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Twisted state stability under local order parameter adaptation
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Twisted states commonly arise in nonlocally coupled ring networks. We study the stability of twisted states in
networks with higher-order interactions under the adaptive mechanism based on the local order parameter. The
adaptive feedback dynamically regulates the coupling strength and thus reshapes the collective dynamics of the
system. Analytical and numerical results show that higher-order adaptivity reduces the linear stability of twisted
states, whereas pairwise adaptivity enhances it. Numerical simulations further demonstrate that increasing the
exponent of higher-order adaptation drives the system toward more ordered states and correspondingly enlarges
the basin of twisted states. Moreover, a larger coupling range reduces twisted-state stability, while in random
hypergraphs, higher-order adaptivity enlarges the synchronization basin without significantly changing the linear
stability. These findings reveal a nonequilibrium relationship between linear stability and basin stability and
highlight the important role of adaptive regulation in higher-order network dynamics.
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I. INTRODUCTION

Stability analysis of nonlinear systems plays an important
role in many complex systems. It is widely used in many fields
such as power system stabilization [1,2], neuronal network
activity regulation [3–5], and food chain stabilization [6,7].
Traditionally, the response of a system to small perturba-
tions has been evaluated by linear stability analysis, the core
tools of which include the Lyapunov exponent and eigenvalue
spectrum [8,9]. However, when large perturbations occur,
the linear stability of local concepts is not sufficient to re-
flect the overall stability of the system. Thus, basin stability
measures global stability by estimating the probability of
the system reaching the target attractor under random initial
conditions [10–12]. Unlike linear stability, basin stability pro-
vides a global perspective that can reveal the robustness of
the attractor and the multistability structure of the system.
Linear stability and basin stability together constitute a com-
plete framework for understanding the stability of nonlinear
systems [13,14].

The importance of higher-order interactions has been
significantly emphasized recently in the study of nonlin-
ear systems. The microstructure of higher-order interactions
affects burstiness as well as bistability, and determines the na-
ture of collective behavioral transitions [15]. Simple complex
forms and hypergraphs are considered as the two main mathe-
matical frameworks when modeling higher-order interactions
[16,17]. These two approaches can have opposing effects on
synchronization: the former inhibits it, while the latter pro-
motes it [18]. The deeper study of higher-order interactions
helps us to understand processes such as cooperation in social
networks [19], transmission pathways of infectious diseases
[20], and dynamics in nervous systems [21,22]. The Kuramoto
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model, a standard tool for analyzing phase synchronization, is
widely used to model and analyze high-dimensional coupled
systems [23,24]. But many of these studies have focused on
all-to-all network topologies [25,26]. In fact, higher-order in-
teractions also exist in networks with nonlocal coupling. For
example, connections between nanoelectric oscillators have
been experimentally found to embody this mechanism [27]. In
addition, stable attractors in more sparsely connected nonlocal
coupled networks have various twisted states in addition to
synchronized states [28]. The network topology [29] and link
density [30] not only change the stability of the twisted state,
but also affect the shape and size of the twisted state basin.

In many real-world oscillating systems (e.g., neural cir-
cuits, social systems), node connections adjust dynamically
in response to the network’s state [31–34]. In other words,
the network is able to reshape its connection structure based
on local or global activity patterns, a property known as
adaptivity [35]. In neuronal networks, spike-time-dependent
plasticity (STDP), which underlies learning, memory forma-
tion, and functional differentiation in the brain [36–39]. In
phase oscillator systems, adaptive mechanisms usually de-
scribe the regulation of coupling strength through the global
order parameter or instantaneous phase differences, thereby
shaping the resulting collective dynamics [40–43]. Compared
with adaptive schemes based on the global order parameter
[44,45], local feedback adaptation more directly captures the
influence of neighboring interactions on individual node dy-
namics. In particular, the local order parameter provides a
natural measure of neighborhood coherence, and its modulus
can therefore be used as a real-valued feedback signal to
regulate the effective coupling strength. This setting offers an
effective description of activity-dependent local interactions
and makes it possible to examine how adaptive regulation
reshapes the stability of twisted states.

In this paper we systematically explore the specific effects
of coupling strength on the stability of twisted states under
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adaptive regulation. We combine numerical simulations with
theoretical analyses, the latter specifically by constructing
Jacobian matrices and calculating the maximum Lyapunov ex-
ponent to assess the linear stability of different twisted states.
The results show that enhancing the strength of the higher-
order adaption weakens the linear stability of the twisted
state. However, it also drives the system to evolve from a
random initial state toward a more coherent and ordered state,
eventually stabilizing in twisted states. In other words, the
enhancement of the higher-order adaption enlarges the basin
of the twisted state. In contrast, when an adaptive regulation
mechanism is introduced in pairwise interactions, we observe
the opposite trend: the enhancement of pairwise adaptivity
enhances the linear stability of the twisted state under certain
conditions, but shrinks its basin accordingly.

The structure of this paper is organized as follows: In
Sec. II we introduce a higher-order ring network model with
adaptive mechanisms and provide a theoretical analysis of the
linear stability of the twisted state, along with the statistical
measures used. In Sec. III we discuss the linear stability
and basin stability of the twisted state from both numerical
simulations and theoretical analysis. Finally, we draw our
conclusions in the last section.

II. MODEL

Consider an oscillatory system with adaptive nonlocal cou-
pling, in which case the phase dynamics of a single oscillator
follows the following equation:

θ̇i = k1|Oi|α
2r

i+r∑
j=i−r

sin(θ j − θi )

+ k2|Oi|β
2r(2r − 1)

i+r∑
j=i−r

i+r∑
k=i−r

sin(θ j + θk − 2θi ),

(1)

where the local order parameter Oj = 1
2r+1

∑ j+r
k= j−r eiθk . k1

and k2 are the coupling strengths of the 1-hyperedge and 2-
hyperedge forms, respectively. The parameters α, β describe
the adaptive properties of the system. Specifically, as the
degree of feedback from the surrounding oscillators to the
ith oscillator through pairwise and higher-order interactions.
The range of coupling is denoted by r, with r = 2 unless
stated otherwise. In addition, the eigenfrequency of all the
oscillators in the model is set to be the same. Since the system
has global phase rotational symmetry, we can simplify the
dynamics analysis by normalizing this common frequency to
0 in the rotational coordinate system.

The twisted state is described by θi = 2π iq/N + C, where
q denotes the number of twisted turns [46]. Substituting
this into Eq. (1) results in �θ̇i = 0, indicating that twisted
state is an equilibrium point. Next, we analyze the lin-
ear stability of the twisted state by finding the maximum
eigenvalue theory of the Jacobian matrix. The elementary
form of the Jacobian matrix for any equilibrium point is as

follows:

Ji j = k1|Oi|α
2r

Ai j cos(θ∗
j − θ∗

i )

+ k2|Oi|β
2r(2r − 1)

n∑
k=1

Bi jk cos(θ∗
j + θ∗

k − 2θ∗
i ),

Jii = −
n∑

j=1
j �=i

Ji j, (2)

where Ai j denotes the adjacency matrix for pairwise interac-
tions, and Bi jk denotes the tensor for three-body interactions.
Specifically, Ai j = 1 when node j is within the range r of
node i, and Ai j = 0 otherwise; Bi jk = 1 when both j and k
are within the range r of node i, and Bi jk = 0 otherwise. It
follows from the rotational symmetry of the topology and the
linear phase difference of the twisted states that this Jacobian
matrix is a cyclic symmetric matrix, then the matrix is

J =

⎡
⎢⎢⎢⎢⎢⎢⎣

J0 J1 · · · J2 J1

J1 J0 J1 · · · J2
... J1 J0

. . .
...

J2
...

. . .
. . . J1

J1 J2 · · · J1 J0

⎤
⎥⎥⎥⎥⎥⎥⎦

. (3)

Next, we will be concerned with the derivation of the local
order parameter. According to the definition of twisted state
and assume that the phase difference between neighboring
oscillators is δ = 2πq

N . Substituting the above assumptions into
the definition of the local order parameter yields

Oj = 1

2r + 1

r∑
n=−r

ei[δ( j+n)+C]

= ei(δ j+C)

2r + 1

r∑
n=−r

eiδn. (4)

According to the symmetry of the summation,

r∑
n=−r

eiδn = e−irδ
2r∑

n=0

eiδn = sin[(r + 1
2 )δ]

sin( δ
2 )

, (5)

so the local order parameter can be written as

Oj = ei(δ j+C)

2r + 1

sin[(r + 1
2 )δ]

sin( δ
2 )

. (6)

Further, the modulus of the local order parameter is

|Oj | = 1

2r + 1

∣∣∣∣ sin[(r + 1
2 )δ]

sin( δ
2 )

∣∣∣∣. (7)

Thus, for a fixed number of nodes and coupling range, the
local order parameter of the twisted state depends only on
the number of twisted turns and is not directly related to the
specific nodal phase. We know that the eigenvalues of a cyclic
matrix are the discrete Fourier transforms of the elements of
the first row, so the kth eigenvalue of the cyclic matrix (3) is

λp(J) =
N−1∑
s=0

Jse
2π ips/n, 0 � p � N − 1, (8)
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where Js = JN−s for �N/2� < s < N , and thus all eigenvalues
λp of the matrix are real numbers. The relationship between
Js and the elements of the Jacobian matrix is given by
Js = J1,s+1. In the translational direction (i.e., the direction in
which all the oscillators change at the same time), the relative
phase difference between the oscillators remains constant. As
a result, the system is insensitive to perturbations in this direc-
tion and the corresponding eigenvalue is zero, i.e., λ0 = 0. For
the twisted state with the coupling range r = 2 and the number
of twisting turns q, the combined analysis above yields the
expression of Js(0 < s � r) as follows:

J1 = k1

4

∣∣∣∣∣
sin

( 5πq
N

)
5 sin

(
πq
N

)
∣∣∣∣∣
α

cos
(2πq

N

) + k2

6

∣∣∣∣∣
sin

( 5πq
N

)
5 sin

(
πq
N

)
∣∣∣∣∣
β

×
[

1 + cos

(
2πq

N

)
+ cos

(
6πq

N

)]
,

J2 = k1

4

∣∣∣∣∣
sin

( 5πq
N

)
5 sin

(
πq
N

)
∣∣∣∣∣
α

cos
(4πq

N

) + k2

6

∣∣∣∣∣
sin

( 5πq
N

)
5 sin

(
πq
N

)
∣∣∣∣∣
β

×
[

1 + cos

(
2πq

N

)
+ cos

(
6πq

N

)]
,

J0 = −2
r∑

s=1

Js. (9)

Bringing the above equation into Eq. (8) yields all the eigen-
values of the twisted state for a twisted number of turns q. The
maximum Lyapunov exponent in the direction of the small
perturbation that deviates from the synchronized flow pattern
is λmax = max{λ1, λ2, . . . , λn−1}. If λmax < 0, it means that
the q-twisted state is linearly stable.

In nonlocal coupled networks with higher-order interac-
tions, the system evolves and stabilizes to different steady
states. In order to quantitatively portray the difference in co-
herence of these steady states, we introduce the strength of
incoherence (SI) [47]:

SI = 1 −
∑N

i=1 Si

N
, si = 	(ε − σi ), (10)

where 	 is the Heaviside function, ε a very small predefined
threshold, and σi denotes the local phase standard deviation of
the ith oscillator:

σi(t ) =
√√√√ 1

2r

i+r∑
m=i−r

[�θm(t ) − 〈�θ (t )〉]2. (11)

Here �θm(t ) is the phase difference between neighboring
oscillators at moment t , and 〈�θ (t )〉 is the average value of
�θm(t ) in the interval [i − r, i + r] in the neighborhood of
oscillator i. If the phase difference between an oscillator i and
its neighboring oscillators is highly consistent (σi < ε), then
si = 1. This indicates that the local region is in a synchronous
state. Conversely, if σi > ε, si = 0, which indicates that there
are significant phase fluctuations in the region, and it is in a
nonsynchronous state. By the above definition, the range of
values of SI is limited to be between 0 and 1. SI = 0 and
SI = 1 denote coherent and incoherent states, respectively.
Both the synchronized state and twisted state correspond to

FIG. 1. Evolution of phase over time in a network of nonlocally
coupled oscillators without considering higher-order adaption (a)
β = 0 and with higher-order adaption considered (c) β = 1. Panels
(b) and (d) are the ring phase distributions at the end moments
of (a) and (c), respectively. The other parameters are k2 = 1 and
q = 13. When higher-order adaption is introduced, the twisted state
of q = 13 loses linear stability. The oscillator network phase evolves
with time and eventually stabilizes to the twisted state of q = 6.

SI = 0, indicating coherence. Values of 0 < SI < 1 denote the
chimeric state.

III. RESULTS

A. Linear stability of twisted states

We set the pairwise coupling strength k1 = 1 without loss
of generality, as it can be absorbed into a rescaled time
variable. This simplification does not affect the qualitative
behavior of the system. Based on this setup, we focus on
exploring the effect of the higher-order adaptivity parameter
β on the stability of the system.

In order to investigate the linear stability of the twisted
state, we combine numerical simulations with theoretical
analysis for verification against each other. Figure 1 presents
numerical simulation results illustrating the impact of higher-
order adaptation on the evolution of the q = 13 twisted state.
The initial phase of the network is configured to apply a small
perturbation on the q = 13 twisted state basis. In particular,
Figs. 1(a) and 1(c) correspond to the phase spatiotemporal
plots without (β = 0) and with (β = 1) higher-order adap-
tation, respectively. The spatial distributions of the phase at
the corresponding final moment t = 200 in the ring network
are shown in Figs. 1(b) and 1(d). As can be seen, in the case
of β = 0 [Figs. 1(a) and 1(b)], the system always maintains
the initial q = 13 twisted state. The phase distribution remains
basically unchanged over time, which indicates that the state
is linearly stable. On the contrary, when higher-order adaptive
(β = 1) is considered, it can be observed from Fig. 1(c) that
the system undergoes a state transition at about t = 100. The
phase distribution gradually departs from the twisted distri-
bution of q = 13, and finally stabilizes to a q = 6 twisted
state, as shown in Fig. 1(d). This indicates that the originally
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FIG. 2. The left and right columns show the linear stability
results of the twisted state under different higher-order adaptive
strengths and different higher-order coupling strengths, respectively.
Panels (a) and (b) show the numerical simulation results, where
Flag = 1 indicates that the corresponding q-twisted state is linearly
stable, and Flag = 0 indicates that its linear stability is lost; (c) and
(d) show the maximum Lyapunov exponent λmax obtained from the
theoretical analysis, and the corresponding twisted state is linear if
λmax < 0; (e) and (f) are enlarged plots of the region λmax < 0 in (c)
and (d), respectively, to show the stabilization interval more clearly.
The parameters are set as follows: k2 = 1 in (a), (c), and (e); β = 1
in (b), (d), and (f).

stabilized q = 13 twisted state loses its linear stability after
the introduction of the higher-order adaptive mechanism.

Further, we investigate the effect of the variation of the
higher-order adaptive strength on the linear stability of the
twisted states of each order. Figure 2 shows the stability of
each twisted state under two combinations of higher-order
adaptivity β and coupling strength k2, where Figs. 2(a) and
2(b) show the numerical simulation results under the corre-
sponding conditions. The parameter Flag is set to 1 or 0 to
indicate whether the twisted state is linearly stable or unsta-
ble, respectively. In other words, Flag determines whether the
system maintains the phase distribution of the initial q-twisted
state during the evolution. We analyze the numerical simula-
tion of a total of 83 different twisted states for all q ∈ [0, 82] in
a nonlocally coupled ring network with an oscillator number
of N = 83. Since the phase distribution of the twisted states
is the same for q and N − q, the equivalent interval of q ∈
[−41, 41] is used in the figure to represent the twisted states.
As seen in the figure, the stability is symmetric with respect to
q = 0, indicating that the q-twisted state has the same linear
stability as the −q-twisted state.

Under the smeller higher-order adaptive parameter
(β = 0.5), the twisted states with linear stability (Flag = 1)
are distributed in three discontinuous intervals: −29 � q �
−22, −14 � q � 14, and 22 � q � 29. When the higher-
order adaptive parameter is increased to β = 2, only the
twisted states in the range of −12 � q � 12 remain stable, as

FIG. 3. Variation of the proportion of stabilized twisted states
with higher-order coupling strength k2 for different higher-order
adaptive parameters. The dotted line indicates the numerical simula-
tion results, and the dashed line indicates the theoretical calculation
results. As k2 increases, more twisted states become linearly stable,
while increasing β suppresses the stability of twisted states. Stronger
higher-order adaptivity reduces the stabilizing influence of k2 on
twisted states.

shown in Fig. 2(a). In summary, the increase of higher-order
adaptivity significantly shrinks the range of linearly stabi-
lized twisted states, resulting in more twisted states being
destabilized.

Figure 2(b) shows the linear stability performance of
each twisted state in the presence of higher-order adaptivity
(β = 1) for different higher-order coupling strengths (k2 = 1
and k2 = 4). When k2 = 1, the range of stabilized twisted
states is −12 � q � 12. While the range of stabilized twisted
states is significantly enlarged when k2 is increased to 4,
including −29 � q � −23, −13 � q � 13, and 23 � q �
29. It can be seen that increasing the higher-order coupling
strength leads to more twisted states obtaining the linear
stability under consideration of the higher-order adaptive.
Figures 2(c) and 2(d) give the results of theoretical analysis,
showing the maximum Lyapunov exponent λmax with respect
to the number of torsional turns q. Figures 2(e) and 2(f) show
the enlarged plots of the region of λmax < 0 in Figs. 2(c) and
2(d), respectively. The stable twisted state range (λmax < 0) in
the theoretical analysis closely matches the Flag = 1 region
from the numerical simulations. This shows that there is a
better correspondence between our theoretical analysis and
the numerical simulation.

We comprehensively investigate how higher-order adap-
tive parameter affects twisted state stability. Specifically, we
calculate the relationship between the proportion of stable
twisted state Pstable and the higher-order coupling strength
k2. These calculations are performed through numerical sim-
ulations and theoretical analysis across different values of
the adaptive parameter β. As shown in Fig. 3, the dotted
line indicates the numerical simulation results and the dashed
line indicates the theoretical calculation results. For the ref-
erence case without adaptation (β = 0), as k2 gradually
increases from 0, Pstable rapidly increases from about 0.3 and
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finally stabilizes at about 0.8. As the higher-order adaptive pa-
rameter β increases, the rise becomes smoother and stabilizes
at a lower value. When β reaches 2.0, Pstable almost no longer
changes with the change of k2, indicating that higher-order
coupling’s stabilizing effect is greatly reduced. In addition,
for the same higher-order coupling strength, Pstable decreases
continuously with the increase of β. This further indicates that
the higher-order adaptivity suppresses the linear stability of
the twisted state in general. At the same time, our results also
show that enhancing the higher-order coupling strength still
contributes to the stability of the system under the consider-
ation of higher-order adaptivity, a trend consistent with the
previous findings [47].

The theoretical values of the stabilized twisted state
proportion Pstable in Fig. 3 are generally lower than the numer-
ical simulation results. This discrepancy essentially reflects
the difference between finite timescale effects and theoret-
ical asymptotic analysis. Specifically, for a given coupling
strength and adaptive strength, some twisted states theoret-
ically yield λmax slightly larger than zero. However, within
our finite simulation window (T = 200), no observable phase
evolution occurs in numerical simulations. This leads to a
higher proportion of stable states in simulations compared to
theoretical predictions. It is also worth noting that the increase
in higher-order adaptive parameter is physically equivalent to
weakening the higher-order interactions between the oscil-
lators. For a twisted state with a deterministic initial phase,
its corresponding local adaptive parameters are deterministic.
When β increases, the actual influence of the higher-order
coupling terms on the evolution of the system becomes
smaller. The system is more inclined to gradually evolve
into a stable state with a smaller number of twisted turns,
thus reducing the linear stability of the twisted state. There-
fore, increased higher-order adaptive strength undermines the
system’s ability to maintain complex structural stability, sup-
pressing twisted state linear stability as a whole.

B. Basin stability in twisted states

Basin stability refers to the probability distribution of the
final evolution of the system to the individual attractors after
starting from different stochastic initial conditions [11–13].
The resulting distribution reflects the robustness of the at-
tractors to initial perturbations. Basin size is then a specific
measure of this robustness.

For a system with N = 83 units, the phase space is the
high-dimensional torus [0, 2π )83. In such a high-dimensional
setting, an exhaustive sampling of all attractor basins is not
feasible. Therefore, the basin size considered here are esti-
mated by a Monte Carlo sampling over random initial phase
configurations. Accordingly, the relevant criterion is the con-
vergence of the estimated statistical quantities with respect to
the number of sampled initial conditions, rather than an ex-
haustive discretization of the full phase space. Figure 4(a) first
justifies the choice of the number of random initial conditions
used in the statistical analysis. At β = 0, the mean incoher-
ent intensity SI of the stable state increases with increasing
higher-order coupling strength k2. The results obtained with
different numbers of random initial conditions Nreps indi-
cate that the curves for Nreps = 5000 and 10 000 are nearly

FIG. 4. (a) Dependence of the mean incoherent intensity SI of
the stable state on the higher-order coupling strength k2 for different
numbers of random initial conditions at β = 0. The inset shows the
mean incoherent intensity and its error as functions of the number
of random initial conditions Nreps for k2 = 5. (b) Distribution of the
incoherent intensity SI in the plane of (k2, β ) parameters. Each set of
data under the (k2, β ) parameters is based on the simulation results
at running time t = 800 and statistically obtained from 5000 sets
of random initial conditions. The results show that the degree of
incoherence of the attractor state of the system decreases with the
increase of β, while increasing k2 enhances the incoherence of the
system.

indistinguishable, whereas the curve for Nreps = 1000 shows
only slight deviations in the large-k2 region. Moreover, the
inset, plotted for k2 = 5, shows that both the mean value of
SI and its error become essentially unchanged when Nreps >

2500. Therefore, in the following analysis of the (k2, β )
parameter plane, we adopt Nreps = 5000 random initial con-
ditions for each parameter pair, which provides a reasonable
compromise between statistical accuracy, smoothness of the
results, and computational cost.

As shown in Fig. 4(b), for k2 < 2, the system eventually
tends to a coherent state, regardless of the value of the higher-
order adaptive strength β. When k2 > 2, the noncoherence
gradually decreases with β, indicating that the higher-order
adaptation helps to enhance the ability of the system to con-
verge to the ordered state. On the contrary, the increase of
k2 significantly increases the degree of incoherence of the
system, leading to a more complex and diverse structure of
the attractor state. As the exponent of adaptivity increases, the
coherence of the attractor increases, so what kind of transition
does the attractor undergo in the process? In order to explore
the different states of the system from incoherent to coherent
dynamics, we discuss the example of the k2 = 5.0. Figure 5(a)
shows the variation of the proportion of ordered states with β.
In this paper we adopt |Oi| > 0.85 as an empirical threshold
for determining the locally ordered state, which ensures that
Porder = 1 when β is sufficiently large. Porder calculates the
proportion of oscillators in the oscillator network that satisfy
the |Oi| > 0.85 condition, and is used to measure the degree
of orderliness of the system [47]. Porder = 0 and Porder = 1 de-
note the disordered state and the ordered state (twisted state),
respectively, and 0 < Porder < 1 indicates the chimeric state.

The results show that Porder increases monotonically with
the exponent of higher-order adaptation and then reaches a
stable value. This indicates that increasing the exponent of
higher-order adaptation helps the system to transition from a
disordered to an ordered state. Further, Figs. 5(b)–5(e) show
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FIG. 5. The increase of higher-order adaptive parameter drives the system to gradually transition from a disordered state to an ordered
state. (a) The proportion of the final evolution to the ordered state as a function of β for 104 simulations. The right panels (b)–(e) correspond
to the four scenarios of β = 0, 0.5, 1.0, and 2.0, respectively. In each group: the upper panel shows the phase distribution of the system at the
last moment; the middle and lower panels show the spatiotemporal patterns of the phase evolution and the local order coefficients during the
last 100 s, respectively. The higher-order coupling strength is fixed at k2 = 5.0.

the phase distribution at the end moment, the phase spatiotem-
poral patterns, and the spatial-temporal map of the |Oi| for
different β values. As shown in Fig. 5(b), when β = 0, the
system ends up in the chimeric state. In this state, a small por-
tion of the oscillators are in the ordered state (|Oi| = 1), while
most remain asynchronous with chaotic phases. At β = 0.5
and β = 1.0 [Figs. 5(c)–5(d)], the system eventually stabilizes
to a stable twisted state with the number of twisted turns
q = 1. When β = 2 [Fig. 5(e)], the synchronized state be-
comes the only attractor. In conclusion, as β increases, the
system gradually transitions from a completely disordered
state to a stable linear phase-aligned state. Meanwhile, the
local order parameter |Oi| is comprehensively enhanced, in-
dicating an overall increase in the synchronization level of the
system. This result emphasizes the important role of the in-
troduction of structural adaptive mechanisms in higher-order
coupling in regulating the emergence of ordered behavior.

The above results show that higher-order adaption re-
duces the linear stability of the twisted state, but makes the
ordered state more likely to appear. Next, we further ex-
plore the change of higher-order adaptation on the attractor
basin during the process of the system going from a dis-
ordered to an ordered state. Figure 6 shows the stochastic
two-dimensional slices centered on the twisted state of q = 13
(left column). The right column presents the corresponding
occurrence probabilities of the individual twisted states for
different parameters of higher-order adaptation. The cyan
color in the figure indicates the twisted state with q = 13
and the black color indicates the nontwisted state. The slices
consist of θ0 + α1P1 + α2P2, αi ∈ (−π, π ], where P1 and P2

are n-dimensional binary direction vectors and the randomly
chosen n/2 component is set to be 1 and the rest to be 0. As
shown in Fig. 6(a), when β = 0.2, the twisted state with center

q = 13 occupies a larger area, but the basin of the nontwisted
state dominates. That is, the twisted state with q = 13 is
stable at this point, but most of the stochastic initial conditions
eventually stabilize to the disordered state. In Figs. 6(b) and
6(c), when β increases to 0.5 and 0.8, respectively, it can be
seen that the areas of cyan and black regions become smaller
and the other colored regions become larger. The results show
that the basin of the twisted state is increasing, the stability of
q = 13 is decreasing, and the basin of the nontwisted state is
gradually decreasing. As shown in Fig. 6(d), for β = 2.0, the
nontwisted state attractor vanishes, the twisted state at q = 13
is unstable, and the attractor is dominated by the synchronized
state. This is further evidence that the enhancement of higher-
order adaptivity reduces the linear stability of the twisted state.
At the same time, it expands the basin size of the twisted
state, allowing more random initial conditions to stabilize to
the ordered twisted state.

To more comprehensively explore the effects of higher-
order adaptation and higher-order coupling strength on the
basin of the twisted state, we analyze the results shown in
Fig. 7. The figure illustrates how the relative basin size of the
twisted state varies with the higher-order coupling strength k2

for three different levels of higher-order adaptation. We esti-
mate relative basin sizes by simulating 1 × 104 random initial
conditions and calculating each twisted state’s stabilization
probability. For smaller degrees of higher-order adaptivity
[Figs. 7(a) and 7(b)], when k2 < 2, the system attractors are
all twisted states. Among them, twisted states with a smaller
number of turns have larger basins, with the synchronized
state having the largest basin. As k2 increases, the basins of the
twisted states with small number of turns gradually decrease.
On the contrary, the basins of the twisted states with larger
number of turns gradually increase. With further increase in
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FIG. 6. Centered on the twisted state of q = 13, the left panels
show the variation of the attraction domains in the two-dimensional
slice, and the right panels show the corresponding probability of
occurrence of each twisted state. Results are shown for (a) β = 0.2,
(b) β = 0.5, (c) β = 0.8, and (d) β = 2.0. The black area indicates
the attraction domains of all non-twisted states. The cyan area corre-
sponds to the twisted state with q = 13, and the other colors indicate
the twisted states with different numbers of turns, respectively. The
results show that the linear stability of the q = 13 twisted state
decreases with increasing β, whereas its attraction domain expands,
indicating stronger basin stability.

k2, all the basins of each twisted state gradually decrease,
and the basin of nontwisted state dominates. Figure 7(b)
summarizes Fig. 7(a), where the basin of twisted state is the
sum of the basins of twisted state for all the twisted turns.
The results show that when k2 < 2.8, the twisted state basins
are larger than the nontwisted state basins, and the system is
more likely to evolve to the twisted state. When k2 > 2.8,
the nontwisted state basins are larger than the twisted state
basins, indicating that the system is more likely to fall into a
disordered state.

In the case of β = 1.0 [Figs. 7(c) and 7(d)], the higher-
order coupling strength corresponding to the emergence of
a nontwisted state basin is higher (k2 = 2.5) compared to
β = 0.2. From Fig. 7(d), it can be seen that the twisted
state basin decreases more slowly with increasing k2, suggest-
ing that the enhancement of the adaptive strength improves

FIG. 7. Variation of the attraction basin size with the higher-
order coupling strength k2 for different adaptive strengths (a), (b)
β = 0.2, (c), (d) β = 1.0, and (e), (f) β = 2.0. The left column shows
the basin sizes of different twisted states, and the right column shows
the total basin sizes of the twisted and other states. The increase of the
β slows the decrease of the basin of the twisted state with increasing
k2, suggesting that higher-order adaption helps maintain the stability
of the twisted state basin to some extent.

the robustness of the twisted state attractor. When β = 2.0
[Fig. 7(e)], the change in the size of individual twisted state
basins with k2 is not significant. Thus, an increase in the
exponent of higher-order adaptivity delays the disappearance
of the twisted state basins and hinders the emergence of
nontwisted state basins. As a result, more stochastic initial
conditions eventually evolve into ordered states. This finding
further supports the earlier result that linear stability and basin
stability of twisted states may exhibit opposite trends [14].
It highlights a complex trade-off between local stability and
global attractiveness in the system.

Basin stability in the twisted state is enhanced after the
introduction of higher-order adaptive mechanisms. The un-
derlying mechanism of this phenomenon is that higher-order
adaptation modulates the effective strength of higher-order in-
teractions. Specifically, the effective strength of higher-order
interactions is weakened when the adaptive parameter β is in-
creased. It has already been shown that enhanced higher-order
interactions significantly weaken the basin stability of the
twisted state [48]. Therefore, when higher-order adaptation is
enhanced and higher-order coupling is suppressed, the system
is more likely to remain near the attractor of the twisted state.
This, in turn, leads to an increase in basin stability.

Correspondingly, we further speculate that if an adaptive
modulation mechanism is introduced into pairwise interac-
tions, a similar effect may occur. Specifically, as the degree of
pairwise adaptation increases, the effective coupling strength
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FIG. 8. (a) Variation of the proportion of stabilized twisted states
Pstable with the higher-order coupling strength k2 for two different
pairwise adaptive strengths (α = 0.5 and α = 1.0). (b) The trend of
the basin sizes of the twisted state and the nontwisted state with k2

for different pairwise adaptive strengths. The other parameters are
fixed at β = 0.2. An increase in the pairwise adaptive strength helps
to improve the linear stability of the twisted state, but simultaneously
decreases its basin stability.

is expected to decrease. In other words, the enhancement of
the degree of pairwise self-adaptation will relatively enhance
the higher-order interactions. In this case, the linear stability
of the twisted state may be enhanced and the system is more
likely to evolve to a nontwisted state, leading to a weakening
of the basin stability of the twisted state instead. Support for
this speculation is provided by Fig. 8. Figure 8(a) shows the
relationship between the linear stability of the twisted state
and the higher-order coupling strength for two different pairs
of adaptations (α = 0.5 and α = 1.0). The results show that
the linear stability of the twisted states both increase rapidly
from a lower value then stabilize. When k2 < 2, the linear
stability of the twisted state with α = 1.0 is greater than that
with α = 0.5. When k2 > 2, the stability of the two states
tends to be the same because the higher-order interactions
dominate at this point, making the effect of pairwise inter-
actions negligible. Figure 8(b) shows the variation between
twisted and nontwisted state basins. It can be seen that the
shrinkage of the twisted state basin is significantly faster in the
α = 1.0 case when k2 < 4. This phenomenon suggests that
pairwise adaptation enhances the robustness of the twisted
state under local perturbations by modulating the coupling
strength, while simultaneously reducing its global attraction
ability. Consequently, the system becomes more likely to
evolve to the nontwisted state.

C. Other network structures

In the following, we investigate how varying the coupling
range shapes the stability properties of twisted states in
adaptive networks. As shown in Fig. 9(a), the fraction of
linearly stable twisted states Pstable decreases with increasing
coupling range r, indicating that larger coupling ranges
weaken the linear stability of twisted states. Furthermore,
in the two-dimensional parameter space (r, β ) [Fig. 9(b)],
the linear stability consistently decreases as r increases
for different values of the adaptive parameter β. In other
words, when the coupling strength is fixed, variations in
the adaptive parameter exert only a limited influence on the
linear stability of twisted states. Correspondingly, we further
investigate the basin sizes of the system with coupling range

FIG. 9. Stability of twisted states in adaptive networks with dif-
ferent coupling ranges. (a) Fraction of linearly stable twisted states as
a function of k2 for different coupling ranges. (b) Distribution of the
linear stability ratio in the (r, β ) parameter space. To ensure smooth
curves, the theoretical linear stability analysis was performed with
N = 830 nodes. (c) Basin size for each state as a function of k2 for the
coupling range r = 5 and N = 83. (d) Basin stability of all twisted
states as a function of k2 for different coupling ranges with N = 83
nodes. Other parameters are set as (a), (c), and (d) α = 0, β = 1; (b)
k2 = 10. An increase in the coupling range weakens both the linear
stability and basin stability of twisted states.

r = 5 for N = 83 nodes. By performing 104 simulations with
random initial conditions, we obtain the probabilities of the
system converging to different states, as shown in Fig. 9(c).
The results indicate that the basins of twisted states shrink
rapidly as k2 increases. Unlike the case of r = 2, where the
disappearance of twisted states leaves other states dominant,
for r = 5 the two-cluster state also becomes a major attractor
once the twisted states vanish. Figure 9(d) further illustrates
the basin size Pbasin of all twisted states as a function of the
higher-order coupling strength k2 for N = 83 nodes. When
the coupling range is small, Pbasin decreases gradually with
increasing k2; however, for larger coupling ranges, increasing
k2 results in a rapid collapse of the basin.

The underlying mechanism is that a larger coupling range
brings distant nodes with large phase differences into strong
interaction. This “long-range pulling” effect tends to flatten
phase differences and drives the system toward more ho-
mogeneous or lower-energy states, thereby undermining the
constraints needed to sustain twisted gradients. At the level of
small perturbations, this effect reduces the ability of twisted
states to resist disturbances, as reflected in the decrease of
Pstable with larger r. In the dynamical evolution from random
initial conditions, long-range coupling also facilitates the tran-
sition of the system into two-cluster or other nontwisted states,
leading to a significant reduction in the basin stability Pbasin.
Therefore, increasing the coupling range reduces the stability
of twisted states at both the linear and nonlinear levels.

Finally, we investigate the influence of the higher-order
adaptive exponent on the stability of attractors in random
hypergraphs. The random hypergraph is constructed with
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FIG. 10. In random hypergraphs, the higher-order adaptive pa-
rameter does not affect the linear stability of synchronization.
However, as the higher-order adaptive exponent increases, the basin
of synchronization gradually expands. (a) The maximum Lyapunov
exponent of the fully synchronized state and (b) the relative basin
sizes of synchronization, two-cluster, and other states as functions of
the higher-order adaptive exponent. Random hypergraph parameters:
N = 83, the probabilities of forming hyperedges between two and
three nodes are 20/N and 20/N2, respectively. Other parameters:
α = 0, k1 = k2 = 1.

N = 83 nodes, where any pair of nodes and any triplet of
nodes are connected with probabilities 20/N and 20/N2,
respectively. The local order parameter of each node is
defined as

Oi =

[ N∑
j=1

Ai je
i(θ j−θi ) + 1

2!

N∑
j=1

N∑
k=1

Bi jkei(θ j+θk−2θi )

]

N∑
j=1

Ai j + 1

2!

N∑
j=1

N∑
k=1

Bi jk

. (12)

As shown in Fig. 10(a), the higher-order adaptive exponent β

has no effect on the linear stability of the fully synchronized
state. This is because full synchrony is the only attractor
in random hypergraphs, where the local order parameter
of every node satisfies |Oi| = 1. Hence, the Jacobian
matrix of the adaptive system is identical to that of the
nonadaptive one, and the maximum Lyapunov exponent
remains unchanged. Figure 10(b) presents the statistical
results obtained from 104 realizations with random initial
conditions. When the higher-order adaptive exponent β is
small, the system predominantly converges to the two-cluster
or other nonsynchronized states. As β increases, similar
to our previous observations in Fig. 5, the system tends to
evolve toward more ordered configurations, and the basin of
attraction for full synchrony gradually expands.

IV. CONCLUSIONS

In this paper we investigate the effect of adaptation on the
stability of twisted states in a network of nonlocally coupled
oscillators. The adaptation is based on a mechanism where the
local order parameter modulates the coupling strength. Unlike
the previous discussion, which focused solely on the linear
stability of twisted states from a theoretical perspective [49],
we further investigate their linear stability through numerical
simulations. Specifically, the system is initialized as a twisted
state with a small perturbation, and its time evolution is mon-
itored. If the system remains in the original twisted state after
sufficiently long evolution, the state is regarded as linearly
stable. Numerical and theoretical results show that an increase
in the degree of higher-order adaptivity decreases the linear
stability of the twisted state. We also analyze the reasons why
the theoretical results are smaller than those of the numerical
simulations. For twisted states with theoretical λmax slightly
greater than zero, no significant phase change is observed in
the finite-time numerical simulations.

Conversely, an increase in the degree of higher-order adap-
tivity leads to an expansion of the twisted state’s basin of
attraction. This expansion facilitates the convergence of more
stochastic initial conditions toward the ordered state. We also
introduce pairwise adaptation and find that it enhances the
linear stability of the twisted state but shrinks its basin. In
other network topologies, we found that increasing the cou-
pling range reduces the stability of twisted states. In random
hypergraphs, however, the higher-order adaptive exponent has
no impact on the linear stability of synchronization, but it
significantly expands its basin of attraction.

Higher-order adaptation carries an opposite effect on the
response of the nonlocal coupled network under local and
global perturbations. The same negative correlation between
linear stability and basin stability is observed in systems
undergoing successive Hopf bifurcations [14]. Moreover, an
increase in the strength of higher-order coupling can expand
the basin size in both the embedded and incoherent states
[48,50]. Higher-order adaptation makes the ordered states eas-
ier to detect and slows the tendency of the system towards
entropy increase. This effect is important for increasing the
stability of the system.

Finally, the present study provides a distinct perspective
on twisted state stability compared with our previous based
phase lag work [49]. Here the central mechanism is a state-
dependent adaptive feedback governed by the real-valued
local order parameter |Oi|, rather than a fixed phase shift in the
interaction term. Although this adaptive rule is introduced in
a minimal form, it has a transparent physical meaning, since
|Oi| quantifies the coherence of the local neighborhood and
therefore acts as a natural feedback signal for regulating the
effective coupling strength. In this way, the model offers an
effective description of activity-dependent local interactions.
Under this framework, pairwise and higher-order adaptation
lead to qualitatively different behaviors in both linear stabil-
ity and basin stability. In addition, by combining analytical
derivations with direct numerical simulations of perturbed
twisted states, the present work goes beyond purely theoret-
ical linear-stability analysis and provides explicit dynamical
verification of the predicted stability properties. These results

014209-9



WANG, HE, TANG, PENG, AND JIA PHYSICAL REVIEW E 114, 014209 (2026)

extend the study of twisted state stability to adaptive net-
works and deepen the understanding of how local feedback
regulation influences the emergence and robustness of ordered
collective states.
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