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Scattering of waves in locally resonant woodpile structures with impurities
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We theoretically and experimentally investigate wave scattering in a single-column woodpile structure with
impurities. This structure consists of slender cylindrical beams that support flexural bending modes, which
are coupled strongly with propagating waves in the low-frequency regime (i.e., local resonance coupling). We
examine the linear scattering of plane waves from single and double impurities in periodic configurations. When
local resonance coupling is neglected, the double-impurity configuration exhibits reflectionless transmission,
resembling the Ramsauer-Townsend (RT) resonance. Further analysis reveals that, under strong local resonance
coupling, this behavior evolves into a Fano resonance, which features an asymmetric line shape with a sharp
transition between transmission and reflection. However, as the RT resonance and the local resonance become
spectrally closer, an analog of electromagnetically induced transparency (EIT) emerges, resulting from the
balanced interference between the two modes. These distinct resonant behaviors can be tuned by varying the
local resonance coupling strength, providing a controllable platform for macroscopic analogs of quantum wave
interference. Potential applications include vibration isolation and wave-based switching devices.
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I. INTRODUCTION

A woodpile structure—a type of granular crystal—consists
of a regularly arranged assembly of discrete particles that in-
teract through elastic collisions. A key feature of such discrete
systems is the inherent nonlinearity arising from contact in-
teractions and the discrete nature of the medium, enabling the
exploration of diverse wave dynamics [1–3]. One particularly
attractive aspect is their highly tunable dynamic response,
which can be adjusted via an applied static load. This tun-
ability allows for investigations across nearly linear, weakly
nonlinear, and strongly nonlinear regimes [4–6]. The ability to
control stress wave propagation in these architectures has been
widely demonstrated [6], supporting applications such as fil-
tering [7,8], shock absorption [9–11], acoustic diodes [12,13],
logic gates [14], and nondestructive evaluation [15].

Among various geometries of unit granules (e.g., spherical,
toroidal, and elliptical shapes [3]), woodpile structures are
composed of slender cylindrical beams that support flexural
vibrations. These bending modes induce local resonance ef-
fects when coupled with propagating waves, leading to richer
wave dynamics [16–22]. Despite these advantages, the inves-
tigation of diverse wave dynamics in such systems has been
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limited due to the constraints of theoretical models. Recent
advances in physics-informed discrete element modeling [23]
have overcome these limitations, enabling more comprehen-
sive exploration of wave behaviors, especially in structurally
complex systems such as those with inhomogeneities.

Inhomogeneous configurations, in particular, give rise to
intriguing wave dynamics. For example, even in traditional
granular crystals without local resonance coupling, inho-
mogeneity can give rise to classical analogs of quantum
phenomena, such as the Ramsauer-Townsend (RT) effect [24].
This effect, originally observed as a sharp minimum in the
electron scattering cross-section at low energies for rare
gas atoms, can be replicated in classical media, bringing
quantum concepts [25] into the realm of classical me-
chanics. Indeed, a wide range of wave phenomena at the
atomic and quantum levels—such as strong coupling [26],
electromagnetically induced transparency (EIT) [27], level
repulsion [28], and both adiabatic and nonadiabatic pro-
cesses [29]—can be effectively described using coupled
harmonic oscillators. In addition, macroscopic experiments
have successfully demonstrated analogs of phenomena such
as Landau-Zener tunneling [30,31] and Anderson localiza-
tion [32,33], and others [34,35]. These studies collectively
show that exploring wave dynamics in macroscopic clas-
sical systems provides intuitive insights into atomic- and
quantum-scale phenomena, owing to their analogous wave
physics [36].
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In this work, we investigate linear wave scattering in a
single-column woodpile structure with embedded impurities.
Our key finding is that a classical analog of the RT reso-
nance transitions into a Fano resonance through coupling with
local resonance, especially in the case of a double-impurity
chain. Fano resonance is characterized by a sharp transition in
the transmission-reflection spectrum, where total transmission
abruptly shifts to reflection. Traditionally, Fano resonances
arise from the interference between a discrete quantum state
and a continuum of states [37]. Analogously, in our sys-
tem, the discrete local resonance mode induced by impurities
interferes with the continuum band that supports the RT reso-
nance, resulting in an asymmetric line shape. Furthermore, we
demonstrate that as the RT resonance and the local resonance
become spectrally closer, a mechanical analog of the EIT
phenomenon emerges [38]. This work highlights that a series
of resonance phenomena—RT, Fano, and EIT-like—can be
systematically accessed within a single mechanical system
by controlling the impurity-induced local resonance coupling.
These tunable and distinctive wave behaviors in a mechanical
platform offer promising potential for applications in switch-
ing devices, sensing, and wave control technologies.

This paper is structured as follows: In Sec. II, we in-
troduce the model setup and describe the discrete element
model and corresponding band structures of the woodpile
structure. In Sec. III, we discuss our analytical, numerical,
and experimental approaches to the linear scattering problem
involving single and double impurities embedded in homo-
geneous woodpile structures. In Sec. IV, we discuss and
compare the results from theory, computations, and exper-
iments. We demonstrate that RT resonance in our system
transitions into a Fano resonance through coupling with local
resonance. In Sec. V, we present further simulations that show
the emergence of multiple Fano resonances and the mechani-
cal analog of EIT. Finally, Section VI concludes the paper and
suggests potential avenues for future research.

II. WOODPILE STRUCTURES

Figures 1(a) and 1(b) show the woodpile lattices with sin-
gle and double impurities, consisting of slender cylindrical
beams whose centers form orthogonal contacts with neigh-
boring elements. The host cylinder (i.e., background medium)
has a length Lh, while the defect cylinder has a length Lp,
both with identical radii. By varying Lp and keeping Lh fixed,
we investigate wave scattering arising from the interaction
between plane waves and local resonance. Thus, changes in
cylinder length affect the bending vibration frequency and, in
turn, the local resonance coupling. Accordingly, we define the
length ratio as � = Lh/Lp. The elastic potential between the
cylinders is derived from nonlinear Hertz contact [39]. Under
sufficiently strong static precompression within this lattice, as
is the case here, the response to small external perturbations
can be described by linear dynamics.

We analyze the system dynamics using a discrete element
model. In this approach, we represent the “continuum” cylin-
der as “discretized” mass-with-mass unit cells [see Fig. 1(c)],
with contacts modeled as springs following the linearized
contact stiffness βr (see Appendix A for details). The lo-
cal resonance coupling arising from the cylinder’s bending

FIG. 1. Schematic of one-dimensional woodpile structures with
(a) a single impurity and (b) double impurities, composed of slender
cylindrical beams. Each beam contacts neighboring beams orthogo-
nally through their centers of mass. The length of the host beam is
denoted as Lh, while the length of the impurity beam is Lp. An inci-
dent plane wave (I) leads to reflected (R) and transmitted (T ) waves
upon interaction with the impurity. (c) A theoretical discretized unit
cell that describes the dynamics of a single continuous beam. The
internal harmonic oscillator, represented by local mass mq and spring
constant kq, captures the wave physics of local resonance effects.

vibration modes is modeled as multiple harmonic oscillators
(mq and kq, where q denotes the mode number) within these
discrete unit cells. The mechanical coefficients of the multiple
harmonic oscillators (e.g., m0, mq, and kq ∀q ∈ [1,∞]) are
determined via physics-informed discrete element modeling,
as established in the author’s previous work [23]. This method
establishes a correspondence between the wave physics de-
scribed by continuum beam theory and that captured by the
discrete model, ensuring that the discretized unit cell faith-
fully represents the effects of local resonance coupling. As a
result, this framework allows for the analytical mapping of
cylindrical elements—with varying geometries and material
properties—into discrete unit cells that accurately capture
their local resonance behavior and associated wave dynamics.
For simplicity, detailed mathematical derivations are omit-
ted in the main text; however, we summarize the equivalent
masses and spring constants associated with multiple bending
modes as a function of cylinder length in Appendix B.

A. Band structures

We first investigate the dynamics of a pure homogeneous
chain without impurities. This can be achieved by examining
the band structure derived from the dispersion relationship. In
the context of an infinite chain configuration, the equations of
motion for the nth unit cell are

mn,0ün = βr (un−1 − 2un + un+1) +
∑

q

kn,q(un,q − un), (1)

mn,qün,q = kn,q(un − vn,q ), ∀q ∈ Z+, (2)

where un and un,q represent the displacements of masses mn,0

and mn,q, respectively; q is the mode number. Under the har-
monic oscillations of these masses, i.e., un = Uexp(iωt ) and
un,q = Uqexp(iωt ), we can obtain the following relation from
Eq. (2):

un,q = ω2
q

ω2
q − ω2

un, ∀q ∈ Z+. (3)
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FIG. 2. (a) Schematic of the band structures for homogeneous
woodpile structures as a function of the complex wave number. The
right-hand side shows the real part (R.P.) of the wave number, while
the left-hand side shows the imaginary part (I.P.). The branches are
categorized into the acoustic band (first branch) and upper resonance
bands, which arise from multiple local resonance modes. The gray
region indicates the local resonance bandgap. (b) Vibrational bending
modes of the cylindrical beams at the boundary of the Brillouin zone,
correspond to the circled frequencies in the band structures shown in
panel (a). These modes are characterized by zero group velocity.

Here, ωq = √
kq/mq denotes the resonant frequency of the

multiple harmonic oscillator. By substituting this relation into
Eq. (1), one can obtain

−meff(ω)ω2un = βr (un−1 − 2un + un+1), (4)

where

meff(ω) = m0 +
∑

q

mq

ω2
q

ω2
q − ω2

. (5)

Explicitly, Eq. (4) represents the harmonic wave solution of a
well-known monatomic chain, but with an effective mass meff.
By applying Floquet’s theorem [40], i.e., un±1 = unexp(∓ik),
one can derive the dispersion relation for locally resonant
systems,

meffω
2 = 4βr sin2 k

2
, (6)

where k is the wave number. This relationship yields the band
structure as a function of the complex wave number, as shown
in Fig. 2(a). The real part (R.P.) of the wave number is shown
on the right, while the imaginary part (I.P.) is displayed on the
left. We observe multiple branches resulting from the coupling
of various local resonances, with local resonance bandgaps
(gray area) appearing between these branches. The branches
are classified into two types: the acoustic bands, which are
primarily governed by the rigid-body motions of the cylin-
ders without local vibration modes, and the resonance bands,
which resemble the acoustic bands in terms of wave propaga-
tion through the chain, but are distinguished by the presence
of local resonance modes within the individual cylinders. All
branches are formed at different frequencies but share the
same wave-number range, which arises from the Brillouin
zone of the periodic chain. As previously noted, increasing
the length of the cylinder causes each branch to shift to lower

frequencies, in accordance with the relation ω ∝ L−2 of the
bending vibration modes [41].

We now briefly discuss the physical vibrational behavior
associated with the band structure. In Fig. 2(b), we show the
physical vibrational behavior of the cylindrical beam at the
edge frequency of the first resonance bands and the local
resonance frequency (black circle) within the bandgap. The
frequency at which the resonance band initiates is the onset
frequency (blue circle), while the frequency at which it termi-
nates is the cutoff frequency (red circle). The arrows represent
the displacement fields associated with the bending modes.
Within a single branch, the onset, cutoff, and local resonance
modes are all associated with the same bending mode. For ex-
ample, the second branch reflects the characteristics of the first
bending mode of the cylinder, as shown in Fig. 2(b). However,
due to their distinct wave-number characteristics, the relative
motion between the cylinders can be clearly distinguished.

For the onset frequency, where the wave number k = 0
corresponds to an infinite wavelength, the relative motion at
the contact point between adjacent cylinders is in-phase—
represented by the displacement vector [1,1]. In contrast, at
the cutoff frequency, the smallest wavelength related to the
lattice constant results in an out-of-phase motion at the contact
point between cylinders, i.e., [1, −1]. These features result
in a zero group velocity (∂ω/∂k = 0) at both the onset and
cutoff frequencies, corresponding to standing waves. The lo-
cal resonance frequency, associated with an infinite imaginary
wave number (k = −i∞), corresponds to a stationary state—
i.e., [0,0]—in which both cylinders remain motionless at the
contact point due to vibration isolation [23].

Through this band structure configuration, we can consider
two types of wave-scattering scenarios: (1) local resonance
coupling of impurities in the rigid-dominant acoustic band of
the host chain and (2) local resonance coupling of impurities
in the resonance band of the host chain. We analyze the scat-
tering problem in both scenarios.

III. SCATTERING OF WAVES BY IMPURITIES

Building on the impurity formations illustrated in Figs. 1(a)
and 1(b), we now focus on the scattering of harmonic waves
by these impurities in the system. To simplify the theoretical
analysis, we reformulate the equation of motion Eq. (1) by
focusing on the response un of the primary mass (m0).

mn,0ün = βr (un−1 − 2un + un+1) +
∑

q

kn,q�n,qun, (7)

where

�n,q = ω2

ω2
n,q − ω2

, ∀q ∈ Z+. (8)

We note that, even with the introduction of impurities, the
linearized contact stiffness of the spring (βr) remains constant
due to the identical contact angle between cylinders, as the
defect cylinders modify only their length.
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A. Analytic approach

To explore the effect of impurities on the scattering prob-
lem, we utilize the following ansatz [37]:

un =
{

ei(kn−ωt ) + Re−i(kn+ωt ), if n � 0,

Tei(kn−ωt ), if n > 0,
(9)

which models an incident plane wave producing reflected (R)
and transmitted (T ) waves upon interaction with the impurity
(n= 0). From this interaction, we thereby define the reflection
coefficient |R|2 and transmission coefficient |T |2. We note
that, for a conservative system, the frequency of the incident

plane waves remains unchanged when interacting with an
impurity. However, a minor phase shift caused by the impu-
rities may influence the wave number. Despite this, the wave
number of both the incoming and outgoing waves in free space
remains unchanged due to the energy-conserving nature of the
system. Substituting Eq. (9) into the equation of motion near
the single impurity yields a linear system of equations:

S
(

T
R

)
= D, (10)

where

S =
(

βceik m̃0ω
2 + βc(eik − 2) + ∑

q k̃q�̃q

m0ω
2eik + βceik (eik − 2) + ∑

q kq�qeik βc

)
, (11)

D =
(−m̃0ω

2 + βc(2 − e−ik ) − ∑
q k̃q�̃q

−βr

)
. (12)

For the mechanical properties associated with impurity cylin-
ders, we use a tilde notation to indicate impurity-related
parameters (i.e., m̃0, k̃q, and �̃q). From the solution of
Eq. (10), we can determine the reflection and transmission
coefficients for the case of a single impurity. Analogously,
in the case of a system with two impurities, we apply the
following ansatz:

un =
⎧⎨
⎩

ei(kn−ωt ) + Re−i(kn+ωt ), if n < −1,

T0ei(kδn−ωt ) + R0e−i(kδn+ωt ), if n = −1, 0,

Tei(kn−ωt ), if n � 1,

(13)

where T0 and R0 indicate the reflected and transmitted waves
generated between the two impurities (n= −1, 0); the kδ is
defined as k + δ, where δ represents the difference between
the wave numbers in the host chain and the impurity region.
In this way, we can construct a linear system of equations for
the double impurity case (see Appendix C for details).

In Figs. 3(a) and 3(b), the transmission and reflection co-
efficients of the acoustic band are shown as functions of k
and �. The results reveal complementary behavior, where a
reduction in one coefficient corresponds to an increase in the
other, and vice versa. For single impurities, the reflection co-
efficient vanishes at k = 0 or � = 1 (indicated by gray dotted
lines), corresponding to the long-wavelength regimes and ho-
mogeneous systems, respectively. Additionally, near � ≈ 3,
the reflection coefficient nearly vanishes over most values of
k, because the passband associated with the impurity cylinder
spectrally overlaps with the acoustic band of the fixed host-
cylinder chain. However, at small wave numbers near � ≈ 3,
a transmissionless mode emerges because the impurity’s local
resonance frequency overlaps with the low-frequency region
of the host acoustic band. This transmissionless mode follows
the red arrow indicated in Fig. 3(b). In addition, this local
resonance asymptotically approaches k = 0 as � increases,
due to its growing influence on the host chain’s acoustic band
at low frequencies.

In Figs. 3(c) and 3(d), we present the coefficients for the
first resonance band. In the resonance band, we observe that
the reflection coefficient vanishes near several values of �,

similar to the acoustic band. However, unlike the acoustic
band, we distinctly observe a transmissionless mode at k = 0.
This arises from the standing wave nature at k = 0 in the
resonance branch of the host chain, where no energy is trans-
ferred within the chain—–i.e., the group velocity is zero at
k = 0 in the dispersion curve. Additionally, another difference
from the acoustic band is the absence of coupling effects
from the impurity’s local resonance. This is because the local
resonances of the host and impurity cylinders do not interact

FIG. 3. (Left) Transmission and (right) reflection coefficients for
the scattering of a plane wave in a woodpile chain with a single
impurity, as functions of wave number k and length ratio �. The
top panels correspond to the acoustic band, while the bottom panels
represent the resonance band. In panel (b), the red arrows indicate
the local resonance effect induced by the vibrational modes of the
cylindrical beam.
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FIG. 4. (Left) Transmission and (right) reflection coefficients for
the scattering of a plane wave in a woodpile chain with double
impurities. The blue dashed line in panel (a) highlights a special
reflectionless mode at a specific wave number, representing the me-
chanical analog of the Ramsauer-Townsend (RT) resonance. This
reflectionless mode also appears in the resonance band.

and are physically decoupled. At the discrete element level,
this means that there is no coupling between the harmonic
oscillators associated with the host cylinder and those of the
impurity.

For the case of double impurities, Figs. 4(a) and 4(b) depict
the transmission and reflection coefficients of the acoustic
band, while Figs. 4(c) and 4(d) correspond to the resonance
band. What is particularly interesting here is that, in addi-
tion to the trivial full-transmission conditions at k = 0 and
� = 1, the double-impurity chain exhibits an additional full-
transmission line at a finite wave number, k = kr �= 0, as
indicated by the blue dotted line in Fig. 4(a). This phe-
nomenon is the mechanical analog of the RT effect in quantum
mechanics [25], which has been previously studied in granular
crystals [24] and bistable chains [42]. At this special reso-
nance mode, a wave passes completely through the impurities
without scattering, experiencing only a phase shift.

Furthermore, our system presents two key aspects that
are particularly noteworthy compared to previous studies. (i)
When the local resonance effect of the impurity is considered,
multiple RT-like resonances can appear, as indicated by the
blue dotted line in Fig. 4(a). (ii) For � > 1, as � increases, the
transmissionless mode driven by the impurity-induced local
resonance [marked by the red arrow in Fig. 4(b)] approaches
the RT-like full-transmission branch [marked by the blue dot-
ted line in Fig. 4(a)]. This spectral proximity leads to a sharp
transition between transmission and reflection, which is more
clearly demonstrated by the extracted transmission profiles in
Fig. 5.

FIG. 5. Extracted transmission coefficient |T |2 of the acoustic
band for specific � and k ranges in Fig. 4(a). The red and blue
dashed lines indicate where |T |2 equals 1 and 0, respectively, and the
red solid line represents the Fano resonance profile. (b) Schematic
of Fano resonance formation in our system. This asymmetric Fano
profile arises from the superposition of RT resonance induced by
double impurities and local resonance induced by mode coupling.
(c) Extracted transmission coefficient |T |2 of the resonance band for
specific � and k ranges in Fig. 4(c).

To examine this sharp transition in more detail, we ex-
tracted |T |2 from specific sections for selected � and k
ranges, as shown in Fig. 5(a). In the acoustic band, we
clearly observe asymmetric |T |2 profiles with a sharp shift
from total transmission to reflection. This asymmetric profile
is a hallmark of the Fano resonance, typically understood
in quantum mechanics as arising when a discrete quantum
state interferes with a continuum of states [37]. Similarly,
the woodpile lattice exhibits a Fano resonance analog, where
the discrete local resonance state induced by impurities
interferes with the continuum band supporting the RT res-
onance, resulting in an asymmetric line profile, as depicted
in Fig. 5(b). Additionally, an interesting feature is that the
resonance band supports RT resonance due to the presence
of the double impurity, as shown in Fig. 5(c). However,
because there is no local resonance coupling between the
host and impurity cylinders, this RT resonance does not
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evolve into the asymmetric line shape characteristic of a Fano
resonance.

Now, our key questions are: How can we mathematically
derive these reflectionless modes that appear at k = kr , how
can the degree of asymmetric slope in the Fano resonance be
determined? To answer this, we begin with a system made

up of a simple lumped mass model without local resonance,
which only supports the acoustic band. This can be achieved
by increasing the local stiffness of the harmonic oscillators in
the system to infinity (i.e., no vibration). For a system with
double impurities, the reflection and transmission coefficients
are given as follows:

|R|2 =
∣∣∣∣ e−2ik (eik − 1)(ρ − 1)[2eik + ρ(1 − 2eik + e2ik )]

(−3ρ2 + 4ρ)eik + (3ρ2 − 6ρ + 3)e2ik − (ρ2 − 2ρ + 1)e3ik + ρ2

∣∣∣∣
2

, (14)

|T |2 =
∣∣∣∣ eik + 1

(−3ρ2 + 4ρ)eik + (3ρ2 − 6ρ + 3)e2ik − (ρ2 − 2ρ + 1)e3ik + ρ2

∣∣∣∣
2

, (15)

where ρ is the ratio of the host lumped mass to the impurity
lumped mass. Therefore, the transmission coefficients of the
acoustic band obtained from these results are presented in
the Appendix D. The reflectionless mode can be identified
by setting |R|2 = 0 in Eq. (14), resulting in the following
expression:

kr = arccos

(
1 − 1

ρ

)
. (16)

We note that these results are very similar to those in Ref. [42].
In that study, the result is based on the impurity arising from
stiffness between lumped mass, yielding kr = arccos(1 − γ ),
where γ represents the stiffness ratio between the host and the
impurity. This result arises from the fundamental principles
of mechanical waves, as the related physical quantities (e.g.,
wave velocity, frequency) are inversely proportional to inertia
(mass) and directly dependent on potential (stiffness).

Next, we determine the wave number or frequency of the
multiple reflectionless modes in our system by substituting
effective mass [Eq. (5)] for the mass quantities (i.e., ρ 	→
ρeff). The transmissionless modes can be identified by setting
|T |2 = 0, where the divergence of the effective mass results in
the emergence of these modes. As a result, we can analytically
obtain the slope of the asymmetric line profile, which exhibits
a sharp transition from total transmission to reflection. The
degree of this slope can be adjusted by tuning the local reso-
nance of the system.

B. Numerical approach

For the numerical simulation, we solve the equations of
motion [Eqs. (1) and (2)] directly through a Runge-Kutta
method using Matlab’s ODE45 routine. To focus exclusively
on the transmission efficiency of wave scattering induced by
impurities, we consider a long chain to exclude the boundary-
induced scattering effects on the chain. We apply a sinusoidal
perturbation with small dynamic amplitudes to the left end
of the chain, thereby confining wave dynamics to near-linear
regimes. Appendix E provides the spatial-temporal velocity
profiles from the numerical simulations, along with detailed
calculation of the transmission coefficient. In this way, by
incrementally increasing the frequency in small steps, we
obtain the transmission efficiency for each frequency in the
impurity-bearing chains.

C. Experimental approach

Here, we describe the experimental setup and data acqui-
sition process for a single-column woodpile structure with
impurities. In Fig. 6, we show a digital image of the exper-
imental setup. The woodpile structure consists of 53 slender
cylindrical resonators, configured in two different setups:
For single impurity-bearing chains, the structure comprises
52 short-length cylinders (30 mm) and one impurity. For
double impurity-bearing chains, there are 51 short-length
cylinders and two impurities. Adjacent cylindrical resonators
are stacked orthogonally in contact, with all cylinders having
an identical radius of 5 mm. Since the radii of all cylin-
ders are identical, the contact stiffness between neighboring
cylinders is uniform, as determined by Hertzian contact. The
vertically aligned cylinder chain is inherently unstable and
prone to buckling under compressive loading. To mitigate this
instability, we employ guide rods and soft polyurethane foam
to support the single-column chain, as shown in the inset of
Fig. 6. In particular, the polyurethane foam used in the setup
has a significantly lower stiffness compared to the rigidity
of the cylinders and the contact stiffness between them. This

FIG. 6. Experimental setup of the single-column woodpile struc-
ture with double impurities. The inset shows a close-up view of the
impurity region. Guide rods constrain horizontal motion to ensure
structural stability, while soft polyurethane foam suppresses buckling
with minimal interference to vertical wave propagation.
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FIG. 7. Transmission of plane waves in a single-column woodpile chain with impurities. The length ratio � between the impurity and host
cylinders is set to � = 4/3 (top) and � = 2 (bottom). The left panels show the results for a single impurity, while the right panels correspond
to a double impurity configuration. The region exhibiting a pronounced resonance effect induced by the double impurity (highlighted with red
boxes) is enlarged and presented as an inset.

design minimizes interference with wave propagation in the
chain, enabling precise measurements of the wave dynamics.

Under the described configuration, precompression is ap-
plied to the chain through a boundary load at the top. This
ensures the system operates within the linear regime for
wave dynamics. A piezoelectric actuator (Piezomechanik PSt
5001025) positioned at the bottom of the chain drives the first
cylinder (n = −26). To examine the transmission efficiency
across the acoustic band of the host cylinder, harmonic excita-
tions are applied from 1.2 to 13.5 kHz in 300 Hz increments.
Additionally, to capture fine details near the RT and Fano
resonance frequencies, high-resolution measurements are per-
formed using a 50 Hz step size in those specific regions.
The localized out-of-plane vibration (velocity unit) near the
contact sites of the cylinders is then measured using a laser
Doppler vibrometer. Similar to our numerical approach (see
Appendix E), we estimate transmission efficiency by compar-
ing the amplitude of the input site (n = −3) and the output
site (n = 3) near the impurities (n = 0). We note that the
numerical and experimental configurations differ because the
simulations use a long chain to minimize boundary-induced
reflections, whereas the experiments use a shorter chain and
near-impurity measurements to reduce accumulated damping
and maintain structural stability. These experimental mea-
surements are still subject to significant wave attenuation
due to damping effects, including material dissipation, con-
tact friction, and thermal influences. Therefore, we calibrate
the experimental results by normalizing them against the
measurements obtained from a homogeneous woodpile struc-
ture consisting solely of host cylinders. In the homogeneous

reference chain, the wave amplitude generally decreases
along the propagation direction because of dissipative ef-
fects, mainly associated with cylinder-to-cylinder contacts,
material damping, and contact friction. For each excitation
frequency, this baseline attenuation is quantified from the
output-to-input velocity amplitude ratio measured in the ho-
mogeneous reference chain and is then used as a reference
for the impurity-bearing chain. This procedure allows us to
isolate the scattering effect of the impurities and to evaluate
the transmission efficiency reliably, even in the presence of
various damping effects.

IV. COMPARISON BETWEEN ANALYTICAL,
NUMERICAL, AND EXPERIMENTAL RESULTS

We now compare our analytical results with numerical
simulations and experimental measurements for two selected
cases: length ratios � = 4/3 and � = 2. These two val-
ues of � are selected to examine how the frequency of the
impurity-induced local resonance within the acoustic band of
the host cylinder affects wave transmission. Both � = 4/3
and � = 2 fall within the acoustic band of the host cylin-
der, but their local resonances appear at different frequency
regions—higher for � = 4/3 and lower for � = 2—due to
the difference in impurity cylinder length. Before discussing
the double-impurity cases, we first present the transmission
coefficients for a single-impurity chain in Figs. 7(a) and 7(b),
where the analytical results are shown as solid lines, the nu-
merical results as circular markers, and the experimental data
as square markers. For the case of � = 4/3, the transmission
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coefficient remains close to unity in the low-frequency regime
and gradually decreases as the excitation frequency increases.
In contrast, for � = 2, a distinct and sharp dip—
corresponding to zero transmission—emerges due to de-
structive interference between the propagating wave and the
low-frequency local resonance mode of the impurity cylinder,
which interact in an out-of-phase manner.

We now turn to the double-impurity chain, focusing on the
experimental verification of the transition from a mechani-
cal analog of the RT resonance to a Fano resonance, driven
by strong coupling with impurity-induced local resonance.
In Figs. 7(c) and 7(d), we show the transmission coeffi-
cients for the double-impurity cases. For � = 4/3, the overall
trend resembles that of the single-impurity chain, exhibiting
a gradual decrease in transmission as the excitation frequency
increases. However, a notable transmission peak emerges near
8.5 kHz (highlighted by the red box and shown in the inset),
where nearly full transmission occurs despite the presence of
two impurities. This phenomenon corresponds to a mechan-
ical analog of the RT resonance, as previously reported in
Ref. [24], and is consistently observed in our experimental
data.

In the � = 4/3 case, the RT resonance and the impurity-
induced local resonance are relatively separated in frequency.
In contrast, for � = 2, they are expected to lie much closer.
This spectral proximity leads to strong interference between
the two modes and induces a transition toward a Fano-type
resonance, as discussed in Sec. III. As shown in Fig. 7(d),
we experimentally observe an asymmetric line shape with a
sharp transition between transmission and reflection, which is
a characteristic signature of Fano resonance. The correspond-
ing space-time velocity profiles, which visualize the RT-like
transmission and local-resonance-induced reflection regimes,
are provided in Appendix E These observations are in excel-
lent agreement with both analytical predictions and numerical
simulations. Importantly, this transition is achieved simply by
adjusting the length of the impurity cylinders, which in turn
controls the strength of local resonance coupling. As seen
across all the results presented in Fig. 7, there is a slight
mismatch in the low-frequency range of the experimental data.
This discrepancy is likely due to imperfections in the chain
configuration, such as misalignment between cylinders or de-
viations from centered contact. In addition, small deviations in
the numerical results can arise from residual finite-size effects
and transient components in the time-domain simulations,
whereas damping in the experiment can suppress such par-
asitic reflections after normalization with the homogeneous
reference chain. Nevertheless, the overall trend observed in
all experimental results shows good agreement with both the
analytical predictions and numerical simulations.

V. MECHANICAL ANALOG OF
ELECTROMAGNETICALLY INDUCED TRANSPARENCY

Following this finding, a natural question arises: as the
length of the impurity cylinders increases, multiple local res-
onance modes are expected to emerge within the acoustic
band of the host cylinders. How, then, will the transmission
behavior be affected by such changes? To address this ques-
tion, it is essential to emulate the complex wave dynamics

FIG. 8. (a) Transmission coefficients for plane wave scattering in
a woodpile chain with double impurities of length ratio � = 8. Four
reflectionless modes are identified (blue circles). (b) Enlarged view
of the frequency region near the first mode, highlighted by a red box
in panel (a), in which a narrow transparency window appears within
a broader absorption region.

associated with these multiple local resonance modes in the
continuous impurity cylinders. This is made straightforward
by our physics-informed discrete element modeling, specifi-
cally because it is rooted in continuum mechanics.

In Fig. 8, we present the transmission coefficient for the
case of � = 8, with particular focus on a double-impurity
chain. Two notable features are evident in the results. First,
we observe multiple full-transmission peaks originating from
RT resonance induced by the presence of double impurity
cylinders. Notably, four distinct peaks are identified in this
case. As the mode order decreases—that is, toward lower
frequency ranges—the fully transmitted peaks and the adja-
cent transmission dips become increasingly close, resulting
in sharply contrasting regions. The second intriguing feature
lies in the transmission profile of the first mode (highlighted
in the magnified view below). Unlike the typical asymmetric
lineshape of a Fano resonance, this peak exhibits a symmet-
ric and sharp feature embedded within an absorption band.
The profile closely resembles the characteristic lineshape of
EIT [43], in which a narrow transparency window appears
within a broader absorption region.

In this regard, it is worth noting that, as the frequency
decreases, the fully transmitted RT resonance and the fully
reflected local resonance gradually approach each other. This
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proximity leads to the emergence of an EIT-like lineshape,
resulting from the balanced interference between the local-
ized and continuum modes. Such EIT-like phenomena have
been actively studied in optics, motivated by their poten-
tial to enable slow-wave propagation, narrowband filtering,
and tunable wave transmission [37,44]. These studies typ-
ically achieved transparency by introducing slight detuning
between two nearly identical resonators [45,46]. In contrast,
in our system, the two impurities are identical and share
the same intrinsic local resonance. Nonetheless, two dis-
tinct resonances—the fully transmitted RT resonance and the
fully reflected local resonance—arise from different physical
mechanisms within the same impurity configuration. The EIT-
like behavior observed here results from the slight spectral
separation between these resonances, similar to the mecha-
nism exploited in optical systems. However, unlike in optics
where the resonances originate from physically distinct res-
onators, in our system they emerge from different dynamic
processes within two identical impurities, resulting in dis-
tinct resonance behaviors. This characteristic highlights that
all resonance behaviors—including RT resonances, Fano-like
resonances, and EIT-like transparency—can be controllably
achieved simply by tuning the degree of local resonance
coupling.

VI. CONCLUSION

In the present work, we have investigated linear wave
scattering in a one-dimensional locally resonant wood-
pile structure containing single and double impurities, and
demonstrated that tuning the strength of local resonance
coupling enables the system to exhibit a variety of distinct
resonance phenomena. Specifically, a transmission behav-
ior resembling the classical RT resonance—characterized
by reflectionless transmission through a double-impurity
configuration—evolves into a sharp Fano resonance when
the impurity’s local resonance mode strongly couples to the
propagating wave. Moreover, as the RT resonance and the
local resonance become spectrally closer—which can be in-
duced by using longer impurity cylinders—their interference
with the continuum gives rise to a symmetric, narrow trans-
parency window, analogous to EIT. These scattering behaviors
are consistently observed across analytical modeling, numer-
ical simulations, and experimental measurements, confirming
the robustness of the underlying physical mechanisms. The
ability to seamlessly tune between RT-like, Fano, and EIT-
like responses within a single mechanical platform highlights
the versatility of locally resonant woodpile structures. This
tunability allows a macroscopic lattice to emulate wave in-
terference effects typically associated with quantum or atomic
systems, offering a practical platform for exploring fundamen-
tal resonance phenomena. Moreover, such control over wave
scattering enables the design of adaptive vibration isolators,
tunable filters, and wave-based switches within a single re-
configurable structure.

Looking ahead, several directions for future research can
build upon these findings. One key avenue is to explore non-
linear extensions by introducing large-amplitude excitations,
which activate Hertzian contact nonlinearity and may give rise
to amplitude-dependent analogs of Fano or EIT resonances.

Another promising direction is to explore disordered systems
rather than merely placing a disordered segment in otherwise
homogeneous chains. Such systems may exhibit Anderson
localization, and their interplay with local resonance coupling
remains largely unexplored.
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APPENDIX A: HERTZIAN CONTACT

The interaction between adjacent cylindrical beams fol-
lows a nonlinear force-displacement relationship described by
the Hertzian contact model [39], expressed as F = Arδ

3/2,
where F is the contact force and δ is the relative deforma-
tion at the contact point. The contact stiffness coefficient Ar

is determined by the geometry, material properties, and the
contact angle φ between neighboring cylinders. For the spe-
cial case of perpendicular contact (φ = 90◦), the coefficient
simplifies to Ar = 2E

√
Rc/3(1 − ν2), where Rc the radius

of the beams, and E and ν denote Young’s modulus and
Poisson’s ratio, respectively. As mentioned in the main text,
assuming that dynamic perturbations are small compared to
the precompression force F0, the nonlinear contact behavior
can be approximated by an effective linear stiffness. In this
regime, the linearized contact stiffness is given by

βr = dF

dδ

∣∣∣∣
δ=δ0

= 3

2
A2/3

r F 1/3
0 , (A1)

where δ0 is the static displacement corresponding to the pre-
compression force F0.

APPENDIX B: DISCRETIZED EQUIVALENT MASS
AND SPRING STIFFNESS

This Appendix provides the equivalent mechanical coeffi-
cients used in the discrete element model for various cylinder
lengths. The equivalent mechanical parameters are obtained
using the physics-informed DEM procedure developed in
Ref. [23]. In this procedure, a cylindrical beam in a periodic
chain is treated as a continuum unit cell, and its charac-
teristic frequencies are calculated using Timoshenko beam
theory with wave-number-dependent boundary conditions at
the contact point. Three representative wave states are con-
sidered [see Fig. 2(b)]: the in-phase state at ka = 0, which
gives the onset frequency; the out-of-phase state at ka = π ,
which gives the cutoff frequency; and the stationary local-
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FIG. 9. Equivalent mechanical parameters used in the discrete el-
ement model for various cylinder lengths. Among the infinite number
of possible modes, only the parameters up to the third local resonance
mode are presented.

resonance state at ka = −∞i, which gives the local resonance
frequency. These characteristic frequencies are then substi-
tuted into the dispersion relation of the mass-with-mass DEM
unit cell, and the resulting algebraic equations determine the
primary mass m0, the local resonator masses mq, and the
spring constants kq. Therefore, the parameters are not obtained
by phenomenological fitting, but are determined from contin-
uum beam dynamics and the corresponding wave states of the
periodic chain. Since the characteristic bending frequencies
depend strongly on the cylinder length, changing the length
ratio � directly modifies the equivalent DEM parameters.

Following this procedure, Fig. 9 lists the values of the
primary mass, local resonator masses, and local stiffnesses
for each cylinder length considered [see the unit cell in
Fig. 1(c)]. Among the infinite number of possible modes, this
Appendix presents only the parameters associated with the
first three local resonance modes. We note that the variation
in local resonance coupling is achieved solely by adjusting
the length of the cylindrical elements. Once again, we refer
readers to Ref. [23] for a comprehensive description of the
mathematical derivation of the physics-informed discrete ele-
ment model.

APPENDIX C: LINEAR SYSTEM OF EQUATION
FOR DOUBLE IMPURITY

Here, we provide the linear system of equations for the
double impurity case,

S

⎛
⎜⎜⎝

T
R
T0

R0

⎞
⎟⎟⎠ = D, (C1)

where the matrix S and the vector D are defined as follows:

S =

⎛
⎜⎜⎜⎝

0 B1 βre−ikδ βreikδ

0 βre2ik C1 D1

βreik 0 C2 D2

A1 0 βr βr

⎞
⎟⎟⎟⎠, (C2)

with matrix elements given by

A1 = −
⎛
⎝2βr −

∑
q

kq�q − m0ω
2

⎞
⎠eik + βre2ik, (C3)

B1 = βre3ik −
⎛
⎝2βr −

∑
q

kq�q − m0ω
2

⎞
⎠e2ik, (C4)

C1 = βr −
⎛
⎝2βr −

∑
q

k̃q�̃q − m̃0ω
2

⎞
⎠e−ikδ , (C5)

C2 = βre−ikδ −
⎛
⎝2βr −

∑
q

k̃q�̃q − m̃0ω
2

⎞
⎠, (C6)

D1 = βr −
⎛
⎝2βr −

∑
q

k̃q�̃q − m̃0ω
2

⎞
⎠eikδ , (C7)

D2 = βreikδ −
⎛
⎝2βr −

∑
q

k̃q�̃q − m̃0ω
2

⎞
⎠. (C8)

The right-hand side vector D is given by

D = (E1, −βre−2ik, 0, 0)T , (C9)

where

E1 =
⎛
⎝2βr −

∑
q

kq�q − m0ω
2

⎞
⎠e−2ik − βre−3ik . (C10)

APPENDIX D: TRANSMISSION
WITHOUT LOCAL RESONANCE

This Appendix presents the transmission coefficients for
plane wave scattering in a double-impurity system in the ab-
sence of local resonance. As noted in the main text, the local
resonance effect is excluded by taking the local stiffness to
the limit of infinity, effectively suppressing internal vibration.
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FIG. 10. (a) Transmission coefficients as a function of wave
number k and length ratio � in a double-impurity system without
local resonance. The blue dashed line indicates the analytically de-
rived RT resonance condition corresponding to Eq. (16) in the main
text. (b) Enlarged view of the boxed region in panel (a), showing the
detailed transmission profile.

Under this condition, the wave dynamics closely resemble
those of a classical granular crystal, and as demonstrated in
Ref. [24], this setting gives rise to only RT resonance. In
Fig. 10(a), we show the transmission coefficient as a func-
tion of the wave number k and the length ratio �; the blue
dashed line indicates the RT resonance mode—i.e., the reflec-
tionless condition (k = ±kr)—which is analytically obtained
from Eq. (16) in the main text. The region highlighted by
the red box is enlarged in Fig. 10(b), clearly showing the
characteristic profile of the RT resonance. Since no local res-
onance coupling exists in this system, increasing the length
ratio � does not lead to additional interference effects, and
only the RT resonance mode remains, with its wave number
asymptotically approaching zero.

APPENDIX E: NUMERICAL SIMULATIONS

This Appendix provides spatial-temporal velocity profiles
from numerical simulations, along with the procedure for
quantitatively evaluating transmission efficiency in impurity-
bearing chains. In the discrete element model, a sinusoidal
perturbation with a specific frequency and very small am-
plitude is applied at the left end of the chain to ensure that
the system response remains within the near-linear regime.
In Fig. 11, we show space-time contour plots of velocity for
a 241-particle chain with double impurities placed between
particles n = −1 and n = 2, where the length ratio is set
to � = 2. Specifically, Fig. 11(a) displays the reflectionless
mode (RT resonance), where nearly full wave transmission
is observed, with only a phase shift near the impurity region
(see inset). In contrast, Fig. 11(b) shows the transmissionless
mode, where most of the wave is blocked in front of the
impurity due to the vibration isolation effect caused by the
out-of-phase motion of the local resonance mode. These two
limiting cases provide a direct visualization of the scattering
mechanisms underlying the Fano-like response discussed in
the main text. The reflectionless mode corresponds to the
RT-like resonance, whereas the transmissionless mode origi-
nates from impurity-induced local resonance. When these two
mechanisms are spectrally close, their superposition produces
the sharp transition from nearly full transmission to nearly
zero transmission that appears as the Fano-like resonance.

To quantify transmission efficiency, we extract velocity
signals at two specific particle locations: n = −112 for the
incident wave and n = +8 for the transmitted wave. These
profiles are shown in the bottom panels of Figs. 11(a) and
11(b). The extracted velocity signals contain both transient

FIG. 11. (a) Space-time contour plot of velocity for the reflectionless mode (RT resonance) in a double-impurity chain. The inset shows
a phase shift near the impurities with nearly full transmission. (b) Space-time contour plot for the transmissionless mode with strong local
resonance, where the wave is mostly reflected at the impurity location. Bottom panels in (a) and (b) show the velocity profiles at two selected
particles(n = −112 and n = +8) used to quantify the transmission efficiency. The black boxes indicate the steady-state time windows used to
calculate the transmission efficiency.
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and steady-state components. To isolate the steady-state re-
sponse, we select a time window that appears sufficiently after
the initial excitation. This time window is indicated by a black
line segment with circular endpoints in Fig. 11(a). Within
these steady-state windows (highlighted by black boxes in the
bottom panel), we calculate the peak amplitude of the velocity

response. The transmission efficiency T̄ is then determined as
the ratio of the transmitted to incident velocity amplitudes.
The transmission efficiency T̄ , defined in terms of velocity
amplitudes, is expected to be equivalent to the displacement-
based transmission ratio derived analytically in Sec. III, under
the ideal condition of harmonic responses.
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