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Chimera states are one of the most intriguing phenomena in nonlinear dynamics, characterized by the
coexistence of coherent and incoherent behavior in systems of coupled identical oscillators. Despite extensive
studies and numerous observations in different settings, the development of reliable and systematic methods to
classify chimera states and distinguish them from other dynamical patterns remains a challenging task. Existing
approaches are often limited in scope and lack robustness. In this work we propose a method based on Fourier
analysis combined with statistical classification to identify chimera behavior. The method is applied to a system
of topological signals coupled via the Dirac operator, where it successfully captures the rich dynamical regimes
exhibited by the model. We demonstrate that the proposed approach is robust with respect to variations in network
topology and system parameters. Beyond the specific model considered, the framework provides a general and
automated tool for distinguishing different dynamical regimes in complex systems.
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I. INTRODUCTION

Complex networks provide a natural framework for de-
scribing large collections of interacting dynamical units
whose collective behavior cannot be inferred from individ-
ual components alone [1]. Such systems arise in diverse
contexts, by including neural populations, chemical oscil-
lators, power-grid dynamics, and ecological interactions,
where the interplay between intrinsic dynamics and network
structure gives rise to rich spatiotemporal patterns [2-5].
Among these emergent behaviors, chimera states, character-
ized by the coexistence of coherent and incoherent dynamical
regions within a population of identical oscillators, have at-
tracted sustained interest due to their counterintuitive nature
and potential relevance to real-world phenomena.

Chimera states were first reported by Kaneko for coupled
maps [6,7], and later observed for global [8-10], i.e., all-
to-all, and nonlocal [11-15], i.e., first-neighbor, couplings.
However, such patterns became popular after the studies
on phase oscillators by Kuramoto and Battogtokh [16], and
by Abrams and Strogatz [17], who coined its actual name.
Since then, they have been observed in a wide range of
models and experimental systems, for instance, in Josephson
junction arrays [18], electronic circuits [19,20], lasers [21],
mechanical oscillators [22], and nano-electromechanical sys-
tems [23]. They have sparked also interest beyond the
nonlinear science community, since chimera-like patterns
have been suggested as models for unihemispheric sleep
observed in certain animals [24-26]. Strictly dynamically
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speaking, their importance lies in the fact that they provide a
concrete example of partial synchronization, where identical
units subject to identical coupling self-organize into distinct
dynamical groups [27-29], and, nowadays, several kinds of
patterns have been observed, such as amplitude chimeras [30],
amplitude-mediated chimeras [31], and phase chimeras [32],
to name a few.

Despite their conceptual importance, reliably identifying
and characterizing chimera states remains a nontrivial task.
Many results are based on the observation of an “arclike”
distribution of mean-phase velocities, where, roughly, the flat
part corresponds to coherent and the arc to the incoherent
region [33]. This behavior has been considered to be a signa-
ture for identifying chimeras. However, when quantifying the
variation of the model parameters to observe the emergence of
chimera states, such a qualitative method may not be effective.
A variety of measures have been thus proposed to quantify
or identify chimeras and their dependence on relevant param-
eters, e.g., the complex order parameter [22], the standard
deviation of mean phase velocity [34], the distance between
the center of mass of each oscillator and the origin [30],
strength of Incoherence [35], and total normalized variations
of phases [36].

Among those methods, the Strength of Incoherence
(SI) [35] has been largely used; it ultimately captures the sys-
tem behavior in a single scalar: coherent states are associated
with SI = 0, chimera states with 0 < SI < 1, and incoher-
ent ones with SI = 1. Let us emphasize that this method
relies on the (arbitrary) choice of some thresholds, which
impact the value of SI and, thus, the resulting identification
of chimera or lack thereof (see Appendix F). Moreover, SI
does not convey information about the spatial dependence
of frequency, amplitude, and phase, which is the very first
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signature of chimera states. Generally, the existing approaches
often depend sensitively on parameter choices, system size,
thresholds or the type of existing chimera states in the system;
in general, it is not possible to use the same set of method
parameters to compute the SI and identify different kinds of
chimera states, i.e., phase chimeras and amplitude chimeras,
and may lead to ambiguous interpretations when applied to
weak, transient, or spatially irregular patterns. In practice, the
distinction between chimera and non-chimera regimes is not
always sharply defined, and intermediate behaviors can be dif-
ficult to categorize in a consistent and robust way. Because the
problem does not have a definite solution yet, the development
of signal-based approaches that can capture gradual variations
in local correlations without relying on ad hoc criteria, opens
new interesting research avenues.

In this work we consider a system of topological signals
defined on a 1-simplicial complex, i.e., a network, where dy-
namical variables are associated not only with nodes but also
with links [37]. The model fits, thus, in the recent framework
of higher-order networks [38—42], where interactions are not
limited to pairwise connections but can involve more complex
relations encoded by hypergraphs, and simplicial or cell com-
plexes [43,44]. More specifically, we consider the dynamics
of topological signals coupled via the discrete Dirac opera-
tor [45], such that the nodes behave as coupled oscillators,
despite having no intrinsic oscillatory dynamics. Such a set-
ting has been shown to yield rich synchronization [46,47] and
pattern formation [48—50] dynamics. The adapted FitzHugh-
Nagumo model [51,52] considered here, with dynamics on
both nodes and links, exhibits a rich range of behaviors, by
including chimera, coherent, and incoherent regimes, making
it a suitable benchmark for classification tasks. Note that,
while chimera states have been found on hypergraphs [53-60],
such behavior had not been observed in systems of coupled
topological signals.

Motivated by this research question, we develop a Fourier
transform-based framework to analyze the time series, i.e.,
the time evolution of node signals; by starting from simu-
lated data, we extract instantaneous amplitude, phase, and
frequency for the time series generated from the dynamics
of each node using a refined windowed Fourier transform.
We then quantify their local variations across the network
by computing the total normalized variations [36], a mea-
sure of the (spatial) smoothness of the signal under study.
In this way we associate with each time series three quanti-
ties, the total normalized variation of amplitude, phase, and
frequency, that form the basis of a classification scheme ca-
pable of distinguishing between synchronized, chimera, and
irregular regimes. More precisely, we leverage on the use of
hierarchical clustering and dendrograms to cluster the data
and thus automatically determine the class and the associated
dynamical behavior. The proposed approach provides a robust
way to identify different dynamical patterns using directly
measurable signal features. Moreover, we have shown that it
does not rely on a given threshold such as, e.g., for the SI,
and it is applicable to a broad class of networked dynamical
systems, beyond the ones hereby proposed.

The remainder of the paper is organized as follows.
Section II introduces the theoretical model, the governing
equations of the system, and shows the existence of the

homogeneous solutions along with their stability analysis.
Section III presents the main results, the Fourier method,
and the classification. We conclude Sec. III by exploring
the effects of system parameters on the observed dynamical
regimes. Finally, in Sec. IV we resume our main findings and
discuss possible future research directions.

II. THE MODEL

We consider a ring composed by Ny nonlocally coupled
identical FitzHugh-Nagumo (FHN) oscillators [51,52,61],
each one described by two dynamical variables, the membrane
potential, u;, and the recovery variable, v;. This model has
been proposed to study the dynamics of neurons, with neu-
rons interacting with synaptic variables and vice versa [62].
In this work we assume the membrane potential to be an-
chored to each node, while the recovery variable is associated
with each link; let us observe that a similar model has
been proposed in [47]. This assumption naturally sets our
model in the framework of topological signals defined on
simplicial complexes, where, i.e., a node is a zero-simplex
and a link a 1-simplex. Moreover, simplices of different di-
mensions are coupled through the Dirac operator [45,48].
Our system naturally includes simplices up to dimension 1,
hence involving only pairwise interactions. It can, however,
be extended to higher-dimensional simplicial complexes to
represent higher-order, nonpairwise interactions such as three-
body or four-body interactions [38,39], as well as on cell
complexes [63,64].

Based on the above, the equations ruling the system evolu-
tion, comprising node and link dynamics coupled by the Dirac
operator [45,48], are given by

du; “ (B (1)
€E—— =U— - — V)i,

dt 3 !

dv; T

s =b+cv;+ B u;, 2)

where B, is the incidence matrix [65] of size Ny x N; for a
system with Ny nodes and N; links.

Because each node is connected to P neighbors on ei-
ther side, the resulting node degree is k; = 2P, for all i =
1,..., Nyp. Moreover, we assume the orientation of the net-
work [66] to be clockwise: namely, a node, iy, is the tail of the
oriented link [iy, i»] for any i, “being ahead on the clock face”
i1 such that |i; — ir| < P, iy is thus the head of the link [67],
the incidence matrix B; can thus be computed as follows:
given an oriented link j = [iy, i2],

1, i =i,
Bi[i, j1=13 -1, i=1i, 3)
0, otherwise.

Finally, let us observe that the number of incoming and
outgoing links of each node is the same; we refer to this
configuration as orientation 1 [see Fig. 1(a) for an example
with Ny = 8 and P = 3, from which one can clearly observe
the presence of a rotation invariance in the structure of the
network].

The parameter b in Eq. (2) determines whether nodes
exhibit oscillatory, |b| < 1, or excitable behavior, |b| >
1 [68]. Because the matrix B, satisfies B;(1,...,1)T =0,
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FIG. 1. Schematic illustration of orientation 1, for the case Ny = 8 and P = 3. (a) The original ring, where each one of the eight nodes is
connected to P = 3 neighbors on either side. (b) The case where Q = 1 links incident to node 1, have been reoriented (drawn in red). (c) The
case Q = P = 3, where again we fixed node 1 as reference (red links are the reoriented ones).

one can prove the existence of three homogeneous equi-
libria (u;, v;) = (v/3, —=b/c), (w;,v;) = (—+/3, —b/c) and
(u;, vj) = (0, —b/c), the first two are stable while the latter is
unstable. Let us observe that the presence of stable equilibria
with a large basin of attraction reduces the possibility of ob-
serving other dynamical behaviors, among which are chimera
states. Moreover, when b = 0, the system is invariant under
the transformations (u, v) — (—u, —v) and, thus, the dynam-
ics will not depend on the chosen orientation. However, this
invariance is broken when b # 0. For the following analysis,
we fix b = 0.5 and € = 0.05. The condition ¢ < 0 ensures that
the recovery variables decay when we silence the interactions
of the latter with neurons; we thus set ¢ = —0.01.

In the following, we will study ring structures with dif-
ferent orientations with respect to the one given by (3), and
determine the possible impact of the number of reoriented
links on the emergence of chimera states. As a preliminary
step, let us study the stability of the above equilibria and the
size of their basin of attraction.

Let us thus rewrite Egs. (1) and (2) as

3
% :6/<ui— “?) — &S Bili. v, (4)
1

%:ZBl[i,j]ui+b+cvj, (5)
where ¢ = 1/e. To determine the stability of the ho-
mogeneous solution (u;, v;) = (u*, v*), where (u*,v*)=
(£+/3, —b/c) or (u*,v*) = (0, —b/c), we perform a linear
stability analysis (see Appendix A) allowing us to prove
that the fixed point (u*, v*) = (0, —b/c) is always unstable,
whereas the fixed points (u#*, v*) = (£+/3, —b/c) are always
stable, and this holds true for any P.

To determine the size of the domain of stability of the
homogeneous solution, (u;, v;) = (3, —b/c), we performed
numerical simulations to determine the fraction, f, of initial
conditions starting inside a ball of radius R, centered at the
equilibrium, whose orbits remain in the same ball after a
given interval of time. We are in particular interested in the
dependence of f on P for a fixed network size. More precisely
we fixed Ny = 100 and for P ranging in [1,30], we considered
50 values of R in the interval [0.01,1.5]. For every radius, the

simulation was repeated N = 20 times with different initial
conditions. Let N denote the number of realizations for which
the solution remains within the prescribed radius R, we then
compute the ratio f = N'/N. When N’/N = 1, the equilib-
rium is stable for all realizations, and it is therefore classified
as stable. As the radius increases, N decreases, indicating the
onset of instability (see Fig. 2).

The existence of the homogeneous solution, where all u;
converge to /3 and v j to —b/c and its relatively large attrac-
tion basin, impedes the emergence of chimera states as well
as other spatially heterogeneous solutions. For this reason,
we decided to modify the links’ orientation and determine
conditions to induce the emergence of those states. Thus, by

15 1.0
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=
209 0.6
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o Z,
0.6 0.4
=
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[@p]
0.3 0.2
10 20 30 —00
P

FIG. 2. Stability domain of the homogeneous solution u; = /3,
v; = —b/c for the FHN model defined on a ring of Ny = 100 nodes
with a variable number of links controlled by the parameter P. The
fraction f = N’/N of initial conditions, starting within a ball of
radius R and remaining in the same ball after a sufficiently long time
(i.e., staying “close” to the starting point), is shown as a function of
P. A nonmonotonic behavior is observed: for small P, nearly 100%
of the orbits remain within a ball of radius R ~ 0.6. For larger P,
the stability domain expands, with f = 1 up to R ~ 1 at P = 20. For
even larger values of P, the stability domain slowly decreases.
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FIG. 3. Typical dynamical behaviors. Numerical simulations of models (1) and (2) in orientation 1, illustrating three distinct dynamical
regimes: ordered behavior [(a), Q = P = 9], chimera state [(b), Q = P = 12], and disordered state (panel (c), Q = P = 21). The remaining
parameters are n = 50, € = 0.05, b = 0.5, and ¢ = —0.01. Simulations are performed using the #sit5 solver over the time interval [0,1000].
For clarity, only the evolution of i;(¢) over the final time window ¢ € [950, 1000] is shown.

starting from the oriented ring with a given number of nearest
neighbors for each node, 2P, evenly distributed on the left and
on the right, we inverted the orientation of Q € {1, ..., P}
links [see middle panel of Fig. 1(b) for the case Q = 1 and
Fig. 1(c) where we show the case Q = 3, in both cases P = 3].
Because of the invariance by rotation, all the nodes are equiva-
lent, before to reorient the links, and thus we decided to focus
on node 1. Let us observe that now the homogeneous state is
no longer a solution: indeed, the underlying structure does not
exhibit anymore a rotation invariance.

Before to proceed with the presentation of the numerical
results, let us observe that we can define a different orienta-
tion, where again the homogeneous state cannot be a solution.
The latter structure is defined using the incidence matrix

17 il > i29
Bl[il’j]z _1’ il <i27 (6)
0, otherwise,

being j = [i}, i>] the oriented link according to the node index
and By [iy, jl= —Bi[i1, J1. We refer to this case as orientation
2. In simple words, for a given link, j = [ij, i»], if node index
i} is smaller than i, the (orientation of the) link will point
from #; to i, and vice versa. We give more details about this
orientation in Appendix E, and an example of a ring with
Ny = 8 nodes and P = 3 is shown in Fig. 17. By anticipating
on the following, we will show that this second structure will
be more robust with respect to the emergence of chimera
state, once we randomly reorient a fixed number of links (see
Appendix E).

III. METHOD AND RESULTS

The aim of this section is to introduce and discuss the
method used to classify the dynamical behaviors exhibited by
the FHN system and the numerical results about the possible
dynamical states exhibited by system (1)—(2) defined on the
ring with orientation 1. We first present our analysis in the case
where we reorient the maximum allowed number of links,
Q = P, still focusing on node 1, and we let P to vary from 1 to
No/2 — 1, being Ny an even integer, or (Ny — 1)/2 if N is odd.

Then we will show the remaining case where also Q varies
in {0, ..., P}. This analysis will be presented for a fixed set
of model parameters, €, b, and c; their impact will be briefly
studied next.

To numerically integrate the equations of motion we set
initial conditions §-close to (u*, v*) = (0, 0), and we then
use the tsit5 solver (fifth-order adaptive step size Runge-
Kutta method [69]) to obtain time series in the time interval
[0,1000], every 0.01 time units. More precisely, we set
8 = 0.001, and we draw uniform random numbers Au; €
U[—1, 1] and, similarly, for Av;, to eventually set

u,(O) =u" +8Au,-, = 1, ...,N(),
Uj(O)ZU*+8AUj, j=1,...,N;.

Based on some preliminary study, we observe that the system
exhibits an oscillatory behavior, that can be regular or irregu-
lar, both in time and in space. In Fig. 3 we report three typical
cases for a ring of Ny = 50 nodes and parameters € = (.05,
b =10.5, and c = —0.01; in Fig. 3(a) we can observe a regular
state in which the system behaves as a traveling wave (Q =
P =9), in Fig. 3(b) we display a chimera state where regular
oscillations coexist with irregular behavior (Q = P = 12), and
in Fig. 3(c) we show a disordered state where no regular
oscillations can be detected (Q = P = 21). To quantify these
dynamics, we propose a method rooted on the extraction of
information about the instantaneous phases, amplitudes and
frequencies from the time series obtained by numerically solv-
ing the dynamical equations. The method will be presented in
the following section (see Appendix B for more details).

A. The Fourier method

The Fourier transform can be used to extract information
from signals. In particular, it enables the computation of quan-
tities that are effectively “local” in time, such as amplitudes,
frequencies, and phases. By restricting attention to the dom-
inant amplitude within a given time window, any sufficiently
regular signal y(¢) can be approximated as

y(t) ~ a(w) + a(w)ei(ZTIQ(w)[+9(w))
0 b
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where @\ € R represents the baseline level, a® € R is the

positive amplitude, Q™) e R, is the frequency, and 8™ e
[—m, ) is the phase. The superscript (w) indicates that these
quantities are defined within the time window w, over which
the approximation is assumed to hold true. Notably, if the sig-
nal is strictly periodic, these quantities are independent of the
chosen window; therefore, by examining their variation across
adjacent windows, one can infer the degree of regularity of the
signal.

It is well known that the accuracy of the reconstructed
amplitude, frequency, and phase obtained from the Fourier
transform strongly depends on the length of the signal under
consideration; in general, longer time windows reduce the
reconstruction errors at the cost of a “poor” time localization,
because of the time-frequency uncertainty principle. How-
ever, in the present framework, the signals are not necessarily
stationary, and relatively short time windows are required to
capture local variations in amplitude, frequency, and phase. To
balance these competing requirements, we devise a modified
Fourier method consisting of three steps.

First, we compute the Fast Fourier Transform of the signal
y(t) — (y) on a given time window, w = [fy, t;], where (y) is
the time average of y(¢) in the time window. Let us assume the
latter to be large enough to contain 7pe.ks Maxima, meaning
that the size of the time window is not fixed a priori, but based
on the signal behavior. This allows us to have a relatively good
frequency determination and, at the same time, a more precise
temporal localization. In this way, we obtain a first approxi-
mation of amplitude, frequency, and phase, respectively a®,
QW) and 6™, Hence, we also get the baseline Zz(()w) = (y).

These values may, in principle, lack precision due to the
finite size of the window. To obtain a more accurate estimate
of QW) we exploit the fact that the amplitude of the FFT
power spectrum is approximately quadratic in the vicinity of
its maximum. By performing a quadratic fit in this region,
we obtain improved estimates of the amplitude and frequency,
denoted by 2™ and ™, respectively. Let us observe that, in
this way, we are able to circumvent the time-frequency uncer-
tainty principle by correcting the frequency estimate obtained
with the FFT.

The third and last approximation is based on a nonlinear fit
of the signal y(¢) of the form

$(t) = picos 27"t + po) + ps,

where we want to determine the unknown amplitude, py,
phase, p», and baseline oscillation, ps, by assuming Q™ to be
precise enough. The nonlinear fit is initialized with the values
previously obtained for the desired quantities, a™’, 6™, and
ay"”. With the last step, we have eventually computed "’
a™, and 6™, while Q) = Q).

We then consider another time window, w’ = [z, ¢{] and

)

we repeat the same construction to finally get a(()w’), aw) o),
and Q™). To ensure slow variation of the computed values
on adjacent time windows, we impose the two windows to
overlap, [to, 1] N [1, t;] # @. More precisely, we ensure they
share a given number of maxima, Aghare.

In this way we construct a sequence of time windows,
w;, i=1,...,q, and for each window we compute baseline,
amplitude, phase, and frequency, a(()w") , aWd g and QWi

We eventually compute the average:
14
(Zy=->"2z", (7
Ear

and, to measure the variation of each quantity across the
different windows, we compute the respective standard
deviations

1 q
<@f=;j§3zW—aw, ®)
i=1

where Z € {ag, a, 2, 0}. Figure 4 displays a few examples
of those metrics computed from three characteristic signals,
namely, regular, chimera, and irregular, associated with the
dynamical behaviors shown in Fig. 3. The blue dots represent
the averages (7), and the size of the shaded light blue regions is
given by the standard deviations (8). In Fig. 11 in Appendix B,
we report some numerical results about the reconstruction of
phase, amplitude, and frequency of a synthetic signal exhibit-
ing a chimera-like behavior.

B. Total normalized variations

Eventually, to measure the spatial dependence of those
quantities, we define the total (normalized) variation [36] for
phases, amplitudes, and frequencies. The total normalized
variation is a measure of the spatial local regularity of those
quantities computed by considering differences among nearby
points:

N

Vo = %Nogl:min{vgi, 2w — vy}, 9)
1 b

W=M;mm—mm (10)
1

Vo= o) [Qin — (. (11)

with vy, = [(60)i+1 — (0):]. Let us also observe that indexes
should be considered modulo Ny, i.e., Ng + 1 = 1, because of
the ring structure.

The smaller the variation, the smoother the signal and vice
versa. Hence, the latter qualifies to be a useful metric to clas-
sify chimera patterns. Let us consider the results presented in
Fig. 4. Panels in column (a) show a very regular behavior for
the variations: the frequency is constant, the amplitude slowly
oscillated in space, and finally the phases clearly shown a
linear dependence on the node position. We are thus facing
to a wave whose amplitude is not constant across the ring.
This behavior can thus be classified as regular one. The pan-
els in column (b) display a different behavior: some nodes
show a constant frequency and the other one a “parabola-like”
dependence on the node index; this is the classical behavior
observed for chimera states [16,17,35]. The amplitudes also
exhibit a nontrivial but smooth dependence on the node index,
whereas the phases behave in a more irregular way. Finally,
panels in column (c) display an irregular behavior in the three
quantities, even if small in amplitude and frequency.
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FIG. 4. Fourier indicators. Average phases (f) (top row), average amplitudes (a) (middle row), and average frequencies (€2) (bottom
row) obtained from the time series shown in Fig. 3 for P =9, P = 12, and P = 21. Column (a) shows ordered behavior, with a smooth
dependence of all three quantities on the node index. Column (b) displays a chimera state, characterized by the typical distribution of
frequencies; here, the average amplitudes remain smooth, while the phases exhibit less regularity. Column (c) shows a disordered state,
marked by small but irregular variations in both amplitude and frequency, and highly irregular phase behavior. The corresponding variation
values (V,, V,, Vq) are (0.0683, 0.082, 0.0022) for the ordered state in column (a), (0.2301, 0.1110, 0.1087) for the chimera state in column
(b), and (0.4554, 0.04452, 0.0478) for the disordered state in column (c).

C. Clustering method to identify chimera states

By applying the proposed method to compute the varia-
tions of data shown in Fig. 4 we obtain the following values
for (Vy, V,, Vo): (0.0683, 0.082, 0.0022) in the case of or-
dered behavior (column (a)), (0.2301, 0.1110, 0.1087) for the
chimera state [column (b)] and (0.4554, 0.04452, 0.0478) for
the disordered case [column (c)]. Even if a clear trend is
shown, with higher variations associated with more irregu-
lar behavior as already stated, it also appears that there is
not a clear “universal” threshold allowing us to separate the

different cases. For this reason, we resort to a classification al-
gorithm to extract hidden patterns in the data. More precisely,
we compute (Vy, V,, Vo) forall Q = P in {2, ..., 24} and for
each P we repeat 20 times the simulation. We thus obtain a
database composed of 460 triplets (Vy, V,, Vq) [see Fig. 13(a)
for a 3D visualization]. A preliminary analysis of the dataset
allows us to conclude that the points are not distributed in
well-separated spheres, and, on the other hand, they exhibit
nested clusters. For this reason, we resort to a hierarchical
clustering. We then employ a bottom-up approach to form
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FIG. 5. Classification of dynamical behaviors using the variations Vp, V,, and Vg, in the case of orientation 1 and Q = P links have been
reoriented. (a) The dendrogram obtained from the hierarchical clustering using the values of (V;, V,, V). Branch lengths represent intercluster
distances prior to merging, indicating two well-separated groups. The horizontal black line denotes the depth threshold used to determine the
number of classes. (b) The projection in the plane (Vp, V,) of the three obtained clusters using the agglomerative clustering: the red cluster
(class 1) corresponds to the ordered states, the blue cluster (class 2) correspond to chimeras, and the black cluster (class 3) corresponds to
the disordered states. (c) An alternative view of the classification as a function of P = Q in the range {2, ..., 24}; to each value of P = Q we
associate the dominant class, i.e., determined from the statistical modal cluster membership of (V4, V,, V), and we can obverse the presence
of ordered states for Q = P ranging from 2 to 10, chimera states for the Q = P € {11, 12, 13}, and then disordered states for larger values of

Q = P, but for the values {16, 17, 18}.

the clusters using the agglomerative clustering algorithm [70],
building a tree known as a dendrogram (“dendron”—*tree” and
“gramma”—"“draw”) [71]. We first assign all the variables to
the leaves; then the method merges them into subsets to form
larger clusters based on a notion of (dis)similarity (i.e., dis-
tance). Finally, we end up with a single cluster—the root. We
define the depth threshold d, also called similarity or height
in the literature, which measures the distance between two
nearby subsets. Let us observe that, if the data were distributed
in well-separated spheres, one could have used a different
clustering technique, namely, one that can be partitional such
as the K-means, where groups are formed by minimizing the
weighted sum of the intracluster variances [72].

We preprocess by rescaling in [0,1] using the Python
function MinMaxscaler. The use of the agglomerative

(a) (b)

clustering algorithm allows us to construct a dendrogram of
the given data [see Fig. 5(a)]. For the chosen value of the depth
threshold, d, we observe three, well-separated, classes that,
interestingly enough, correspond to the three typical behaviors
above emphasized: regular, chimera, and irregular states. In
Fig. 5(b) we present a 2D projection of the 3D database, where
we used only the coordinates (Vp, V,); let us observe that we
here used the original values for the variations, i.e., prior to
the preprocessing. Three clusters are clearly visible; the red
cluster (class 1) corresponds to the ordered states associated
with smaller variations, the blue cluster (class 2) corresponds
to chimeras, showing larger variations in amplitudes and
medium variations in phases, and the black cluster (class 3)
corresponds to the disordered states, with larger variations in
phases and medium variations in amplitude. In Fig. 13 we will
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FIG. 6. Classification of dynamical behaviors using the variations Vj, V,, and Vg, in the case of orientation 1 and P, Q links have been
reoriented with 0 < Q < P. (a) The dendrogram obtained from hierarchical clustering of (Vy, V,, Vq); branch lengths represent intercluster
distances prior to merging, indicating two well-separated groups. (b) A 2D projection in the plane Vj, V, of the clusters so far obtained; points
have been colored according to their class: class 1 (red) associated to the ordered states, class 2 (blue) to denote chimeras, and class 3 (black)
corresponds to the disordered states. (c) The classification as a function of P and Q. For each value of the latter the dominant class is determined
from the modal cluster membership of (V,, V,, Vo).
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FIG. 7. Impact of the parameter b on system dynamics. For values of the parameter b in [0.5,3.3] we compute the normalized total variations
associated with the Fourier metrics for the orbits. We then report the values (Vy, V,) as diamonds in the plane (Vj, V,) also containing in the
background the classes obtained so far with fixed b = 0.5. Diamonds are colored according to the value of b, the larger the value the darker the
color. (a) Corresponds to Q = P = 6, we can observe that all the values of (V4, V,) lie in the same class, which corresponds to regular behavior.
(b) The case Q = P = 12, we can observe that, by increasing b, the system can move from chimera to regular (see the dark diamond in the
bottom left corner). (c) The case Q = P = 21, one more time the points belong to a single class, the irregular one.

present a complete 3D view of the data [Fig. 13(a)] together
with the projections on the planes (Vy, Vq) [Fig. 13(b)] and
(Va, Vo) [Fig. 13(c)].

With this projection, but also in the construction of the
dendogram, we lose information about the used value of
Q = P. Hence, for each value of Q =P € {2, ...,24}, we
computed the statistical mode to identify the most frequent
class among the 20 realizations. Let us observe that this
step is necessary because, for some values of Q = P, dif-
ferent dynamical behaviors can be observed. The results are
reported in Fig. 5(c), and we can obverse the presence of
ordered states for 0 = P ranging from 2 to 10, chimera states
for the Q = P € {11, 12, 13}, and then disordered states for
larger values of Q = P, but for the values {16, 17, 18} as-
sociated with regular behavior. In Appendix F we present
results obtained using the SI measure [35]. We show that
this measure is also capable of identifying the three classes,
as is the proposed method. However, we further demonstrate

that the SI-based classification is highly sensitive to parameter
tuning.

Let us note that lowering the depth threshold causes the
dendrogram to first identify four classes and then five (see
Fig. 14). In the former case, the irregular class splits into
two new classes, whereas in the latter case, the regular class
also splits into two. In all cases, however, the chimera class
maintains its integrity. It is worth noting that, if the system
had exhibited different types of chimera states, this method
could have been applied using additional data to identify finer
classifications within the chimera class.

We then consider the more general case where P and Q
vary separately. More precisely for each P € {3, ..., 24} we
let Q € {0, ..., P} and for each couple (P, Q) we consider
20 realizations by randomly changing initial conditions. By
following the same procedure presented above, we gather
6380 triplets (Vy, V,, Vo) and we apply the same classification
algorithm. Three main classes are again found, corresponding

(a) (b) (C) x10 2]_0
M
0.10 0.10 0.10 8
s 6
s M ‘ “
0.05 , 0.05 , 0.05 , o @
O 4
%
06‘ & & )
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FIG. 8. Impact of the parameter € on system dynamics. For values of the parameter € in [0.01,0.1] we compute the normalized total
variations associated with the Fourier metrics for the orbits. We then report the values (Vy, V,) as diamonds in the plane (Vj, V,) containing
in background also the classes obtained so far with fixed ¢ = 0.05. Diamonds are colored according to the value of €, the larger the value
the darker the color. (a) Corresponds to Q = P = 6; we can observe that all the values of (V,, V,) lie in the same class, which corresponds
to regular behavior. (b) The case Q = P = 12. Light diamonds, i.e., associated to small values of €, remain in the regular class, while darker
diamonds, for larger values of €, fall in the chimera states. (c) The case Q = P = 21; one more time the points belong to a single class, the

irregular one.
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to ordered, chimera, and disordered states [see Fig. 6(a)]; in
Fig. 6(b) we show a projection in the plane (Vy, V,). Finally, in
Fig. 6(c) we show for each value of (P, Q) the associated class,
defined again using the statistical mode of the 20 realizations;
black points correspond to the disordered state, blue points
to chimera behavior, and red points to the regular one. In
addition to the P values for which we found chimeras in the
case P = Q, we here observe chimeras also for P = 10 and
0=4,56,"7.

The results presented so far have been obtained for a fixed
set of model parameters, € = 0.05, b = 0.5, and ¢ = —0.01.
Our aim is to briefly study the effects of those parameters
on the dynamics. We thus fix again a ring made of Ny = 50
nodes, and select three values of P (we are here considering
the case Q = P), each one corresponding to a main dynamical
behavior, i.e., regular (P = 6), chimera (P = 12), and irreg-
ular (P = 21), for the above fixed values of ¢, b, and ¢. We
then vary € and b, and we determine the system outcome; let
us observe that to realize this last step, we used the classifi-
cation method described above. More precisely, for values of
b € [0.5, 3.3], we numerically determine the time evolution of
u;(t) and v;(t), we apply the Fourier method to compute (a;),
(€2;), and (6;), and then we compute the normalized variations.
Eventually, we look at which class the triplet (V,, Vo, Vy)
belongs to, to conclude about the dynamical behavior. The
results are reported in Fig. 7, where we show, for ease of
visualization, the projection in the (Vp, V,) plane where the
background shows with light colors the classes obtained with
fixed b = 0.5. Figure 7(a) corresponds to the choice P = 6;
for each b we show the values of (Vy, V,,) corresponding to the
statistical mode computed from 10 replicas, as colored dia-
monds according to the value of b. One can observe that all the
points lie in the region corresponding to the regular behavior.
Stated differently, for all values of b, the system exhibits a
regular behavior. Figure 7(b) displays the case P = 12, using
the same ideas we report the values of (Vy, V,) computed for
each b as colored diamonds, the darker the larger the value
of b; all the points belong to the class associated to chimera
states, except one, which lies in the regular class. Finally,
Fig. 7(c) presents the case P = 21; the values of (Vp,V,)
lie in the class associated with irregular behavior for all b.
In conclusion, we have shown that by changing b € [0.5, 3.3]
the system almost never changes dynamical behavior showing
a sort of robustness of system behavior with respect to changes
in the parameter b. Let us observe that, besides the latter
observation, having an “atlas” in the variations planes allows
for a global understanding of the system behavior and, in
particular, of possible changes of the latter.

We then repeat a similar analysis by varying ¢ € [0.01,
0.1]. The results are shown in Fig. 8 by applying the same
ideas of the previous case. In Fig. 8(a) (P = 6) and Fig. 8(c)
(P =21), we can observe that the couples (Vp,V,), again
reported as diamonds colored according to the value of e,
remain in the same class; i.e., the system exhibits the same
behavior. A phenomenon similar to the one already discussed
in Fig. 7 is visible in Fig. 8(b) (P = 12): we can observe that
points are spread among two classes, the regular one for small
values of €, i.e., lighter color, and the chimera one for larger
values of ¢, i.e., darker color. The transition value being about
€ ~ 0.03.

IV. CONCLUSION

In this work we introduced a method to identify chimera
states based on signal features extracted from time series.
Starting from the simulated dynamics, i.e., the time series of
each node, we computed instantaneous phases, amplitudes,
and frequencies via a modified Fourier method, relying on
the use of windowed data. Then we evaluated their total
normalized variations to obtain a measure of local regularity
of the computed quantities. These indicators yield a com-
pact representation of the spatial organization of the system.
By embedding the latter in a three-dimensional space and
by applying hierarchical clustering algorithms and dendro-
grams, we obtained a classification of the observed dynamical
regimes without relying on ad hoc thresholds.

As an example, we considered the topological FitzHugh-
Nagumo model with dynamics defined on both nodes and
links within the framework of topological signals. This setting
provided a system with sufficiently rich behavior by including
coherent, chimera, and irregular regimes. We analyzed two
orientations for the links of the one-simplicial complex used
to couple the variables. We then investigated the effects of the
coupling range and the number of reoriented links to generate
a variety of dynamical patterns on which to test the method.
We then tested the proposed approach on the resulting time
series and showed that it was able to distinguish between
ordered, chimera, and disordered states. In particular, the
method captured intermediate and weakly structured regimes
that are usually difficult to identify using standard measures.
The classification remained stable across different parameter
values and network configurations, indicating that the pro-
cedure is robust. In Appendix F we further corroborated the
robustness of our method using, instead of the topological
FHN, a network of FHN oscillators anchored to the nodes of a
ring and compared our identification method with previously
existing ones, in particular, with the strength of incoherence.

In conclusion, in this work we have introduced and
discussed an identification method capable of clearly discrim-
inating between different dynamical regimes, namely, regular,
irregular, and chimera states. This allows us to answer the
challenging question about the threshold value needed in pre-
vious methods, e.g., the strength of incoherence, to identify
chimera states. The proposed method can be summarized in
the following pipeline:

(1) Create time series from numerical simulations or ob-
tain them from experiments

(2) Perform the (modified) Fourier analysis to extract rel-
evant information about phases, amplitudes, and frequency

(3) Compute the (normalized) total variations to compact
the information obtained from the previous point

(4) Apply a statistical classification scheme to extract the
dynamical features from the data.

It is important to note that the proposed scheme extends
beyond the present application to chimera states, both in
terms of the underlying model and the research question be-
ing addressed. Furthermore, the effectiveness of the method
stems primarily from the sequence of processing steps rather
than from any specific implementation of those steps. Each
stage can be realized with considerable flexibility. For ex-
ample, the system dynamics may be obtained using any
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suitable numerical integration scheme or from experimen-
tal measurements. Likewise, alternative techniques, such as
wavelet-based methods, may be employed to extract informa-
tion about the oscillatory behavior of the trajectories. For the
classification stage, other approaches may also be adopted,
depending on the characteristics of the data and the outcome
of a preliminary analysis of its distribution.

Finally, since the method relies only on signal-based quan-
tities and not on specific properties of the underlying model,
it is not restricted to the framework considered here, but can
be directly applied to other dynamical systems, as well as
to experimental or real-world data, whenever a systematic
identification of different dynamical regimes is required.
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APPENDIX A: STABILITY OF THE
HOMOGENEOUS EQUILIBRIUM

The aim of this Appendix is to prove the linear stability of
the the equilibria of system given by Eqs. (4) and (5), rewritten
here for the sake of simplicity:

du :
d_bz — e/(u,- - %) - e’Xl:Bl[i, v,

%%zE:&Eﬂm+b+Wp

l
where € = 1/e. To determine the stability of the ho-
mogeneous solution (u;, v;) = (u*, v*), where (u*,v*)=
(:I:\/_, —b/c) or (u*,v*) = (0, —b/c), we consider the per-
turbations, du; = u; — u* and §v; = v; — v*, we insert them
into the above equations, and then we linearize to get

d5u,~ , ’ .

= (1 — W)ou; — € XI:B][t,l]Sv;, (A1)
ddv; o
G = 2Bl 1w+ csuy, (A2)

or in matrix form

d (Su Su
E(Sv) - J(Sv)’

where we introduced the (Ny+ N;) x (Ny + N;) Jacobian
matrix J = [6,(l _}(;I'T*)Z)INU _:I;V]?‘] and the stack vectors Su =
(Suy, ..., duy,)" and 8v = (Svy, ..., vy,)". To gain some
analytical insight into the problem, let us reduce the dimen-
sion of the latter using BIBIr = Ly, i.e., the network Laplace
matrix, and BlTBl = L, the one-Hodge-Laplace matrix. The
eigenvalues of Ly and L; are A/ = A'*, and they can be
expressed as the square of the singular value b, of the matrix
B, namely, Aff’) = A(lo‘) = b2. On the other hand the eigen-
vectors ¥ and ¥f obey

Byl = by,
Byl = b,y,.

We can now project du; and dv; onto the eigenbasis: du; =

3, 8t (¥0); and Sv; =Y, 80,(¥));. Using Egs. (A3)
and (A4) we then get from Egs. (A1) and (A2)

(A3)

(A4)

dsi

Ot= /1_ *26,\0{_ /baaAa»
7 €'( (u™)")éi € )
dddg,
—— =80y + b, bty
dt

or in matrix form

d (80, _ (€1 — @) —€by (S _. . (P
dr\8d ) = be ¢ 8ty ) = T2\ 80y )

The stability of the homogeneous solution (u#*, v*) can be
determined by studying the spectrum of J,. A straightforward
computation returns the roots of the characteristic polynomial

€ et J(€u 4 —4ce'u +€'bY)
= 5 i

A

where ' = (1 — (u*)?). By direct inspection of the latter rela-
tion, one can easily infer about the stability of the equilibria.

APPENDIX B: THE FOURIER METHOD

In Sec. IIT A we presented the method based on the Fourier
transform, used to extract amplitude, phase, and frequency,
from the signals obtained from a numerical integration of
Egs. (1) and (2). The aim of this section is to provide some
additional details and show the effectiveness of the method
on a synthetic signal, roughly inspired form the chimera
state reported in the middle panel of Fig. 3. Again, let us
stress that the use of an improved Fourier method is required
by the “shape” of the signals, whose frequency can depend
on the spatial index. We must, thus, rely on a method that, at
the same time, allows to have a good estimate for frequency,
amplitude, and phase, but also to be time localized, since these
quantities can vary in time.

Given a sufficiently regular signal y(¢) on a time window
w = [fy, 1], we can approximate it by

y(t) ~ ™) 1 g iQrQ®i+6)
0 E)
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FIG. 9. Use of the FFT and the quadratic interpolation to compute amplitude and frequency. (a) The signal y(¢) restricted to the time
window [950,952] where npe,c = 10 are visible. (b) A portion of the power spectrum (blue dashed curve) and the quadratic interpolation
(red curve) close to the maximum of the power spectrum. (c) A zoom in the neighborhood of the maximum: the blue dot with coordinates
(3.9648,1.2485) is the one obtained by direct use of FFT; the black square with coordinates (3.9722,1.2488) has been obtained as the maximum

of the parabola.

where a”’ € R is the baseline level of oscillation, ™) € R,
the positive amplitude of the oscillation, Q") € R the fre-
quency, and 6™ € [—m, 7r) the phase. For periodic signals,
the latter quantities are constant and thus independent of time
window, deviations from this behavior will thus provide infor-
mation about the regularity of the signal.

By applying the discrete Fast Fourier Transform [73] to
the signal y(t;) — (y) evaluated for #; € w = [fy, #;], where (y)
is the time average of y(¢) in the time window, we obtain
estimated values for amplitude, frequency and phase, respec-
tively, a®, QW and 6™, The latter are obtained using
the classical discrete FFT algorithm returning for Q) the
frequency that maximizes the power spectrum of the signal
and for the amplitude &’ the module of the power spectrum.
The spectrum is known, however, only at discrete values, as
for the signal, and thus the time resolution and the window
size impact the accuracy of @™ and Q. By leveraging on
the fact that the power spectrum has a parabola-like behavior
close to its maximum, we can improve the previous estimates
by interpolating the power spectrum with a quadratic polyno-
mial close to the maximum, and the amplitude will thus be
given by the module of the maximum and the frequency by its
position (see Fig. 9).

Once the latter approximation for amplitude, phase, and
frequency has been obtained, we look for a final improvement
based on a nonlinear fit of the signal y(¢) in the form

(1) = pycos 2r Q"1 + py) + ps.

the unknown being amplitude, p;, phase, p,, and baseline
oscillation, ps, by assuming Q™ to be precise enough, due to
the previous estimate. The latter are also used as starting point
for the nonlinear fit implemented via a least-square nonlinear
optimization algorithm [74].

We then consider g time windows, w;, large enough is
such a way the signal y(¢) exhibits ng,ae oscillations in the
intersection between two consecutive windows. We obtain for
i=1,...,q, the baseline, amplitude, phase, and frequency,
a(()“”) ,a™), 9w and QM) and we eventually compute their
averages (7) and standard deviations (8). Figure 4 displays few
examples of those metrics computed from three characteristic
signals: regular, chimera, and irregular. The blue dots repre-
sent the averaged (7), while the size of the shaded light blue
regions are given by the standard deviations (8).

In Fig. 11 we report numerical results about the reconstruc-
tion of phase, amplitude, and frequency of a given signal of the
form

x;(t) = ap(j) cos 2 ()t +6(j)] ¥j=1,...,100.

(BI)

Where the phases depend linearly on the node index j, i.e.,
6o(j) = m(j — 1)/100 [see black squares in Fig. 11(a)]. The
amplitude ay depends on the node index j in a “multi-bump
parabola-like” way [see black squares in Fig. 11(b)],

s(1/5 =)
(s—=1/5)2/5—-15)
ap(s) =1+209(s—2/5)(3/5—5)
(s —3/5)4/5 =)
(s—4/5 —5)

ifo<s<1/5
if1/5<s<2/5
if2/5 <s<3/5
if3/5 <s<4/5
if4/5 <s<1

with s = (j — 1)/100. Similarly the frequency exhibits two
bumps [see black squares in Fig. 11(c)]

(s —1/5)2/5 —)
Qo(s) = 14+ 0.1{ (s — 3/5)(4/5 — 5)
0

if 1/5<s<2/5
if3/5<s<4/5
otherwise

with s = (j — 1)/100. Let us observe that such functional
dependence has been chosen to mimic the behavior of a; and
Q; shown in Fig. 4, as we can appreciate by looking at the
time space-time plot of the signal x;(¢) (see Fig. 10).

From the knowledge of the signal x;(#) on the time interval
[500,1000] for all j =1, ..., 100, we reconstruct {(0;), (a;),
and (£2;) using npeas = 10, i.€., by considering a time window
containing 10 oscillations, and ng,e = 3, i.€., by letting the
consecutive time windows to overlap by five oscillations. The
results are reported in Figs. 11(a), 11(b), and 11(c), using
green dots superposed to the original values (black squares);
we can observe that the agreement is very good as it can be
confirmed by looking at the errors, i.e., (8) — 6y [Fig. 11(d)],
(a) — ap [Fig. 11(e)], and () — Qq [Fig. 11(H)].

APPENDIX C: MORE DETAILS ABOUT THE DYNAMICS

Let us observe that in the case of orientation 1 with Q =
P =1, the dynamics does not show an oscillatory behav-
ior, it moves away from the small perturbation of the initial
homogeneous state, it (almost) reaches another homogeneous
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FIG. 10. Synthetic signal used to show the application of the
Fourier method. We display the synthetic signal x;(¢), built according
to Eq. (B1) and whose reconstructed features are presented in Fig. 11.

state but without any clear pattern in the studied time window
(see Fig. 12 for a typical dynamical behavior), so our method
cannot be applied to compute (0), (a), and (2). A similar
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FIG. 12. Dynamical behavior in the case P = 1 for orientation
1. We show the dynamical behavior of a typical numerical solution
of the FHN system in the case of orientation 1 with P =0 =1
reoriented links. One can observe that the system diverges from the
initial almost homogeneous solution, but it does not seem to exhibit
any oscillatory behavior in the considered time window.

conclusion holds true for P =2 and Q = 0, 1. Hence, we
present in Fig. 5 the result of the analysis for P > 2,and P > 3
in Fig. 6.
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FIG. 11. The Fourier method. We present an application of the Fourier method to reconstruct phase, amplitude, and frequency of a given
signal. (a) The original (black square) and reconstructed (green dots) phases, (b) the original (black square) and reconstructed (green dots)
amplitudes, panel (c) the original (black square) and reconstructed (green dots) frequency. The bottom panels show the reconstruction error

bo — (0) (d), ao — (a) (), and 2o — (£2) (D).
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FIG. 13. A complete view of the classification of dynamical behaviors using the variations Vj, V, and Vg, in the case of orientation 1
and Q = P links have been reoriented. (a) A 3D view of the clusters obtained using the agglomerative clustering obtained using the values
of (V, V,, Vq), with the depth threshold fixed at the same value used in Fig. 5. (b) The projection in the plane (V,, V), and in (c) the 2D

projection (V,, Vg).

APPENDIX D: MORE DETAILS ABOUT
THE CLASSIFICATION

Some other ways to represent the classification of dynam-
ical behaviors using the variations Vj, V,, and Vg, in the case
of orientation 1 and Q = P links have been reoriented, are
shown in Fig. 13. In Fig. 13(a) we report a 3D view of the
clusters obtained using the agglomerative clustering applied
to the values of (Vp, V,, Vg), with the depth threshold fixed
at the same value used in Fig. 5. In Fig. 13(b) we report the
projection in the plane (Vp, Vg), and in Fig. 13(c), the 2D
projection (V,, Vo).

In Fig. 5 we have set a depth threshold returning three
clusters, however we can obtain a finer classification by
lowering the depth. From the dendrogram displayed in Fig. 5,
one can observe that the next possible clustering is four where

(a) (b)

class 3 splits into two disordered classes. If we decrease
the depth threshold even more, we obtain five clusters, now
the ordered state also split into two clusters corresponds
to two different regular behaviors, almost homogeneous
and traveling waves. The fact that the chimera class does
not split is due to the fact that the studied model exhibits
a single kind of chimera behavior; on the other hand our
classification method could be used to discriminate among
different kinds of chimera states if they were present in the
model and if enough data are provided. The results are shown
in Fig. 14(a). In Fig. 14(b) we report the projection in the
plane (Vy,V,) of the five obtained clusters: the light red
cluster (class 1,1) and dark red cluster (class 1,2) correspond
to the ordered states, emerging from the unique regular class
shown in Fig. 5, the blue cluster (class 2) corresponds to
chimeras, and the black (class 3,1) and light black cluster

(c)

12 : (1,2) o00000 e0o
10 *Pog®
0.10 , (32)
8 w2
~3 S %
6 ~ Vi el 2 2 oo
owe s, ~
0.05 . ~0’..$“’!- . O
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FIG. 14. Even more fine classification of dynamical behaviors using the variations Vy, V,, and Vg, in the case of orientation 1 and Q = P
links have been reoriented. (a) The dendrogram obtained from the hierarchical clustering obtained using the values of (V,, V,, Vo). Branch
lengths represent intercluster distances prior to merging, indicating two well-separated groups. With respect to the results shown in Fig. 5 we
lowered the depth threshold d so to have a classification into five groups. (b) The projection in the plane (Vy, V,) of the four obtained clusters:
the light red cluster (class 1,1) and dark red cluster (class 1,2) correspond to the ordered states, emerging from the unique regular class shown
in Fig. 5, the blue cluster (class 2) corresponds to chimeras, and the black (class 3,1) and light black cluster (class 3,2) correspond to the
disordered states. (c) An alternative view of the classification as a function of P = Q in the range {2, ..., 24}; to each value of P = Q we
associated the dominant class, i.e., determined from the statistical modal cluster membership of (V,, V,, Vo).
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FIG. 15. Finer classification of dynamical behaviors using the variations Vj, V,, and Vg, in the case of orientation 1 and P, Q links have been
reoriented with 0 < Q < P. (a) The dendrogram obtained from hierarchical clustering of (Vy, V,, Vq); branch lengths represent intercluster
distances prior to merging, indicating two well-separated groups; we fixed a smaller depth threshold with respect to the one of Fig. 6, and we
thus have four classes. (b) A 2D projection in the plane Vj, V, of the four clusters so far obtained; points have been colored according to their
class: class 1 (red) associated with the ordered states, class 2 (blue) to denote chimera, and class 3,1 (black) and 3,2 (light gray) correspond
to the disordered states. Note that those two classes were merged in a single class in Fig. 6. (c) The classification as a function of P and Q.
For each value of the latter the dominant class is determined from the modal cluster membership of (V;, V,, V). Note that the new class 3,2,
offspring of the class 3 in Fig. 6, arises only for P = 24 and sufficiently large Q (light gray points).

(class 3,2) correspond to the disordered states. The new
dynamical behaviors for the split classes are shown in
Fig. 16. The top row corresponds to the regular behavior,
while the bottom row correspond to the irregular one. The
former can be classified as weakly homogeneous solution
and (almost) twisted state, and they are shown for the cases
P =0 =3 and P = Q =7 respectively. In the bottom row
two disordered states are shown for the cases P = Q = 21 and
P =0 =24 The values of Vo, Vi, Vo) are
(0.0000, 0.0336,0.0000) [Fig. 16(a)] for showing the
weakly homogeneous solution (0.0747,0.0070, 0.0019),
[Fig. 16(b)] for exhibiting twisted states,
(0.4297, 0.0495, 0.0637), [Fig. 16(c)] with irregular behavior,
and (0.4082,0.00005,0.00002) [Fig. 16(d)] for showing
irregular behavior with very small variation in a and .
Similarly, we present the four classes obtained by lowering
the threshold value with respect to the one used in Fig. 6.
The results are shown in Fig. 15. In Fig. 15(b) we display a
2D projection in the plane Vj, V, of the four clusters so far
obtained. The points have been colored according to their
class: class 1 (red) is associated with the ordered states, class 2
(blue) denotes chimera states, while class 3,1 (black) and 3,2
(light gray) correspond to the disordered states. In Fig. 15(c),
we report the classification as a function of P and Q. For each
value of the latter, the dominant class is determined from the
modal cluster membership of (Vy, V,, Vg ). Note that the new
class 3,2, offspring of the class 3 in Fig. 6, arises only for
P = 24 and sufficiently large Q (light gray points).

APPENDIX E: ORIENTATION 2

As stated in the main text, the topology associated with
orientation 1 allows to break the rotation symmetry, by chang-
ing the orientation of a given number of links, Q, but still
keeping some regularity. One could be interested in studying
the emergence of chimera states once a given number of links

is reoriented but in a random way. Anticipating the following,
we will show that chimera states are very sensitive to this
disordered reorientation, and they will easily disappear work-
ing with orientation 1. For this reason we studied a second
orientation, named orientation 2, that results in being more
robust to induce chimera states, also in the case of random
reorientation of links.

We thus considered a second orientation obtained from
the initial ring shown in the left panel of Fig. 5 to satisfy
the constraint: if £ = [i}, i], then i; < i, returns a positively
oriented link. A schematic illustration of orientation 2, for
the case Np =8 and P =3 is shown in Fig. 17. In this
example, we fix one node, say, 1, and we reorient links
incident to it according to the node index label, i.e., [1,6],
[1,7], and [1,8]. We then take the node next to 1, i.e., 2,
and we reorient as many links incident to 2 as possible, with
the constraint about the node index label, in this case [2,7]
and [2,8]. We then consider node 3, and we act on its in-
coming links by reorienting according to the same rule, i.e.,
[3,8]. All links do now satisfy the constraint. The red links
indicate those whose orientations differ with respect to the
original ring.

Once the orientation 2 has been realized, we used it to
define the FHN and thus studied its behavior as done for
the orientation 1. Finally, we classify the dynamics for ori-
entation 2 as we vary P. The results are shown in Fig. 18
for depth threshold returning four classes. The latter corre-
spond to red cluster (class 1) is the ordered states, the blue
cluster (class 2) the chimera state, and the clusters (3,1)
and (3,2) are associated to the disordered states. We ob-
serve chimeras for P = 13, 14, 15. Let us notice that here
we have shown a finer classification where the disordered
class splits into two disordered ones. If we consider a higher
depth threshold as d = 4, it will return three classes as in
Fig. 5, where, i.e., the disordered classes merge into a single
one.
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FIG. 16. Comparison of the dynamics in the case of 5 classes for orientation 1. The dynamical behavior of two representative examples in
the case of five classes obtained with the finer classification shown in Fig. 14. The top panel corresponds to the two regular classes, [(a) class
(1,1) P = 3, (b) class (1,2) P = 7]; bottom panels display the irregular classes [(c) class (3,1) P = 21, (d) class (3,2) P = 24]. The values of
Vi, Vi, Vi) are (0.0000, 0.0336, 0.0000) (a) for showing weakly homogeneous solution, (0.0747, 0.0070, 0.0019), (b) for exhibiting twisted
states, (0.4297, 0.0495, 0.0637), (c) with irregular behavior and (0.4082,0.00005,0.00002), and (d) for showing irregular behavior with very

small variation in a and 2.

Let us conclude by emphasizing an interesting property
of the FHN defined on the ring with orientation 2 : chimera
states are more robust against random reorientation of links
as opposed to orientation 1. To support this claim we con-
sidered a ring with orientation 1 and another with orientation
2, where in both cases we assume P = 13. Let us observe
that for the choice of the model parameters, those configu-
rations return chimera states (see Figs. 5 and 18). We then
randomly reorient Q, links, with O, € {0, ..., 50}, and we
determine the presence or lack thereof of chimeras; for each
value of Q, we repeat the construction 7 = 10 times, obtain-
ing thus T different random realizations of the orientation
1 and 2 with Q, reoriented links. Let J be the number of
times chimera states have been obtained and eventually let
W =J/T be the fraction of chimera outcomes for a given
Q,. In Fig. 19 we have plotted the ratio W as a function
of the number of reoriented links Q,, teal dots correspond
to orientation 2 and green stars to orientation 1. We can
observe that for small Q,, both orientations return chimera
states and indeed W = 1; however, we can appreciate that
already at Q, = 15 orientation 1 is no longer capable to sus-
tain chimera and indeed W = 0; on the other hand chimeras
persist for the orientation 2 case. Interestingly enough, we can

reorient Q, = 40 links and still have W = 1; only for a larger
number of reoriented links do chimera states fade out and
disappear.

APPENDIX F: APPLICATION TO THE NETWORKED
FITZHUGH-NAGUMO AND COMPARISON WITH
STRENGTH OF INCOHERENCE

In the main text we introduced a method to identify
chimera states, as well as other dynamical behaviors, in a
model of FitzHugh-Nagumo oscillators defined on both nodes
and links. As already stated, the method is general enough to
be applied to other models; the aim of this section is to apply
the classification method to the classical FitzHugh-Nagumo
model defined on a network, i.e., where both variables are
anchored to nodes and are coupled with the network Laplace
matrix instead of the incidence one. Our choice has also been
motivated by the sake of comparing the proposed method with
the Strength of Incoherence (SI), defined in [35] and used to
determine the existence of chimera states in the networked
FitzHugh-Nagumo model.

The section is thus divided into two parts: first, we in-
troduce the FitzHugh-Nagumo model on a network, and we
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FIG. 17. Schematic illustration of orientation 2, for the case
Ny = 8 and P = 3. This structure has been obtained from the initial
ring shown in the left panel of Fig. 5 to satisfy the constraint if
¢ = [iy, ip], then i; < i,. More precisely, we fix one node, say, 1, and
we reorient links incident to it according to the node index label,
i.e., [1,6], [1,7] and [1,8]. We then take the node next to 1, i.e., 2,
and we reorient as many links incident to 2 as possible, with the
constraint about the node index label, in this case [2,7] and [2,8]. We
then consider node 3, and we act on its incoming links by reorienting
according to the same rule, i.e., [3,8]. All links do now satisfy the
constraint. The red links indicate those whose orientations differ with
respect to the original ring.

present the results obtained using our classification method;
second, we define the SI, and we use it to determine the
existence of chimera states in both models. This will allow us
to compare the two methods and emphasize their differences.

Let us thus consider a regular ring composed of Ny nodes
each one with degree 2P, being connected to P nodes on
the right and P on the left. The model equations are thus

1.0

0.8

0.6

0.4

0.2

0.0

0 20

Qr

FIG. 19. Robustness of chimera states for orientation 2 with re-
spect to orientation 1. Starting from the orientation 1 and 2 cases with
P = 13 where chimeras are present, we reorient O, links, and we
determine the emergence of chimera states. For each O, we repeat the
process T times, and we define J to be number of times chimeras are
observed. We thus plot W = J/T as a function of Q,; teal dots cor-
respond to orientation 2, and green stars correspond to orientation 1.
One can observe that orientation 2 support chimeras up to Q, = 40,
while orientation 1 no longer exhibits chimeras already at Q, = 15.
We can thus conclude that the chimera states from orientation 2 are
more robust.
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where x; and y;, for i=1,..., Ny, are the activator and
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FIG. 18. Classification of dynamical behaviors using the variations Vj, V,, and Vg, in the case of orientation 2. (a) The dendrogram obtained
from the hierarchical clustering obtained using the values of (Vj, V,, V). Branch lengths represent intercluster distances prior to merging,
indicating two well-separated groups; the threshold depth has been set so to obtain four classes. (b) The projection in the plane (Vy, V,,) of the
four obtained clusters: the red cluster (class 1) corresponds to the ordered states, the blue cluster (class 2) corresponds to chimeras, and the
the black (class 3,1) and light black cluster (class 3,2) correspond to the disordered states, let us observe that they formed a single class in
the previous classification. (c) An alternative view of the classification as a function of P in the range {1, ..., 24}; with each value of P we
associated the dominant class, i.e., determined from the statistical modal cluster membership of (V,, V,, Vo).
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FIG. 20. Classification of dynamical behaviors using the variations Vy, V,, and Vg, in the case of the network of FHN oscillators. (a) The
dendrogram obtained from the hierarchical clustering obtained using the values of (V,, V,, V). Branch lengths represent intercluster distances
prior to merging, indicating two well-separated groups; the threshold depth has been set to obtain five classes. (b) The projection in the plane
(Vi, V,,) of the five obtained clusters: the red cluster (class 5) corresponds to the ordered states, the blue clusters (class 1,2 and 4) corresponds
to chimeras of different nature, and the teal cluster corresponds (class 3) to a state named multi-chimeras in [35]. (c) An alternative view of the
classification as a function of ¢ in the range [0.1, 0.6]; to each value of o we associated the dominant class, i.e., determined from the statistical

modal cluster membership of (V,, V,, Vo).

characterizes the time scale. The rotational matrix is given by

(bxx bxy> _ ( cos(¢) sin<¢))
by by ) \—sin(¢) cos(¢))’
with ¢ € [—m, ). In the following we fix the parameters to
the values € = 0.05, 5 =0.5, ¢ = /2 — 0.1, Ny = 500, and
P = rNy with r = 0.33. Note that those are the values used in
the work [35]. On the other hand, initial conditions have been
selected to be uniformly randomly distributed from U[—1, 1].
The system (F1) exhibits chimera state for small coupling
o and regular behavior for large values of the latter. We thus
let o to vary in [0.1,0.6], and for each value we simulate
10 orbits as above prescribed; we thus eventually apply our
classification method, by extracting the dynamical features
using the FFT, compute the normalized total variations and
then apply the hierarchical classification method. The results
are reported in Fig. 20; Fig. 20(a) shows the dendrogram

where we emphasize the presence of five classes, for the
chosen value of the threshold depth. Figure 20(b) displays a
projection in the plane (Vp,V,) of the five classes. Finally,
Fig. 20(c) reports the five classes as a function of ¢, more
precisely with each o we associated the most frequent class.
We can observe the presence of ordered state (red cluster, class
5), of chimeras of different nature (blue clusters, classes 1,2
and 4), and of the state named multi-chimeras in [35] (teal
cluster, class 3).

Let us now briefly introduce the Strength of Incoher-
ence [35]. Starting from the state variable x; = (x;, y;), we first
define a new one, z; = X; — X;.1, fori = 1,2, ..., No. When
two neighboring oscillators oscillate coherently, z; takes the
minimum value, when they oscillate incoherently, it takes
the values between = |x; max — Ximin|- TO measure the spread
of z; one can define the long-time average of the standard
deviation, o;, where [ = 1, 2 identifies the component of the
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FIG. 21. Strength of interaction (SI) for the network of FHN oscillators. (a), (b) The SI as a function of o, computed using § = 0.002
and 6 = 0.001, respectively, and M = 20 in both cases. SI = 0 corresponds to the regular behavior (red squares), SI = 1 corresponds to the
incoherent behavior (black squares), and the intermediate values 0 < SI < 1 correspond to chimeras (blue squares). Note that a slight change
in & causes the misclassifications of the chimeras as irregular behaviors for o = 0.1, 0.15. (c) The dynamics associated to o = 0.1; by visual

inspection one can realize it corresponds to a chimera state.
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FIG. 22. Classification of dynamical behaviors in the topological FHN model using the Strength of Incoherence (SI). (a), (b) The SI as a
function of P, with Q = P for orientation 1, for the values § = 0.1256 and § = 0.1 respectively. The value of M is 6 for both cases. SI = 0
corresponds to regular behavior (red squares) and SI = 1 corresponds to incoherent behavior (black squares), and the values 0 < SI < 1
correspond to chimeras (blue squares). Again a slight change in 6 causes the misclassifications of the regular behaviors as chimeras for
P =2,3,4. (c) The actual dynamics of P = Q = 3, which is clearly regular.

state variable we are interested in

(F2)

1 &
L o 2
o= < N ;[Zz,z (z1)] > .

t

One can thus conclude that o; = 0 denotes coherent states and
o7 # 0 for both incoherent and chimera states. Since the latter
could not distinguish between the chimeras and incoherent
behaviors, authors of [35] defined a local standard deviation
o;(m) by dividing the oscillators into an even number M
groups of continuous and equal size n = Ny/M,

1
o1(m) =< -
n

mn

2

Jj=n(m—1)+1

(F3)
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[z1,; — (Zl)]2>

t
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m=1,2,..., M. Eventually, SI is defined as

anl=1 Sm
M

where ©(.) is the Heaviside step function, and & > 0 is
a threshold parameter which takes a certain percentage of
value of the difference between x; ; max and x; ; min. In conclu-
sion [35] if SI = 0, then the system behavior is regular, SI = 1
for incoherent states and 0 < SI < 1 for chimeras.

In Fig. 21 we report the classification of the dynami-
cal states for the networked FHN model obtained using the
strength of interaction. Figure 21(a) displays SI computed
using § = 0.002 and M = 20, the method correctly identifies
regular behavior for o > 0.4 (red squares) and chimera states
for 0 < 0.4 (blue squares). Let us observe, however, that
the results strongly depend on the choice of §; indeed using
§ = 0.001, and again M = 20, SI assumes the value 1 for

S=1- sm = O[5 — oy(m)], (F4)
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FIG. 23. Classification of dynamical behaviors in the topological FHN model using o;. (a) The histogram of the computed values of ¢;, 20
for each value of P, and the three classes obtained using Kernel Density Estimation (red curve), each class being identified by the vertical lines.
(b) The classes obtained using o; as a function of P. The red diamonds correspond to the regular behavior, the blue diamonds are chimeras
and the black diamonds correspond to the incoherent behavior. The results agree with the classification obtained using (Vy, V,,, V) as shown

in Fig. 5.
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o < 0.2, corresponding thus to irregular behavior, whereas
by visual inspection [see Fig. 21(c) for the case o = 0.1] this
dynamics is clearly a chimera state. Moreover, for o = 0.3,
SI classifies the state as chimera whereas our method sets it in
the regular class [see Fig. 20(c)].

In Fig. 22 we show the results we obtained using the
strength of incoherence to classify dynamical behaviors in
the FHN model studied in the main text as a function of P,
with Q = P for orientation 1. Figure 22(a) shows SI obtained
using § = 0.1256 and M = 6; SI = 0 corresponds to regular
behavior (red squares), SI = 1 to incoherent behavior (black
squares) and 0 < SI < 1 to chimera states (blue squares).
The obtained classification agrees with the one we got using
our method [see Fig. 5(c)]; however, by slightly changing §
[Fig. 22(b)] the computed values of SI misclassify some dy-
namics for P = 2, 3, 4 setting them as chimera states instead
of regular ones [see Fig. 22(c)].

To conclude this Appendix let us consider the metric o;
above introduced and show that it can be inserted into the
pipeline of our classification method and produce a good clas-
sification scheme without the need to introduce any threshold.
This confirms thus the robustness of the proposed scheme
and its modulability. We thus consider once again the FHN
model defined in the main text for orientation 1, we vary
P, with Q = P; we numerically compute 20 orbits with dif-
ferent initial conditions and for each one we computed o,
with [ = 1. Because we now use a single variable, we can
use an histogram to classify data. More precisely we use the
Kernel Density Estimation (KDE) [75] method to determine
in a self-consistent way the number of classes that results
to be three: regular, chimera, and irregular behavior [see
Fig. 23(a)]; let us observe that the obtained classification [see
Fig. 23(b)] agrees with the one presented in the main text
[see Fig. 5(c)].
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