a)]. Under the circumstances, Eb depends principally on the flexibility of the filament
and increases monotonically with K [see Fig. 13(a)]. For Ek presented in Fig. 13(b), the variation
aligns closely with ReV shown in Fig. 7(a), since Ek ∼ V̄ 2 ∼ Re2

V .
To further evaluate the energy characteristics of the system, two key parameters are introduced:

the conversion ratios from fluid kinetic energy to bending energy Rb and to filament translational

064102-15



KUI LIU, AN-KANG GAO, AND XI-YUN LU

FIG. 13. The normalized time-averaged (a) bending energy Eb, and (b) translational kinetic energy Ek of
the filaments as functions of Re for various K . The energy is normalized by Eref = ρU 2

ref L
2.

kinetic energy Rk , defined as

Rb = Eb

(1/2)ρU 3∞T (Ly + V̄ T )
, Rk = Ek

(1/2)ρU 3∞T (Ly + V̄ T )
. (30)

The denominator in Eq. (30) represents the kinetic energy of the fluid that interacts with the
filament over one cycle [38], as illustrated in Fig. 14. Over a single cycle period T , the filament
translates laterally by a distance V̄ T . Consequently, the total length swept by the filament in
the lateral direction is Ly + V̄ T . Simultaneously, a free fluid parcel travels a horizontal distance
U∞T . The area of the fluid that interacts with the filament is therefore A f = U∞T (Ly + V̄ T ). The
corresponding kinetic energy of this fluid volume is Ek, f = 1

2ρU 2
∞A f = 1

2ρU 3
∞T (Ly + V̄ T ). Based

on this formulation, the two conversion ratios defined in Eq. (30) are readily obtained. The quantities
Rb and Rk should therefore be interpreted as estimated energy-conversion ratios normalized by the
kinetic energy of the swept fluid, rather than as rigorous energy-conversion efficiencies obtained
from a control-volume energy budget.

The derivation presented above implicitly assumes a periodic filament motion. However, this
framework can be extended to nonperiodic motion modes. For the chaotic mode, an effective period
T is defined based on the dominant frequency f1, which corresponds to the peak in the PSD,

FIG. 14. Schematic diagram of the lateral translation of the filament within one cycle T . From t to t + T ,
the filament moves upward.
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(a) (b)

FIG. 15. Conversion ratios from fluid kinetic energy to filament bending energy Rb (a) and to filament
translational kinetic energy Rk (b) as functions of Re for various K .

such that T = 1/ f1 (see Fig. 4). For static and quasistatic modes, the period T tends to infinity.
Consequently, the interacting fluid kinetic energy Ek, f becomes unbounded, causing both Rb and
Rk to approach zero. It is important to note that for these two modes, which occur at lower Re,
the filament’s bending and kinetic energies are indeed very small (see Fig. 13). This observation is
consistent with the limiting conversion ratios of zero derived from the energy ratio definition.

Figure 15 presents Rb and Rk as functions of Re. For a fixed K , both ratios initially increase
and subsequently decrease with increasing Re. At low Re, filament bending deformation and
translational speed are minimal, while high Re (corresponding to large inflow speeds) yields
relatively substantial fluid kinetic energy. As a result, Rb and Rk approach zero at low and high
Re. In contrast, moderate Re values maximize both ratios, with peak values of Rb = 15.5% and
Rk = 81.3% observed at K = 10−2 and Re = 80. Notably, Rk significantly exceeds Rb, indicating
predominant conversion of fluid kinetic energy to filament kinetic energy.

V. CONCLUDING REMARKS

In this study, the symmetry breaking of flexible filaments free to move laterally within a uniform
flow is investigated numerically. It is found that, by extracting energy solely from the surrounding
flow, the filaments can achieve sustained lateral motion in certain situations. Five distinct modes,
i.e., static, quasistatic, translational, vibrational, and chaotic modes, are identified based on filament
motion and flow patterns, and a phase diagram for these modes is presented in the Re-K plane. These
modes are quantitatively delineated using the translational Reynolds number (ReV ) and Strouhal
number (St). The quasistatic mode occurs exclusively at low K values within a narrow Re range
(Re ≈ 40). At elevated K , this mode disappears and is supplanted by vibrational motion.

Actually, the modal transitions of filaments at different bending stiffnesses K correspond to
distinct bifurcation phenomena. For small values of K (e.g., K = 0.0001 and 0.001), an increase in
the Reynolds number Re causes the filament to transition from a static mode, characterized by zero
lateral velocity, to a quasistatic/translational mode, which exhibits a finite lateral velocity. Under
different initial perturbations, this quasistatic/translational mode bifurcates into two symmetric
branches, with equal velocity magnitudes but opposite directions (see Appendix C). This behavior
is a classic example of a supercritical pitchfork bifurcation, wherein the two branches represent two
stable fixed points in the phase space [74]. Conversely, for large values of K (e.g., K � 0.01), an
increase in Re prompts a transition from the static mode to a vibrational mode, where the mean
lateral velocity remains zero. This transition is intimately linked to the onset of vortex shedding.
Analogous to the behavior observed in flow past a cylinder, it represents a manifestation of a Hopf
bifurcation [2].
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Filament reconfiguration and hydrodynamic forces are analyzed in detail. As anticipated, bend-
ing deformation and drag increase with inflow velocity. Force decomposition reveals that the normal
force ( fn) is approximately uniformly distributed along the filament, while the tangential force
( fτ ) is negligible. Utilizing these assumptions, a reduced-order parametrized model is developed to
accurately predict equilibrium curvature and filament shape. Furthermore, asymmetric deformation
is identified as the primary driver of unidirectional motion.

To elucidate underlying mechanisms, new scaling parameters, i.e., the effective bending stiffness
(Keff ) and effective Reynolds number (Reeff ), are introduced. These parameters enable complete data
collapse for filament deformation and force. Detailed energy analysis demonstrates efficient conver-
sion of fluid kinetic energy into filament kinetic and bending energy at moderate Re. Collectively,
these results advance fundamental understanding of fluid-flexible structure interactions.
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APPENDIX A: VERIFICATION OF THE MOVING COMPUTATIONAL DOMAIN

The effect of the MCD is evaluated here. For comparison, additional numerical simulations are
conducted using a large fixed computational domain (FCD) spanning [−15L, 25L] in the x-direction
and [−100L, 100L] in the y-direction. The extent of the computational domain in the y-direction
is sufficiently large to ensure the filament reaches an equilibrium state before approaching the
boundaries. Figure 16 presents the time history of the streamwise force Fx and the lateral velocity
of the center of mass V for the filament, obtained using both the MCD and FCD for the case with
Re = 100 and K = 0.0001. It can be observed that, despite a certain phase difference, the average
values, amplitudes, and frequencies of Fx and V remain unchanged. Therefore, the use of the moving
computational domain technique has no impact on the kinematic and dynamic characteristics of the
filament in equilibrium.

FIG. 16. Comparison of results using MCD and FCD. Time history of (a) the streamwise force Fx and (b)
the lateral velocity of the center-of-mass V of the filament are presented. The parameters are Re = 100 and
K = 0.0001.
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FIG. 17. (a) Schematic diagram of the heaving flexible plate. Here, h(t ) is the instantaneous heaving motion
prescribed in the leading edge, and U is the instantaneous streamwise velocity of the plate. (b) Validation for the
case of a self-propelled heaving plate with the governing parameters: Re = 200, h0 = 0.5, M = 0.2, K = 0.8,
and S = 1000 [75]. The streamwise velocity of the leading edge as a function of time is presented.

APPENDIX B: VALIDATION FOR THE CASE OF A SELF-PROPELLED HEAVING PLATE

To further validate the numerical method, a self-propelled heaving plate is considered. As shown
in Fig. 17(a), the leading edge of the flexible plate is forced to heave in the lateral direction,
described as

h(t ) = h0 sin(2π f t ), (B1)

where h0 and f are the heaving amplitude and frequency, respectively. Similar to the filament in our
study, the flexible plate can propel itself forward due to fluid-structure interaction. For the case with
Re = 200, h0 = 0.5, M = 0.2, K = 0.8, and S = 1000, the streamwise velocity of the leading edge
U as a function of time is presented in Fig. 17(b), showing good agreement with that of Zhu et al.
[75]. This agreement demonstrates that the numerical strategy employed in our study is capable of
effectively simulating the motion of flexible plates or filaments.

APPENDIX C: EFFECTS OF THE INITIAL PERTURBATIONS

In the following, the influence of initial perturbations on the system’s evolution is examined
in detail. While such perturbations can manifest in various forms, we introduce, without loss
of generality, a sinusoidal disturbance in the lateral velocity component of the initial flow field.
Specifically, the flow field at t = 0 is given by

v(x, 0) = (U∞, βUref sin(2πx/L)), (C1)

where β is a dimensionless parameter representing the disturbance intensity. A value of β = 0
corresponds to an unperturbed initial condition.

Figure 18 presents the time history of the filament’s center-of-mass lateral velocity (V ) for the
four characteristic motion modes (static, quasistatic, translational, and vibrational) under varying
initial disturbance intensities β. The results demonstrate that β has a substantial effect on the
transient dynamics, significantly altering the time required to reach the equilibrium state for all
modes. Notably, with the exception of the static mode Fig. 18(a), the introduction of a finite per-
turbation (β �= 0) considerably reduces this transient period, as exemplified by the vibrational case
in Fig. 18(d). While changing the sign of β primarily dictates the direction of the filament’s initial
motion [e.g., from downward to upward motion in Figs. 18(b) and 18(c)], it does not affect the key
statistical characteristics of the final equilibrium state. Quantities such as the magnitude of the mean
lateral velocity, the oscillation amplitude of lateral velocity, and the dominant vibration frequency
remain invariant with respect to β. Consequently, the introduction of an initial perturbation does not
fundamentally alter the emergent motion mode of the filament. These findings further substantiate
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FIG. 18. Time history of lateral velocity of the center-of-mass V of the filament under different initial
disturbance intensities β for (a) Re = 20, K = 0.0001, (b) Re = 40, K = 0.0001, (c) Re = 100, K = 0.0001,
and (d) Re = 100, K = 0.1, corresponding to the static, quasistatic, translational, and vibrational modes,
respectively.

that the observed symmetry breaking is a consequence of an intrinsic physical instability, rather than
being an artifact of numerical asymmetries or specific implementation details.

APPENDIX D: FORCE DECOMPOSITION

In order to establish a simplified model for evaluating the equilibrium configuration of the flexible
filament, we first examine the forces acting on it. As shown in Fig. 19, the Lagrangian force f s
exerted by the surrounding fluid on the filament can be decomposed into two components: the
normal force f n (predominantly due to pressure difference across the filament) and the tangential
force f τ (primarily arising from viscous effects). The definitions of these forces are as follows
[45,54,76]:

f s = [−pI + Tμ] · n = f n + f τ , (D1)

f n = ( f s · n)n = fnn = ( fn,x, fn,y ), (D2)

f τ = ( f s · τ)τ = fττ = ( fτ,x, fτ,y), (D3)

where I is the unit tensor, Tμ is the viscous stress tensor, fn and fτ denote the magnitudes of f n and
f τ , respectively, τ is the unit tangential vector directed toward the trailing edge, n is the unit normal
vector, and [·] represents the jump in a quantity across the immersed boundary.

Figure 20 presents the distributions of normal and tangential forces ( fn and fτ ) along the filament
at various Re for K = 0.01. As shown in Fig. 20(a), fn increases monotonically with inflow velocity
(i.e., U∞ or Re), since the pressure difference across the filament can be scaled as ρU 2

∞ [28,77].
Furthermore, fn is approximately uniformly distributed along the filament (i.e., fn ≈ C), except near
the end points. In contrast, fτ is negligible [see Fig. 20(b)] due to its relatively small magnitude (i.e.,
fτ ≈ 0).
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FIG. 19. Schematic diagram of force decomposition. Here, τ and n denote the local tangential and normal
vectors, respectively.

Here, we would like to provide a simple physical rationale for neglecting the tangential force.
The magnitude of the total tangential force, defined as Fτ = | ∫ L

0 fτ ds|, can be approximated by
the viscous drag per unit width on a flat plate: Fτ ∼ 1.33ρV̄ 2LRe−1/2

V [65,72]. In contrast, the total
normal force, i.e., Fn = ∫ L

0 fnds, is primarily attributed to the pressure difference, scaling as Fn ∼
ρU 2

∞L [65]. Consequently, the ratio of tangential to normal force can be expressed as

Fτ /Fn ∼ 1.33ρV̄ 2LRe−1/2
V /

(
ρU 2

∞L
) = 1.33

V̄ 2

U 2∞
Re−1/2

V . (D4)

In the static and vibrational modes, Fτ = 0 because V̄ = 0. For other modes where V̄ �= 0, V̄ , and
U∞ are typically of comparable magnitude, with V̄ ∼ U∞ in most cases (see Fig. 7). Thus, Eq. (D4)
reduces to

Fτ /Fn ∼ Re−1/2
V . (D5)

Notably, in cases involving lateral translation, ReV is significantly greater than unity (see Fig. 7).
Consequently, Fτ /Fn � 1, meaning that Fτ is sufficiently small to be neglected.

(a) (b)

FIG. 20. Distributions of (a) normal force fn and (b) tangential force fτ along the filament for various Re
with K = 0.01.
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FIG. 21. (a) The total normal force Fn and (b) total tangential force Fτ on the filament as functions of Re
for various K .

To confirm Eq. (D5), Fig. 21 presents the total normal force Fn and total tangential force Fτ

on the filament as functions of Re for various K . In all cases, Fτ is observed to be at least one
order of magnitude smaller than Fn, consistent with the scaling analysis above. Hence, neglect-
ing the tangential force is a reasonable assumption. These approximations, namely, fn ≈ C and
fτ ≈ 0, form the basis of the reduced-order parametrized model for flexible filaments developed in
Sec. IV B.
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