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Quantum field theory approach for multistage chemical kinetics in liquids
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Reaction-diffusion processes play an important role in a variety of physical, chemical, and biological systems.
Conventionally, the kinetics of these processes are described by the law of mass action. However, there are
various cases where these equations are insufficient. A fundamental challenge lies in accurately accounting
for the microscopic correlations that inevitably arise in bimolecular reactions. While approaches to describe
microscopic correlations in many specific cases exist, no general theory for multistage reactions has been
established. In this article, we apply the quantum field theory approach to derive kinetic equations for general
multistage reactive systems termed complete modified encounter theory (CMET). CMET can be formulated
as a set of coupled partial differential equations that can be easily integrated numerically, thereby serving
as a versatile tool for investigating reaction-diffusion processes. Across multiple case studies, we demon-
strated that CMET reproduces the kinetics predicted by many other theories within their respective scopes of
applicability.
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I. INTRODUCTION

A broad spectrum of physical, chemical, and biological
phenomena can be well described in terms of particles
that undergo diffusion in a medium while participating in
elementary reactions, such as first-order (unimolecular) and
second-order (bimolecular) transformations. Representative
examples span multiple disciplines, including photodis-
sociation in liquids [1], electron-hole recombination in
semiconductors [2], radical pair reactions in spin chemistry
[3], and reaction–diffusion processes observed in soft-matter
systems, living cells, and biological tissues [4]. The kinetics
of such systems have been studied for more than a century,
dating back to the pioneering works of Smoluchowski
[5], Fisher [6], Kolmogorov, Petrovskii, and Piskunov [7],
Zeldovich and Frank-Kamenetsky [8], Debye [9], Turing
[10], and their contemporaries; however, our understanding
remains incomplete. In particular, the interplay between
spatial transport, microscopic correlations, and reaction
dynamics continues to reveal unexpected deviations from the
classical laws of mass action (LMA). Phenomenological
LMA approaches typically employ a set of coupled

*Contact author: frantsuzov@kinetics.nsc.ru

equations describing the reaction-diffusion process [11]:

∂

∂t
Ci(�r, t ) = Di∇2Ci(�r, t ) +

∑
jkl

ki j,klCk (�r, t )Cl (�r, t )

−
∑
jkl

kkl,i jCi(�r, t )Cj (�r, t ), (1.1)

where Ci(�r, t ) is the concentration of species Ai at position
�r and time t , Di is its diffusion coefficient, and kkl,i j is the
bimolecular rate constant for Ai + Aj → Ak + Al . The first
term on the right-hand side accounts for spatial diffusion, the
second for gain and loss due to unimolecular transformations,
and the third for analogous changes from bimolecular
reactions. While Eq. (1.1) offers a compact and widely
used macroscopic description, deriving it from microscopic
dynamics and identifying its limitations remain central
challenges in nonequilibrium statistical mechanics.

While the mass-action description of bimolecular reac-
tion kinetics for reaction-diffusion systems is widely used,
it is well known to be limited to cases where reactants’
diffusion is so fast that spatial correlations in their po-
sitions can be ignored. Indeed, to describe the reaction
rate in the last term of Eq. (1.1) as the product of local
concentration of reactants, one has to assume that their
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positions before the reaction are uncorrelated. This assump-
tion is analogous to that made in the formulation of the
Boltzmann equation in kinetic theory, which postulates that
particle positions/velocities are uncorrelated before colli-
sions [12]. However, both physical and chemical interactions
between the particles render this assumption invalid [13],
particularly in the diffusion-limited regime, where spatial
correlations persist over extended timescales. For example,
consider the case of geminate recombination when the reac-
tants are generated as products of a prior reaction and are
consequently formed in close proximity [14]. As a result,
these reactants have an enhanced probability of recombining,
which is not accounted for in simple mass-action kinetics.

Several studies have demonstrated significant deviations
from mass-action kinetics in a wide range of fields and ap-
plications. Examples include absorption of molecules into
metal-organic frameworks [15,16], metabolic channeling, reg-
ulation of signal transduction, pharmacokinetics [17], and
catalysis [18]. Geminate recombination plays an essential role
in electron-hole recombination kinetics in lead halide per-
ovskites [19–21] and in organic collar cells [22].

To address the limitations of mass-action kinetics aris-
ing from spatial correlations, one can begin with a rigorous
microscopic description based on the Bogoliubov-Born-
Green-Kirkwood-Yvon (BBGKY) hierarchy, which governs
the time evolution of many-particle distribution functions
[23]. The BBGKY framework naturally captures the inter-
play between diffusion and reactions at all correlation orders
but leads to an infinite hierarchy of coupled equations. To
render the problem tractable, various closure approximations
have been proposed [24,25]. The resulting formalism often
yields integral-differential equations for concentrations that
feature memory kernels, accounting for the delayed effects of
correlations and reaction history [24]. The alternative form ex-
tends the classical reaction-diffusion description to a coupled
system of equations involving both concentrations and pair
correlation functions, explicitly accounting for spatial corre-
lations between reactants [25]. However, despite these efforts,
a comprehensive first-principles derivation of kinetic equa-
tions for arbitrary reaction networks—including unimolecular
and bimolecular reactions with physical interactions between
particles remains an open problem.

Quantum field theory (QFT) approaches are promising
for formulating a first-principles derivation. Doi’s pioneering
work showed that the formalism of quantum field theory
can be applied to classical many-particle systems [26] and
especially to diffusion-influenced chemical reactions [27].
A similar approach was independently suggested by Zel-
dovich and Ovchinnikov [28]. Subsequently, quantum field
theory methods were applied to describe specific diffusion-
influenced reactions in multiple publications [29–36] (see
also the review Ref. [37]). Despite the effectiveness of
this approach, quantum field theory methods have not
yet been used to describe the general case of multistage
reactions.

In this paper, we apply the second-quantization approach
[26] to derive rigorously the kinetic equations for dilute solu-
tions of an arbitrary multistage reactive system. To this end,
we construct a diagrammatic technique to describe reaction
kinetics and apply a regular expansion of the collision integral

in terms of the small parameter. As a result, we obtained
universal kinetic equations for concentrations. We demon-
strate that the resulting equations contain additional terms
compared to the phenomenologically formulated equations in
Ref. [38], and thus refer to them as the complete modified
encounter theory (CMET). The simulation results demon-
strate that the CMET kinetic equations accurately describe
all known kinetic regimes of multistage diffusion-influenced
reactions, including nonstationary and stationary bulk re-
combination, geminate recombination, and the fluctuation
asymptotic regime.

II. THEORETICAL BACKGROUND

To orient readers, we begin with a brief overview of
theoretical approaches for formulating kinetic equations for
reactive systems beyond LMA (1.1), including the resulting
equations.

In his pioneering work, Smoluchowski [5] introduced the
concept of time-dependent rate k(t ) in diffusion-influenced
reaction. In the Smoluchowski approach (SM), the reaction
rate is determined from the diffusion equation for a pair
distribution function with an absorbing boundary condition
at the contact distance. The approach was then consider-
ably improved by taking into account the partially absorbing
boundary condition [39–41] and remote reactions such as
electron or energy transfer [42,43] (see also Ref. [44] and
references therein).

In the case of the irreversible reaction A + B → C + B,
Smoluchowski theory results in the differential form of the
kinetic equation for the A′s concentration (CA):

d

dt
CA(t ) = −k(t )CA(t )CB. (2.1)

The time-dependent rate constant is determined as

k(t ) =
∫ ∞

b
W (r)n(r, t )d3r, (2.2)

where b is the contact distance, W (r) is the distance-
dependent reaction rate between particles A and B when the
distance between them is r and n(r, t ) is defined as

PAB(r, t ) = n(r, t )CA(t )CB,

where PAB(r, t ) is a pair distribution function of A and B. The
function n(r, t ) obeys the following equation

∂

∂t
n(r, t ) = D∇(∇n(r, t ) + [∇U (r)]n(r, t )) − W (r)n(r, t ).

(2.3)

Here, D = DA + DB is the diffusion coefficient of the relative
motion of the pair and U (r) is the interaction potential in
units of kT . The following initial condition corresponds to the
absence of the correlation between particles at t = 0:

n(r, 0) = 1.

Boundary conditions corresponding to the absence of the cor-
relation between particles at r → ∞ and no flux at r = b are
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typically imposed:

lim
r→∞ n(r, t ) = 1;

(∇n(r, t ) + [∇U (r)]n(r, t ))|r=b = 0,

In the long-time limit, Eq. (2.2) becomes equivalent to the
LMA kinetic equation, with the steady-state rate constant

k = lim
t→∞ k(t ) = 4πRDD. (2.4)

Here, the last equality defines an effective reaction radius
RD. In the case of the absorbing condition [5], the effective
reaction radius is equal to the contact distance b. Equations
(2.1) and (2.2) are only valid when the probability of a three-
particle encounter is small. It is equivalent to the following
applicability condition:

ξ � 1, (2.5)

where parameter ξ is defined as

ξ = 4

3
πR3

DCB = k3

48π2D3
CB. (2.6)

It was shown [45,46] that the SM approach gives the ex-
act kinetics CA(t ) in one special case, when A particles are
immobile, i.e., in the so-called scavenger problem. The time
dependent rate Eq. (2.2) has the following universal asymp-
totic dependence [44]:

k(t ) ≈ k

(
1 + RD√

πDt

)
. (2.7)

As a result, the long-term kinetics in the SM approach also
differ from a simple exponential dependence:

CA(t ) ≈ CA(0) exp

[
−kCB

(
t + 2RD

√
t

πD

)]
. (2.8)

Thus, for the scavenger problem, the solution of the equa-
tion (2.1) shows nonexponential kinetics of CA(t ) at short
times (static quenching) t � R2

D/D.
In the case of immobile B-particles (the trapping problem),

Eq. (2.8) accurately describes kinetics on an intermediate
time-scale only. At large times, the kinetics takes a different
form, due to fluctuations in the initial positions of the particles
B (fluctuation asymptotics) [47–49]:

CA(t ) ≈ CA(0)C1/5
B (Dt )3/10 exp

[−λC2/5
B (Dt )3/5

]
, (2.9)

where λ is a numerical coefficient.
In the general case of the SM approach, the kinetics de-

pends on the sum DA + DB, so it should describe both trapping
and scavenger problems in the corresponding limits. Thus, as
noted in Refs. [47,48] the reaction rate approach is applicable
for times when the fluctuation asymptotics Eq. (2.9) is much
smaller than Eq. (2.8):

t � (
√

ξkCB)−1. (2.10)

Notably, both Eq. (2.9) and Eq. (2.10) are only valid when the
initial distribution of reactants is uncorrelated.

Another important example of the fluctuation asymptotics
is the reaction A + B −→ C + D with equal initial concen-
trations of the A and B particles CA(0) = CB(0) and diffusion

coefficients DA = DB. The time dependence of the concentra-
tions within the SM approach is given by the kinetic equation

d

dt
CA(t ) = −k(t )C2

A(t ). (2.11)

Using Eqs. (2.11) and (2.7) we get the asymptotic behavior of
the concentration:

CA(t ) ≈
[

k

(
t + 2RD

√
t

πD

)]−1

. (2.12)

However, as was predicted by Ovchinnikov and Zeldovich
[48] and subsequently confirmed by other authors [30,50,51]
fluctuations in the initial positions of the particles cause a
different asymptotics:

CA(t ) ∼
√

CA(0)(Dt )−3/4. (2.13)

The time dependence t−3/4 of the concentration was subse-
quently observed experimentally [52].

The presence of initial correlations in pairs gives rise to an-
other class of chemical processes, geminate reactions, whose
kinetics are not adequately described by LMA. When the
reactants A and B are generated as a result of the molecule
fragmentation, they appear in pairs (CA(0) = CB(0)) with a
short average distance r̄ between them:

r̄3CA(0) � 1.

A common way to describe the kinetics of a geminate reaction
is to use a pair distribution function pAB(r, t ), which obeys the
following equation:

∂

∂t
pAB(r, t ) = D∇(∇pAB(r, t ) + [∇U (r)]pAB(r, t ))−

− W (r)pAB(r, t ), (2.14)

with the initial and boundary conditions

pAB(r, 0) = p0(r); lim
r→∞ pAB(r, t ) = 0;

(∇pAB(r, t ) + [∇U (r)]pAB(r, t ))|r=b = 0.

Here p0(r) is the initial pair distribution function, normalized
by ∫

p0(r) d3r = CA(0) = CB(0).

The time dependence of the reactant concentration can be
found as

CA(t ) = CB(t ) =
∫

pAB(r, t ) d3r. (2.15)

Geminate pairs cannot be considered isolated when their sep-
aration exceeds the average distance between particles. Thus,
Eq. (2.14) is valid for times

t � 1

C2/3
A (0)D

. (2.16)

The generation of geminate pairs can also occur as a result
of a bimolecular reaction, for example, the electron transfer
from an excited donor molecule to an acceptor molecule in the
bulk. This problem can be considered using a combination of
the SM approach and geminate kinetics within the so-called
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unified theory (UT), independently proposed by Burshtein
[53] and Dorfman and Fayer [54].

Early attempts to go beyond focusing on just a pair of re-
actants as in SM and to construct a many-particle theory were
based on the use of the Kirkwood [55] superposition approxi-
mation (SA) [40,41,56,57], or its generalizations [58–65]. The
SA being applied to reaction A + B → C + B gives the SM
kinetic equations (2.1)–(2.3). However, applying the SA to
more complex reaction networks was not as successful. For
example, when applied to a multistage reactive system, SA
produced results inconsistent with simple physical considera-
tions [66].

A more systematic description of many-particle reactive
systems used theoretical approaches borrowed from solid-
state theory, namely the averaged T -matrix approximation,
which is widely used in the theory of disordered systems (cf.
Refs. [67–69]). This approach was explicitly used to describe
a diffusion-influenced reaction kinetics by Bixon and Zwanzig
[70]. However, an earlier approach developed by Sakun [71]
and Doktorov [72] turned out to be equivalent to the aver-
aged T -matrix approximation. The integrodifferential kinetic
equations for concentrations reported in Ref. [72] are known
as the integral encounter theory (IET). In the simplest case
of a bimolecular reaction A + B → C + B, the IET kinetic
equation has the following form:

d

dt
CA(t ) = −CB

∫ t

−0
�(τ )CA(t − τ ) dτ, (2.17)

where the memory function �(τ ) is expressed in terms of the
time-dependent reaction constant Eq. (2.2):

�(τ ) = k(0)δ(τ ) + d

dτ
k(τ ).

IET can be formulated in a convenient matrix form and
therefore applied to an arbitrary set of bimolecular reactions.
It was successfully applied for several case studies where
LMA (1.1) does not hold [73–79], including the geminate
pair recombination generated in the bulk reaction (see also the
review Ref. [14] and references therein).

However, the time interval for IET applicability proved to
be very limited. It was found [70,80] that Eq. (2.17) gives a
power-law asymptotic dependence of A particle concentration
on time instead of an exponential one (2.8):

CA(t ) ≈ CA(0)

√
3

4π
ξ (kCBt )−3/2. (2.18)

As a result, in this case, IET is applicable in a very short time
interval [80]:

t � | ln ξ |(kCB)−1. (2.19)

The reason is that the approximation of the averaged T matrix
used in the calculation of the integral kernel only accounts for
the dynamics of the reacting pair.

To overcome this shortcoming of IET, theoretical ap-
proaches were developed based on hierarchical equations for
reduced distribution functions, i.e., analogues of the BBGKY
hierarchies for reactive systems [23]. For the A + B → C + B
reaction, with a regular expansion on a scaling parameter,
Gopich and collaborators derived an integrodifferential ki-
netic equation with a modified kernel [81]. This approach

is called the modified encounter theory (MET). The same
result was obtained by applying Faddeev’s three-body the-
ory method to the closure of the kinetic equations hierarchy
[82,83]. As was shown in Refs. [81–85], the physical essence
of MET is that, in addition to the reaction between the par-
ticles forming a reacting pair, it also takes into account the
reaction between the pair particles and the 3rd particle from
the bulk that is assumed to be uncorrelated with the pair. In
other words, MET corresponds to the mean-field correction
for the reaction of the pair’s particles with the homogeneous
bulk environment. It was shown in Ref. [86] that, in some
special cases where exact solutions are available, MET agrees
with them for a time period considerably longer than IET.

In a previous work, some of the authors formulated a ma-
trix generalization of MET for an arbitrary set of bimolecular
reactions [38]. Furthermore, these equations can be reformu-
lated in a purely differential form for the kinetic equations of
IET/MET for concentrations and pair distribution functions
[38]. In this form, the numerical solution of the kinetic equa-
tions for IET/MET is no more complex than for LMA/SM. A
matrix generalization of MET is also being developed within
the conventional integrodifferential approach [87–89]. A sim-
ilar approach to MET is used in the works of Yang, Lee, and
Shin (YLS) [90–92]. They make a different correction using
a relatively complicated iterative self-consistent calculation
procedure. Nevertheless, YLS and MET agree well within the
limits of their applicability and accuracy (cf. Ref. [85]).

However, numerical simulation of the reaction A + B ↔
C + D [93,94] showed that the MET method cannot re-
produce its asymptotic kinetics. Using the self-consistent
relaxation time approximation (SCRTA), Gopich and Szabo
[95] obtained kinetic equations for concentrations and pair
distribution functions. The asymptotic time behavior of the
kinetics of this reaction within the SCRTA [95,96] coin-
cides with the results of numerical simulations [93,94]. It
should be noted that, although the SCRTA kinetic equa-
tions obtained for the reaction A + B ↔ C + D resemble the
MET kinetic equations [38], they nevertheless contain some
additional mean-field correction terms. Gopich and Szabo
also suggested a form of the SCRTA kinetic equations for
the general case of the multistage system of Ai + Ak ↔
Aj + Al reactions [95] and later for the system of the Ai +
Ak ↔ Aj reactions [97]. Another notable attempt to general-
ize the MET for specific reactions(the so-called generalized
encounter theory) accounted for additional mean-field cor-
rections [98,99]. However, the resulting kinetic equations for
the reaction A + B → C + D obtained in Ref. [99] failed to
reproduce asymptotics Eq. (2.13) in the case of equal initial
concentrations.

The many-particle nature of chemical reactions has in-
spired Doi [26,27] and independently Zeldovich and Ovchin-
nikov [28] to apply the quantum field theory approach to
describe their kinetics. Later, this approach was applied to
the description of several case cases [29,30,32–36,100]. The
QFT approach can study many-particle systems in various
dimensions, including noninteger ones. The results indicate
that, for any bimolecular diffusion-influenced reaction system,
the upper critical dimension is dc = 2 [30,33]. Thus, for any
dimension larger than 2, including the 3D case considered in
this paper, there is no need for a renormalization procedure.
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With the QFT approach to the reaction A + A → B + B, Doi
[27] reproduced Smoluchowski’s expression Eq. (2.4) for the
steady-state reaction rate under absorption boundary condi-
tions. Mikhailov and Yashin [29] determine how the rate
depends on the diffusion coefficient in the case of partially ab-
sorbing boundary conditions. The power-law asymptotics Eq.
(2.13) for the reaction A + B → C + D was also reproduced
within the quantum field theory approach [30,31,33]. Some
examples of multistage reaction systems were also considered
[33], but the QFT approach has not yet been generalized for
an arbitrary set of reactions.

III. MODEL STATEMENT AND SECOND
QUANTIZATION FORMALISM

In this paper, we will consider a many-particle reactive
system formalized in the following terms:

(1) N kinds of structureless reacting particles Ai, i =
1 . . . N , diffuse freely in inert media each with a diffusion
coefficient Di. For particles with internal structure, different
internal states are treated as distinct particles.

(2) The particles may undergo internal transitions Ai →
Aj with rate constants of q ji.

(3) These particles can react pairwise Ai + Ak → Aj + Al

with a reaction rate constant of w jl,ik (|�r|) depending on the
interparticle distance �r.

(4) There is interaction potential Uik (|�r|) (in units of kT )
in pairs Ai + Ak .

The current state of the reactive system can be described
by specifying the number of particles of a given kind, αi,
and their coordinates {�r}i ≡ {�r i

1, . . . �r i
αi
}. The probabilities of

the specific realizations of the reactive system at time t are
then measured by the many-particle distribution functions
(MPDF) fα1,...,αN ({�r}1, . . . , {�r}N , t ), which satisfy the normal-
ization condition

∞∑
α1,...,αN =0

∫
{d3r}N

i fα1,α2,...,αN ({�r}1, . . . , {�r}N , t ) = 1, (3.1)

where {d3r}N
i ≡ ∏N

i=1

∏αi
β=1 d3ri

β . The distribution functions
f are symmetrical under the permutations of the particles
of the same kind. However, these particles are still distin-
guishable in the sense of classical objects. The definition of
MPDF and Eq. (3.1) are only meaningful when there is a
finite number of particles αi. Nevertheless, the resulting equa-
tions remain valid in the thermodynamic limit, enabling the
description of infinite systems [23].

The time evolution of the reactive system is governed by
a hierarchical set of equations for MPDFs that describe the
spatial diffusion of particles and their chemical transforma-
tions. Such hierarchical sets of equations can be formulated
using a classical analog of second quantization. This approach
was previously employed in Refs. [26,27,29,30] for single
reactions. In the present work, we generalize this approach
involving an arbitrary number of chemical reactions. To this
end, we introduce the empty state |0〉, corresponding to a
solvent containing no particles. Each Ai particle is generated
in the position �r by the creation operator �

†
i (�r) and removed

from the position �r with the annihilation operator �i(�r). These

operators obey the following commutation relations:

[�i(�r), �†
j (�r ′)] = δi jδ(�r − �r ′), [�i(�r), � j (�r ′)] = 0,

[�†
i (�r), �†

j (�r ′)] = 0. (3.2)

Note that the empty state |0〉 possesses the following useful
properties:

�i(�r)|0〉 = 0, 〈0| �†
i (�r) = 0, 〈0|0〉 = 1. (3.3)

Equation (3.3) means that the annihilation of a particle in an
empty state yields a zero vector. The last equation defines the
conjugate empty state 〈0| .

We may now describe the state of the reactive system by
the generalized distribution function

|�(t )〉 =
∞∑

α1,...,αN =0

∫
{d3r}N

i fα1,α2,...,αN ({�r}1, {�r}2, . . . , {�r}N , t )

×
N∏

i=1

αi∏
β=1

�
†
i

(
�ri
β

)|0〉. (3.4)

In this expression, the action of �† operators on an empty
state |0〉 produces a set of N kinds of particles with αi par-
ticles of each kind located in the positions �r i

β . Since spatial
coordinates in Eq. (3.4) are integrated out, |�(t )〉 is a vector
of probabilities to find the reactive system in the states with a
given amount of particles of each kind {α1, α2, . . . , αN }.

The dynamics of the reactive system can now be viewed as
the time evolution of the components of |�(t )〉 is described
by the following kinetic equation [26–29]:

d

dt
|�(t )〉 = L̂|�(t )〉 = (L̂0 + V̂ )|�(t )〉. (3.5)

In this expression, L̂0 describes the diffusion and monomolec-
ular transformation of particles:

L̂0 =
∑
i, j

∫
�

†
i (�r)L̂0

i j� j (�r) d3r, L̂0
i j = δi jDi
 + Qi j,

(3.6)

where Q̂ is the relaxation-excitation matrix describing the
internal conversion of the particles:

Qi, j = qi j − δi j

∑
k

qki, (qii = 0). (3.7)

Operator V̂ ,

V̂=1

2

∑
i, j,l,m

∫
�

†
i (�r)�†

j (�r ′)V̂i j,lm(�r, �r ′)�l (�r)�m(�r ′) d3r d3r ′,

(3.8)

stands for the force-chemical interaction given by the interac-
tion operator

V̂ik,lm(�r1, �r2) =Wik,lm(�r1 − �r2)

+ δilδkm(Di∇1 − Dk∇2)(∇Uik (�r1 − �r2)),
(3.9)

034111-5



LI, IGOSHIN, KRISSINEL, AND FRANTSUZOV PHYSICAL REVIEW E 114, 034111 (2026)

where

Wik, jl (r) = wik, jl (r) − δi jδkl

∑
j′l ′

w j′l ′,ik (r), (wik,ik = 0).

(3.10)

It is easy to see that the interaction operator has the follow-
ing property:∑

k j

∫∫
V̂k j,lm(�r1, �r ′

1)h(�r1, �r ′
1) d3r1 d3r′

1 = 0, (3.11)

where h(�r1, �r ′
1) is an arbitrary function. The first term in the

interaction (3.9) will be zero after the summation over the
indices. The second one contains derivatives with respect to
the coordinates, which means it vanishes after coordinate in-
tegration.

First, we assume that the particles’ positions are initially
(t = 0) uncorrelated, i.e., the probability to find an Ai particle
in position �r does not depend on the other particles. This
assumption is, generally speaking, not compatible with the
presence of force interactions and solvent structure. We use
it here initially for simplification purposes. As shown below,
the resulting kinetic equations can be generalized to cases with
initial correlations.

Without correlations, the initial MFDF is of the form

fα1,α2,...,αN ({�r}1, {�r}2, . . . , {�r}N , t = 0) =
N∏

i=1

αi∏
βi=1

fi
(
�r i
βi

)
,

(3.12)

where initial single-particle probability density functions fi(�r)
are normalized as ∫

fi(�r) d3r = 1. (3.13)

Then the initial condition for Eq. (3.5) takes the form

|�(0)〉 =
N∏

i=1

(∫
fi(�r)�†

i (�r) d3r

)αi

|0〉. (3.14)

To find the particle concentrations Ci(�r, t ), the following
relation may be derived from properties Eqs. (3.2) and (3.3):

�
†
i (�r)�i(�r)

∏
α

�
†
i

(
�r i
α

)|0〉 =
(∑

α

δ
(
�r − �r i

α

))∏
α

�
†
i

(
�r i
α

)|0〉.
(3.15)

As can be seen from this expression, �
†
i (�r)�i(�r) is the local

density operator. The concentration of particles Ai can there-
fore be found as the average of �

†
i (�r)�i(�r) [26,27]:

Ci(�r, t ) ≡
∞∑

α1,...,αN =0

∫
{d3r}N

i

(
αi∑

α=1

δ
(
�r − �r i

α

))
× fα1,α2,...,αN ({�r}1, {�r}2, . . . , {�r}N , t )

= 〈ϒ | �†
i (�r)�i(�r)|�(t )〉, (3.16)

where [26–29]

〈ϒ | = 〈0| exp

(
N∑

i=1

∫
�i(�r) d3r

)

= 〈0|
∞∑

α=0

1

α!

(
N∑

i=1

∫
�i(�r)d3r

)α

. (3.17)

The state 〈ϒ | has the following important properties [26–29]:

〈ϒ |�(t )〉 = 1, (3.18a)

〈ϒ | �†
i (�r) = 〈ϒ |, (3.18b)

which may be derived from Eqs. (3.1)–(3.3). Applying Eq.
(3.18b) to Eq. (3.16) results in

Ci(�r, t ) = 〈ϒ | �i(�r)|�(t )〉. (3.19)

It is possible to obtain the pair distribution function
Pi j (�r1, �r2, t ) that measures the probability to find a pair of
particles Ai and Aj at positions �r1 and �r2, correspondingly. It
is found as [26,28]

Pi j (�r1, �r2, t ) = 〈ϒ | �i(�r1)� j (�r2)|�(t )〉. (3.20)

Finally, to scale the theory to the limit of large volumes
and numbers of particles (the thermodynamic limit), we define
the initial concentrations C0

i (�r) distributed in infinite space.
Let’s select the area of volume V . Then, the mean number of
particles within this volume is

αi =
∫

V
d3r C0

i (�r). (3.21)

Defining the functions fi(�r) within the volume V as

fi(�r) = C0
i (�r)

αi
, (3.22)

we get from Eq. (3.19)

Ci(�r, 0) = C0
i (�r).

The thermodynamic limit is reached by increasing the volume
V to infinity. At that limit we obtain from Eq. (3.20)

Pi j (�r1, �r2, 0) = C0
i (�r1)C0

j (�r2).

IV. DIAGRAMMATIC APPROACH TO MASTER EQUATION

For the convenience of further discussion, we now need to
represent Eqs. (3.19) and (3.20) in a slightly different form.
Note that Eq. (3.5) may be rewritten in the alternative form
(cf. Ref. [27])

d

dt
|�•(t )〉 = V̂•(t )|�•(t )〉, (4.1)

where the bullet sign denotes the interaction representation

|�•(t )〉 = Ĝ(t )−1|�(t )〉, V̂•(t ) = Ĝ(t )−1V̂Ĝ(t ) (4.2)

and Ĝ(t ) is a Green function of a free diffusion without
interactions. It obeys the following equation (Î is the unit
operator):

d

dt
Ĝ(t ) = L̂0Ĝ(t ), Ĝ(0) = Î. (4.3)
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Equation (4.1) has a formal solution

|�•(t )〉 =
(

1 +
∫ t

0
V̂•(τ )dτ +

∫ t

0
dτ

∫ τ

0
dτ ′ V̂•(τ )V̂•(τ ′)dτdτ ′ + · · ·

)
|�•(0)〉 (4.4a)

= T exp

(∫ t

0
V̂•(τ )dτ

)
|�•(0)〉, (4.4b)

where |�•(0)〉 = |�(0)〉, as follows from Eqs. (4.2) and (4.3). Here, we introduce the time ordering operator T that acts on the
products of time-dependent operators, ordering them by decreasing their time argument (cf. Ref. [101]). Using Eq. (4.4b), one
can represent the concentration Ci(�r, t ) (3.19) and the pair distribution function Pi j (�r1, �r2, t ) (3.20) as follows:

Ci(�r, t ) = 〈ϒ | T �•
i (�r, t ) exp

(∫ t

0
V̂•(τ )dτ

)
|�•(0)〉, (4.5)

Pi j (�r1, �r2, t ) = 〈ϒ | T �•
i (�r1, t )�•

j (�r2, t ) exp

(∫ t

0
V̂•(τ )dτ

)
|�•(0)〉, (4.6)

where �•
i (�r, t ) is the annihilation operator �i(�r) in the interaction representation:

�•
i (�r, t ) = Ĝ(t )−1�i(�r)Ĝ(t ), �

†•
i (�r, t ) = Ĝ(t )−1�

†
i (�r)Ĝ(t ). (4.7)

Using Eqs. (3.14), (3.17), and (4.7) in Eqs. (4.5) and (4.6), one can represent both Ci and Pi j as 〈0| . . . |0〉 averages of infinite
sums:

Ci(�r, t ) = 〈0| T exp

⎛⎝ n∑
j=1

∫
�•

j (�r f , t ) d3r f

⎞⎠�•
i (�r, t ) exp

(∫ t

0
V̂•(τ )dτ

) N∏
k=1

(∫
fk (�r0)�†•

k (�r0, 0) d3r0

)αk

|0〉, (4.8)

Pi j (�r1, �r2, t ) = 〈0| T exp

(
n∑

l=1

∫
�•

l (�r f , t ) d3r f

)
�•

i (�r1, t )�•
j (�r2, t ) exp

(∫ t

0
V̂•(τ )dτ

) N∏
k=1

(∫
fk (�r0)�†•

k (�r0, 0) d3r0

)αk

|0〉.

(4.9)

Each term of the expansion series for the exponents con-
tains the product of several �•

i (�r, t ) and �
†•
i operators. In

Eqs. (4.8) and (4.9), each term can be averaged using the well-
known Wick’s theorem [101], which allows one to represent
any expectation value 〈0| . . . |0〉 as a sum of pair expectation
products, containing only two operators. The mean values
〈0| T �•

i (�r, t )�•
k (�r ′, t ′)|0〉 and 〈0| T �

†•
i (�r, t )�†•

k (�r ′, t ′)|0〉
yield zero because of conditions (3.3). As obtained from Eq.
(3.3), the term 〈0| T �•

i (�r, t )�†•
k (�r ′, t ′)|0〉 yields zero if t < t ′.

For t � t ′, Eqs. (4.7) gives

〈0| T �•
i (�r, t )�†•

k (�r ′, t ′)|0〉
= 〈0| T �i(�r) exp(L̂0(t − t ′))�†

k (�r ′)|0〉
≡ G0

ik (�r, t, �r ′, t ′). (4.10)

It follows from Eqs. (4.3), (4.7), and (4.10) that G0
ik (�r, t, �r ′, t ′)

obeys the following equation:

∂

∂t
G0

ik (�r, t, �r ′, t ′) =
∑

l

L̂0
il G

0
lk (�r, t, �r ′, t ′), (4.11)

where L̂0
il (t ) is given by Eq. (3.6). G0

ik (�r, t, �r ′, t ′) is therefore
the single particle Green’s function. Equation (4.11) can be
written in the matrix form

∂

∂t
Ĝ0(�r, t, �r ′, t ′) = L̂0Ĝ0(�r, t, �r ′, t ′), (4.12)

where

L̂0 = D̂
 + Q̂

and elements of the matrix D̂ are defined as

Dik = Diδik .

As follows from Eq. (4.10), Ĝik (�r, t, �r ′, t ′) = 0 if t < t ′. The
initial conditions for Eq. (4.12) are defined at t = t ′ and can
also be derived from Eq. (4.10):

Ĝ0(�r, t, �r ′, t ) = Îδ(�r − �r ′). (4.13)

Physically, Green’s function G0
ik (�r, t, �r ′, t ′) represents the

probability density to find a particle in state Ai in position �r
in the time moment t if it started from state Ak in position
�r ′ in the time moment t ′. From Eqs. (4.11), (3.6), (3.7), and
(4.13) we can obtain that Ĝik conserves the total probability:∑

i

∫
G0

ik (�r, t, �r ′, t ′) d3r = 1, for t � t ′. (4.14)

Expansion of the T -exponent in Eq. (4.8) gives the con-
centration series

Ci(t ) = C(0)
i (t ) + C(1)

i (t ) + C(2)
i (t ) + · · · . (4.15)

Each term C(n)
i (t ) in this expansion can be expressed through

Green’s functions G0
ik (�r, t, �r ′, t ′) and the initial pair distri-

bution functions fi(�r) [cf. Eq. (3.13)]. Expression (4.15) is
essentially a perturbation series on the interparticle inter-
action. Analytic expressions for C(n)

i (t ) are impractical. To
obtain tractable expressions for the particle concentrations
Ci(t ), we employ the diagram technique, similar to that of
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Feynman [101] (cf. Supplemental Material Note I [102]).
Similar techniques were also used in Refs. [26,27,29].

We introduce the following notations:
(1) The cross represents concentration Ci(�r, t )

(2) The initial concentrations C0
i (�r) = αi fi(�r) are repre-

sented as a cross and circle

(4.16)

(3) The solid horizontal line represents Green’s function
G0

ik (�r, t, �r ′, t ′)

(4) The dashed vertical line between two points with
different spatial coordinates and equal time coordinates cor-

responds to the interaction operator V̂ik,lm(�r, �r ′)

We assume summation over all unspecified indices and
integration over all unspecified coordinates/times. The time
integral corresponding to the rightmost vertical line has limits
from 0 to t . The time integrals corresponding to the remain-
ing vertical lines have limits from 0 to the integration time
of the integral corresponding to the next vertical line to the
right.

Using this notation, one can represent the particle concen-
tration Ci(r, t ), Eq. (4.15), as an infinite sum of diagrams.
The diagrams of up to the third order of interaction are given
below:

(4.17)

All diagrams in Eq. (4.17) have the following features in common. First, all of them lead to the particle in the state Ai

at the point (�r, t ), i.e., their rightmost lines correspond to the Green’s function Gi∗(�r, t, �∗, ∗) (∗ stands for the unspecified
integration/summation variables). Second, all diagrams are connected, i.e., all points of each diagram are connected by a
continuous path. Third, all diagrams are topologically different. Topologically different diagrams can not be transformed
into each other by means of reshaping, without changing their connectivity, and therefore, they represent different analytical
expressions. Eq. (4.17) includes all possible diagrams with these described properties. The zero- and first-order terms in Eq.
(4.15) and (4.17) correspond to the following expressions:

C(0)
i (�r, t ) =

∑
j

∫
G0

i j (�r, t, �r0, 0)C0
j (�r0) d3r0, (4.18)

C(1)
i (�r, t ) =

∑
nn′

∑
k jlm

∫ t

0
dt1

∫
d3r1 d3r ′

1 d3r0 d3r ′
0G0

ik (�r, t, �r1, t1)V̂k j,lm(�r1, �r ′
1)

× G0
ln(�r1, t1, �r0, 0)G0

mn′ (�r ′
1, t1, �r ′

0, 0)C0
n (�r0)C0

n′ (�r ′
0). (4.19)

Analytical expressions for the higher-order terms can be written in a similar way.

034111-8



QUANTUM FIELD THEORY APPROACH FOR MULTISTAGE … PHYSICAL REVIEW E 114, 034111 (2026)

The pair distribution function (4.9) Pik (�r1, �r2, t ) can also be represented as a sum of diagrams leading to points (i�r1t ) and
(k�r2t ):

(4.20)

In this expression, all diagrams lead to the pair of states Ak and Ai. Eq. (4.20) contains the connected and unconnected
diagrams. As follows from our diagram definitions, unconnected diagrams correspond to the product of their connected parts
(subdiagrams), each of which leads either to state Ak or Ai. We can rearrange the unconnected diagrams in Eq. (4.20) such that
the subdiagrams leading to state Ai are extracted as common multiples. Comparison with Eq. (4.17) shows that the summation of
unconnected diagrams reduces to the product of particle concentrations Ci(�r1, t )Ck (�r2, t ). Finally, the pair distribution function
can be recast in the following form:

Pik (�r1, �r2, t ) = Ci(�r1, t )Ck (�r2, t ) + pik (�r1, �r2, t ), (4.21)

where pik (�r1, �r2, t ) is the pair correlation function. This function is obtained as a sum of all connected diagrams starting with
two or more Cj (r, 0) ( j = 1 . . . M ) and leading to Ai at �r1 t and Ak at �r2 t :

(4.22)

Using this result, one can derive the following exact relation:

(4.23)

The derivation is based on the fact that all diagrams in Eq. (4.17), except the first one, have as their rightmost

element. This element represents the product of Green’s function and interaction operator with the corresponding summation of
the omitted indices and integration over the omitted coordinates and time variables. This element can be extracted as a common
multiplier of the sum of diagrams identical to that in Eq. (4.20). Substitution of Eqs. (4.21) and (4.22), appended from the
right with X , results in Eq. (4.23). In this equation, the first term represents the evolution of initial conditions in the absence
of interparticle interactions, the second and third terms represent the contributions from the concentration product and pair
correlation function in Eq. (4.21), respectively. The analytical expression for Eq. (4.23) is as follows:

Ci(�r, t ) =
∑

k

∫
G0

ik (�r, t, �r ′, 0)C0
k (�r ′) d3r ′ +

∑
klmn

∫ t

0
dt ′

∫
G0

ik (�r, t, �r1, t ′)V̂klmn(�r1, �r2)Pmn(�r1, �r2, t ′) d3r1 d3r2. (4.24)

The time differentiation of both sides of this equation, using
Eq. (4.11), gives

∂tCi(�r, t ) =
∑

j

L̂0
i jCj (�r, t ) + Ri(�r, t ), (4.25)

where Ri(�r, t ) is a collision integral representing the reaction
rate at point �r at time t :

Ri(�r, t ) =
∑
jlm

∫
V̂i j,lm(�r, �r ′)Plm(�r, �r ′, t ) d3r ′. (4.26)

This equation can also be derived directly from Eqs. (3.19),
(3.20), and (3.5) (cf. Refs. [26,27]). In fact, it represents
the first equation of the BBGKY hierarchy for our react-
ing system. Equation (4.26) has the following diagrammatic

representation:

(4.27)

Equation (4.25) gives the algorithm for the calculation of
Ci(r, t ). It includes the calculation of the collision integral
(4.26), which is not tractable without making approximations.
We shall consider these approximations in the next sections.
We will present the diagrammatic expression for pik in an
irreducible form by using partial summation, similar to that
used for the derivation of Eq. (4.23). In Eq. (4.22), we will
consider diagrams which contain s subdiagram, D1, connected
to the the rest of the diagram, D2 only by the interaction
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with state A∗ at (�∗, ∗) (here ∗ stands for the unspecified
integration/summation variables), such that erasing the line
corresponding to this interaction would break the diagram into
two disconnected parts, one of which (D1) leads to state A∗ at
(�∗, ∗). By extracting D2 as common multipliers and using Eq.

(4.17), the sum over the corresponding D1 can be reduced to
concentrations C∗(�∗, ∗). Recursively repeating the described
procedure, one can express pik (�r1, �r2, t ) via concentrations at
time t = ∗ (instead of those at t = 0):

(4.28)

The substitution of this series into Eq. (4.26) gives the diagrammatic expansion of the collision integral Ri:

(4.29)

The diagrams in Eqs. (4.28) and (4.29) can be classified
by their order in the concentration expansion. This order is
defined by the number of crosses the diagram starts with. We
will denote the order as a superscript in parentheses:

Ri(�r, t ) = R(2)
i (�r, t ) + R(3)

i (�r, t ) + · · · + R(n)
i (�r, t ) + . . . .

(4.30)

We will interchangeably use these expansions for both the
collision integral and the pair distribution functions. These

series will serve as a starting point for making further ap-
proximations to obtain the set of kinetic equations. The first
approximation that we consider corresponds to IET.

V. INTEGRAL ENCOUNTER THEORY

The IET corresponds to the lowest (second)-order approxi-
mation in the concentration series of the collision integral Eq.
(4.29). Leaving only the second-order terms in concentration
results in the following series:

(5.1)

This diagram can be rewritten as

(5.2)

is the pair T matrix, defined as the sum of all ladder [23] diagrams:

(5.3)

Substituting Eq. (5.2) for Eq. (4.25), we get the master equation of IET:

∂

∂t
Ci(�r, t ) =

∑
j

L̂0
i jCj (�r, t ) +

∑
klm

∫ t

0
dt ′

∫
d3r ′ d3r1 d3r ′

1Tik,lm(�r, �r1, t, �r ′, �r ′
1, t ′)Cl (�r ′, t ′)Cm(�r ′

1, t ′). (5.4)

This equation can be rewritten in the vector form

∂

∂t
�C(�r, t ) = L̂0 �C(�r, t ) + Tr2

∫ t

0
dt ′

∫
d3r ′ d3r1 d3r ′

1T̂(�r, �r1, t, �r ′, �r ′
1, t ′)( �C(�r ′, t ′) ⊗ �C(�r ′

1, t ′)). (5.5)
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The matrices in two-index (pair) space are bolded, acting on the matrices in the one-index (single particle) space, ⊗ is a direct
product, and Tr2 denotes summation over the second particle (Tr2Â)i = ∑

j Ai j .
The pair T matrix (5.3) can be expressed as

T̂(�r1, �r2, t, �r ′
1, �r ′

2, t ′) = V̂(�r1, �r2)δ(t − t ′)δ(�r1 − �r ′
1)δ(�r2 − �r ′

2) + V̂(�r1, �r2)Ĝ(�r1, �r2, t, �r ′
1, �r ′

2, t ′)V̂(�r ′
1, �r ′

2), (5.6)

where Ĝ is the pair Green’s function, which obeys the following equation:

∂

∂t
Ĝ(�r1, �r2, t, �r ′

1, �r ′
2, t ′) = (L̂ + Q̂ + V̂(�r1, �r2))Ĝ(�r1, �r2, t, �r ′

1, �r ′
2, t ′), (5.7)

with the initial condition

Ĝ(�r1, �r2, t, �r ′
1, �r ′

2, t ) = Îδ(�r1 − �r ′
1)δ(�r2 − �r ′

2),

where

Q̂ = Q̂ ⊗ Î + Î ⊗ Q̂, and L̂ik,lm = δilδkm(Di
1 + Dk
2).

Equation (5.5) implies that the integral encounter theory is equivalent to the averaged T -matrix approximation (ATA). ATA
formalism is convenient for the description of diffusion-influenced reactions (Refs. [26,27]), particularly because the T matrix
remains finite even in the limit of infinite reactivity or interaction potential (black sphere approximation or hardcore repulsion).

As follows from Eq. (4.27), the pair correlation function in this approximation is

(5.8)

It can be expressed in terms of the pair Green’s function
Eq. (5.7)

pik (�r1, �r2, t ) =
∑
lmns

∫ t

0
dt ′

∫
Gik,lm(�r1, �r2, t, �r ′

1, �r ′
2, t ′)

× V̂lm,ns(�r ′
1, �r ′

2)Cn(�r ′
1, t ′)Cs(�r ′

2, t ′) d3r ′
1 d3r ′

2
(5.9)

or in the matrix form

p̂(�r1, �r2, t ) =
∫ t

0
dt ′

∫
Ĝ(�r1, �r2, t, �r ′

1, �r ′
2, t ′)V̂(�r ′

1, �r ′
2)

× ( �C(�r ′
1, t ′) ⊗ �C(�r ′

2, t ′)) d3r ′
1 d3r ′

2. (5.10)

Making use of Eqs. (5.7), one can rewrite this equation in
the equivalent differential form (cf. Ref. [38])

∂

∂t
p̂(�r1, �r2, t ) = (L̂ + Q̂ + V̂(�r1, �r2)) p̂(�r1, �r2, t )

+ V̂(�r1, �r2)( �C(�r1, t ) ⊗ �C(�r2, t )), (5.11)

together with Eq. (4.25), which can also be written in the
vector form

∂t �C(�r, t ) = L̂0 �C(�r, t )

+ Tr2

∫
V̂(�r, �r1)

( �C(�r, t ) ⊗ �C(�r1, t ) + p̂(�r, �r1, t )
)

d3r1,

(5.12)

and represents the differential formulation of IET. It is suf-
ficient and convenient for many practical calculations (cf.
Ref. [38]).

VI. EXPANSION IN TERMS OF SMALL PARAMETER α

The integral encounter theory represents only the second-
order term in the concentration expansion of the collision
integral. Therefore, IET is only applicable when the reactant
concentration is very low. A direct attempt to make correc-
tions by the inclusion of higher-order terms from Eq. (4.29)
results in severe time limitations because these terms diverge
at t → ∞. This divergence is illustrated in Supplemental Ma-
terial Note II [102] for the following third-order diagram from
Eq. (4.29):

(6.1)

which diverges as
√

t at t → ∞. Higher-order expansion
terms diverge even faster. Consequently, the standard con-
centration expansion fails to converge uniformly over all
timescales.

A uniformly convergent approximation of the collision in-
tegral can be obtained by choosing a dimensionless expansion
variable. For this purpose, we will use the parameter α, de-
fined as

α =
√

ξ,

where ξ is a generalization of the parameter Eq. (2.6) to a
multistage reactive system

ξ = max
i jkl

max
rt

{
k3

i j,kl

48π2(Dk + Dl )3
Cl (r, t )

}
. (6.2)
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The concentrations Ci(�r, t ) can be presented in the following
form:

Ci(�r, t ) = α2Ci(�r, t ), (6.3)

where t and r scale as follows to conserve the form of the FCK
equation:

t = α2t, �r = α�r.
Here Ci(�r, t ) is critical kinetics on which

max
i jkl

max
rt

{
k3

i j,kl

48π2(Dk + Dl )3
Cl (�r, t )

}
∼ 1

and, therefore, all the terms of the perturbation series (dia-
grams) are of the same order of magnitude. The representation
(6.3) has a very useful property: if Eq. (6.3) is a solution of
Eq. (1.1) at some value α, then it is a solution at any other
value [81]. Thus, Eq. (6.3) gives the correct asymptotics in
the limit of infinitely dilute solutions α → 0, since Eq. (1.1) is

exact in this limit. To keep constant steady-state reaction rates,
the distance-dependent reaction rate and interaction potential
must be written in real coordinates (instead of critical ones):

Ŵ(�r) = Ŵ(�r), Û(�r) = Û(�r). (6.4)

For further consideration, it will be helpful to represent
the collision integral Ri(�r, t ) (4.29) purely in terms of the
pair T -matrices (T -matrix representation). This procedure can
be achieved by partial summation of diagrams in Eq. (4.29),
with all consecutive interactions summed into a single pair
T matrix. Therefore, one can use a simple “rule of thumb”
for the transition from the interaction to a T -matrix diagram-
matic representation: the diagrams consisting of two or more
consecutive interactions are discarded, and in the remaining
diagrams, the interaction lines are replaced by T -matrices.
The application of this rule to the diagrammatic represen-
tation for R(2)

i (�r, t ) [cf. Eq. (4.30)] gives only one diagram,
shown in Eq. (5.2). The corresponding expression for
R(3)

i (�r, t ) is obtained similarly, resulting in an infinite sum of
the pair T -matrix diagrams:

(6.5)

Substituting the concentrations in the form Eq. (6.3) and
the variables �r and t in the form α−1�r and α−2t , respectively,
into the given diagram, we find the order of this diagram in
α. As shown in Additional Note III, in the limit α → 0 the
Green’s function has the following order in α:

G0
ik (α−1�r, α−2t, α−1�r1, α

−2t1) ∼ α3 + O(α5). (6.6)

The pair T matrix has the following order in α (see Sup-
plemental Material Note IV [102] for the details):

T̂(�r, �r ′, t, �r1, �r ′
1, t1) = α11K̂δ(�r − �r1)δ(�r ′ − �r1)δ(�r ′

1 − �r1)

× δ(t − t1) + O(α12), (6.7)

where K̂ is the matrix of LMA rate constants [cf. Eq. (1.1)]
defined as

Ki j;kl = ki j;kl , for {i j} �= {kl}, Ki j;i j = −
∑

kl

kkl;i j .

(6.8)

K̂ represents the following integral of the pair T matrix:

K̂ =
∫ ∞

0
dτ

∫ ∫ ∫
T̂(�r, �r + �r2, t, �r + �r ′

1, �r + �r ′
2, t − τ )

× d3r2 d3r′
1 d3r′

2. (6.9)

Details of the K̂ matrix calculation are given in Supple-
mental Material Note V [102]. When a T matrix appears in
a diagram, it is integrated over four spatial and two temporal
variables. Using the factor powers of α found in Eqs. (6.3) and
(6.7), the leading order of a T matrix in diagrams is calculated
as

α11α4×(−3)α2×(−2) = α−5.

Summarizing all of the above, one can formulate the following
rules for calculating the order of α for an arbitrary diagram:

(1) Each concentration cross contributes α2,
(2) Each Green’s function line contributes α3 + O(α5),
(3) Each T matrix contributes α−5 + O(α−4),
(4) The α-order of the whole diagram is a product of

contributions from all components times α5. The latter factor
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arises because there is no space-time integration at the dia-
gram’s final point.

The α expansion of the collision integral Ri(�r, t ) may be
represented similarly to Eq. (4.30):

Ri(�r, t ) = R[4]
i (�r, t ) + R[5]

i (�r, t ) + · · · + R[n]
i (�r, t ) + . . . ,

(6.10)

where the superscript [n] denotes the nth order in α. It can
now be verified that the collision integral R(2)

i (�r, t ) (5.2) has an
order of α4 + O(α5). It follows from Eq. (6.7) that the fourth
order term in α has the following form:

R[4]
i (�r, t ) =

∑
jkl

Ki j,klCk (�r, t )Cl (�r, t )

= α4
∑
jkl

Ki j,klCk (�r, t )Cl (�r, t ). (6.11)

Equation (4.25) with the collision integral Eq. (6.11) gives
the diffusion-reaction equations Eq. (1.1). Therefore, Eq. (1.1)
can be obtained within IET using the following approximation
of the pair T matrix:

Tik,lm(�r1, �r2, t, �r ′
1, �r ′

2, t ′)

= Kik,lmδ(�r2 − �r1)δ(�r ′
1 − �r1)δ(�r ′

2 − �r1)δ(t − t ′), (6.12)

which is sometimes called a point approximation [81] because
the T matrix is nonzero only at a spatial-temporal point. The
IET Master equation Eq. (5.5) contains all terms of the α

expansion up to the order of α4, but only some terms of the
order of α5 and higher. Authors of Ref. [81] have shown that
the kinetics of the A + B → C + B reaction can be correctly
described only if all α-terms up to the order of α5 are taken
into consideration. For example, the diagram (6.1), included
in R(3)

i (�r, t ), has the fifth order in α. Therefore, we aim to
modify the IET by including all diagrams in the series αn,
where n � 5.

It is easy to find that all possible diagrams up to order α5

are contained in the expression

(6.13)

where the horizontal line carrying the square represents the “Green’s function with interactions,” which is described by the
following diagrammatic series

(6.14)

In this series, all T -matrices can be approximated by the first nonzero terms of their α expansion (point approximation)
without affecting the contributions of the α5 order. This observation will be used to simplify the resulting equations.

While it is sufficient to leave only the first two terms in the expansion Eq. (6.10), the resulting analytical expressions are
somewhat cumbersome. Certain higher-order terms may be added to Eq. (6.13) without a reduction in accuracy to simplify the
final expressions. This procedure, described in Supplemental Material Note VI [102], results in the following approximation for
the collision integral:

(6.15)

where we introduce an “effective” Green’s function
GE

ik (�r, t, �r ′, t ′):

(6.16)

As may be derived from Eqs. (6.14) and (6.16), the “effective”
Green’s function obeys the Dyson equation [101]:

(6.17)
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Using a point approximation for the T -matrices [see discussion after Eq. (6.14)], Eq. (6.17) may be rewritten in the following
analytic form:

GE
ik (�r, t, �r ′, t ′) = G0

ik (�r, t, �r ′, t ′) +
∫ t

t ′
dt1

∫
d3r1

∑
jlms

G0
i j (�r, t, �r1, t1)[Ks j,lm + Kjs,lm]GE

lk (�r1, t1, �r ′, t ′)Cm(�r1, t1). (6.18)

This equation is analogous to the Galitsky approximation in solid-state theory (see, e.g., Ref. [103]). Taking the time
derivatives of both its parts, we obtain

d

dt
GE

ik (�r, t, �r ′, t ′) =
∑

j

L̂0
i jG

E
jk (�r, t, �r ′, t ′) +

∑
jlm

[Ki j,lm + Kji,lm]GE
lk (�r, t, �r ′, t ′)Cm(�r, t ), (6.19)

or in matrix notation
d

dt
ĜE (�r, t, �r ′, t ′)=L̂0ĜE (�r, t, �r ′, t ′) + Ŝ(�r, t )ĜE (�r, t, �r ′, t ′), (6.20)

where

Sil (�r, t ) =
∑

jm

[Ki j,lm + Kji,lm]Cm(�r, t ). (6.21)

VII. EQUATIONS FOR THE PAIR DISTRIBUTION FUNCTION

Comparison of Eqs. (4.27) and (6.15) gives the following diagrammatic expression for the pair distribution function, which
includes all terms of the α expansion up to the order of α5:

(7.1)

The analytical form of Eq. (7.1) reads

pik (�r1, �r2, t ) =
∑
lmns

∫ t

0
dt ′

∫
GE

il (�r1, t, �r ′
1, t ′)GE

km(�r2, t, �r ′
2, t ′)V̂lm,ns(�r ′

1, �r ′
2)Pns(�r ′

1, �r ′
2, t ′) d3r′

1 d3r′
2. (7.2)

Making use of Eqs. (4.21) and (6.20), one can rewrite this equation in the equivalent differential form

∂

∂t
p̂(�r1, �r2, t ) = (L̂ + Q̂ + V̂(�r1, �r2) + Ŝ(�r1, t ) ⊗ Î + Î ⊗ Ŝ(�r2, t )) p̂(�r1, �r2, t ) + V̂(�r1, �r2)( �C(�r1, t ) ⊗ �C(�r2, t )), (7.3)

where the pair correlation function satisfies the following
boundary condition:

lim
|�r1−�r2|→∞

p̂(�r1, �r2, t ) = 0. (7.4)

Having the pair distribution function as a solution to the above
equation, the concentration kinetics can be calculated as a
solution to Eqs. (4.25) and (4.26). The latter may be brought
into matrix form as follows [see also Eq. (4.21)]:

∂

∂t
�C(�r, t ) = L̂0 �C(�r, t ) + Tr2

∫
V̂(�r, �r ′)P̂(�r, �r ′, t ) d3r′.

(7.5)

Equations (7.3) and (7.5) give the pair distribution function
formulation for the theory that includes a complete set of
terms of α expansion of the collision integral up to the order
of α5. These equations are the core of the differential formu-
lation of the modified encounter theory [38,87–89], with one
significant correction.

Dyson equation for the “effective” Green’s function in the
MET has the following form:

(7.6)

The last term means that the reaction of a propagating
particle with an arbitrary particle in the bulk results in the re-
placement of the original particle by the reaction product. The
Dyson equation we obtained Eq. (6.17) includes the additional
term:

(7.7)

which takes into account that the original particle can also be
replaced by the second reaction product as a result of the bulk
reaction.

We therefore refer to our equations as the CMET. As has
been mentioned in the Theoretical Background section, the
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MET corresponds to the mean-field approximation for the
reaction between the pair’s particles and the isotropic environ-
ment. CMET provides a complete mean-field approximation,
available within the same order of α expansion, which ac-
counts for the effect of secondary correlations between the
environment and the pair’s particles, developing in the course
of reaction.

Equation (7.2) implies zero initial conditions
pik (�r1, �r2, 0) = 0. However, with a minor modification of
the above-described diagrammatic technique, it is possible
to generalize the results for arbitrary initial pair correlations.
This modification leaves Eqs. (7.3) and (7.5) unchanged, but
nonzero initial conditions can be introduced:

pik (�r1, �r2, 0) = p0
ik (�r1, �r2). (7.8)

VIII. SPATIALLY HOMOGENEOUS CONCENTRATIONS

For systems with spatially homogeneous initial conditions,
homogeneity is maintained throughout the temporal evolution
of the reaction:

Ci(�r, t ) = Ci(t ).

In this case, the resulting kinetic equations can be further
simplified. The pair distribution function depends only on
the relative position of the reactants �r = �r2 − �r1. Invoking
spherical symmetry, the pair distribution function becomes a
function solely of the interparticle distance r = |�r|, allowing
for a significant reduction of Eqs. (7.3) and (7.5):

d

dt
�C(t ) = Tr2

∫ ∞

0
V̂(r)P̂(r, t ) d3r + Q̂ �C(t ), (8.1)

∂

∂t
p̂(r, t ) = (D̂
 + Q̂ + V̂(r) + Ŝ(t )) p̂(r, t )

+ V̂(r)( �C(t ) ⊗ �C(t )), (8.2)

where

P̂(r, t ) = p̂(r, t ) + �C(t ) ⊗ �C(t ),

Ŝ(t ) = Ŝ(t ) ⊗ Î + Î ⊗ Ŝ(t ),

Dik,lm = δilδkm(Di + Dk ), (8.3)

and the generalized interaction operator V̂ [cf. Eq. (3.9)] acts
as follows:

V̂(r) p̂(r, t ) = Ŵ(r) p̂(r, t ) + D̂∇([∇Û(r)] p̂(r, t )), (8.4)

with Uik,lm(r) = δilδkmUik (r). The operator Ŝ(t ) is defined as

Sil (t ) =
∑

jm

[Ki j,lm + Kji,lm]Cm(t ). (8.5)

Note that the general MET equations formulated in Ref. [38]
coincides with the Eqs. (8.2)–(8.4) when Ŝ(t ) is defined as

Sil (t ) =
∑

jm

Ki j,lmCm(t ). (8.6)

Substituting Eq. (8.4) into Eq. (8.1), we can obtain

d

dt
�C(t ) = Tr2

∫ ∞

0
Ŵ(r)P̂(r, t ) d3r + Q̂ �C(t ). (8.7)

The spherically symmetric pair correlation function p̂(r, t )
is subject to the upper and lower boundary conditions. The
former follows directly from Eq. (7.4):

lim
r→∞ p̂(r, t ) = 0 or lim

r→∞ P̂(r, t ) = �C(t ) ⊗ �C(t ). (8.8)

This condition means that correlations will be lost as the pair
separates to large distances. The lower boundary condition
comes as a result of the continuity of p̂(�r1, �r2, t ) at �r1 → �r2:

∇P̂(r, t )|r=0 = 0,

which can also be formulated as a null flux through point r =
0. However, in realistic chemical systems, particles cannot
approach each other closer than a certain contact distance b.
This constraint is incorporated into the CMET framework via
a hard-sphere (infinite) or steep repulsive potential at r � b:

Û(r) = Ûh�(b − r) + Ûr (r) at Ûh → ∞. (8.9)

In addition, zero reactivity within the contact sphere is as-
sumed

Ŵ(r) = (1 − �(b − r))Ŵr (r), (8.10)

and the corresponding initial condition as allowed by Eq.
(7.8):

P̂(r, t = 0) = (1 − �(b − r))( �C(0) ⊗ �C(0)). (8.11)

Provided that Eqs. (8.9)–(8.11) hold, the pair distribution
function P̂(r, t ) remains zero inside the sphere with a radius
of b, as does the flux through radius b:

{∇P̂(r, t ) + [∇Û(r)]P̂(r, t )}|r=b = 0, (8.12)

which is essentially the lower boundary condition for Eq.
(8.2). Since P̂(r < b, t ) = 0, the lower integration limit in
Eqs. (8.1) and (8.7) is actually b.

IX. MATERIALS AND METHODS

Based on the results of Ref. [38], we developed a computer
program, Tegro, for computing the kinetics of an arbitrary set
of reactions under the assumption of spatially homogeneous
concentrations and no initial pair correlations. The program
implements the kinetic equations (8.7) and (8.2)–(8.4) subject
to the boundary conditions (8.8) and (8.12) in the CMET
(option “Complete MET”), MET (option “Modified ET”), and
IET (option “Encounter theory”) formulations, where Ŝ(t )
is defined by Eq. (8.5), by Eq. (8.6), and Ŝ(t ) = 0, respec-
tively. Tegro is available from the GitLab repository [104].
The repository also contains configuration files required to
reproduce the calculations presented in Figs. 1–6 and 9 in the
following sections.

X. CASE STUDIES AND NUMERICAL COMPARISONS

In this section, we present results from computational stud-
ies aimed at testing CMET in cases with known concentration
kinetics or asymptotic limits.

A. Irreversible quenching of excitation

The first example we consider is the reaction of quenching
the molecule D excitation by an energy transfer to the acceptor
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t (s)

FIG. 1. Time dependence of the concentration CD∗ (t ) for the
reaction D∗ + A → D + A, calculated using CMET Eqs. (8.7) and
(8.2)–(8.5) (color lines), the SM approach Eqs. (10.2) and (2.1)–(2.3)
(dashed lines), and formal kinetics Eq. (10.4) (thin black lines) at
various concentrations of A particles. The inset gives a more detailed
view of the initial stage of the reaction. The parameters of the re-
action are: DD∗ = 0, DA = 5 × 10−6 cm2/s, the distance dependent
reaction rate W (r) is given by Eq. (10.3) where Wc = 1010 s−1, the
contact radius is b = 5 Å. Concentration of A is CA = 0.1 M (red),
CA = 0.05 M (cyan), CA = 0.025 M (orange), CA = 0.01 M (green).

molecule A

D∗ + A → D + A (10.1)

Specifically, we consider the case where the diffusion coef-
ficient D∗ is equal to zero. In this case, as discussed in the
Theoretical Background section, the SM approach Eqs. (2.1–
2.3) result in the exact kinetics CD∗ (t ) [45,46]. The solution of
Eq. (2.1) is

CD∗ (t ) = CD∗ (0) exp

(
−CA

∫ t

0
k(τ )dτ

)
, (10.2)

where k(t ) is given by the Eqs. (2.2)–(2.4). Here, we nu-
merically calculate k(t ) with spherically symmetric diffusion
problem application [105] using the following distance-
dependent energy transfer rate (Förster formula):

W (r) = Wc

(
b

r

)6

. (10.3)

In this case, the CMET equation (8.7) has to be written
only for the concentration D∗. Equations (8.2)–(8.5) have to
be written for the distribution functions of the pairs D∗ − A
and D∗ − D∗.

The kinetics of the D∗ concentration calculated within
CMET, the SM approach, and formal chemical kinetics are
shown in Fig. 1. Numerical results confirm that CMET accu-
rately reproduces the SM solution within its valid temporal
domain. Kinetics for both CMET and the SM approach are
different from the exponential dependence of LMA:

CD∗ (t ) = CD∗ (0) exp(−CAkt ), k = lim
t→∞ k(t ). (10.4)

B. Stationary quenching of luminescence

The next example represents a more complex system:

D∗ + A −→ D + A

q
�⏐⏐� 1

τ

D

The particle D is excited to the excited state D∗ (e.g., by light
radiation) with the excitation rate q(t ). The excited state can
relax by emitting a photon at a rate of 1/τ or can be quenched
by an energy transfer to the acceptor A. Let us consider the
case when the excitation is weak CD∗ � CD. In the case of
pulsed excitation q(t ) = Pδ(t ), the kinetics of D∗(t ) can be
described by the SM kinetic equation:

d

dt
CD∗ (t ) = − 1

τ
CD∗ (t ) − k(t )CACD∗ (t ), (10.5)

with the initial condition CD∗ (0) = PCD.
This equation could be solved explicitly as

CD∗ (t ) = PCD exp

{
− t

τ
− CA

∫ t

0
k(t ′)dt ′

}
. (10.6)

This is result is exact when D∗ is immobile. For an arbitrary
q(t ) dependence, the concentration CD∗ (t ) can be expressed as

CD∗ (t ) = CD

∫ t

−∞
q(t ′) exp

{
− t − t ′

τ
− CA

∫ t−t ′

0
k(t ′′)dt ′′

}
dt ′.

(10.7)

When the constant excitation is switched on at t = 0,
i.e., q(t ) = q�(t ), where �(t ) is the Heaviside function,
Eq. (10.7) reduces to

CD∗ (t ) = qCD

∫ t

0
exp

{
− t ′

τ
− CA

∫ t ′

0
k(t ′′)dt ′′

}
dt ′. (10.8)

Under continuous-wave excitation, D∗ evolves toward a
steady-state concentration, given by the t → ∞ limit of
Eq. (10.8) as follows:

CD∗ = qCD

∫ ∞

0
exp

{
− t

τ
− CA

∫ t

0
k(t ′)dt ′

}
dt ′. (10.9)

Then, the luminescence quantum yield under continuous
wave excitation is estimated as

φ(CA) ≡ CD∗

τqCD
= 1

τ

∫ ∞

0
exp

{
− t ′

τ
− CA

∫ t ′

0
k(t ′′)dt ′′

}
dt ′.

(10.10)

Expanding the integrand in series on CA, we get the Stern-
Volmer dependence at a low acceptor concentration (see, for
example, Ref. [44]):

[φ(CA)]−1 = 1 + CAk̃(1/τ ), k̃(s) =
∫ ∞

0
k(t )e−st dt .

(10.11)

As shown in Fig. 2, CMET correctly reconstructs the time
dependence of the concentration under continuous excitation
and the acceptor concentration dependence of the inverse lu-
minescence quantum yield φ−1 up to 5 M.
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t (s)

FIG. 2. (Top) Comparison of Stern-Volmer plots predicted by
CMET (blue circles) and the SM model [Eq. (10.10); red circles],
showing the inverse luminescence quantum yield as a function of
acceptor concentration under continuous-wave excitation. The dotted
line represents the linear Stern-Volmer dependence Eq. (10.11). (Bot-
tom) Time dependence of the D∗ concentration under CW excitation
for different A concentrations calculated within CMET Eqs. (8.7) and
(8.2)–(8.5) (solid lines) and the SM approach Eq. (10.8) (dashed
lines) with colors indicating the concentration of A particle: 1 M
(red), 2 M (indigo), 3 M (green), and 4 M (blue). The remaining
parameters of the reaction are: τ = 10−9 s, DA = 5 × 10−6 cm2/s,
DD = 0, DD∗ = 0, q = 107 s−1, the distance dependent reaction rate
W (r) is given by Eq. (10.3), where Wc = 1010 s−1, the contact radius
is b = 5 Å.

C. Electron transfer and consequent geminate recombination

Another representative example is the electron transfer
from an excited particle D∗ to the acceptor A in the bulk,
generating a geminate pair D+ and A−. The D+ and A− par-
ticles can then recombine via reverse electron transfer during
geminate kinetics or can separate and subsequently recombine
in a bulk reaction:

D∗ + A −→ [D+ . . . A−] −→ D + A⏐�
D+ + A− −→ D + A

(10.12)

The theory describing the generation of the geminate pairs
in the bulk reaction and geminate kinetics was suggested
independently by Burshtein [53] and Dorfman and Fayer [54].
In this theory, the concentration kinetics of D∗ obey the SM
kinetic equation:

∂

∂t
CD∗ (t ) = −ki(t )CACD∗ (t ), (10.13)

with a time-dependent rate constant ki(t ):

ki(t ) =
∫

Wi(r)n(r, t )d3r,

∂

∂t
n(r, t ) = D
n(r, t ) − Wi(r)n(r, t ), (10.14)

where Wi(r) is the electron transfer rate

Wi(r) = W 0
i exp(−2(r − b)/L).

The ion concentration CD+(t ) can be found by integrating the
geminate pair distribution function p(r, t ) Eq. (2.15):

CD+(t ) =
∫

p(r, t )d3r, (10.15)

where p(r, t ) obeys the following equation:

∂

∂t
p(r, t ) = D∇(∇p(r, t ) + [∇U (r)]p(r, t ))

− Wr (r)p(r, t ) + Wi(r)CACD∗ (t )n(r, t ), (10.16)

where U (r) is the electrostatic potential energy and Wr (r) is
the back electron transfer rate

Wr (r) = W 0
r exp(−2(r − b)/L).

Since the theory utilizes both the SM and geminate kinetic
equations, it was called the UT in Ref. [14]. This theory
gives an exact solution for kinetics as long as the ion pairs
D+ . . . A− can be considered as geminate, i.e., condition Eq.
(2.16) is satisfied. At longer times, the pairs are separated,
and recombination of ions in the volume will be observed.
Note that in the limit D∗(0) → 0 the characteristic time of
applicability of UT tends to infinity.

Burshtein and Frantsuzov [75,76] showed that the kinetics
of reaction Eq. (10.12), including the geminate recombina-
tion of ions and their bulk recombination, can be correctly
described using IET. However, as discussed above, the time
interval where IET is applicable is too short. The transition
to CMET provides a significant increase in this time interval.
Figure 3 illustrates this by comparing the kinetics obtained
by solving the CMET and UT kinetic equations. Due to the
irreversibility of the first stage in both theories, the kinetics of
the D∗ concentration are nearly identical, as shown in Sec.
X A. The time dependence of the D+ concentration in UT
(dashed line) shows an initial rise, caused by the generation
of the geminate pairs in a forward reaction. It then decays
due to the geminate recombination, reaching a plateau when
all unrecombined pairs have separated. The kinetics of D+
calculated in CMET (solid lines) coincide with the kinetics
calculated in UT at short times, but show the decay of the latter
due to the recombination of ions in the bulk. As the initial
concentration D∗(0) decreases, the kinetics of D+ calculated
in the CMET approaches the kinetics calculated in UT.
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t (s)

FIG. 3. Time dependence of the D∗ concentration for the multi-
stage reaction Eq. (10.12), calculated using UT Eq. (10.13) (dashed
line) and CMET Eqs. (8.7) and Eqs. (8.2)–(8.5) (cyan line). These
lines are multiplied by the factor of 0.1 for clarity. The time depen-
dence of the D+ concentration, calculated using UT Eqs. (10.15) and
(10.16) (dashed line) and CMET with the initial concentration CD∗ (0)
being equal to 10−3 M (red line), 10−4 M (blue line), and 10−5 M
(gray line). The parameters of the reactions are W 0

i = 1012 s−1,W 0
r =

1011 s−1, L = 1 Å, b = 5 Å, DA = 5 × 10−6 cm2/s,CA = 10−2 M.

Thus, CMET quantitatively describes the kinetics of
multistage reactions, including geminate and bulk ion recom-
bination.

D. Reversible reaction A + B ↔ C + D

As a final example, consider the reversible reaction A +
B ↔ C + D, in which the rate of the forward reaction Wf (r)
is related to the rate of the reverse reaction Wb(r) by the
equilibrium constant

Wf (r) = KeWb(r).

At long times, the concentrations of A, B, C, and D reach
equilibrium values Ce

A, Ce
B, Ce

C and Ce
D, respectively, which

obey the following relation:

KeC
e
ACe

B = Ce
CCe

D.

The kinetics of the reaction are described by the relaxation
function

R(t ) = CA(t ) − Ce
A

CA(0) − Ce
A

= CB(t ) − Ce
B

CB(0) − Ce
B

= CC (t ) − Ce
C

CC (0) − Ce
C

= CD(t ) − Ce
D

CD(0) − Ce
D

.

There is an exact analytic result for the long-term (fluctuation)
asymptotics for this reaction, obtained by Gopich and Szabo
[96]. This result can be written in a simpler form in the
following special cases [96]:

(1) Pseudo-first-order limit Ce
A, Ce

C → 0 :

RA(t ) = KeCe
B

(KeCe
B + Ce

D)2
(4π (DD + D)t )−3/2

+ KeCe
D

(KeCe
B + Ce

D)2
(4π (DB + D)t )−3/2, (10.17)

where

D = Ce
DDA + KeCe

BDC

KeCe
B + Ce

D

.

(2) Equal diffusion constants DA = DC, DB = DD:

RA(t ) = 2(Ke − 1)2KeCe
ACe

B(
Ke
(
Ce

A + Ce
B

) + Ce
C + Ce

D

)3 (8πDt )−3/2

+ Ke
(
Ce

B + Ce
D

)(
Ke
(
Ce

A + Ce
B

) + Ce
C + Ce

D

)2 (4π (DA + D)t )−3/2

+ Ke
(
Ce

A + Ce
C

)(
Ke
(
Ce

A + Ce
B

) + Ce
C + Ce

D

)2 (4π (DB + D)t )−3/2,

(10.18)

where

D = DA
(
KeCe

A + Ce
C

) + DB
(
KeCe

B + Ce
D

)
Ke
(
Ce

A + Ce
B

) + Ce
C + Ce

D

.

(3) Equal diffusion constants DA = DB, DC = DD:

RA(t ) = 2KeCe
ACe

B(
Ke
(
Ce

A + Ce
B

) + Ce
C + Ce

D

)(
Ce

A + Ce
B

)2 (8πDAt )−3/2 + 2Ce
CCe

D(
Ke
(
Ce

A + Ce
B

) + Ce
C + Ce

D

)(
Ce

C + Ce
D

)2 (8πDCt )−3/2

+ 2KeCe
ACe

B

(
Ke(

(
Ce

A

)2 + (
Ce

B

)2) − (
Ce

C

)2 − (
Ce

D

)2)2(
Ke
(
Ce

A + Ce
B

) + Ce
C + Ce

D

)3(
Ce

A + Ce
B

)2(
Ce

C + Ce
D

)2 (8πDt )−3/2

+ Ke
(
Ce

C + Ce
D

)(
Ce

A − Ce
B

)2(
Ke
(
Ce

A + Ce
B

) + Ce
C + Ce

D

)2(
Ce

A + Ce
B

)2 (4π (DA + D)t )−3/2

+ Ke
(
Ce

A + Ce
B

)(
Ce

C − Ce
D

)2(
Ke
(
Ce

A + Ce
B

) + Ce
C + Ce

D

)2(
Ce

C + Ce
D

)2 (4π (DC + D)t )−3/2, (10.19)
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t (s)

FIG. 4. Time dependence of the relaxation functions for A +
B ↔ C + D reaction, calculated within CMET Eqs. (8.7) and
(8.2)–(8.5) (solid lines). The asymptotic dependencies Eqs. (10.17)–
(10.19) are shown by dash-dotted lines. The distance dependent
reaction rates are given by Eq. (10.20), where Wδ = 1010 s−1. The
equilibrium constant is Ke = 1. The initial concentrations and diffu-
sion coefficients for different colors are given in Table I.

where

D = DCKe
(
Ce

A + Ce
B

) + DA
(
Ce

C + Ce
D

)
Ke
(
Ce

A + Ce
B

) + Ce
C + Ce

D

.

The time dependence of the relaxation function RA(t ), cal-
culated within the CMET for these three cases, is shown in
Fig. 4, with the parameters shown in Table I. In this case, the
CMET equations (8.7) have to be written for the concentra-
tions of A, B, C, and D particles. Equations (8.2)–(8.5) have
to be written for the distribution functions of the pairs A–B,
C–D, A–D, B–C, A–A, B–B, A–C, B–D, C–C, and D–D.

The relaxation function at short times can be described
by LMA equations, when at large times it shows fluctua-
tion asymptotics proportional to t−3/2. In all three cases, the
asymptotic aligns precisely with the exact theoretical predic-
tions of Eqs. (10.17)–(10.19).

Figure 5 shows a comparison of the kinetics of the reaction
A + B ↔ C + D, obtained by the CMET method, with the
results of the simulations of Agmon and Popov [93]. The
modeling method used in Ref. [93] allows us to obtain ac-
curate kinetics for the reaction in the pseudo-first-order limit
CA,CC � CB,CD. From Fig. 5, it can be concluded that the
kinetics coincide within the statistical error of the simulation.

Let us consider the case of equal initial concentrations of A
and B particles CA(0) = CB(0) = C0 and CC (0) = CD(0) = 0.
Figure 6 shows the CMET kinetic curve CA(t ) for different
values of Ke. We assumed, both Wf (r) and Wb(r) to be of
contact reaction form:

Wf (r) = Wδδ(r − b), Wb(r) = Wδ

Ke
δ(r − b). (10.20)

t (s)

FIG. 5. Time dependence of the relaxation function for A +
B ↔ C + D reaction, calculated within CMET (8.7) and (8.2)–(8.5)
(blue line) and by numerical simulations [93] (red dots). The pa-
rameters of the reaction are: CA(0) = 10−10 M, CB(0) = CD(0) =
0.167 M, CC (0) = 0, DA = DB = DC = DD = 10−5 cm2/s, the dis-
tance dependent reaction rates are given by Eq. (10.20), where
Wδ = 1012 Å/s. The equilibrium constant is Ke = 1. The dotted line
represents the Gopich-Szabo asymptotics given by Eq. (10.17).

As can be concluded from Fig. 6, with an increase in Ke the
CA(t ) dependence approaches the CMET kinetic curve of the
irreversible reaction A + B → C + D. This kinetics is almost
identical to the solution of the following kinetic equation ob-
tained by Pasteur, Bolster, and Benson [51] to describe an

t (s)

FIG. 6. Time dependence of the A particle concentration for
A + B ↔ C + D reaction, calculated within CMET Eqs. (8.7) and
(8.2)–(8.5) (solid lines with the colors corresponding to the Ke = 10
for the red, Ke = 103 for the orange, Ke = 105 for the green, Ke =
107 for the blue line). Initial parameters of the reaction are: CA(0) =
CB(0) = 0.1 M, D = 5 × 10−6 cm2/s, the distance dependent reac-
tion rates are given by Eq. (10.20), where Wδ = 1010 Å/s. The cyan
line represents the A particle concentration of the irreversible reaction
A + B → C + D, calculated within the CMET. The dashed black line
represents a solution of Eq. (10.21). The solid black line represents
the asymptotic dependence Eq. (10.22).
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TABLE I. Parameters of reaction A + B ↔ C + D for Fig. 4.

CA(0), M CB(0), M DA(cm2/s) DB (cm2/s) DC (cm2/s) DD (cm2/s)

Case 1 purple line 10−5 10−3 5 × 10−6 5 × 10−6 5 × 10−6 5 × 10−6

Case 2 blue line 10−3 10−3 5 × 10−5 5 × 10−5 5 × 10−6 5 × 10−6

Case 3 green line 10−3 10−3 5 × 10−5 5 × 10−6 5 × 10−5 5 × 10−6

irreversible reaction:

d

dt
CA(t ) = − kC2

A + k
C0

2(8πDt )3/2

×
[

1 − exp

(
−4k

∫ t

0
CA(t ′) dt ′

)]
, (10.21)

where k is a steady-state rate constant defined by Eqs. (2.2)–
(2.4).

The asymptotic behavior of the solution of Eq. (10.21) has
a power-law form:

CA(t ) =
√

C0√
2

(8πDt )−3/4. (10.22)

Such fluctuation asymptotics of the irreversible reaction ki-
netics was predicted by Ovchinnikov and Zeldovich [48] and
subsequently confirmed by other authors [30,31,33,50]. It is
important to note that the results in Refs. [30,31,33,48,50]
differ from Eq. (10.22) by a constant factor. The source of
this difference will be the subject of our future studies.

XI. DISCUSSION

In the present work, the second quantization formalism
is applied for the first time to systematically derive kinetic
equations for multistage diffusion-influenced reactions in a
general set of unimolecular and bimolecular reactive sys-
tems. As a convenient tool for visualizing calculations, a
corresponding diagrammatic technique was developed. In
Sec. V, we show that this technique in the second order of
the expansion of the collision integral in concentration re-
produces the general equations of the IET, i.e., Eqs. (5.11)
and (5.12). Since the IET has a limited range of applica-
bility, a regular series expansion of the collision integral in
terms of parameter α was developed. Taking into account
the first two nonvanishing terms of the expansion, propor-
tional to α4 and α5 as well as some additional higher order
terms, we obtained kinetic equations for the concentrations
and pair distribution functions. The resulting equations are
similar to the equations of the MET [38,87] but contain
additional terms. Therefore, we called these equations the
CMET.

To illustrate the differences in the IET, MET, and CMET
approaches, we use a reaction A + B → C + D. For this ex-
ample, the master equations (7.5) for the concentrations in all
these theories have the following form:

∂

∂t
CA(�r, t ) = DA
CA(�r, t ) −

∫
W (�r − �r ′)

(
pAB(�r, �r ′, t ) + CA(�r, t )CB(�r ′, t )

)
d3r′, (11.1)

∂

∂t
CB(�r, t ) = DB
CB(�r, t ) −

∫
W (�r − �r ′)

(
pAB(�r ′, �r, t ) + CA(�r ′, t )CB(�r, t )

)
d3r′, (11.2)

∂

∂t
CC (�r, t ) = DC
CC (�r, t ) +

∫
W (�r − �r ′)

(
pAB(�r, �r ′, t ) + CA(�r, t )CB(�r ′, t )

)
d3r′, (11.3)

∂

∂t
CD(�r, t ) = DD
CD(�r, t ) +

∫
W (�r − �r ′)

(
pAB(�r ′, �r, t ) + CA(�r ′, t )CB(�r, t )

)
d3r′. (11.4)

Equations for the pair distribution functions Eq. (7.3) are formulated below with the following notation:

�ρ =�r2 − �r1, (1) ≡ (�r1, t ), (2) ≡ (�r2, t ), (12) ≡ (�r1, �r2, t ), (21) ≡ (�r2, �r1, t ),

∂

∂t
pAB(12) = (DA
1 + DB
2)pAB(12) − W (�ρ)pAB(12) − W (�ρ)CA(1)CB(2)

− K pAB(12)CB(1) − K pAB(12)CA(2)−K pAA(12)CB(2) − K pBB(12)CA(1), (11.5)

∂

∂t
pCD(12) = (DC
1 + DD
2)pCD(12) + W (�ρ)pAB(12) + W (�ρ)CA(1)CB(2)

+ K pAD(12)CB(1) + K pBC (21)CA(2)+K pBD(12)CA(1) + K pAC (21)CB(2), (11.6)

∂

∂t
pAD(12) = (DA
1 + DD
2)pAD(12)− K pAD(12)CB(1) + K pAB(12)CA(2)+K pAA(12)CB(2), (11.7)
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∂

∂t
pBC (12) = (DB
1 + DC
2)pBC (12)− K pBC (12)CA(1) + K pAB(21)CB(2)+K pBB(12)CA(2), (11.8)

∂

∂t
pAA(12) = (DA
1 + DA
2)pAA(12)− K pAA(12)CB(1) − K pAA(12)CB(2)−K pAB(21)CA(1) − K pAB(12)CA(2), (11.9)

∂

∂t
pBB(12) = (DB
1 + DB
2)pBB(12)− K pBB(12)CA(1) − K pBB(12)CA(2)−K pAB(12)CB(1) − K pAB(21)CB(2), (11.10)

∂

∂t
pAC (12) = (DA
1 + DC
2)pAC (12)− K pAC (12)CB(1) + K pAA(12)CB(2)+K pAB(12)CA(2), (11.11)

∂

∂t
pBD(12) = (DB
1 + DD
2)pBD(12)− K pBD(12)CA(1) + K pBB(12)CA(2)+K pAB(21)CB(2), (11.12)

∂

∂t
pCC (12) = (DC
1 + DC
2)pCC (12)+ K pAC (12)CB(1) + K pAC (21)CB(2)+K pBC (12)CA(1) + K pBC (21)CA(2), (11.13)

∂

∂t
pDD(12) = (DD
1 + DD
2)pDD(12)+ K pBD(12)CA(1) + K pBD(21)CA(2)+K pAD(12)CB(1) + K pAD(21)CB(2), (11.14)

where K = KCD,AB is the element of K̂ matrix defined in Eq.
(6.9). The value of K in the case of an irreversible reaction
A + B → C + D is equal to the steady-state rate constant k,
determined by Eqs. (2.2)–(2.4) [83].

Terms appearing in both the MET and CMET but not in
the IET are highlighted in red; terms appearing only in the
CMET are highlighted in blue. With no initial correlations
for IET (no colored terms present), it is easy to see that
only two equations, Eqs. (11.5)–(11.6), give nonzero solu-
tions for pair distribution functions. Thus, in the IET, one
needs to solve only two coupled equations, Eqs. (11.5) and
(11.1), to obtain concentrations dynamics. In the MET, the
number of equations giving nonzero solutions for pair distri-
bution functions increases up to four Eqs. (11.5)–(11.8) but
still only Eqs. (11.5) and (11.1) are needed to compute the
concentration dynamics. For CMET, all the pair correlations
are nonzero, but only solutions of Eqs. (11.5), (11.9), and
(11.10) are needed to compute pAB which is then used in
Eq. (11.1). For the reversible reaction A + B ↔ C + D, all
pair correlations need to be computed (not shown).

To understand the physical meaning of the difference refer
to Figs. 7 and 8. Figure 7 illustrates the processes accounted
for in the IET: Fig. 7(a) depicts two uncorrelated particles A
and B approaching each other in the bulk and the elementary
act of reaction (thick black arrow). As a result of the reaction,
particles A and B disappear, and a geminate pair of particles
C and D appears at the same positions (blue arrows show the
correspondences). The pair of particles C and D then diffuse
away from each other. Figure 7(b) shows how this process is
described by the IET. Initially, there is no correlation between
particles A and B (no line connecting them). As a result of
the reaction, a positive correlation arises between particles C
and D, described by the doubly underlined term in Eq. (11.6),
as well as a negative correlation between particles A and B,
described by the doubly underlined term in Eq. (11.5). As
follows from Eq. (11.5) without MET and CMET terms, the
time evolution of the negative pair distribution function A
and B generated as a result of the interaction of uncorrelated
particles in the bulk is described by the equation of geminate
kinetics. This means that in the IET such a correlation in pairs,
spreading over large distances by diffusion, exists indefinitely.

This explains the short time interval during which the IET is
applicable.

Figure 8 illustrates the processes included in the MET and
CMET. Figure 8(a) shows a geminate pair of particles A and B
coming apart with a particle B approaching and reacting with
another (uncorrelated) particle A in the bulk. As a result of
the reaction (blue arrows show the correspondence), particles
A and B disappear, and a geminate pair of particles C and
D appears at their corresponding positions. Meanwhile, the
original particle A remains unchanged. Figure 8(b) shows
how this process is described by the MET and CMET. The
initial correlation between particles A and B is shown by the
black line. For illustrative purposes, we assume a positive
correlation. It is maintained when the particles separate to

FIG. 7. Illustration of the IET action for the reaction A + B →
C + D. (a) Schematic picture of the elementary act of reaction. Two
uncorrelated particles A and B approaching each other in the bulk.
As a result of the reaction (thick black arrow), particles A and B
disappear, and a geminate pair of particles C and D appears at the
same positions (blue arrows show the correspondences). The pair of
particles C and D then diffuse away from each other. (b) Descrip-
tion of this process within the IET. Initially, there is no correlation
between particles A and B (no line connecting them). As a result of
the reaction, a positive correlation arises between particles C and D,
described by the doubly underlined term in Eq. (11.6), as well as
a negative correlation between particles A and B, described by the
doubly underlined term in Eq. (11.5).
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FIG. 8. Illustration of the MET and the CMET action for the
reaction A + B → C + D. (a) Schematic representation of an ele-
mentary act of reaction of particle B, which forms a geminate pair
with particle A, with another (uncorrelated) particle A in the bulk.
(b) Description of this process within the MET and CMET.

a distance ρ significantly larger than the effective reaction
radius. In the MET, as a result of the reaction between the
particle B and the uncorrelated (bulk) particle A, a positive
correlation appears at a distance ρ between particle A and the
newly appeared particle D. This is mathematically described
by the underlined term in Eq. (11.7). Meanwhile, the existing
correlation between particle A and particle B disappears, as
described by the underlined term in Eq. (11.5).

The CMET additionally takes into account the appearance
of a positive correlation at distance ρ between particle A
and the particle C located near D (formally, given the point
approximation (6.7), at the same positions as D) when the
bulk reaction occurs. This effect is described by the underlined
term in Eq. (11.11). The same bulk reaction leads to the
appearance of a negative correlation between particle A and
the disappeared particle A, as described by the underlined term
in Eq. (11.9).

Now, based on this, we can interpret the underlying physi-
cal basis of the theories:

(1) IET formulates the correlation dynamics of the given
pair of reactants, taking into account their diffusion, force-
chemical interactions, and interconversion of pair correlations
due to monomolecular reactions. No reactions of particles in
a given pair with other particles are included.

(2) However, even in dilute solutions, the probability of
conversion of a given particle to a different one due to bi-
molecular reaction in bulk can be comparable to the internal
conversion and, therefore, needs to be taken into account.
MET accounts for the contributions of these processes onto
correlations, focusing only on the direct interconversion of
the particles in the reacting pair, i.e., for a pair dynamic for
particles Ai and Aj , we need to account for their effective con-
version i → l and j → n due to reactions via V̂i j,ln with bulk
particles, which would result in correlation interconversion.

(3) CMET accounts for the fact that, as a result of these
bulk reactions, another molecule appeared or disappeared in
the vicinity of the original one, and thus another correlation
interconversion should be accounted for.

For the full schematics of the processes contributing to
pair-correlation dynamics/interconversion in IET, MET, and

t (s)

FIG. 9. Time dependence of the relaxation function obtained by
IET (green line), MET (red line) and CMET (blue line) for A + B ↔
C + D reaction and MET (orange line) for A + B ↔ D + C reaction.
The dotted line represents the Gopich-Szabo asymptote given by
Eq. (10.18). The parameters of the reaction are: CA(0) = 0.01 M,
CB(0) = CD(0) = 0.1 M, CC (0) = 0, DA = DB = DC = DD = 5 ×
10−6 cm2/s, the distance dependent reaction rates are given by Eq.
(10.20), where Wδ = 1011 Å/s. The equilibrium constant is Ke = 1.

CMET in the general case, the reader is referred to Fig. 1 in
the Supplemental Material [102].

The critical importance of the additional terms in the
CMET is shown in Fig. 9, where the modeling results of
the kinetics of the reaction A + B ↔ C + D within the IET,
MET, and CMET as well as the kinetics of the reaction
A + B ↔ D + C within the MET are compared for a spatially
homogeneous case.

From Fig. 9, we conclude that the IET shows a t−3/2 de-
pendence of the relaxation function at long times, but with
incorrect amplitude. The CMET, however, as we already
demonstrated in Fig. 4, correctly reproduces the exact asymp-
totics Eq. (10.18). The MET leads to exponential kinetics.
It is noteworthy that the MET gives different kinetics for
the reactions A + B ↔ C + D and A + B ↔ D + C. This is
due to the fact that MET is not invariant with respect to the
permutation of reaction products, unlike IET and CMET. The
noninvariance of MET with respect to the permutation of C
and D can be seen, for example, in Eqs. (11.5)–(11.14).

It is important to discuss the relations between CMET and
SCRTA, suggested in Ref. [95]. Detailed description of the
SCRTA equations was only made for elementary reversible re-
actions A + B ↔ C + D and A + B ↔ C. Gopich and Szabo
[95] also suggested (without derivations) a generalization of
the SCRTA kinetic equations for a multistage reactive system.
The structure of these generalized equations is formally the
same as CMET Eqs. (8.1)–(8.5) for spatially homogeneous
concentrations, with two important limitations:

(1) SCRTA equations are formulated only for contact re-
actions, whereas CMET can consider reactions at a distance;

(2) It is suggested in Ref. [95] to use the self-consistent
or steady-state reaction rates for the calculation of the K̂0(t )
matrix which is an analog of our Ŝ(t ) matrix Eq. (8.5). But
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the definition of the steady-state reaction rates as well as
the self-consistent reaction rates for the multistage reactive
system is not clear. The problems of the steady-state and the
self-consistent reaction rates definition are discussed in the
Supplemental Material Note VII [102] using the example of
the bulk electron transfer reaction and consequent geminate
recombination. In contrast to SCRTA, CMET can be readily
applied for this example with well-defined elements of the K̂
matrix Eq. (6.9).

XII. SUMMARY

This work provides the first systematic derivation of kinetic
equations for general multistage reaction networks using the
second-quantization formalism of quantum field theory. The
resulting complete modified encounter theory framework ad-
dresses the limitations of the integral encounter theory and
modified encounter theory without increasing their computa-
tional complexity. Formulated as a set of coupled differential
equations, the complete modified encounter theory provides
a versatile, computationally efficient approach to the first-
principles kinetic modeling of arbitrary second-order reactive
systems in liquid solutions. As such, it can be used for kinetic
modeling of chemical systems with coupled first and second-
order reactions beyond the assumption of isolated pairwise
interactions.

The diverse case studies presented in Sec. X demonstrate
that CMET provides a robust, unified framework capable of

encompassing the full spectrum of kinetic regimes in multi-
stage diffusion-influenced reactions. By rigorously account-
ing for necessary pair correlations, the theory successfully
captures the transition from initial geminate recombination to
nonstationary and stationary bulk kinetics. Crucially, CMET
resolves the inaccuracies of previous encounter theories by
accurately reproducing the long-time fluctuation asymptotics
that arise in both reversible and irreversible systems.
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