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Correlated disorder suppresses solitary-wave attenuation in Hertzian chains
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Mass disorder attenuates solitary waves traveling through Hertzian chains in a way that resembles viscous
damping, even though the microscopic dynamics remains Hamiltonian and conserves energy. We show that this
attenuation depends not only on the strength of the disorder, but also on its spatial organization. While the leading
pulse remains identifiable, simulations reveal an approximately exponential decay, with an attenuation rate
proportional to the mass variance in the weak-disorder regime. At fixed variance, spatial correlations are found
to considerably reduce the attenuation rate. We describe this suppression using a spectral-overlap framework,
in which attenuation depends on how the disorder spectrum couples to the response of the solitary wave. This
response is measured directly using sinusoidally graded chains: long-wavelength variations interact weakly with
the pulse, whereas variations at shorter spatial scales scatter it more strongly. The apparent damping therefore
reflects a redistribution of energy from the coherent pulse into secondary excitations and an irregular wake, rather

than true dissipation.
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I. INTRODUCTION

Solitary waves in granular chains are one of the best-
known realizations of strongly nonlinear wave transport in an
experimentally accessible many-body system (see schematic
drawing in Fig. 1). In the modern theory of nonlinear waves,
the conceptual background begins with the Fermi-Pasta-
Ulam problem and the subsequent work of Zabusky and
Kruskal, which showed that nonlinearity and dispersion can
combine to produce localized, particlelike excitations rather
than irreversible thermalization [1,2]. Granular chains offer
a particularly striking setting because they are both discrete
and strongly nonlinear at the microscopic level: neighbor-
ing beads interact through the Hertz contact law, and at
vanishing precompression the linear sound speed goes to
zero. Nesterenko identified this regime as a sonic vacuum
and showed that impacts generate compact, strongly nonlin-
ear compression pulses rather than ordinary phonons [3-5].
Experiments and simulations later confirmed the existence,
width, and amplitude-dependent speed of these pulses, estab-
lishing them as the canonical solitary waves of granular media
[5-8].

The same systems also support shocklike propagation
regimes. In dissipative chains, sustained or sufficiently strong
compression generates traveling shocks rather than isolated
solitary pulses [9]. In jammed and weakly compressed gran-
ular matter, the dominant carriers of energy can become
nonlinear shock fronts instead of linear sound waves [10].
Disorder adds a further layer of complexity: random masses,
contacts, or geometry scatter the coherent pulse and redis-
tribute its energy into a fluctuating wake [11,12]. In the
weak-disorder regime the pulse still forms, but it attenuates
as it propagates.
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The present work is motivated by a particularly suggestive
observation relating disorder and dissipation [12]. In disor-
dered fragile granular packings it was found that the leading
solitary wave decays exponentially at early times, and that the
resulting profiles look remarkably similar to those obtained
from genuine viscous damping. This is puzzling because static
disorder is Hamiltonian and time-reversal invariant: it does not
remove energy from the chain. The weak-disorder quasiparti-
cle picture of Ref. [12] explains the exponential decay and its
dependence on the disorder variance, but it depends only on
the variance and therefore cannot distinguish between white
and correlated disorder.

Our numerical results show that this is not sufficient. At
fixed mass variance, increasing the spatial correlation length
of the disorder suppresses the attenuation dramatically. This
immediately suggests that the key quantity is the spectrum
of the disorder. The central aim of the paper is to formulate
that idea for the observable actually measured in simulations:
the amplitude of the leading coherent solitary pulse. We use
a general weak-disorder quadratic-response representation in
which the decay rate is a spectral overlap between the disorder
power spectrum and an effective pulse kernel. A collective-
coordinate projection identifies the clean acceleration profile
as the leading drive and motivates a bare approximation to the
kernel; it does not determine the complete adjoint-, radiation-,
and memory-resolved response. We therefore test the effective
response operationally, both with correlated random disorder
and with sinusoidally graded chains carrying a single spectral
component.

This framing helps clarify the apparent viscosity paradox.
Disorder does not dissipate energy microscopically. Instead,
it induces a progressive loss of coherence of the leading
traveling pulse, while the energy is redistributed into
fluctuations and secondary excitations. When the dynamics
is projected onto the coherent-pulse sector, that redistribution
appears as an effective damping. In this sense disorder acts
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FIG. 1. Schematic drawing of a Nesterenko solitary wave travel-
ing through a granular chain.

like viscosity for the leading solitary wave, although the full
Hamiltonian dynamics remains time-reversal invariant and
conserves total energy.

This work is organized as follows. Section II introduces
the Hertzian chain, the clean solitary pulse, and the measured
observable. Section III develops the weak-disorder effective-
response framework, explains the collective-coordinate moti-
vation for the acceleration proxy, and states the limits of the
approximation. Section IV describes the numerical protocol
and baseline tests. Section V presents the random-correlation
and single-mode results. Section VI discusses what is es-
tablished, what remains approximate, and the experimental
implications. Details of the projection attempt and the reg-
ularized inverse estimate are retained in the Appendixes as
motivation and diagnostics, respectively.

II. HERTZIAN CHAIN, SOLITARY WAVES, AND SHOCKS

A. Discrete chain

We consider a one-dimensional chain of spherical beads
with displacements ¢;(#) and masses

m; =mo(l +ep;), (wi) =0, (uip;)=Cj;. (1)

The equations of motion are
Fivi =K(qi—q)7 ", ()

with (x)+ = max(x, 0) and ¢ = 5/2 for Hertzian contacts. We
will work at zero precompression, where the chain is a sonic
vacuum in Nesterenko’s sense [3,4]: the linear sound speed
vanishes, and finite-amplitude impacts generate strongly non-
linear compression pulses.

For uncorrelated disorder the p; are independent unit-
variance Gaussian variables. For correlated disorder we
generate white Gaussian noise, convolve it with a Gaussian
kernel of width &, subtract the finite-chain mean, and renor-
malize to unit variance. Every mass array used in the analysis
was verified to satisfy m; > 0; the revised generator rejects
and redraws any field that fails this check. Since the au-
tocorrelation of a Gaussian kernel is again Gaussian, with
the variances adding under convolution, the resulting lattice
correlator is well approximated by [13]

miq; = ri—1,i — I'i+1,

2
C(j) = (Haties) = exp (—4]?> 3)

and the corresponding disorder spectrum is the discrete
Fourier transform of the correlator,

oo

Suk;€)= Y C(e™, kel-m 7], 4

j=—00

which is the lattice version of the Wiener-Khinchin relation
between the two-point correlator and the power spectrum [14].
In the white-noise limit £ = 0 one simply has S, (k;0) = 1.

B. Clean Nesterenko pulse

The solitary pulse of the Hertzian chain is most naturally
introduced in terms of the compressive strain §(x, ¢) or overlap
field. In the long-wavelength approximation one seeks travel-
ing solutions of the form §(x, 1) = §(¢) with ¢ = x — vt. For
Hertzian interactions the resulting continuum equation sup-
ports the well-known Nesterenko pulse, which provides an
excellent description of the strongly nonlinear solitary waves
observed in simulations and experiments [4,5]

S 4(_¢ gan
0= | e ) KISERR )
, otherwise

for the Hertz exponent « = 5/2. Here R is the bead radius and
dm 1s the peak overlap. The support of Eq. (5) spans

Ly, =7vV10R~ 5a, a=2R, (6)

which is why the pulse occupies about five bead diameters
in experiments and simulations. The contact force scales as
F o 8%? o cos®, and the pulse speed obeys the characteristic
amplitude law,

vs o 84 oc EMS, (7)

with F,, the peak force [4,5]. These relations are the basic
signatures of strongly nonlinear solitary-wave transport in
Hertzian chains.

Equation (5) is an accurate continuum approximation, not
an exact discrete solution of Eq. (2). In the calculations below,
whenever we need the clean pulse profile we extract it directly
from a clean simulation of the discrete chain. We nevertheless
write Eq. (5) explicitly because it remains the most compact
statement of what the Hertzian solitary wave looks like and
how its width and speed scale.

C. From solitary waves to shocks

Granular chains and packings can display both solitary-
wave and shocklike propagation, depending on the type of
driving, the amount of dissipation, and the confining pres-
sure. Nesterenko showed that, in the sonic-vacuum regime,
elastic energy is transported by strongly nonlinear solitary
pulses [3.4]. Later experiments confirmed several character-
istic properties of these waves, such as their nearly constant
width, their amplitude-dependent speed, and their scatter-
ing at interfaces and boundaries [6—8]. When dissipation is
present, chains can also support traveling shocklike fronts [9].
Likewise, under continuous compression, weakly confined
granular matter develops nonlinear propagating fronts that are
better understood as shocks than as ordinary linear sound
waves [10]. In disordered media, the evolution is richer: the
leading solitary pulse attenuates exponentially at early times,
but at longer times the dynamics crosses over to a broader tri-
angular envelope with a different, power-law-like attenuation
mechanism [12,15]. Here we focus exclusively on the early
regime, where the leading solitary pulse remains identifiable
and its attenuation rate can be measured cleanly.
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D. Measured observable

The observable whose attenuation we analyze is the ampli-
tude of the leading coherent pulse. In practice we locate the
rightmost identifiable velocity maximum in each time slice,
refine its position and height by parabolic interpolation, and
average the resulting peak amplitudes over disorder realiza-
tions. When the pulse remains well separated from the trailing
fluctuations, the ensemble-mean amplitude obeys

(A(n)) = Age™™, ®)

where n is the distance traversed in bead units and I' is the
attenuation rate per bead. The late-time triangular envelope
discussed in Refs. [12,15] is a different object and is not
described by Eq. (8).

III. SPECTRAL RESPONSE OF THE COHERENT PULSE

The main physical idea is simple. Two mass landscapes can
have the same variance but distribute that variance over dif-
ferent spatial wavelengths. Because a solitary pulse samples
several neighboring beads at once, those wavelengths need
not attenuate it equally. We therefore describe the attenuation
as an overlap between the disorder spectrum and the spectral
response of the pulse.

A. Weak-disorder spectral response

We assume that the mass disorder is weak, has zero mean,
and is statistically stationary along the chain. We also restrict
attention to the propagation window in which the ensemble-
mean leading-pulse amplitude is well described by Eq. (8).
Because the disorder has zero mean, its contribution to the
averaged rate has no term linear in the disorder amplitude. The
leading contribution is quadratic and can therefore be written
in terms of the covariance C(r) as

T[C] =€) Kea(rC(r) + Rr,

Iﬁ—>0 (e — 0), 9

€2
where K. (7) describes how correlations separated by r beads
contribute to the attenuation of the leading coherent pulse.
For stationary disorder, Eq. (9) is equivalently expressed in
Fourier space as

T
rE) = ezf g Su(k; ) Werr (k) +Rr. (10)
Here S,,(k; &) is the disorder power spectrum and Weg (k) is
the effective spectral response of the measured pulse ampli-
tude. Only its real, even part contributes for the covariances
considered here.

Equation (10) is the central representation used below.
It states that attenuation is controlled not only by the total
disorder variance, but also by where that variance lies in wave-
number space. The kernel Weg (k) measures how efficiently
each spatial wave number removes amplitude from the leading
pulse.

One may ask why Egs. (9) and (10) pair the two spectra
inside an integral instead of multiplying them at each k, as a
linear-response relation between two fields would. The reason
is that T" is not a field: it is a single number attached to a

moving object and measured in the frame that follows the
pulse maximum, so the free spatial argument that a convolu-
tion theorem would convert has already been removed by the
measurement. The convolution is present one order earlier. In
the comoving frame the first-order disorder-induced drive on
the coherent amplitude is

AV =€) gali = X(Olpj = e(gear * WX )],
J

where X (¢) is the pulse position in bead units and gy is
the projection-weighted filter of Appendix A, localized on
the scale of the pulse width. In the bare constant-projection
approximation the filter reduces to the clean acceleration pro-
file of the pulse, gso1(j) X hso1(j) = (j;"l; its Fourier transform
defines the bare kernel Wi, of Eq. (12) below.

The pulse therefore acts as a linear spatial filter, weighting
the landscape across its own support, but the measured rate
is a second moment of that filtered signal: the drive at one
instant must be propagated and reprojected against the drive
at another (Appendix A). Averaging over stationary disorder
contracts the two lag indices, and Parseval turns the result-
ing real-space pairing into Eq. (10). The pointwise product
one expects is in fact inside the integral: S, (k)Weg (k) is
the spectral contribution to the quadratic drift of the coher-
ent amplitude, and I' is its integral over the zone. In the
bare approximation, where Whge (k) o |g':01(k)|2, that con-
tribution is literally the power spectrum of the drive and
the relation is the standard transfer-function statement; for
the full memory- and radiation-resolved kernel the same
reading is not automatic. The overlap structure itself is fa-
miliar: it appears in the Born approximation for a wave in
a random medium, where an inverse mean free path is an
overlap of the disorder spectrum with a form factor set by
the scatterer [16,17], and in a Green-Kubo transport coeffi-
cient. In both, a spectrally resolved input produces a scalar
output.

This representation does not, by itself, provide a micro-
scopic calculation of W,g. The kernel includes the response
of the pulse position and shape, as well as energy transferred
to secondary pulses and to the fluctuating wake. The measured
scaling T o €2 supports the leading quadratic approxima-
tion, while the approximately exponential decay supports
the use of a fitted local rate over the reported propagation
window. Neither observation determines the complete ker-
nel or proves that the full chain has a memoryless reduced
dynamics.

B. Acceleration-spectrum proxy

To obtain a simple prediction for the shape of the response,
we ask how mass disorder first enters the dynamics. Expand-
ing about the clean solitary-wave trajectory shows that the
leading disorder-induced force on bead i is

FP@) = —€ wimog® (). (11)

Thus, at first order, the local mass variation is weighted
by the acceleration of the clean pulse. This suggests that
the squared Fourier amplitude of the clean acceleration pro-
file provides the simplest bare approximation to the spectral
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I'eSpOIlSGI
Whare (k) o [hsor (k)2
hoot () =Y oot (j) e 7. (12)
J

Here hy(j) = éjj‘" is the spatial acceleration profile of the
clean pulse at a fixed reference time, with j labeling beads
relative to the pulse center and support of about five beads,
and hg, (k) is its discrete Fourier transform; i is the imagi-
nary unit. Because the clean pulse translates with essentially
fixed shape, hg(j) is equivalent to the acceleration history
of a single bead under j <> —uvyf/a. hyy is extracted from a
clean discrete-chain simulation at the corresponding impact
speed. We use Eq. (12) only as a parameter-free prediction
for the normalized shape of the response. It is not identified
with the complete kernel Weg. Projecting the forcing onto
the amplitude of a moving pulse requires the appropriate
phase-space response mode, and the result can also be mod-
ified by pulse-shape relaxation, secondary-wave emission,
and delayed feedback from the wake. These contributions
are summarized by W and are measured operationally
below using sinusoidally graded chains. The corresponding
collective-coordinate and linear-response formulation is given
in Appendix A.

C. Uniform and long-wavelength mass variations

The zero-wave-number limit provides an exact constraint.
A k = 0 perturbation changes all bead masses by the same
amount and therefore leaves the chain spatially homogeneous.
Such a change can modify the pulse speed, launch transient, or
reference amplitude, but it cannot produce cumulative attenu-
ation by scattering from mass inhomogeneity. Consequently,

Weir (0) = 0. (13)

The bare acceleration proxy has the same property because
the internal contact forces telescope when summed over the
chain, giving ) ; s01(j) = 0 and hence 1 (0) = 0.

Equation (13) explains why sufficiently smooth mass vari-
ations produce little scattering. It does not, however, prove
that attenuation must decrease monotonically with correlation
length: the behavior at finite £ depends on the full finite-k
structure of Wegr. The monotonic suppression observed over
0 < & < 6is therefore a numerical result, tested below against
the independently measured spectral response.

Finally, the normalized clean-acceleration spectrum
changes only weakly over the simulated impact-amplitude
range because the solitary pulse remains about five beads
wide. This gives a qualitative explanation for the weak
amplitude dependence of the measured rate, without claiming
a complete microscopic prediction.

D. Equivalent viscous damping

The relation between disorder-induced attenuation and vis-
cous damping is easiest to see in a continuum traveling-wave
description of a Hertzian chain, written in the style commonly
used for nonlinear waves and shocks in granular media. Let
8(x, t) denote the local strain (or overlap) field. In the absence
of precompression, the continuum equation for § is nonlinear

and dispersive, and it supports localized traveling pulses. If
one adds a linear viscous contact damping with coefficient
n, and then looks for a traveling-wave solution §(x, ) = §(F)
with

Fer— 2, (14)

Us

the partial differential equation reduces, after integration, to
an ordinary differential equation of the form [10]

d’s dWy dé

dr? ds di
The first term on the right is conservative and can be written
in terms of an effective potential Wy(8). The second is a
linear friction term. Thus, in the comoving coordinate 7, the
traveling pulse is mathematically equivalent to an effective
particle moving in the potential W, and subject to viscous
damping. In the undamped case (n = 0), the solitary wave
corresponds to a homoclinic orbit of this effective-particle
problem; when 1 > 0, the same reduced equation predicts an
exponential attenuation of the coherent pulse.

This provides a natural way to define an equivalent viscos-
ity for the disordered chain. Our disorder calculation yields
an exponential decay of the coherent-pulse amplitude with
rate ['(§) per bead. Converting this to a decay rate per unit
time gives (vs/a)I"(§), since the pulse advances by one lattice
spacing a in a time a/vs. Matching that decay rate to the
friction term in Eq. (15) defines

Neq(§) =

15)

Us
g L) (16)

Equation (16) is the precise sense in which “disorder acts as
viscosity” here. The underlying chain remains Hamiltonian
and does not lose energy microscopically. Rather, ¢ is the
viscous coefficient that, in the reduced traveling-wave descrip-
tion, would produce the same attenuation rate of the coherent
leading pulse as the Hamiltonian scattering and redistribution
caused by disorder.

Because the pulse moves through the quenched landscape,
a spatial Fourier component k appears in the comoving frame
as a temporal forcing of frequency w = vsk/a. This gives
Egs. (10) and (16) a Green-Kubo-like spectral structure, with
the disorder spectrum in the role of a forcing spectrum and
W in that of a dissipative response. The analogy stops short
of a fluctuation-dissipation theorem: the disorder is quenched,
the wake is generated dynamically by the passage of the
pulse, and there is neither an equilibrium bath nor detailed
balance nor a temperature fixing a fluctuation-response ratio,
as would be required for an equilibrium or generalized steady-
state relation [18]. The disorder does, however, produce at
the same O(e?) both the mean drift reported as I and a
variance of the leading-pulse amplitude across realizations,
visible in Fig. 3(b). Whether the two are related by a spectrum-
independent ratio remains an open question.

E. Range of validity and status of the approximations

Four distinct assumptions delimit the present description.
First, the leading quadratic response in Eq. (10) requires weak,
zero-mean disorder. The measured linearity of I' with €2
is an empirical consistency check; it does not bound every

035406-4



CORRELATED DISORDER SUPPRESSES SOLITARY-WAVE ...

PHYSICAL REVIEW E 114, 035406 (2026)

(a) Uncorrelated mass disorder

—— clean (e = 0)

0.61 — £=0.08
— £=0.15
— £=0.22
0a] — e=030

ulug

175 200 225 250 275

position x/a

300

(b) Correlated disorder, fixed € =0.18

— &=0 (white)
061 — g=05
— £=1.0 1
— £=20 ‘
049 — &£=4.0 ‘

ulug
o
N

-0.2 1

175 200 225 250 275

position x/a

100 125 150 300

FIG. 2. Snapshots of the longitudinal velocity field in the one-dimensional disordered Hertzian chain. (a) Uncorrelated mass disorder with
increasing strength €. The clean pulse propagates as a narrow solitary wave; increasing disorder lowers the leading peak and leaves behind a
fluctuating trail. (b) Fixed disorder strength ¢ = 0.18 and increasing correlation length £. The leading peak recovers strongly as the disorder
is spatially smoothed, even though the variance of the masses is unchanged. This is the main qualitative message of the paper: attenuation

depends on the spectrum of the disorder, not only on its variance.

higher-order contribution. Second, the description assumes
that the leading coherent pulse remains identifiable and sep-
arated from its wake. This fails at strong disorder and after
the crossover to the late triangular envelope. Third, the phase-
space projection weight discussed in Appendix A has not
been obtained from the full adjoint problem; replacing it
by a slowly varying envelope is one approximation behind
Ware- Fourth, radiation and multiplicative feedback gener-
ate an (O(e?) retarded contribution. A local exponential rate
is therefore an empirical closure over the reported fitting
windows, not a derivation that makes the omitted memory
disappear.

For random correlated disorder, a useful scale estimate
is . ~ (Lgw + &)/vs for the pulse to traverse the forcing
landscape, compared with 74 ~ a/(vsI") for attenuation. The
product I'(Lg, + &) is below roughly 10~! for the quoted
rates and sizes, which makes a short-memory treatment plau-
sible but does not calculate the radiation Green function.
For the sinusoidally graded chain, the temporal correlation is
instead persistent and periodic. Those simulations are con-
sequently used as an empirical single-frequency probe and
cross-ensemble test of Eq. (10); they are not a validation of
the short-memory argument.

The exact content is narrower: a uniform mass compo-
nent produces no cumulative scattering-induced attenuation,
Eq. (13). The finite-k kernel, the observed monotonic varia-
tion with &, and the accuracy of the acceleration proxy are
numerical results. The description also requires & < N and
propagation windows that end before boundary reflections or
loss of the leading peak.

IV. NUMERICAL METHODS AND RESULTS

The discrete chain, Eq. (2), is integrated with a velocity-
Verlet scheme using K =mg=a =1 and dt = 0.02. The
pulse is launched by assigning the leftmost bead an impact
velocity vy. At each recorded time we identify the rightmost

velocity maximum that remains separated from the trailing
field, refine its position and height parabolically, and stop
using a trace once that leading maximum can no longer be
identified by the same rule. Rates are obtained by a linear fit
of log(A(n)) over the stated propagation window; the same
estimator is used when comparing spectra.

For the correlation-length sweep in Fig. 5(a), € = 0.18, the
chains contain 600-1300 beads and the ensemble contains
14-28 disorder realizations, with the longer chains and larger
ensembles used for the smaller rates. We fit the ensemble-
mean amplitude rather than average rates fitted separately to
individual traces. Error bars are obtained by resampling com-
plete realizations and repeating the averaging and fit. Because
every normalized rate shares the fitted I'(0) denominator, their
uncertainties are correlated; the plot shows marginal bootstrap
intervals and we do not assign a diagonal-error-reduced .
The single-mode study uses eight uniformly spaced launch
phases at each ky. The older baseline figures use chains of
400-700 beads and three to ten realizations, as stated with the
corresponding results.

Phenomenology. Figure 2 shows the basic effect of disorder
on the velocity profiles. For uncorrelated disorder, increasing
the mass variance lowers the leading peak and leaves behind
a fluctuating wake. Note that the lost coherent amplitude does
not disappear: it is redistributed into smaller excitations and
irregular fluctuations trailing the main front. When the vari-
ance is held fixed and the disorder is spatially smoothed, the
leading peak recovers strongly. This already shows that the
attenuation cannot be a variance-only effect.

Variance scaling. Figure 3 shows the attenuation for six
disorder strengths in the white-noise case. Each curve is an
ensemble mean over ten independent mass configurations.
While the pulse remains identifiable, the decay is approxi-
mately exponential and the fitted rates are linear in € over
the displayed range. The dispersion in panel (b) is obtained
from the ten configurations and is used as a regime check
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(a) Exponential decay of the leading solitary wave
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FIG. 3. (a) Leading-pulse amplitude averaged over ten indepen-
dent uncorrelated mass configurations for each disorder strength €;
dashed lines are exponential fits over the range in which the pulse
is identifiable. (b) Corresponding fitted rate vs €2, with dispersion
estimated from the ten configurations. The linear trend is consistent
with a leading quadratic response.

rather than as proof of the collective-coordinate truncation.
This behavior is consistent with retaining the leading term of
Eq. (10).

Amplitude dependence. Figure 4 tests the pulse-amplitude
dependence at fixed € =0.15. Varying vy from 0.4 to
1.8 changes the observed pulse amplitude by roughly a
factor of 4.5, while I'/e? varies comparatively weakly. This
is an empirical result over the displayed range. The nearly
amplitude-independent width of the Hertzian pulse makes it
qualitatively compatible with the bare spectral proxy, but a
quantitative amplitude dependence would require the miss-
ing effective projection. This near-independence is a separate
matter from the additivity over wave numbers discussed in
Sec. V A and does not bear on it; a fixed pulse width constrains
the normalized shape of the response, not its absolute scale.

Energy conservation and the meaning of effective damping.
We checked that the total kinetic plus potential energy is
conserved to numerical precision over windows in which the
leading-pulse amplitude decreases by more than 90%. The
decrease of the measured coherent component is accompanied
by energy in secondary pulses and the irregular wake. It is

(a) € = 0.15, various impact speeds

100.

ensemble-mean amplitude
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0 100 200 300 400
bead index n

(b) Decay rate is independent of amplitude
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0.075 1

rate / €2
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FIG. 4. (a) Ensemble-mean attenuation at € = 0.15 for several
impact speeds; the curves are nearly parallel on the semilogarithmic

plot. (b) Normalized rate I'/e? vs observed pulse amplitude. The
variation is weak over the range tested.

therefore an effective attenuation of a projected observable,
not microscopic dissipation.

V. CORRELATION-LENGTH DEPENDENCE
AND SPECTRAL PROBES

At fixed variance €2 with € = 0.18, the normalized rate
decreases from 1 at £ =0 to 0.0239 at £ = 6 [Fig. 5(a)],
a factor of about 42 (approximately 1.62 decades). This is
the principal numerical result: smoothing the same amount
of mass disorder strongly protects the coherent leading
pulse.

For comparison, we extract the acceleration profile of a
clean discrete pulse at the same impact speed and insert Wyare
from Eq. (12) into Eq. (10). The red curve in Fig. 5(a) is
normalized by its value at £ = 0. It captures the qualitative
fall of the rate but shows systematic quantitative deviations.
Because the prediction and data are each divided by their
own & = 0 value, this panel tests the normalized shape, not
the absolute response prefactor; the absolute comparison is
reported separately below.
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FIG. 5. Correlation suppression and effective spectral response. (a) Normalized attenuation rate I'(§)/I"(0) for Gaussian-correlated mass
disorder at fixed variance. Black circles are simulation data with marginal bootstrap error bars. The blue curve and pointwise 95% band
are the prediction obtained from the independently measured single-mode response in the spectral overlap; the band propagates the phase-
bootstrap standard errors of the single-mode measurements but excludes systematic and end-point uncertainties. The red curve uses the clean-
acceleration bare proxy. Every curve is normalized separately at £ = 0, so this is a normalized-shape comparison. The measured decrease from
£ =0 to 6 is a factor of about 42. (b) Single-mode estimates W (ko) = I'(ky)/€? from the sinusoidally graded chains for k > 0, together
with the direct kernel (solid blue): a shape-preserving interpolation of these points that imposes W,;(0) = 0 and uses the stated constant
continuation from the last measured point to the Brillouin-zone edge. This kernel is the input to the prediction in (a). The acceleration-spectrum
proxy (dashed red) is scaled to the same Brillouin-zone average as the direct kernel for comparison; it is not a fit of a microscopic adjoint

theory.

Single-mode response in sinusoidally graded chains

To probe the response without inverting the random-
correlation data, we simulate an ordered chain whose masses
vary sinusoidally. For each finite chain and launch phase,
define

¢i = cos(koi + @),
1< 1<
¢= ﬁ;c.j, 52 = ﬁ;(cj - o), (17)

and set

Ci —

mj =mo[l +€gil, g = (18)

Se

Thus every simulated phase has exactly zero mean and unit
variance on its finite chain, and all masses remain positive. In
the infinite or commensurate-chain limit the spectrum consists
of the pair %ko; the two peaks share unit total spectral weight.
Finite-window centering removes the residual zero mode. For
noncommensurate finite chains, the window produces weak
spectral leakage around the two peaks; this finite-size effect
is part of the simulated response, and Eq. (19) is its leading
large-window interpretation.

Applying the leading quadratic representation to this two-
line spectrum gives

I'(k
220) = Wetr (ko) + o(1),

19)

where evenness combines the two equal spectral weights.
Accordingly, I'(ky)/€? is a direct, nonparametric estimate of
the effective response within the weak-disorder quadratic
framework. It does not assume the acceleration shape and
requires neither deconvolution nor regularization, but it does
assume that a secular exponential rate can be separated from
the phase-dependent oscillation.

The leading pulse is located at each output time as the
last velocity maximum exceeding a fixed detection threshold
(10% of the impact speed), refined by parabolic interpolation,
and subject to a monotonicity constraint on the tracked po-
sition: tracking terminates at the first backward jump. This
safeguard is essential for the strongly attenuated modes. With-
out it, once the pulse amplitude approaches the threshold the
tracker latches onto slower trailing oscillations, which pro-
duces a spurious amplitude plateau pinned at the threshold
and biases the fitted rate low; the bias grows with I" and is
largest near the Brillouin-zone edge. For the same reason,
the exponential fits are restricted to phase-mean amplitudes
at least twice the detection threshold. Tim-estep convergence
was verified directly: halving and quartering the integration
step changes the fitted rates by less than 0.1%.

We average eight uniformly spaced phases at each k, fit
the logarithm of the phase mean over the range shared by
all phases, and estimate uncertainties by bootstrapping whole
phases through the complete estimator. Figure 6(a) shows the
phase-mean trace and its uncertainty band only over the range
shared by all phases. The long-wavelength modulation (kg =
0.10) produces little cumulative decay, whereas the finite-
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FIG. 6. Sinusoidally graded-chain probe. (a) Representative leading-pulse amplitudes for kg = 0.10, 0.75, and 2.65, normalized at the start
of the common fitting range and averaged over eight launch phases. Bands are 95% intervals for the phase mean; black dashed lines are
exponential fits, truncated where the phase-mean amplitude approaches the peak-tracking threshold. Each curve ends at the last position for
which all phases contribute a tracked leading pulse. (b) Direct quadratic-response estimate I"(ky)/€ with phase-bootstrap uncertainties. The
low-ky line is a fitted power law over ky < 0.20, rather than a guide anchored to one point; its exponent is reported in the panel. The response

rises monotonically toward the Brillouin-zone edge.

wave-number cases attenuate much more strongly at the same
mass variance; the tracked range shortens correspondingly,
and the ky = 2.65 trace terminates once the pulse reaches
the truncation floor. Within these windows the phase-mean
decay is well described by a single exponential, but I" remains
an operational one-rate summary over the stated window.
The individual periodic chains retain a persistent oscillatory
correlation, so they do not satisfy the short-memory premise
used to motivate a Markov closure for random disorder. They
are instead an empirical frequency-selective probe. More-
over, although the uncompressed chain has no conventional
linear phonon band, nonlinear scattering and secondary-
pulse production remain possible and are included in the
measured Weg.

The full estimate in Fig. 6(b) approaches zero at long
wavelength. An unweighted ordinary-least-squares fit of
log Wesr = loga + plogky over the five values ko < 0.20
gives p = 1.94 £ 0.05 (one standard error from the residual
scatter) and a = 0.155. This is consistent with a quadratic
node over the resolved range, but does not by itself prove the
k = 0 limit. At higher k( the measured response rises mono-
tonically toward the Brillouin-zone edge, reaching Weg =~
0.20 at kg = 3.05; no monotonicity is imposed on these points,
and the acceleration-spectrum proxy, which instead peaks
near k ~ /2 and decreases toward the edge, fails to repro-
duce this behavior [Fig. 5(b)].

Finally, we insert a shape-preserving interpolation of the
measured single-mode response—the direct kernel shown
in Fig. 5(b)—into Eq. (10) for the independent Gaussian-
correlated spectra. The blue curve and Monte Carlo band
in Fig. 5(a) reproduce the main correlation-induced suppres-
sion and improve the shape relative to the bare acceleration
proxy, with a mean absolute deviation from the random-

disorder points of about 9% and visible residual discrepancies
at intermediate £. The displayed band propagates the phase-
bootstrap standard errors of the single-mode measurements
pointwise; it does not include systematic fit-window or end-
point uncertainty. The interpolation imposes the exact end
point We(0) = 0 and, because measurements stop at kg =
3.05, uses an explicit constant continuation from that point
to . On an absolute scale, its Brillouin-zone average is ap-
proximately 0.110, compared with the random-chain value
I'(0)/€? ~ 0.107: the two independent ensembles agree to
about 2.5% without any adjustable parameter. Because the
displayed panel normalizes each curve at & = 0, Fig. 5(a)
remains a normalized-shape test; the absolute agreement
is an additional cross-ensemble consistency check, quoted
without a full systematic error budget. This comparison
supports the effective spectral-response picture, but it is
not an assumption-free derivation of the full microscopic
kernel.

That single-mode responses combine in this way is not
accidental within the leading quadratic framework. After en-
semble or phase averaging, statistical stationarity diagonalizes
the two-point covariance in Fourier space, so distinct wave
numbers contribute additively to T" at O(e?). This is linearity
in the disorder power spectrum, not linearity of the Hertzian
dynamics; the nonlinear pulse response remains encoded in
Wt (k). The agreement in Fig. 5(a) therefore tests the appli-
cability of the leading quadratic representation at the disorder
strength studied, rather than establishing exact superposition.
It also indicates insensitivity to the higher cumulants of the
disorder over the range probed: the two ensembles have
very different one-point statistics—Gaussian in the random
chains, bounded and bimodal in the graded ones—yet the
same two-point information reproduces the measured rate.
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Both are symmetric, so all odd cumulants vanish and the
first non-Gaussian corrections can arise through four-point
terms at O (e*); for a generic skewed zero-mean disorder field,
third-cumulant contributions may already appear at O(e?).
Departures from additivity should therefore be sought at larger
€ or for skewed disorder. A narrow-band spectrum at small k
is a different matter: its slowly decaying correlations threaten
the local exponential-rate and short-memory interpretation of
Sec. IIIE rather than the additivity itself. We attribute the
9% residual shape discrepancy to fit-window and interpolation
systematics.

VI. DISCUSSION

A. Relation to the collision picture

In the white-noise limit £ = 0, the disorder spectrum is flat
and Eq. (10) reduces, at leading order, to

T dk
r(0)=e2f > (k) + Rr. (20)

o

Only the integrated response is sampled, so spectral in-
formation is lost. This is the sense in which the framework
reduces to a variance-only attenuation law, consistent with
the quasiparticle collision picture of Ref. [12]. Our normal-
ized white-noise rate is close to, though somewhat below, the
1/8 amplitude-decay value quoted there. The two approaches
use different coherent-pulse estimators and approximations;
their common content is the early approximately exponential
regime and leading variance scaling.

B. What is established and what remains approximate

The strongest conclusions are numerical. Over the resolved
early propagation window the leading-pulse amplitude is ap-
proximately exponential; the baseline sweep is consistent with
I' o< €%; at € = 0.18 the rate falls by a factor of about 42
between £ = 0 and 6, and ordered single-mode chains exhibit
a strongly wave-number-dependent rate at the same vari-
ance. Using the single-mode response in the random-disorder
overlap captures the principal suppression across a different
disorder ensemble.

Equation (10) is a general leading quadratic, translation-
invariant effective-response representation, conditional on
the existence of the fitted local rate. We have not derived
Wegr from the full phase-space propagator. The collective-
coordinate construction motivates the acceleration drive, but
the adjoint choice, radiation, memory, and replacement of the
exact response by Eq. (12) remain approximations. In partic-
ular, a Markov approximation cannot include a radiation term
that has not first been derived; those effects are represented
in the operationally measured W, not calculated by the bare
kernel. A complete microscopic theory would compute the left
modes and Green function about the moving discrete pulse
and only then assess a local-memory limit.

Finally, “reversible” refers to the time-reversal-invariant,
energy-conserving equations of the full chain. We have
demonstrated redistribution out of the chosen coherent ob-
servable, not spontaneous recovery of the leading pulse in a
forward run.

C. Experimental implications

The results suggest a direct experiment using chains with
the same mean mass and mass variance but different spectral
organization. A particularly clean implementation would keep
bead diameter and contact material fixed while varying inertia
through bead density, hollow interiors, or securely attached
internal masses. Changing bead radius alone is not equivalent,
because it also changes geometry and the Hertz contact coeffi-
cient. Periodic sequences can approximate selected & values,
while shuffled and smoothly correlated sequences provide
broad- and low-wave-number comparisons. The simulations
predict little cumulative attenuation for a long-wavelength
mass grading and a larger response when the grading lies
in the measured finite-k band. Measuring several ky values
would map the operational response point by point, with the
same caveat that a periodic chain probes persistent rather than
short-memory forcing.

This idea fits naturally within the broader granular-chain
literature on pulse mitigation by structured heterogeneity.
Tapered and decorated chains were shown early on to be
efficient impulse absorbers, precisely because a deliberately
engineered sequence of inertial mismatches redistributes and
weakens the incident strongly nonlinear pulse [19]. More
recently, inverse tapered chains have been shown to pro-
duce solitary-wave expansion and impact decimation in short
systems [20]. Our result is complementary to those studies.
Rather than changing the mean mass profile or tapering the
chain, we isolate the effect of spectral organization at fixed
disorder variance: the data are consistent with attenuation
governed by the overlap between the disorder spectrum and
an effective pulse response. In this sense, correlated disorder
offers a route to engineering apparent damping in granular
metamaterials without introducing microscopic dissipation.

VII. CONCLUSION

We have shown numerically that equal-variance mass land-
scapes can attenuate a Hertzian solitary pulse very differently
when their spectral content differs. Gaussian correlations re-
duce the measured rate by a factor of about 42 over the studied
range, and sinusoidally graded chains provide a direct finite-
wave-number response estimate within the weak-disorder
quadratic framework. A low-k fit gives Weg o k1:94£0.05 gyer
the resolved interval, consistent with the exact absence of cu-
mulative attenuation for a uniform mass component. Reusing
the measured single-mode response for the random correlated
spectra captures the main suppression without assuming the
acceleration-kernel shape.

The theoretical status is deliberately limited. Translation
invariance and leading quadratic response give the spectral
representation in Eq. (10); the clean acceleration spectrum is
a heuristic bare proxy. A complete adjoint-, radiation-, and
memory-resolved kernel has not been derived. The main open
problem is precisely that microscopic calculation, together
with wider phase and disorder ensembles and controlled
narrow-band random tests. The established physical message
does not depend on calling the bare approximation exact:
coherent attenuation in these Hamiltonian chains is strongly
sensitive to where the disorder variance lies in wave-number
space.
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APPENDIX A: WHAT A COMPLETE PROJECTION
CALCULATION WOULD REQUIRE

This Appendix records the collective-coordinate motiva-
tion without presenting it as a completed derivation of Wg.
To display the origin of the bare forcing used in the main text,
first write

qi(t) = ¢°'(t) + wi(t). (A1)

Expanding Eq. (2) about the moving clean pulse gives

moib; + Y Lij(t)w; = —€imogi® (t) — epamotiy,  (A2)
J

where L;;(t) is the Hessian evaluated along the clean trajec-
tory. The first term on the right gives Eq. (11); the second is
multiplicative feedback through the disorder-induced field.

In phase space, let zy, (A, X) denote the moving-pulse
manifold and write

2(t) = Zso[A(1), X (1)] + 1 (7). (A3)

The tangent vectors ®4 = 04250 and ®x = JxZs, Span the
retained directions. Covectors ¥, and ¥y may be normalized
by

(¥, ®p) = Sap, (A4)

and used to impose (¥, r) = 0. These scalar conditions de-
fine coordinates once a projection convention is supplied;
they do not uniquely construct the covectors in the full 2N-
dimensional phase space. That construction requires the left
linearized evolution, boundary conditions, and normalization
along the moving orbit.

Projecting the additive part of the mass-disorder forcing
onto an amplitude covector produces

a, B e{A X},

A=e) xiAwg @) + O, er), (A5)

which motivates the acceleration observable in the main
text. It also identifies the filter of Sec. I A: gy, is the
comoving-frame form of Xi(A)éj‘l?Ol, which reduces to the
clean acceleration profile Ay, when y; is replaced by a con-
stant. Equation (A5) alone does not imply a negative drift of
(A). At second order, a van Kampen or response calculation
must propagate the first perturbation before it is reprojected.

Schematically, the required contribution has the structure

DY) =€ f NG

0

B, ()U@E, 1 —1)B,(1 — T)zsa1(r — 7)),  (AO)

where U is the propagator of the full linearization about the
moving pulse and B, denotes the disorder coupling. Deriva-
tives of the projection with respect to A and X also enter.
The component of U outside the two-coordinate manifold is
precisely the radiation channel.

The multiplicative term —e pu;mow; in Eq. (A2) must also
be retained: since w; = O(€), its reprojection contributes at
O(€?) to the rate and is generally retarded. A Markov approx-
imation may be considered only after the kernel in Eq. (A6),
including this radiation contribution, has been evaluated. It
cannot be used to claim that an omitted term has automatically
been included.

For stationary disorder, averaging the complete bilinear
response over translations would yield a real-space functional
of C(i — j) and hence the Fourier representation in Eq. (10).
In the present paper that representation is introduced directly
as the leading translation-invariant effective response. Replac-
ing U and the covectors by an instantaneous constant-weight
projection gives the acceleration spectrum in Eq. (12); this is
why we label it Wyare. NO O(e*) remainder is assigned to that
approximation, because the omitted radiation and memory
contributions can already modify the coefficient at O(e?).

APPENDIX B: REGULARIZED INVERSE ESTIMATE
AS A DIAGNOSTIC

For completeness, we also examined whether the ten
random-disorder measurements could be inverted to estimate
a kernel. On a discrete wave-number grid the diagnostic min-
imizes

F — FEW)I?
gowy = 3 E=IEOE G nwe,

i 1

W; 20, W;=W_, (BI)
v/v\here F;, =T'(&)/T(0), D, is a second-difference matrix, and
F; is the normalized overlap predicted from W. Evenness and
non-negativity are imposed constraints rather than outcomes.
Moreover, ten normalized measurements cannot determine a
fine wave-number grid without substantial regularization, and
all F; share the noisy denominator I'(0). An analysis using
only marginal errors neglects that covariance.

The inversion therefore depends visibly on grid spacing,
regularization strength, and end-point treatment, and can re-
tain spiky structure. It does suggest low response near k = 0
and weight at finite k, but those features are not used as an
independent validation because Eq. (10) is assumed in per-
forming the inversion. For these reasons the deconvolution has
been removed from the main figures. The single-mode simu-
lations in Sec. V A provide the more transparent operational
estimate used in the main comparison.
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