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Emergent thermalization thresholds in unitary dynamics of inhomogeneously
disordered quantum systems
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Inspired by the avalanche scenario for many-body localization instability, we reverse the conventional setup
and ask whether a large weakly disordered chain can thermalize a smaller, strongly disordered chain when
the composite system evolves unitarily. Using transport as a dynamical probe, we identify three distinct
thermalization regimes as a function of the disorder strength of the smaller chain: (i) complete thermalization
with self-averaging at weak disorder, (ii) realization-dependent thermalization with strong sample-to-sample
fluctuations at intermediate disorder, and (iii) absence of thermalization at strong disorder. We find that for a fixed
length of the smaller chain, the non-self-averaging regime broadens with the size of the weakly disordered chain,
revealing a nuanced interplay between disorder and system size. These results highlight how inhomogeneous
disorder can induce emergent thermalization thresholds in closed quantum systems, providing direct access to
disorder regimes where thermalization or its absence can be reliably observed.

DOI: 10.1103/ycdx-sd5m

I. INTRODUCTION

Thermalization is a fascinating phenomenon in nature,
whereby isolated many-body systems evolving in time reach
equilibrium. Specifically, the long-time averages of macro-
scopic observables become time-independent, settling at
values characteristic of thermal equilibrium. Unraveling the
origin of thermalization in isolated quantum systems re-
mains a major pursuit in contemporary quantum many-body
physics, particularly in light of compelling experimental ev-
idence of thermalization in cold-atom systems [1-9]. In this
regard, a successful theoretical framework is the eigenstate
thermalization hypothesis (ETH) [10-15], which posits that
midspectrum eigenstates of isolated, nonintegrable quantum
many-body Hamiltonians are thermal. ETH has been sup-
ported by extensive studies across a wide range of systems
[13,16-30]. This raises a fundamental question: whether and
under what conditions does the ETH tend to fail?

A well-established violation of ETH arises in isolated
quantum many-body systems in the presence of quenched dis-
order: for sufficiently strong disorder, the system can enter a
many-body localized (MBL) phase—the interacting analog of
Anderson localization [31]—in which ETH no longer holds.
While extensive numerical studies support the existence of
MBL in finite-size systems [32-38], its stability in the limit
of large systems remains an ongoing subject of investiga-
tion [39—41]. One proposed mechanism for MBL instability
is offered by the so-called avalanche scenario [42,43]. In
strongly disordered systems, small rare regions with anoma-
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lously weak disorder—ergodic grains—can arise, which are
characterized by dense spectra and fast internal dynamics, and
which therefore can act as local thermal baths. When em-
bedded in strongly disordered regions and coupled to nearby
localized sites, ergodic grains can induce resonant transitions
in their surroundings, destabilizing the MBL phase and poten-
tially triggering a cascade that thermalizes the entire system.
This avalanche mechanism has been explored experimentally
[44,45] as also in theory [43,46—48] with the ergodic grains
modeled either in terms of Gaussian orthogonal ensemble
(GOE) random matrix Hamiltonian [42,46] or as an infinite
Markovian bath [47,49] and the surrounding strongly disor-
dered regions treated as an open quantum system undergoing
nonunitary evolution. However, recent work [50] suggests that
a more complete description may require accounting for the
full unitary evolution of the entire system. An interesting
revelation reported in Ref. [43] was that a weakly disordered
chain of even 3 spins modeled as a GOE Hamiltonian could
thermalize a strongly disordered chain of 13 spins. Motivated
by the aforesaid considerations, we now ask the reverse ques-
tion: Can a large weakly disordered chain A of length La
and fixed disorder strength W, always induce thermalization
in a much smaller, strongly disordered chain B of length Lg
with disorder strength Wg, under fully unitary evolution of
the combined system? A schematic of our setup is shown in
Fig. 1(a).

It is pertinent at this point to view our setup vis-a-vis other
setups explored in recent works. In [51,52], the signatures of
MBL were investigated in imperfect isolated settings, where
the authors invoked the well-known “l-bit” picture [34,53,54]
in modeling the system, while considering the bath as an
interacting phononic system. Using spectral statistics of lo-
cal observables, a critical value of the coupling between the
system and the bath was found above which MBL signature
vanishes. In [55], the effect of a thermal bath coupled with
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FIG. 1. In panel (a), we schematically show our setup, where
the blue region denotes the larger chain with weak disorder, while
the red region represents the smaller, strongly disordered chain. The
Hamiltonian of the system is given in Eq. (1). Panel (b) presents
for a fixed value of Lg, in the (La, Wg) plane the three regimes (I),
(II), and (III), detailed in the text, which show distinctively different
thermalization behavior. The right boundary of regime (II) shifts
toward larger Wy values with increasing Ly, indicating the growth
of this regime with the size of the weakly disordered chain.

an Anderson-localizing system was studied. By modeling the
bath as a GOE Hamiltonian, it was revealed that while weak
coupling facilitates transport, large-enough coupling induces
an effect similar to localization, which was termed ‘“Zeno
localization.” In the same vein, there are other studies which
address somewhat similar questions in the noninteracting
Anderson-localization scenario [56-58]. Here, for the inter-
acting Heisenberg spin chains, we do not invoke the “l-bit”
picture at strong disorder, and also do not model the thermal
part as a GOE Hamiltonian.

In this work, we reveal that the thermalization behavior of
chain B is highly nuanced: for fixed Wy, L, and Ly, we iden-
tify three distinct regimes of behavior depending on the value
of Wg; see Fig. 1(b). (I) For small Wg, thermalization occurs
across all disorder realizations of chain B, and macroscopic

observables become self-averaging. (II) For intermediate val-
ues of Wp, thermalization becomes realization-dependent,
hence atypical: some realizations thermalize, while others
do not. This results in pronounced sample-to-sample fluc-
tuations and a breakdown of self-averaging, as illustrated
in Figs. 2(c)-2(h), underscoring the limitations of disorder-
averaged observables as reliable indicators of thermalization.
(IIT) For large Wg, absence of thermalization is observed
across all disorder realizations. Remarkably, regime (II) of
broken self-averaging broadens with the size of chain A while
the length of the chain B is kept fixed, as evidenced nu-
merically in Fig. 2(j), and qualitatively captured analytically
using Fermi’s Golden Rule analysis in Figs. 4(b) and 4(d).
We clearly note that the proliferation of non-self-averaging in
regime (II) is a finite-size effect that arises only in the limit
Ly — oo with fixed Lg; in the true thermodynamic limit with
fixed Ly /Lg and Ly, Ly — oo, regime (II) vanishes. Nonethe-
less, our analysis gives direct access to disorder regimes for
observing thermalization or absence thereof in a typical finite-
size sample, and warns against probing of thermalization in
regimes in which strong sample-to-sample variations do not
admit an unequivocal statement on thermalization based on
naive single-sample measurements.

Quenched disorder results in a range of intriguing phenom-
ena in classical and quantum systems, e.g., spin-glass phases
[59,60], aging [61], and Anderson localization [31]. An emer-
gent hallmark in such systems is the absence of self-averaging,
wherein macroscopic observables retain a dependence on mi-
croscopic disorder realizations even in the thermodynamic
limit. This phenomenon has been extensively studied in clas-
sical equilibrium systems [62,63], particularly near critical
points, where strong sample-to-sample fluctuations are known
to arise. Even in nonequilibrium settings, steady-state transi-
tions [64] and transport properties [65,66] may exhibit strong
dependence on individual disorder realizations. Recent studies
in quantum many-body systems [67-69] have highlighted the
absence of self-averaging in indicators such as inverse par-
ticipation ratio, correlation functions, survival probabilities,
in disordered XXZ chain and GOE random matrices. These
studies focus on homogeneously disordered systems, in con-
trast to our system that has inhomogeneous disorder. Within
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FIG. 2. For the system (1), panels (a) and (b) show, respectively, the disorder-average and the most probable value of the magnetization 7g
of system B of size Ly = 4, with system A having sizes Ly = 614 in steps of 2. Panels (c)—(h) depict the probability distribution of rig for
disorder strengths Wy = 0.15, 1.05, 1.55, 2.3, 6.05, 12.2, and L, = 10. Panel (i) shows variation of u4 = (g — nig )* with Wy for various Lis
as in panel (a). We define W* (indicated in panel (i) for Ly = 6) as the range of Wy values over which 4 takes up values above 0.3 x 107*
[horizontal dashed line in panel (i)]. This is different from Wg‘" [also shown in panel (i) for Ly = 6], which is the value of Wy after which 4
takes up values below 0.3 x 107*. Panel (j) shows W as a function of La. The inset in panel (i) shows the tail behavior, depicting distinct
differences for different L s, while that in (j) shows as a function of L, the value Wit of Wy beyond which one has inhibited spin transport
from A to B. Every panel corresponds to J = 1, Wy = 0.1 and 5 x 10* disorder realizations.
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FIG. 3. For Ly = 11 and W, = 0.5, panel (a) shows the eigen-
states of H, (red) with the states belonging to the $° = 0 sector
(black). Inset is a blow up of the middle part of the spectrum; panel
(b), however, shows the distribution P(wg, ) for 10 disorder realiza-
tions {i;*}. The inset shows the distribution of &g, = @}, — (@pa)’
calculated for 1000 realizations of {h?}. Panel (c) shows @p, as a
function of L, with Ly = 1. We have setJ = 1.

our setup, we demonstrate that non-self-averaging behavior
can also emerge in a distinctively different class of indicators
than the ones above, highlighting the subtle role of disorder in
thermalization under fully unitary evolution.

The paper is organized as follows. In Sec. II, we introduce
our model comprising two disordered Heisenberg spin chains
coupled via a boundary spin, and describe the setup of our
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FIG. 4. Lg = 1: (a) P(Wp > Z) versus Wg for various L) s. Panel
(b) shows as a function of L, the threshold Wg‘" above which P(Wp >
Z) > 0 (here chosen to be 0.5). Ly = 4: (¢) P(E[/min] > A) versus
Wp for various L) s. Panel (d) shows as a function of L, the thresh-
old W above which P(E[/ig] > A) > 0. For all panels, J = 1,
Wa = 0.1.

numerical experiment that probes spin transport between the
chains to investigate the fate of thermalization in the smaller
chain. Section III presents the numerical results, where we
identify and characterize the three distinct thermalization
regimes (I), (II), and (III) discussed above. In Sec. IV, we
focus on regime (II): we first study its growth with increasing
La based on our numerical findings. We then qualitatively
explain this behavior using Fermi’s Golden Rule and extreme
value theory, which further allows us to estimate the threshold
disorder strength W' separating regimes (II) and (IIT) for
given values of L, and Lg. We conclude in Sec. V with a sum-
mary of our results, along with remarks on possible extensions
and experimental realizations of the proposed setup.

II. MODEL AND NUMERICAL PROBE
OF THERMALIZATION

To demonstrate our results summarized above, we con-
sider a composite quantum system comprising two interacting
many-body spin-1/2 Heisenberg chains with disordered on-
site fields: a larger weakly disordered chain A and a smaller
chain B with tunable disorder strength; see Fig. 1(a). The
two chains are coupled via a shared boundary spin. We also
examine the case where the larger chain is clean. To diagnose
thermalization, we design a numerical experiment that probes
the transport of z-magnetization from chain A to chain B. To
proceed, consider an open Heisenberg chain of length Lg with
disordered onsite fields {h?3 }, which is in contact with another
open Heisenberg chain of length L, with disordered onsite
fields {h}, with Ly < L. The Hamiltonian is

~

-1
H=7Y 8 S+ Y hS+>"m8 ()

i=1 icA jeB

where the coupling strength J > 0 is uniform throughout, both
within and across the two chains. The total system size is
L = La + Lg. The on-site disorder fields 42 and h]f are inde-
pendently drawn from uniform distributions over [—Wx, Wa ]
and [—Wg, W], respectively, with Wx, Wy > 0. We fix
Wa = 0.1J to represent weak disorder in chain A, while
Ws < J and Wp > J correspond to weak and strong dis-
order in chain B, respectively, with intermediate values
lying in between. The Hamiltonian (1) has global §% sym-
metry: [H,87] = 0, with §7 = (1/L) ZiL=1 S‘f Let us define
individual magnetizations riiy = (1/La) Zie A S’; and Mg =
(1/LB) Y ;e S‘f, which are nonconserved quantities evolving
in time with the constraint

Lama(0) + Lgmp(0) = Lama () + Lgmg (), )

with  ma(t) = (YOlia @ |y (1)),  mpt) = (Y@O)lix ®
|y (1)), In and Ig being identity operators, and
[ (1)) = e ™ |yry) the state of A + B system at time ¢ with
initial state |1/y) [70]. We choose |) as an eigenstate of S,
with m (0) # 0, mp(0) = 0 (chain A is initially magnetized,
while chain B is not). We choose the representative case
ma(0) = 1. For a given disorder realization, a quantity of
interest is the long-time average of mp(¢):

t

mp(t')dt’. 3)

~ .1
mg = lim —
t—oo t 0

014205-3



PAL, SRIRAM, AND GUPTA

PHYSICAL REVIEW E 113, 014205 (2026)

Expanding | (¢)) in energy eigenbasis, |y (t)) =), ¢,
e~'E |n), it is clear that i is given by the diagonal ensemble:
g =Y, lea|*(nlly ® fip|n). Clearly, g is a random vari-
able varying from one disorder realization to another, and it
is natural to propose its disorder-average mg [71] becoming
nonzero as a signature of transport from A to B for our choice
of |Yo) [72]. In case of inhibited transport, evidently there is
no hope for chain B to thermalize.

III. NUMERICAL RESULTS

We now present our numerical results on 7g as a func-
tion of disorder strength Wi and for fixed Lg; Fig. 2(a)
shows that at low disorder, mig takes nonzero values, indi-
cating transport from A to B and hence thermalization of
chain B; these values increase with increasing L, owing
to constraint (2). With increase of Wg, g asymptotically
approaches zero, signaling inhibition of transport and hence
absence of thermalization in chain B at large-enough Wjg.
Cautioned by the fact that classical disordered systems are
notorious for showing strong atypical behavior [62,63], we
investigate the typicality of transport in our system by com-
paring the average g vis-a-vis the most probable value 17111‘3@.
Figure 2(b) shows a strikingly different behavior. At low
disorder, one has clear signatures of spin transport. At high
disorder, one has inhibited transport. However, the threshold
Wp that inhibits transport is an order-of-magnitude different
than the one implied by Fig. 2(a). This latter fact warrants a
detailed analysis of the probability distribution P(iig) as one
tunes Wg.

The results for P(mg), Figs. 2(c)-2(h), depict a dramatic
change in its form, from ones at low and high disorder that
are narrow and have a well-defined dominant peak, to those
at intermediate disorder that are broad and without a single
well-defined peak. The latter fact explains the absence of
observed typicality (75" behaving differently from mg), and
implies that mp is strongly non-self-averaging at intermedi-
ate disorder. This last feature is intriguing, given that the
underlying disorder distribution does not have heavy tails,
and, consequently, the disordered fields are self-averaging.
To demonstrate this point, we have checked that our results
hold also when the field values are sampled from a Gaussian
distribution; see Appendix A. The non-self-averaging feature
of mp is characterized in terms of the fourth central moment

w4 = (g — mg)*, which captures the broadness of P(iig)
more sensitively than the variance; the higher the value of
L4, more broad is P(mp) and more non-self-averaging is mig.
The behavior of w4 versus Wy with fixed Lg and for various
L)s, shown in Fig. 2(i), exhibits enhanced w4 values above
zero for a wide range of Wp. Combined with Figs. 2(a) and
2(b), Fig. 2(i) implies: (1) Spin transport and thermalization
at weak disorder, (2) Transport and thermalization becom-
ing realization-dependent at intermediate disorder, and (3)
Inhibited transport and no thermalization at strong disorder.
Self-averaging holds in regimes (1) and (3), but not in (2).
The most striking aspect of the behavior of u4 is the pro-
nounced growth with increasing Ly of the range of Wp for
which behavior (2) holds. Estimating this range as the one
over which uy4 takes values above a nonzero threshold and
plotting it versus L, one obtains Fig. 2(j), which conveys

a surprising result: the range of Wy for which chain B is
non-self-averaging increases monotonically with the length
of the chain A in contact. The existence of these regions are
schematically demonstrated in Fig. 1(b) [73]. Our results also
hold when system A has a uniform field K™, as demonstrated
in Appendix B. We note that the schematic phase diagram
presented for our setup differs significantly from the case
with Ly /Lg fixed and Ly, Ly — oo. In this latter limit, region
(I) vanishes; however, for the system sizes accessible to us
numerically, we cannot conclusively rule out the existence
of region (IIT). Importantly, in realistic scenarios involving
finite-size systems, the natural outcome is the one shown in
Fig. 1(a), where our analysis uncovers three distinct regimes
of thermalization, including a proliferated zone of non-self-
averaging.

IV. WHEN TRANSPORT BECOMES TYPICAL:
A PERTURBATIVE APPROACH

A relevant question is: What is the threshold value of Wy
for inhibited spin transport from A to B? In view of nig
being non-self-averaging, we modify the hitherto-mentioned
criterion for inhibited transport, namely, mig =0, to Mg =0
for almost all realizations, which ensures typicality of inhibi-
tion. In Wy > J regime, where inhibition is typical, Figs. 2(a)
and 2(b), this modified criterion is met beyond a threshold
Ws for which w4 = 0; In practical terms, one stipulates that
iy takes up a small value of order zero and considers the
corresponding Wp as the threshold beyond which inhibited
transport is guaranteed for almost all realizations. As in the
inset of Fig. 2(j), the threshold W];hr increases with La, in-
dicating that weakly disordered systems of larger sizes are
conducive to transport from A to B. In this section, we present
a perturbative approach based on the Fermi’s Golden Rule to
estimate the threshold W,

A. Simplest case: Ly =1

We now study analytically system (1) by using perturbation
theory in view of La > Lg. Based on our observations for
inhibited transport, we first consider Lg = 1, Wg > J, and,
to make the analysis general, we take Wa < J. The model is
rewritten as

N La-1 La o
H=7Y 58 S+ Y hS+JS S +WsS5, 4
i=1 i=1
denoting the single site of system B by index 0 with onsite
field Wp. In the interaction picture with respect to W55, the
interaction Hamiltonian H; = ™% (H — WpS5)e= 85" has
a Floquet form:

A n N A J A A A A
HI = HLA +H/;H/ = E(eilWBtSILSOi =+ EIWBIS;S(J)F);
La-1 La
Ay, =1 S-S+ Y hi8+858;. ©)
i=1 i=1
With L > 1, H’ acts as a weak perturbation to I-IVLA, due

to a timescale separation between the dynamics generated
by the two terms, guaranteed from the behavior of the ratio
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of their norms: ||H’||/||HLA|| ~ 1/La, with the norm defined
as ||H|| = max{Sp(H )} i.e., the largest eigenvalue of the
operator spectrum Sp(H ).

Starting with our choice of the initial state, dynamics gen-
erated by ﬁLA conserves ma and mp as a consequence of
[HLA, S’Z] = 0, while it is the perturbation A’ that leads to a
change in mg, and hence, in m owing to constraint (2); this
implies spin transport from A to B. Note that [H’, §] =0
constrains transitions to take place between different eigen-
states of ﬁLA within the same S sector. Moreover, any given
S% sector is not confined within specific energy ranges, but is
spread across the full spectrum Sp(H, ). Spin transport due to
H' is quantified by studying the transition it induces between
eigenstates of A - Our next objective is to obtain conditions
for the corresponding rate of transition to become zero, which
in turn implies inhibition of transport. We now compute this
rate by invoking first-order time-dependent perturbation the-
ory [74], and estimate the sufficient value of W beyond which
the rate is zero. The corresponding rate, given by the Fermi’s
golden rule (FGR) for transition from eigenstate |¢) to any
other eigenstate |8) of I-?LA, reads as (see Appendix D)

Tomsip o O _{1Apal®8s + 1A%, 175}, (6)
B

with 81 = 8(wpe W),  |Agel = (BIS; S lat), 1AL, =
(ﬁ|3‘f’3‘0_|a), wpe = Eg — E, with Eg, E, eigenvalues of ﬁLA
for eigenstates |8) and |«), respectively. The FGR-approach,
describing decay of an initial state into a continuum of final
states, may not apply when one has a finite system and the
final states do not form a continuum [75]. Our analysis with
La > Lp creates a quasicontinuum for initial states in B to
decay, justifying the applicability of the FGR-approach.

It follows from Eq. (6) that I" is zero provided &(wg, &
Wg) = 0, the condition for which is Wy > A, with A = max
{Sp(I-?LA)} —min{Sp(FILA)} [76]. Transitions B <> «a take
place within the same S° sector. Nevertheless, S* sectors being
spread across Sp(ﬁLA) implies that one has to consider the full
spectrum in stipulating the condition for inhibited transport.
Noting that ﬂLA involves the random fields {hlA} uniform in
[—Wa, Wal, we ask: For given Wg, what is the probability
P = P(Wg > A) to have a disorder realization {hA} that gen-
erates an H; with spectral gap satisfying W > A? This
probability being nonzero implies I' = 0, i.e., inhibited trans-
port for given Wi and L. For a given realization {h?}, while
an explicit expression for A is not known, the problem is
circumvented by putting an upper bound on A.

To proceed, we write the unperturbed Hamiltonian as
ﬁLA = HQ +I‘?1, with

La-l La
Hy=17Y S-Sy +J88:H =Y s, (1)

i=1 i=1
and denote the corresponding spectra as {uy} = Sp(ﬂLA),
{ve} = Sp(Hy), and {ie} = Sp(H;), where we have
a=1,...,2*F For Sp(H;), the maximum and
minimum eigenvalues are X = max,{Aq}= 221 |h;.“|
and & = ming{iy} = — Zfil ||, Similarly, for Sp(Hy),
v = maxy{ve} =JLa/4, which corresponds to the
maximum-energy configuration with all spins pointing

along z [77], while 9 = min,{v,}=—JLa(1/4+ 1/7),
valid in the large La-limit [78]. We invoke the Weyl’s
inequality: the largest and the smallest eigenvalue of
sum C of two Hermitian matrices A and B satisfy
re <Aa+Ap and Ac = A4+ Ap [79,80]. We thus obtain
the bounds 1 = maxg{ie} < JLa/4 + (1 /Z)ZLA1 |h?| and
fu=ming{ita) > —JLa(1/4+ 1/m) — (1/2) X2, 1.

This readily yields an upper bound

La
ALY ([t +T/2+0/m) = A (8)

i=1

Following our earlier line of argument, we now use A in
Eg. (8) as a reasonable substitute for A in determining P as
P P(Ws > A) for given W and various L)s. Evidently,
A follows a generalized Irwin-Hall distribution [31], and
PWg > A) is the cumulative distribution function that can
be computed as (see Appendix E)

( l)k(LA) J J Ly
(2]

where x; = x if x > 0 and is zero otherwise. This expres-
sion holds for Wg € [(J/2 + J/7)La, (J/2 +J/7t + Wa)LA],
while P =0 for Wg < (J/2+J/m)Ls and P = 1 for W >
(J/2 + J/m 4+ Wy )La. Figure 4(a) shows a plot of P versus Wp
for various L) s, and establishes that the value of Ws ensuring
P > 0 increases with increasing L. It follows that to have
' =0, i.e., inhibition of transport, one has to tune W to
higher values for larger L} s, as evident from Fig. 4(b), where
the threshold Wﬁhf above which P > 0 shows a monotonic
growth with Ly.

Behavior of the matrix elements

Although we have discussed vanishing of FGR-rate based
on the behavior of the delta functions in Eq. (6), one won-
ders what role the matrix elements |Ag,| play. To this end,
we evaluated numerically, for a given disorder realization
{hlA} with given La and Lg = 1, the nonzero matrix elements
|Aﬂa|2, |A a|2 for allowed transitions between states |8) and
|) and considered the distribution of the corresponding a)l/gas.
A systematic way to proceed is as follows:

(1) Considering all possible eigenstates |«), |B) €
Sp(HLA) and with («|$%|a) = (B]8%|B), enumerate those
eigenstates that yield |Ag,|* # 0 and |A}|* # 0. In Fig. 3(a),
we demonstrate that the eigenstates |«) that belong to the rep-
resentative S = 0 sector of the Hamiltonian H;, are spread
across the energy spectrum. For such eigenstates, compute
wpy. One would end up with several possible wj, s, yielding a
probability distribution P(wg,). We find that the distribution
P(wgy) shows a single peak and a finite spread around it, as
shown in the main plot of Fig. 3(b) for 10 different disorder
realizations.

(2) Use the distribution P(wg,) to estimate the condition
for having inhibited spin transport, that is, for obtaining van-
ishing FGR-rate.

(3) To perform the aforementioned estimation, one may
proceed as follows: Let us use &gy = a) — (Wpa)?, with the
overbar denoting numerical average, as a measure of the width
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of the distribution P(wg ). We calculate @g, for 1000 disorder
realizations. The inset in Fig. 3(b) shows that the distribution
of &g, has a single peak and a finite spread around it. It is
therefore evident that the non-self-averaging effects discussed
for the quantity mp are not manifested here; in other words,
the behavior of the quantity &g, is typical across different
disorder realizations, and it suffices for further analysis to
consider its value for a typical disorder realization. Consid-
ering the behavior of &g, as a function of L, we observe a
monotonic growth with La, as may be seen from Fig. 3(c).
This growth suggests that for larger Ls, one needs to tune
Ws to higher values to have inhibited spin transport. Such a
conclusion is in full agreement with the one arrived at from
the analysis of the behavior of delta functions.

B. For general Lg

The treatment until now applies to the case Lg = 1. We
now argue that the conclusions arrived at also hold when
one has 1 < Lg <« La. The corresponding FGR-rate is (see
Appendix D)

Lg—2

Loy Z > [|A,(32|25(+j) + |A§£)|259)]
=0

(L) |2 1(Ly)
+ |AS "8 (wpo + hE,) + A "8 (wpe — hE, ). (10)
where  h;= (¥ — KB, 8 = 8(wpa £ ﬁj), A =

(BISTS ), A’“) (B1S; 87 ler), and Ly =Lg—1.
Evidently, I" is zero provided Aimin = min j{|}~z i1} > A, which
arguing as before is equivalently the condition Pmin > A
in view of Amin being a random variable, we may read the
condition in terms of the average of Binin as E[Amin] > A.
In the following, using extreme value theory, we obtain the
distribution p(hmin) and consequently the desired expectation
value E[fzmin].

Extreme value theory: Derivation of E[Bmin]

From the expression of the FGR rate in Eq. (10), it is evi-
dent that all the delta functions will contribute zero under the
condition Ay, = min j{fz i} > A, where we have h = |h§-3 —
h?+l|; j=0,...,Lg —2. Now, notice that hBs are them-
selves random variables drawn from a uniform distribution
over the range [—Wg, Wg]. It follows straightforwardly that
their absolute gaps, & j» which are independent and identically
distributed (i.i.d.) variables just as h‘f’s, will follow the half-
triangular distribution

1 {ZWB—h 0 < hj < 2W,

plhj) = 2W2 0; otherwise. an
To get the distribution of /iy, we look at the following prob-

ability:

P(hin > h) = P(hy > h)P(hy > h)...P(h, > > h), (12)

where the invoked factorization is justified since all the gaps
are i.i.d. random variables. It is evident that each factor
P(h ; > h) can be expressed in terms of the cumulative distri-
bution of fzj, as P(fzj >h)=1-— P(fz_j < h). Since all factors

P(h ; > h) are identical, we obtain from Eq. (12) that

P(hmin > h) = [1 — P(h; < b))
_ 4awgh—n?Le—1,
0; otherwise.

The probability distribution function for Ay, is obtained by
taking the derivative of P(hiyin < h) = 1 — P(fyin > h), and
it reads as
(Lo—1) ¢2La=3,

7 0 < hmm
p(hmin) = {O

; otherwise,

where we have defined f_ = (2~WB — izmin) /(2Wg).
Th~e expec}ation value E[hpp,], which is required for
P(E[hnin] > A), is given by

2Ws, (14)

]E[ilmin] = /p(ﬁmin)flmindﬁmin (15)
2Wg

= —:_ 16

2lg — 1 (16)

One may also obtain all the moments E[(Amin)"] as
W (Lg — DI'2LA —2)'(n + 1)
'Ly +n-—1) '

Finally, coming back to our earlier analysis, the condi-
tion for I' being zero is to have P(E[Amin] > A), obtained
by replacing W in Eq. (9) with the expression of E[Amin]
in Eq. (15). Figures 4(c) and 4(d) depict similar results for
Lg =4 as for Ly = 1. We thus conclude that (i) regardless
of the value of Lg, our analytical treatment implies that the
threshold W™ to observe inhibited spin-transport increases
with increasing La, and (ii) that the fact is in qualitative
agreement with our earlier numerical finding, see Fig. 2(j).
Remarkably, the variation of the threshold is observed over
similar range of L, values in both theory and numerics.

E [(ﬁmin )n] =

7)

V. OUTLOOK

In summary, we have established that thermalization in a
disordered spin chain in contact with a weakly disordered (or
clean) chain is not always “typical” and may crucially depend
on disorder realizations and the size of the weakly disordered
chain. Moreover, for fixed Ly and Lp, our analysis gives
access to the regime of disorder strengths for which one can
rely on single-sample measurement to infer on the occurrence
of thermalization, or absence thereof. As mentioned earlier,
our results pertain to finite-size systems, whereas in the true
thermodynamic limit with fixed L4 /Lg and Ly, Lg — 00, the
non-self-averaging regime (II) is expected to disappear. Nev-
ertheless, our findings remain highly significant, as virtually
all experiments are conducted in finite-size settings. A notable
example is the inhomogeneously disordered optical lattice
implemented in Ref. [44] to investigate the avalanche pic-
ture. From this pragmatic standpoint, where both L4 and Lp
are fixed, and far from the thermodynamic limit, our results
identify a regime in which a single-sample measurement may
be misleading due to strong sample-to-sample fluctuations.

In passing, we also remark that two clean Heisenberg
chains with two different onsite fields and in contact become
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nonintegrable, and exhibit Wigner-Dyson statistics for level
spacing, leading to trivial thermalization [11,82]. In stark
contrast, if one of the chains (or both) is disordered, the
level-spacing statistics crosses over from Wigner-Dyson to
Poissonian, as demonstrated in Appendix F. When Wigner-
Dyson is not applicable and ETH might fail [35], our
work unveils how transport provides a probe to decide on
thermalization.

Our work opens up several future directions:

(1) While the observed growth of Wi with increasing
La could be argued on physical grounds, the emergence of
regime Il is somewhat surprising. Our results imply that
the crossover from absolute thermalization (regime I) to ab-
solute localization (regime III) is not smooth but instead
passes through an intermediate regime where neither ther-
malization nor localization is “typical.” We attribute this
nontrivial behavior to the full unitary evolution of the com-
bined system. A promising direction for future investigation
is to quantitatively assess how modeling part A as a GOE
Hamiltonian, or approximating it as a Markovian bath—as
commonly done in avalanche-based studies [43,49]—yields
results that deviate from the ones obtained under exact unitary
dynamics.

(2) While we have provided a perturbative analysis in
Sec. IV to account for the inhibition of transport in the strong-
disorder regime, a more refined microscopic understanding of
spin transport across all disorder regimes remains an interest-
ing avenue for further exploration. Additionally, studying our
inhomogeneously disordered model within a nonequilibrium
setup, as in Ref. [83], could offer deeper insights into general
transport phenomena.

(3) In our setup, we have considered that the two chains
are coupled via a single boundary spin. It would be interesting
to explore if and how the qualitative picture conveyed in
Fig. 1(b) is modified when (i) the two chains are connected
through multiple spins, or, (ii) chain B features long-range
interactions among its constituents. In particular, it is worth
investigating whether such modifications can enhance trans-
port in the strong-disorder regime.

Finally, much like the experimental verification of the
avalanche picture [44,45], our results and questions can
be readily investigated in ultracold atom platforms [84],
where Feshbach resonances [85] allow for precise control of
interaction strengths.
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APPENDIX A: EQUIVALENT OF FIG. 2 FOR THE CASE
WHEN SYSTEMS A AND B HAVE DISORDERED FIELDS
SAMPLED FROM A GAUSSIAN DISTRIBUTION INSTEAD
OF A UNIFORM DISTRIBUTION

We demonstrate in Fig. 5 that one arrives at the same
conclusions as in the main text if the disorder distribution in
Hamiltonian (1) is taken to be Gaussian instead of the uniform
distribution.

APPENDIX B: EQUIVALENT OF FIG. 2 FOR THE CASE
WHEN SYSTEM A IS CLEAN WITH CONSTANT FIELD 4

We demonstrate in Fig. 6 that one arrives at the same
conclusions as in the main text if the part A in Hamiltonian
(1) has a constant field instead of random fields sampled from
a uniform distribution.

APPENDIX C: EQUIVALENT OF FIG. 2 FOR THE CASE
WHEN SYSTEM A HAS UNIFORM DISORDER BUT THE
SYSTEM HAS PERIODIC BOUNDARY CONDITIONS

We demonstrate in Fig. 7 that one arrives at the same con-
clusions as in the main text if the entire system has periodic
boundary conditions. This implies that there are two points of
contact between chains A and B.

APPENDIX D: DERIVATION OF EQS. (6) AND (10)

We start with the model Hamiltonian in Eq. (4),

La—-1 La A
A=7YSSii+ Y hiS;+7S -5 + WaS;.
i=1

i=1

(D1)

Absorbing the SgS’f—term into the summation and using the
raising-lowering operators S'li = S’f + iS'l)f, we can rewrite the
Hamiltonian as

La—1 La—1

H = JZ S5 +8757) +JZf

Ay,

L+ Z h}S;

A

ar A A A
+ WsS§ + E(SO_SIJr —i—S(J{S]_). (D2)
Invoking the interaction picture with respect to the term
WgSZ, the interaction Hamiltonian reads as H; = /"85
(H — Wp83)e~ ™83 which ‘may be evaluated as follows. It is
easily seen that one has [Hy,, S, 5] = 0. Thus, the only non-

trivial term to be evaluated is e’WBSOZ LSy St + 8587 )eMaSiv,
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FIG. 5. The different panels in the figure show the same quantities as in Fig. 2, but with h;
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La
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A and h® sampled from Gaussian distributions

N (0, Wy), and NV (0, Wy), respectively. We fix Wy = 0.1. The figure shows that the information conveyed by Fig. 2 also holds when the choice

of distribution for the fields h? is changed from uniform to Gaussian

which can be done using the well-known Baker-Campbell-
Hausdorff identity:

e a o . N 79 LA
M Aem™ = A+ (VX Al + (12,) (X, [X, Al + .5
' (D3)
we get
Hy=Hy, + 5 (e'WstjSO + e’WB'SISO*> . (D4)

A1)

To proceed, we treat H'(t) as a weak perturbation to the
Hamiltonian H;, in calculating the FGR transition rate be-
tween the eigenstates of ﬁLA, specifically, for a transition from
eigenstate |a) to eigenstate |8). One may proceed as follows:
one prepares the system in the state |«) at time fHp = —o0,
and then turns on the time-dependent perturbation H'(t) at
time #y, which in course of time induces transitions between
the various eigenstates of Hy, . In the first-order perturbation
theory, the corresponding transition amplitude is given by
(see any standard reference on quantum mechanics, e.g.,

Ref. [74])

()

t ¥ ! A 7y ’
cﬂa(t)z—l lim / (Bl A’ (t"Ye " |a)dr’. (D5)
2 ty—>—00 f

Instead of turning on the perturbation instantly at 7y, we may
for convenience of evaluation of cgz)(t) turn it on slowly in

time, which is implemented by introducing the factor ™, as

t ‘Y A Ir% | ! !

Cha(t) lim [ (Bl A (1 )e i (o) dt’
2 n—0 o

to—> —00

—iJ lim (A eia)lgut’—iWBt/-H]l/

2 n—0 pe
to— —00
+ A%aeiwﬁat,+iWBl/+ﬂl/)dt/

iwpat —iWpt-+nt
[A

iwpt+iWgt+nt

—iJ .
— lim
2 n—0

e
pe (iwge — iWB + 1)

]

e

Ay — D6
P (iwpy + iWg + 1) (Do)
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FIG. 6. The different panels in the figure show the same quantities as in Fig. 2, but with system A having constant onsite fields #* = 1
instead of a disordered onsite field 42 as in Fig. 2. The figure shows that the information conveyed by Fig. 2 also holds when system A has a

constant onsite field.

where Ap, = (IS8 la) and A}, = (BIS; S |a). This
gives us

J2

1
0|’ = 7 lim eZ"’[mﬁaF

n* + (wgoe — Wa)?

|

The total FGR transition rate out of state |«), given by
Tas(p] = D pse 1Cpa(®)|%, is then obtained in the limit
t — ooas

Camap < O {1Apal*8(@pa + Wa) + 1A%, 8(wpa — Wa)},
B

[

1
712 + (wﬁa + WB)2

+ |G, I? (D7)

(D8)
which is Eq. (6) of the main text.

To derive Eq. (10) of the main text, let us consider the
case when the system B has more than one site, such that
Lg, the number of sites in system B satisfies 1 < Lg < La.
In this case also there is a timescale separation between
the dynamics governed by the Hamiltonians A’ and Hy,:
tﬁ,/tﬂLA = ||I-7LA||/||H’|| > 1. We label the spins in system B
as follows: The rightmost spin is labeled as 0, the one to its

left as 1, and so on up to Lg — 1. The spin labeled as Lg in the
expressions below is the first spin in system A, and it is this
spin that is shared between systems A and B. Now, the system
Hamiltonian will read as

A J oar Al A
H=H;, + E(SL*B,ISLB + 8, 155)
Lg—2

+5 2GS+ 5 S 0+
i=0

Lg—1

> rPS;.

i=0

(DY)

In the interaction picture with respect to Y 2" hBSE, the
interaction Hamiltonian reads as

A N B oia A _iB A A
— _ + — thy _ t &— +
H[ = HLA + E(e Lp-1 SLB—1SLB +e B! SLB—]SLB)
JLB—Z
i(hB—hB ) o+ &— i(—hB+nB ) o—a
+ 5 Z (el(hi ht+1)lSlj"Si+l e +h,+1)tSi Si':_l).
i=0

(D10)
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FIG. 7. The different panels in the figure show the same quantities as in Fig. 2, but with the system having periodic boundary conditions,

i.e., there are two points of contact between chains A and B. h? is sampled from a uniform distribution of width W,

= 0.1. The figure shows

that the information conveyed by Fig. 2 also holds when the system has periodic boundaries instead of open boundaries.

It is then clear that following the same procedure as followed
above for deriving Eq. (6), we will get the FGR rate to be of
the form

Ly—2

Toosip) Z Z |A<f>| 8(wpa + (¥ —hY,))  @ID
e WP — (2 2,
A o+, )
+ |A/(LB 1)| 5(50/301 _ hll?gfl)’ (D12)
where we have A(j) (,3|S+S 41le)  and Agi) =

(ﬁ|S Sj+l|oz). The above is Eq. (10) in the text.

APPENDIX E: GENERALIZED IRWIN-HALL
DISTRIBUTION AND DERIVATION OF EQ. (9)

Consider L random variables X; sampled independently
from a uniform distribution € [a, b], witha > 0, b > a. Next,
consider the sum Z = ZI-L:] X;, and our aim is to calculate
its cumulative distribution function (CDF). The moment

generating function (MGF) of Z is given by Mz(s) =
E[e?] = E[e'Zn %] = [T, E[e™] = (E[e™ ]} =
[Mx(s)]*, where we have used the fact that the X/s are
i.i.d. random variables. Let us make note of the fact that the
MGEF of the random variable X and the Laplace transform of
its probability density function p(x) = px(x) are related as

L{p(x)} = /0 e plx)dx = My (—s), (EL)

since one has p(x) = 0 for x < a. We also note that p(x) is the
derivative of the CDF Fy (x):

_ dFx(x)
Todx

p(x) (E2)

by virtue of the fact that Fx(x) = f(f p(t) dr. It then follows
that the MFG and the CDF are related by

dF(x)

Mx(—s) = E{ } = sL{F (x)} — F(0), (E3)
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which gives us the expression for the CDF as
Fy(x) =L { %Mx(—s)}, (E4)
since F(0) = 0. Using this to calculate the CDF of Z, we get
Fy(2) = ﬁ_l{éMz(—S)} = ﬁ_l{%[Mx(—S)]L} (E3)

Now, substituting for Mz(s) in the last equation, we get

—sb _ ,—sa7L
Fz(Z)=£_1{§|:ﬁ:| } fors £ 0.  (E6)

Taking the inverse Laplace transform yields the expression

=1 ; = (L RS —s[(b—a)k-‘raL]i“
F) =L {(b_a),,sm[g(k)( e .
(E7)

Now, using the fact that £ '{e “L{f}} = u.(t)f(t — a),
where u,(t) is the unit step function, we get

1 AV
F(z) = (b——a)LL!kgg<k>(_l) |:Z—(b—a)k—aLi|+,
(EB)
where we have
- if(x —§) >0,
O R U L

Note that Eq. (E8) holds for z in the range aL. < z < bL. From
Eq. (ES), one obtains Eq. (9). The CDF for the full range of z
will be

0 ifz < aL,
P7(z) = {Fz(z) ifal <z <bL, (E10)
1 ifz > bL.

APPENDIX F: LEVEL-SPACING STATISTICS OF TWO
CLEAN HEISENBERG CHAINS IN CONTACT

A quantum system is said to be chaotic if the normalized
distribution of spacing between consecutive energy levels fol-
lows the Wigner-Dyson distribution [12,87], an implication of
which is that the Hamiltonian spectrum shows level repulsion.
However, according to the Berry-Tabor conjecture [88], level
spacing for integrable systems follows a Poissonian distribu-
tion. Any nonintegrable chaotic system is known to satisfy
ETH and will thus thermalize [10,12], meaning that its local
observables will relax to microcanonical-equilibrium values.
Such a scenario does not hold for integrable systems that do
not follow ETH.

Let us consider the case of two Heisenberg chains A and B
with equal onsite fields #* and h®, respectively, which are put
in contact through a boundary spin shared between the two
chains. The Hamiltonian of the full A 4+ B system reads as

L-1
H=UY S-S+ Y S+mY §  (F)
i=1 ieA jeB

We obtain the level statistics corresponding to the
energy spectrum {E,} of the Hamiltonian H in the

0.50

0.48F
X Constant

=046 Disordered

0.44 1
0.42F

0.40F (b)

(J.O%.

FIG. 8. For Ly =4 and L, = 10, panel (a) shows a comparison
of the distributions of r for the case when sector B has constant
onsite fields (h® = 10.0) and disordered onsite field (Wi = 10.0).
In the former case, the distribution fits to the distribution Pgog(r),
see Eq. (F2), while in the latter case, the distribution fits to dis-
tribution Ppoisson (7)), Eq. (F3). Panel (b) shows how the average 7
crosses over from its value for Wigner-Dyson statistics to its value
for Poissonian statistics, i.e., from the value of 0.53 to the value of
0.39, with increasing Ah = Wy — kA, for the disordered case (the
black curve). However, for the case of constant onsite field (the red
curve), the average 7 remains close to the value 0.53 with increase in
Ah = h® — B2,

S. = 0 sector. Confining to the states in the middle of the
spectrum, we look at the statistics of the quantity r, = min
{84, 6wr1}/ max{Sy, gr1}, With 8, = E, — E11. As seen in
Fig. 8(a) for the case h* = 1.0 and h® = 10.0, we find the
corresponding distribution P(r) to be in excellent agreement
with the Wigner-Dyson distribution Pgog () corresponding to
a GOE, given by [89]

27 r+ r?
Pooe(r) = —

—06(1 —7r), F2
Tarrrpio0

which yields the average value ¥ = 0.5359. In contrast, when
system B has disordered onsite fields [field values for individ-
ual sites chosen independently and uniformly in [—Wg, Wi],
as considered in the main text; see Eq. (1)], the level statistics
of the entire system does not always satisfy the Wigner-
Dyson distribution (F2); instead, for strong disorder, the level
statistics satisfies a Poissonian distribution Ppoisson (7)) [89], see
Fig. 8(a):

PPoisson(r) = ®(1 - l’), (F3)

1472

yielding the average 7 = 0.386. As shown in Fig. 8(b), for this
disordered case, the quantity 7 as a function of Ah = (W —
h™) crosses over from the value of 0.535 to the value of 0.386
with increasing Ah. This implies that keeping the field values
in system A fixed, as one makes system B more and more
disordered, the entire system crosses over from being chaotic
to integrable. In such a scenario, ETH is not guaranteed [35],
which calls for a detailed study devoted to unraveling of ther-
malization in the system at hand, which is what we report on
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in the main text. In passing, we show in Fig. 8§ that in contrast
to the aforementioned disordered case, one has in the case of
equal onsite fields in both systems A and B that the average
7 as a function of Ah = (h® — h™) remains close to the value
consistent with Wigner-Dyson distribution (F2) and does not
show any trend of crossing over to the value consistent with
the Poisson distribution (F3). Thus, in this clean case, the
entire system remains chaotic for all values of A#, and hence,
the z-magnetization per spin of system B is guaranteed to relax
to equilibrium.

APPENDIX G: COMPARISON OF THE SIXTH, FOURTH,
AND SECOND CENTRAL MOMENTS

Identification of the threshold value, Wéh', requires the
quantity of choice to be able to resolve well the behavior
for different system sizes near the region where the quantity
crosses the nonzero threshold [black dashed line in Fig. 2(i)
and Figs. 9(a), 9(b), and 9(c)]. Figure 9 displays a side-by-

side comparison of j1s = (g — mp)®, ns = (Mg — mp)*, and

Wy = (mg — my)?, which clearly shows better resolution be-
tween different system sizes in the case of the higher moment.
This helps in better identification of W™,

x107° x10~4 x1073
1.0F
0.8} 8r
0.6f 6r
£ g
To4f 4r
0.2F 2F
0.0 p= 0=
= 100}
10°5F
1{)1 1(') ‘ fUi . 1(1 u'J‘ 1[)‘

Ws Wy Wy

FIG. 9. For the case when i and h® are drawn from uniform
distributions [—Wjy, Wa] and [—Wg, W] and with W, = 0.1, panels
(a), (b), and (c) show the variation of ¢, 144, and p, throughout the
whole range of W. Panels (d), (e), and (f) show a zoomed-in image
in the region where Wy is between 10 and 102,
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