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Fundamental scaling constraints for equilibrium molecular computing
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Molecular computing promises massive parallelization to explore solution spaces, but so far practical im-
plementations remain limited due to off-target binding and exponential proliferation of competing structures.
Here, we investigate the theoretical limits of equilibrium self-assembly systems for solving computing problems,
focusing on the directed Hamiltonian path problem (HPP) as a benchmark for NP-complete problems. The
HPP is encoded via particles with directional lock-key patches, where self-assembled chains form candidate
solution paths. We determine constraints on the required energy gap between on-target and off-target binding
for an acyclic HPP to be encoded and solved. We simultaneously examine whether components with the
required energy gap can be designed. Combining these results yields a phase diagram identifying regions
where HPP problems are both solvable and designable. These results establish fundamental upper bounds
on equilibrium molecular computation and highlight the necessity of nonequilibrium approaches for scalable
molecular computing architectures.
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I. INTRODUCTION

Frontiers of computing are expanding to tackle larger
problems and broader application domains. Beyond the re-
markable success of silicon-based computing, there is interest
in how alternative physical systems can provide novel ap-
proaches to computation and information processing. While
quantum computing has made tremendous progress in recent
years, achieving improvements over classical approaches [1]
and major advances in quantum error correction [2,3], there
has been comparatively less progress in molecular comput-
ing. However, molecular computing has innate advantages:
molecular components—such as self-assembling particles or
interacting polymers—can collectively explore vast configu-
ration spaces in parallel [4–7]. At the same time, biology itself
offers an existence proof for molecular computers: biological
systems demonstrate that collections of molecules paired with
directed energy sources can solve complex computational
problems.

Here, we consider the Directed Hamiltonian path problem
(HPP) as a benchmark problem for molecular computing. The
HPP is a canonical NP-complete problem that asks whether
there exists a path in a directed graph that starts and ends
at designated nodes and visits all nodes exactly once [8].
It is a well-posed problem where solving large instances is
challenging for conventional silicon-based hardware.

Leveraging molecular computers for NP-complete prob-
lems is an old idea; Adleman demonstrated that programmed
DNA hybridization reactions could solve the HPP for a seven-
node graph [9]. However, Adleman’s idea has since stagnated
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beyond proof-of-principle demonstrations, owing to key scal-
ing limitations [7,10]. As the problem size (N) increases,
the solution space expands combinatorially, yielding an ex-
ponential number of competing structures. Thus, suppressing
crosstalk and maintaining the requisite binding specificity
becomes prohibitively difficult—a constraint that has been
established quantitatively in the context of multicomponent
DNA and colloidal self-assembly [10–14]. This fatally hinders
reliable computations as the problem size increases (N → ∞).
Most work extending Adleman’s initial ideas focuses on com-
putation with biological molecules, including enzymes and
proteins, which likewise suffer from poor binding specificity
[15–19].

Yet, the key question is not whether existing biologi-
cal molecules can solve difficult computational problems.
Rather, it is whether there exists any molecular design for
the underlying molecules that simultaneously circumvents the
exponential growth of competing structures and avoids the
crosstalk catastrophe that limits the computational ability of
molecular systems.

Recent convergence of capabilities in synthetic biology,
protein engineering, and nanoscale manufacturing now pro-
vide practical technologies to enable more refined approaches.
In principle, such a design could operate in or out of equilib-
rium, with the only constraint being that it can be designed
with existing components. As an example, one may modify
the information carrying model with the binding charac-
teristics of components [20–22]. Alternatively, the binding
characteristics could change depending on the local environ-
ment of a bound particle [23–25].

Here, we consider a subset of this general problem and
ask whether it is possible to design molecular components
that can solve the HPP when the system is constrained to
be in equilibrium. We focus on two competing requirements:
(1) that a molecular system can encode and solve the target
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FIG. 1. Encoding the Hamiltonian Path Problem into a patchy
particle system. (a) A directed graph with four nodes and four
directed edges, including one Hamiltonian path A → B → C → D
(edges 1 → 2 → 3). (b) Each directed edge is represented as a
unique particle species with two patches: the source and target nodes.
(c) The interaction matrix encoding pairwise binding strengths be-
tween species. A strong interaction s is assigned if two edges are
consecutively connected in the graph; otherwise a weak interaction
w is used to model crosstalk. (d) The yield is defined as the partition
function of the target structure (the Hamiltonian path) divided by the
total partition function of all possible assembled chains.

problem, and (2) that the necessary interactions are designable
with realistic components. While prior work has established
that the required energy gap grows with the number of com-
ponents, the encodability and designability constraints have
not previously been treated simultaneously. We find that these
simultaneous constraints are in tension, and we demonstrate
that equilibrium assembly is only possible in a small sliver of
the designable phase space.

II. SYSTEM SET UP AND OPTIMIZATION

In contrast to Adleman’s pure DNA strand encoding of this
problem, we encode the HPP as a self-assembling system of
patchy particles: each edge in the directed graph corresponds
to a unique particle species, and each particle has directional
interacting patches corresponding to the source and target
nodes of that edge [Figs. 1(a) and 1(b)]. Two particle species
are designed to interact strongly if the target node of one
matches the source node of the other, and weakly otherwise
to model crosstalk, as shown in an example interaction matrix
in Fig. 1(c).

Self-assembled linear chains of interacting “edge” particles
represent candidate paths through the graph, including the

possibility of node mismatch due to crosstalk. The Hamilto-
nian path for a graph with N nodes, if it exists, corresponds
to a specific self-assembled sequence of N − 1 particles with
all strong interactions. In this paper, we restrict ourselves to
acyclic graphs which contain no loops; results and discussion
for general graphs (including cycles) are provided in Supple-
mental Material (SM) [26].

Specifically, in our molecular-computing framework,
“solving” the HPP means designing a system whose equi-
librium ensemble is concentrated on the correct assembled
structure. The molecular system does not calculate the yield;
it physically realizes it. Here, self-assembled chains represent
candidate paths, and the Hamiltonian path is a particular chain
of length N − 1. Since the equilibrium abundance of each
chain is proportional to its Boltzmann weight, an instance is
solvable only if the equilibrium weight of the Hamiltonian
path remains appreciable relative to the exponentially many
competing assemblies.

We analyze the system in the grand canonical ensem-
ble, where each species of edge particle i has an associated
concentration ci. Each pair of particles i, j interacts with
Boltzmann weight e−βEi j , where Ei j is the interaction energy
and β = 1/(kBT ). The interaction energy matrix then takes
the form

Ei j =
{

s, target node of i equals source node of j
w, otherwise, (1)

where s < 0 is the strong binding energy and w < 0 is the
average off-target binding energy, satisfying w > s. The yield
of the Hamiltonian path is given by the equilibrium fraction
of the Hamiltonian path partition function as YHP = ZHP/Zall,
where Zall is the total partition function summing over all
possible structures. An illustration of the yield of the Hamil-
tonian path is shown in Fig. 1(d). Following [11], Zall can be
exactly calculated using a transfer matrix method, allowing us
to express the yield as

YHP = ZHP

Zall
= (

∏
i∈HP ci )e−(N−2)βs∑

i, j ci[(I − B)−1]i j
, (2)

where B is a matrix with entries Bi j = e−βEi j c j . Given this
parametrization of the yield, we can optimize over component
concentrations to maximize the yield.

Before optimizing for concentrations, we note necessary
constraints on the energy gap, w − s. For the yield to be main-
tained, the energetic contributions must outweigh the entropic
ones for the desired structure. For the trivial case with no
extraneous edges outside the Hamiltonian path, the analysis
of heterogeneous one-dimensional chain self-assembly in [11]
directly yields the bound: w − s > 2 ln(N )kBT . As such, we
parametrize the energy gap with two parameters, a and b, as

w − s = a ln(N ) + b. (3)

In (3), a � 2 is the energy gap-scaling coefficient, which
determines the strength of the energy gap w − s, in units of
kBT/ ln(N ), and b � 0 is an offset parameter. We will demon-
strate below that solving general HPP instances will require
even stronger constraints on the gap-scaling coefficient a. A
key challenge in solving the HPP via the optimization frame-
work in [11] is that the target structure—the Hamiltonian
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path itself—is unknown. This precludes direct optimization
of its yield as in Fig. 1(d), as the correct path cannot be
explicitly enumerated in advance. Although the specific path
is unknown, any Hamiltonian path must contain exactly N − 1
edges in order to visit all N nodes once and only once.
Therefore, we can maximize a surrogate objective: the total
yield of all linear assemblies of length N − 1. We refer to this
quantity as the filtered yield. Physically, this corresponds to
restricting attention to chains of the correct length, e.g., by
a size-selection step. This filtered yield includes the desired
Hamiltonian path as well as competing structures of the same
length. Hence the ratio YHP/Yfiltered measures how uniquely
the Hamiltonian path is selected within the decoded sector.
Mathematically, the filtered yield is given by

Yfiltered = Zlength=N−1

Zall
=

∑
i, j ci[BN−2]i j∑

i, j ci[(I − B)−1]i j
, (4)

where B is defined as in (2). We then optimize the species
concentrations {ci} to maximize the surrogate objective
ln(Yfiltered), and use the resulting set of optimal {c∗

i } to eval-
uate the true yield of the Hamiltonian path YHP given in (2).
When YHP ≈ Yfiltered, nearly all chains of length N − 1 are the
Hamiltonian path, so filtering by length is sufficient to recover
the solution; when YHP � Yfiltered, the length-(N − 1) sector
is dominated by competing chains and the problem is not
reliably solvable by this equilibrium protocol.

We test and evaluate this method on randomly generated
directed graphs. The graphs are generated as follows: (1) a
single Hamiltonian path is constructed, in order to enable
ground-truth yield evaluation; (2) additional extraneous edges
are added with probability ρb; (3) these directed edges are
only added to “shortcut” the Hamiltonian path, thus restricting
the graphs to be acyclic (see an accompanying python note-
book [27] for details). For general graphs with loops, there is
an exponential proliferation of competing structures with all
strong bonds (see additional results and discussion in the SM
[26]). Under these restrictions, the expected number of edges
in an acyclic graph with N nodes is given by

Nedge = N − 1 + ρb

2
(N − 1)(N − 2). (5)

For each N ranging from 5 to 100 nodes, we randomly
generate 200 graphs following the above process and per-
form the optimization over concentrations for each graph
independently.

Figure 2(a) shows the yield behavior as a function of
graph size N for a representative energy parameter choice
a = 6.0, b = 2.0 [defined in (3)]. In the upper panel, we plot
the median of the logarithmic filtered yield (blue) and the
Hamiltonian path (HP) yield (red) over 200 graph instances.
Individual points indicate yields for each realization, while the
variability—defined as the difference between the 75th and
25th quartiles—is used to quantify fluctuations and is shown
in the lower panel of Fig. 2(a). Beyond a critical threshold
value of N , denoted by Nc, a sharp separation between fil-
tered yield and HP yield emerges, with an abrupt drop in
the HP yield. The variability also peaks sharply near the
critical Nc, reflecting the coexistence of two nearly degenerate
free-energy states—the ordered HP and disordered misbound
configurations.

This critical transition becomes more apparent when ex-
amining the effect of varying the gap-scaling coefficient a,
as shown in Fig. 2(b). To quantify the observed scaling, we
collapse the yield curves using the ansatz:

ln(YHP) = aαF

(
N

aη

)
(6)

for some function F , with fitted exponents η = 1.222
(R2 = 1.000) and α = −0.178 (R2 = 0.485), as shown in the
inset of Fig. 2(c). The excellent collapse along the N/aη axis
confirms that the transition is governed by a scaling law,
resembling a first-order phase transition.

We extract the critical size Nc for each a based on a yield
threshold criterion: ln YHP < −10. This threshold is robust,
as the HP yield decreases rapidly and consistently near the
transition. We can also independently extract Nc as the point
where the variability spikes. As shown in Fig. 2(c), the critical
Nc values extracted from the yield drop (red) agree closely
with those inferred from the peak of the variability fluctuation
curves (blue), providing independent validation. These results
are consistent with a first-order-like transition, with the HP
yield serving as the order parameter. The system exhibits
competing free-energy minima: an energetically favored or-
dered HP configuration and an exponentially large manifold
of competing structures favored entropically. As N increases,
the entropic manifold gains weight until, at N = Nc, the two
basins become comparable.

To further understand this, in Fig. 2(d) we examine the
critical energy gap �Ec = w − s = a ln Nc + b versus Nc for
varying ρb and b values. The critical energy gap required to
reliably assemble the HP increases with both system size N
and ρb. The parameter ρb controls the number of possible
extraneous structures that can compete with the HP. All curves
collapse by ρb, indicating that the density of extraneous edges
sets the universal energy–entropy balance of this problem. We
derive the total partition function of all length-(N − 1) chains
in closed form via a generating function approach (see details
in SM [26]), and show the asymptotic scaling to be

a(Nc) = �(ρeff )

ln Nc
Nc + O(1), (7)

where �(ρ) = 2 ln (1 + √
ρ ), and ρeff is an effective edge

density that incorporates unequal particle concentrations, and
reduces to ρb when component concentrations are equal.
However, in the N range we probed here, the logarithmic
correction is of order unity, so a simple linear fit effectively
captures the data: the dashed line in Fig. 2(c) provides an
excellent linear fit with R2 = 0.9983. For simplicity, we use
this linear approximation in the designability discussion that
follows. On the other hand, (7) also implies that the critical
energy gap, �Ec, scales linearly with Nc:

�Ec ∼ �(ρeff )Nc. (8)

This explains the near linear dependence observed in
Fig. 2(d), with slopes dependent on ρb.

III. DESIGNABILITY OF INTERACTIONS

Now that we have a protocol for optimization without prior
knowledge of the solution, we must ask whether the interac-
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(a) (b)

(c) (d)

ln

ln

ln

FIG. 2. Scaling of HP yield and phase transitionlike behavior. (a) Upper: Median log yield of filtered assemblies (blue) and Hamiltonian
path assemblies (red) as a function of graph size N for a = 6.0, b = 2.0, w = 0.0, ρb = 0.1. Points show individual graph instances; error bars
indicate interquartile range. Lower: Variability of log yields across graph instances for the same parameters. (b) HP yield curves as a function
of graph size N for various gap-scaling coefficients a. Other conditions are the same: b = 2.0, w = 0.0, ρb = 0.1. Inset: Curves for different
a collapse under the scaling form ln YHP = aαF (N/aη ). (c) Critical graph size Nc extracted from yield drop (red) and variability peaks (blue).
Dashed line: best linear fit with R2 = 0.9983. (d) Critical energy gap w − s = a ln Nc + b as a function of Nc.

tions required to encode and solve the HPP are designable, at
least in principle. In order to encode and solve the HPP in a
molecular system, one must be able to design Nedge distinct
bindings for each of the graph edges while ensuring that the
difference between on-target and off-target bindings, w − s, is
sufficiently large.

We model potential bindings as a lock-key pair of chains,
each of length L with components drawn from an alphabet
of size A containing the “letters” {1, . . . , A}. A diagram of
this setup with locks denoted by x(i) and keys denoted by y(i)

is shown in Fig. 3(a). Suppose that on-target bonds between
matching letters have average energy εs < 0, and off-target
bonds have binding energy εw < 0, with |εw| < |εs|. Then, the
average strong binding for a chain of length L is s = εsL and
the average weak binding energy is w = εsn̄w + εw(L − n̄w ),
where n̄w is the average number of matching letters between
two off-target chains.

Thus, in order to encode the HPP into a system with al-
phabet size A, one must find Nedge bindings of some length
L so that the energy gap between on- and off-target binding

satisfies

w − s = εsn̄w + εw(L − n̄w ) − εsL � a ln(N ) + b. (9)

To consider self-assembly processes over experimentally
realistic timescales, we require that s is fixed below some
threshold. With a fixed |s|, we must then require εs = s/L,
so that εs is smaller for larger L. A similar scheme is
presented for magnetic systems in [28], with s = −10kBT .
With fixed strong bonding s, the “encodability” bound (9)
becomes

|s|
(

1 − n̄w

L

)(
1 − εw

εs

)
� a ln(N ) + b. (10)

For a molecular system with the three design parameters of
energy fraction εw

εs
, overlap fraction n̄w

L , and the maximum
allowed s, (10) yields the maximum allowed a and b values
that can be realized for a given N .
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1 3 1 … 2

3 1 1 … 1

1 3 1 … 2

1 3 1 … 2

( ) ( ) ( ) … ( )

( ) ( ) ( ) … ( )

, ( )
∈ {1,… , }

, ( )
∈ {1,… , }

⋯ ⋯

Example on-target     Example off-target

1 3 …1 … 2 1 …

[2 3 1 0 0]
[1 0 2 2 2]
[0 2 1 1 2]
[1 0 3 1 2]
[0 3 1 2 0]
[1 1 3 3 2]
[3 3 0 3 1]
[0 1 3 1 0]
[1 0 3 3 0]
[2 3 1 1 1]

[3 3 1 0 3]
[3 1 2 0 1]
[1 3 3 1 0]
[3 2 2 2 1]
[1 0 2 3 3]
[2 3 3 3 2]
[2 1 3 1 0]
[1 1 3 0 1]
[1 2 3 3 2]
[1 3 1 1 2]

[1 2 0 0 2]
[2 0 0 2 1]
[2 0 2 3 0]
[2 2 0 2 0]
[1 1 3 1 2]
[0 1 1 2 0]
[2 2 2 0 1]
[2 2 0 3 3]
[0 1 0 2 1]
[3 2 2 3 3]

[0 3 2 1 1]
[1 1 2 3 3]
[2 2 0 1 1]
[3 1 1 2 3]
[0 2 1 3 3]
[3 0 1 0 3]
[2 0 0 2 1]
[0 3 3 0 2]
[2 3 1 0 1]
[3 3 2 2 2]

[0 1 0 2 3]
[2 0 0 0 0]
[3 2 3 0 0]
[1 0 0 3 2]
[3 0 2 1 3]
[3 2 0 1 2]
[0 2 2 2 0]
[0 3 2 1 3]
[0 1 0 0 0]
[1 0 1 2 3]

(a) (b)

(A)

FIG. 3. Binding design scheme and agreement with analytic expression. (a) Binding sites between particles are modeled via a lock-key
pair of chains of length L with components chosen from an alphabet of size A. On-target “letters” have an average energy of εs and off-target
components an average energy of εw , to model crosstalk. Examples of an on-target binding pair and an off-target pair are shown, where A = 3
and L = 5. The on-target binding has total strength s = εsL. (b) Overlap fraction n̄w

L as a function of alphabet size, A. The analytic lower
bound (11) and a numerical simulated annealing protocol show good agreement. An example of bindings for A = 4 and L = 5 generated via
simulated annealing is shown.

A lower bound for the parameter n̄w

L can be found in terms
of the alphabet size A by (see SM [26] for details)

n̄w

L
= (A − r)q2 + r(q + 1)2 − Nedge

Nedge(Nedge − 1)
, (11)

where q = 
Nedge/A� and r = Nedge mod A. When Nedge

is divisible by A this simplifies to n̄w

L = 1
Nedge−1 ( Nedge

A − 1).
Figure 3(b) shows good agreement between the analytic lower
bound (11) and a numerical simulated annealing protocol. In
the limit where Nedge � A, this lower bound becomes n̄w

L ∼ 1
A .

This makes sense as given a particular “lock” component x(i)
k ,

there is a probability of 1
A that an off-target “key” component,

y( j)
k , will match. Then, the total expected number of overlaps

between off-target pairs x(i) and y( j) is n̄w = L
A .

IV. PHASE DIAGRAM FOR ENCODING AND SOLVING
HPP PROBLEMS

Using the results of the previous two sections, we can now
determine the largest graph size for an HPP to be encoded
and solved by a given molecular system in equilibrium. By
imposing equality in (10) and substituting the lower bound
on n̄w

L from (11), we obtain the maximal attainable values
of a and b for any molecular system with alphabet size A
and off-target energy fraction εw

εs
. In Fig. 4, we provide a

phase diagram showing regions where the design of certain
components is possible and regions where the HPP is solvable.
The intersection of these regions is where it is feasible that
a given designed molecular system can encode and solve
an HPP.

The phase diagram in Fig. 4 shows regions for an ideal
molecular design, a synthetic magnetic panel system from
[28], and a toy model of DNA. The ideal design features a

very large alphabet size A and zero crosstalk between letters,
εw

εs
= 0, maximizing the attainable energy gap in (10). Even in

this ideal case, however, the molecular system can solve the
HPP only up to a finite graph size. For the representative pa-
rameters s = 10, b = 0, and ρb = 0.1, the maximum solvable
graph size is N = 19.

In the magnetic system [28], sets of magnetic dipole pan-
els were designed to minimize crosstalk between off-target
panels. The phase diagram yields an estimate of the largest
HPP that could be solved with their 12-panel system, treat-
ing the magnetic panels as the system’s letters (A = 12).
For the experimentally realized design with three dipoles
per panel—corresponding to an off-target energy fraction of
εw

εs
= 0.66—the maximum designable and solvable graph

problem has five nodes.
For our estimated DNA model, we use an alphabet size

of A = 4, corresponding to the canonical base pairs. To es-
timate the off-target energy fraction εw/εs, we use the worst
case overlap between off-target base pairs from [29], namely,
Guanine-Guanine with binding energy −2.22 kcal/mol. On-
target base pair energies are −12.1 kcal/mol for A–T and
−21.0 kcal/mol for G–C [30]. Taking the latter as the repre-
sentative on-target value, we obtain an estimate of εw/εs ≈ 0.1
for a DNA-like system. We note that our DNA-like system is
a toy model: it does not instantiate the actual base pair binding
energies but instead fixes the total strong bonding energy s as
well as the ratio εw/εs.

Table I lists further example systems with the largest possi-
ble solvable HPP problem for each case. Phase diagrams and
additional results for these systems (along with the “Pacman”
particles from [31]) can be found in SM [26].

In both the ideal case and in these specific examples, Fig. 4
demonstrates that for this problem, there is a fundamental
tension between designability and solvability. With increasing

025403-5



CRAWLEY, ZHU, AND BRENNER PHYSICAL REVIEW E 114, 025403 (2026)

(

(
)

)

FIG. 4. Phase diagram for designable molecular systems that can solve HPP problems. Phase diagram for encoding and solving an HPP
in equilibrium, with parameters b = 0, s = 10, ρb = 0.1. For the ideal case with large A and εw

εs
= 0, the largest solvable graph has 19 nodes.

Using a heuristic for DNA base pairs as the letters, with A = 4 and εw/εs = 0.1, the largest graph has 13 nodes. Using the magnetic dipole
system from [28] as the “letters,” with A = 12 and εw

εs
= 0.66, the largest solvable graph has five nodes.

N , a larger number of components need to be designed, so the
maximum energy gap between on- and off-target components
(governed by a) decays. On the other hand, for the HPP to
be encoded and solved, a must increase with N [as shown
in Fig. 2(c)]. These competing constraints ensure that even
in the ideal design case, there is a stopping point for the
largest possible solvable problem in equilibrium. Moreover,
this is a best case scenario bound: our model for component
design assumes lock and key binding strings exactly overlap,
and the method we outline for solving HPP problems by
optimizing for the filtered yield holds only for acyclic graphs.
The existence of a maximum possible problem size, even in
this best case scenario, motivates that molecular computing
in equilibrium cannot scale robustly enough to solve larger
and more complex problems. Moreover, since the equilibrium

yield is an upper bound on the yield of such a self-assembly
protocol, the scaling limits found here are conservative: ki-
netic barriers and finite equilibration times can only further
reduce the yield. We propose that to do this, one will need
to include out-of-equilibrium protocols, such as imposing
constraints on particle supply [10] or incorporating kinetic
proofreading mechanisms [23,32,33].
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TABLE I. Design and HPP-solving parameters for several example systems and the maximum size N that can be attained.

Design HPP

System A Mean εw/εs |s| (kBT ) b ρb Max. N

Ideal system ∞ 0 10 0 0.05 22
Ideal system ∞ 0 10 0 0.1 19
Ideal system ∞ 0 10 0 0.3 15
3-Dipole magnet panels (b = 0) 12 0.66 10 0 0.1 5
3-Dipole magnet panels (b = 2) 12 0.66 10 2 0.1 None
25-Dipole magnet panels (b = 0) 12 0.33 10 0 0.1 13
25-Dipole magnet panels (b = 2) 12 0.33 10 2 0.1 11
DNA (estimate, ρb = 0.05) 4 0.1 10 0 0.05 14
DNA (estimate, ρb = 0.1) 4 0.1 10 0 0.1 13
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