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Antarctic ice shelves, floating extensions of the Antarctic Ice Sheet, regulate the ice discharge from the ice-
sheet interior into the surrounding oceans and, as a result, the ice-sheet contribution to the sea level. On a
timescale longer than several months, the flow of bodies of ice, such as ice sheets and ice shelves, is controlled
by the ice non-Newtonian viscosity and its rheological parameters, i.e., the ice stiffness and the exponent of
the rheology power-law functional form. Recent studies suggest that the value of the rheological exponent may
be higher than that typically used in studies of ice shelves. It is unclear, however, what effects this difference
might have on the behavior of ice shelves in general and particularly on multidecadal timescales. In order to
evaluate such effects on the behavior of the Pine Island Glacier Ice Shelf, one of the fastest changing regions in
Antarctica, a suite of numerical simulations has been performed. In these simulations, the ice-shelf rheological
parameters have been constrained by means of inverse methods using remote-sensing observations. The results
show that for the same submarine melting and different rheological parameters, the difference between the ice-
shelf states (thickness and speed) is of the order of 5%. In contrast, for the same rheological parameters and
different submarine melting, the difference between the ice-shelf states is significantly larger, of the order of
15% for ice speed and 40% for ice thickness. These results suggest that ice shelves have much higher sensitivity
to the impacts of climate conditions, such as submarine melting, than to their rheological parameters.

DOI: 10.1103/n3xh-bt95

Introduction. Ice shelves, the floating extensions that fringe
the Antarctic Ice Sheet, determine the rate of ice mass trans-
port from the continent to the ocean, via the effect termed
buttressing, the impediment of the ice-shelf flow by rock walls
of the coastal embayments or ice rises [1–5]. Ice shelves
flow due to internal deformation in response to the gravity
force. On timescales longer than several months, the glacial
ice is treated as a non-Newtonian fluid, whose viscosity has a
power-law dependence on the second invariant of the strain-
rate tensor. This functional dependence is known as Glen’s
flow law [6].

Due to the ice density being smaller than the water density,
ice shelves float on top of the ocean, forming sub-ice-shelf
cavities. At the base of the ice shelves, ice and sea water
exchange energy, mass, and salt fluxes; this results in either
sub-ice-shelf melting or refreezing. The former removes mass
from ice shelves and the latter adds mass to them. Due to
the gravity-driven nature, the ice flow depends on changes in
its mass. The rate of flow of ice and its internal deformation
are strong functions of the ice rheological parameters. Conse-
quently, changes in both the ice shelf mass due to submarine
melting or refreezing and the ice rheological properties impact
the flow of ice shelves, which in turn affects the stress regime
of the ice shelves and as a result their buttressing on the
grounded ice upstream of the grounding lines, the locations
where ice loses its contact with the bedrock and starts to float,
forming ice shelves [5].
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Laboratory experiments suggest that the flow-law expo-
nent, typically denoted by n, is around 2 if ice is deformed
under low stresses and around 4 if it is deformed under large
stresses [7]. In situ measurements by means of various tech-
niques [8,9] suggest values between 3 and 5. However, such
measurements are very sparse due to logistical and technolog-
ical difficulties. Ice-flow models ranging from idealized one
dimensional [10] to continental scale [11] use the value of
n = 3. Recent analysis of satellite observations of the Antarc-
tic ice shelves’ flow suggests that n ≈ 4 [12].

One of the glaciers experiencing significant mass loss is
Pine Island Glacier located in the Amundsen Sea Embayment,
West Antarctica [Fig. 1(a)]. The Pine Island Glacier Ice Shelf
(PIGIS) is subject to strong submarine melting because it
is in contact with warm Circumpolar Deep Water [17,18].
The existing studies focused on either the PIGIS present-day
behavior or projections of its future behavior under warming
climate conditions use the flow-law exponent n = 3 [19,20].
It is unclear, however, what effects different values of n may
have on the PIGIS flow and its temporal evolution. To quantify
the relative effects of its rheological parameters and subma-
rine melting on multidecadal timescales, this study uses a
combination of remote sensing observations, inverse meth-
ods, and numerical models. The observed state [21,22] and
inversion techniques [23] are used to infer its rheological pa-
rameters. These parameters are used in two sets of numerical
simulations of the PIGIS evolution run for 100 years. The first
set of simulations uses the submarine melting rates inferred
from remote sensing observations [24]; the second set uses
a prescribed value of submarine melting rates. The results
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FIG. 1. Pine Island Glacier Tongue. (a) Sub-ice-shelf melt rate (m yr−1) [13]. The background and inset are MODIS Mosaic of Antarctica
[14]; a black rectangle in the inset map shows the location of the image. (b) Ice speed (m yr−1) [15]. (c) Ice thickness (m) [16].

suggest that on these timescales, the PIGIS flow is more sen-
sitive to the submarine melting distribution than to the details
of the rheological parameters, as long as these parameters are
constrained by observations.

Inference of the rheological parameters from observations.
The gravity-driven flow of large bodies of ice can be treated as
Stokes flow. Under approximations appropriate to ice shelves,
e.g., negligible vertical shear, their flow can be described by
the vertically integrated momentum balance [25]

[2νH (2ux + vy)]x + [νH (uy + vx )]y = ρg′HHx, (1a)

[νH (uy + vx )]x + [2νH (ux + 2vy)]y = ρg′HHy, (1b)

where H is the ice-shelf thickness, u and v are vertically
averaged ice velocity components, and g′ is the reduced grav-
ity defined as g′ = δg, with δ = ρw−ρ

ρw
, ρw = 1027 km m−3

the sea-water density, and ρ = 917 km m−3 the ice density.
The subscripts indicate partial derivatives with respect to the
horizontal coordinates. The ice viscosity ν is described by a
shear-thinning power-law rheology

ν = B̄

2
ė(1−n)/2n

II = B̄

2

(
u2

x + v2
y + 1

4
(uy + vx )2 + uxvy

)(1−n)/2n

,

(2)

where B̄ is a vertically averaged ice-stiffness parameter and
ėII is the second invariant of the strain-rate tensor. The mo-
mentum balance (1) and the second equality of Eq. (2) take

into account the ice incompressibility, i.e.,

ux + vy + wz = 0, (3)

where w is the vertical velocity component.
In contrast to laboratory settings where rheological pa-

rameters of ice samples can be measure directly, such
measurements cannot be performed on the scales of ice sheets
or ice shelves. In past decades, indirect methods have been
developed to infer these parameters from remote sensing ob-
servations using inversion techniques [23]. Here the PIGIS
rheological parameters have been inferred by means of a
control method from the ice velocities derived from satellite-
borne interferometric synthetic aperture radar observations
[15] [Fig. 1(b)] and airborne measurements of the ice thick-
ness H [16] [Fig. 1(c)]. In this method, a cost function, defined
as a misfit between the observed ice velocities and computed
with Eqs. (1) and (2) using observed values of the ice thick-
ness, is minimized with respect to the control parameter B̄.
The inversions are performed using a finite-element solver
COMSOL [26], which has been used in studies of inversions of
glaciological parameters [27,28], in studies of ice-shelf flow
[5,29,30], and in other glaciological applications [31–33].
Details of the inversion procedures are described in the Sup-
plemental Material [34] (Sec. I).

The inferred spatial distributions of B̄ obtained using spa-
tially uniform values n = 3 and 4 are shown in Fig. 2. A
common characteristic of B̄ for both values of n is its low
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FIG. 2. Inferred ice-stiffness parameter B̄ (the color bar shows log10 B̄) for (a) n = 3 and (b) n = 4.

values along the shear margins, the narrow boundary layers
where ice flow experiences large gradients [Fig. 1(b)] and, as
a result, high strain rates. The regions with large values of B̄
correspond to the locations of melt channels, morphological
forms, several hundreds of meters high and a few kilometers
wide, observed on the ice-shelf base [35,36] and formed as
a result of tightly coupled interactions between submarine
melting, the ice-shelf flow, and the ocean circulation in the
sub-ice-shelf cavity [29]. These channels are characterized
by large variations of the ice thickness [35,36], and these
variations are a likely cause of large variations of the vertically
averaged ice-stiffness parameter. For n = 4 high values of B̄
are more spatially confined within the channels [Fig. 2(b)]
compared to values of B̄ inferred with n = 3 [Fig. 2(a)].

Although it is possible to simultaneously infer the spatially
heterogeneous ice-stiffness parameter B̄ and the spatially het-
erogeneous flow-low exponent n, the inferred distributions are
not unique and, as Fig. 3 illustrates, it is possible to obtain
more than one combination of spatial distributions of these
parameters (details are in the Supplemental Material [34],
Sec. I). Similar to the inversions with constant values of n
(Fig. 2), the shear margins are distinct features in the inferred
patterns, and the flow-law exponent n has larger values there
[Fig. 3(a)]. However, the values of B̄ obtained in the same
inversion [Fig. 3(c)] are not as low as in another inversion
[Fig. 3(d)], in which shear margins are less pronounced in n
[Fig. 3(b)]. This spatial distribution of n is characterized by
low values of n at the locations of melt channels. Its magnitude
varies from approximately 2.5 to approximately 4.

The inversion results suggest that the locations where ei-
ther ice flow (shear margins) or ice thickness (melt channels)
experience large variations are characterized by large varia-
tions in the inferred rheological parameters. A comparison
of the inferred distributions with constant and spatially vari-
able values of n suggests that at the locations with lower
values of B̄ (shear margins), values of n are larger [Fig. 3(a)].
Conversely, at the locations with larger values of B̄ (melt
channels), values of n are lower [Fig. 3(b)].

Impacts of rheological parameters and submarine melting
on the temporal evolution of the Pine Island Glacier Ice Shelf.
In order to assess the PIGIS relative sensitivity to its rheolog-
ical parameters and submarine melting, two sets of numerical
experiments have been performed. In these simulations, the

momentum balance (1) and the mass balance

Ht + H (ux + vy) + uHx + vHy = −ḃ (4)

are solved simultaneously. In Eq. (4), ḃ is the submarine melt
rate. In the performed simulations, the ice viscosity (2) is
computed using the inferred rheological parameters (Figs. 2
and 3). The ice-shelf surface accumulation rate (negative for
ablation) is assumed to be smaller than the submarine melt
rate ḃ. Because these simulations aim to evaluate the PIGIS
sensitivity, as opposed to projecting its future state, the sub-
marine melt rate distribution is kept constant in time. For
the same reason, neglecting the surface accumulation rate in
(4) does not affect the drawn conclusions. As discussed in
the preceding section, the inferred rheological parameters are
colocated with the shear margins and melt channels. Both are
persistent features; therefore, their impacts on the rheological
parameters are persistent as well. For this reason, the spatial
distributions of the inferred ice stiffness and the power-law
exponents are kept the same in the course of simulations.
The observed values of the ice velocities and thickness are
used as the boundary conditions at the grounding line. At
the calving front, i.e., the ice-shelf seaward boundary, the
boundary condition is on the vertically integrated stress; it is
balanced by the vertically integrated hydrostatic pressure in
the ocean.

Two sets of simulations ran for 100 years. In the first set,
the submarine melt rate ḃ was derived from satellite observa-
tions [Fig. 1(a)] [24]. The second set used a constant value
ḃ = 0.3 m yr−1. With this value, the ice-shelf thickness re-
mained positive through the course of simulations. Using the
area-averaged value of the observationally derived values of ḃ
[Fig. 1(a)] of 5.66 m yr−1 led to a rapid melt through of thin
parts of the PIGIS. As in preceding section, numerical sim-
ulations have been performed with the finite-element solver
COMSOL [26]. The details are described in the Supplemental
Material [34] (Sec. II).

The results of the first set of simulations are summarized
in Fig. 4. Figures 4(a) and 4(e) show the ice speed and
thickness simulated with the inferred ice-stiffness parameter
for n = 3 [Fig. 2(a)] at the end of 100-yr simulations. These
fields are used as references, and the results of other simula-
tions are reported as deviations from them. Figures 4(b)–4(d)
show the relative deviations (in percent) of the speed and
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FIG. 3. Inferred rheological parameters: (a) and (b) exponent n and (c) and (d) ice stiffness parameter log10 B̄.

Figs. 4(f)–4(h) show the relative deviations (in percent) of the
ice thickness. The rows correspond to various rheological pa-
rameters: Figs. 4(b) and 4(f) correspond to the inferred B̄ with
n = 4 [Fig. 2(b)]; the third and fourth rows correspond to the
inferred B̄ with spatially variable values of n shown in Fig. 3
[the third row corresponds to Figs. 3(a) and 3(b), the fourth
to Figs. 3(c) and 3(d)]. The spatial patterns of the relative
deviations are different for different rheological parameters.
In the case of n = 4 [Figs. 4(b) and 4(f)], the ice speed is
higher [Fig. 4(b)] and the ice thickness is smaller [Fig. 4(f)]
in the ice-shelf central part and near the calving front. For the
case of the heterogeneous n the spatial patterns are reversed.
For n and B̄ shown in Figs. 3(a) and 3(c) [Figs. 4(c) and
4(g)], the flow is slightly faster and the ice is slightly thinner
in the center of the trunk [Figs. 4(c) and 4(g)]. For n and B̄
shown in Figs. 3(b) and 3(d) [Figs. 4(d) and 4(h)], the flow
is slightly slower and the ice is slightly thicker in the trunk
[Figs. 4(d) and 4(h)]. However, for all different combinations
of the rheological parameters, the deviations of the ice flow
and thickness are within 5% of their values simulated with the
typical value n = 3 and the corresponding B̄ [Fig. 2(a)].

In order to assess how the magnitudes of the effects of
the rheological parameters compare to the effects of the sub-
marine melt rate, the second set of 100-yr simulations has
been run with a constant value of ḃ = 0.3 m yr−1. Figure 5
illustrates the effects of the submarine melt rate on the ice-
shelf state simulated with different rheological parameters.
Figures 5(a) and 5(e) correspond to n = 3 and B̄ shown in
Fig. 2(a), Figs. 5(b) and 5(f) correspond to n = 4 and B̄ shown
in Fig. 2(b), Figs. 5(c) and 5(g) correspond to a combination

of n and B̄ and shown in Figs. 3(a) and 3(c), and Figs. 5(d)
and 5(h) correspond to a combination of B̄ and n shown in
Figs. 3(b) and 3(d). The panels show the relative difference
between simulations with the observationally derived values
of submarine melting ḃ shown in Fig. 1(a) and with the con-
stant value of ḃ. For all rheological parameters, the differences
between simulations with spatially variable submarine melt
rates are of the order of 15% for the ice flow [Figs. 5(a)–5(d)]
and 40% for the ice thickness [Figs. 5(e)–5(h)]. These devi-
ations are substantially larger than those obtained in the first
set of simulations. Hence, these results suggest that for the
PIGIS, the impacts of the submarine melting are substantially
stronger than the impacts of its rheological parameters.

Discussion. Applications of the inverse methods to the
PIGIS show that its ice-stiffness parameters inferred from
the present-day observations assuming constant values of the
flow-law exponent n = 3 and 4 have similar spatial patterns.
The ice stiffness has low values along the shear margins and
large values in the areas of the observed melt channels. Si-
multaneous inversions of the ice-stiffness parameter and the
flow-law exponent result in a manifold of spatially heteroge-
neous fields. These combinations of spatial distributions of
the ice-stiffness parameter and the flow-law exponent yield
computed ice speeds that fit the observed values equally well.
The existence of multiple spatial distributions of the inferred
rheological parameters is due to the ill-posedness of the in-
verse problem and nonuniqueness of its solutions. Additional
observational constraints, e.g., the ice temperature distribution
and ice fabric, are required to determine the most likely com-
bination of these parameters.
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FIG. 4. Effects of rheological parameters on the ice-shelf speed and ice thickness at the end of 100-yr simulations with the observationally
derived melt rate [Fig. 1(a)]. (a) Ice velocity Vn=3 and (e) ice thickness Hn=3 computed with n = 3 and B̄ shown in Fig. 2(a). (b)–(d) and (f)–(h)
Relative deviations of the ice speed and thickness computed with other values of n and B̄ [shown in Figs. 2(b) and 3]. (b)–(d) �V = V −Vn=3

Vn=3

and (f)–(h) �H = H−Hn=3
Hn=3

, where V and H are the ice speed and thickness computed with the respective values of the rheological parameters.
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FIG. 5. Effects of submarine melting on the ice-shelf speed and ice thickness at the end of 100-yr simulations for (a)–(d) �V = V −Vḃ=const
Vḃ=const

and (e)–(h) �H = H−Hḃ=const
Hḃ=const

, where V and H are ice speed and thickness computed with the observationally derived melt rate [Fig. 1(a)] and

Vḃ=const and Hḃ=const computed with a constant melt rate ḃ = 0.3 m yr−1 using the same values of the rheological parameters.
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Results of 100-yr simulations that use the inferred rheolog-
ical parameters and observationally derived or constant melt
rates suggest that the PIGIS is more sensitive to the details of
submarine melting than to the details of spatial distributions of
its rheological parameters. This result can be understood from
the following considerations. The rheological parameters and
basal melting play different roles in the evolution of the
ice-shelf thickness (or mass) and its gravity-driven flow. The
rheological parameters affect the ice deformation [the second
term on the left-hand side of (4)] and advection [the third and
fourth terms on the left-hand side of (4)]. These processes
control the redistribution of the ice-shelf mass. In contrast,
submarine melting affects the ice loss, i.e., the ice mass it-
self. Consequently, the detailed knowledge of the submarine
melting is crucial for accurate simulation of the ice-shelf
state (flow and thickness). If the net effects of the rheological
parameters (ice stiffness and the flow-law exponent) can be
constrained by observations, as done in this study, the details
of their distributions are not as critical to the ice-shelf state as
the details of the mass loss due to submarine melting. These
results hold for the ice shelves, the floating margins of the
ice sheets. The dynamics of the ice flow over the bedrock is
fundamentally different from the dynamics of ice shelves, and
the detailed knowledge of the ice rheological parameters is
crucial for the grounded ice sheets.

Conclusion. Using inverse method techniques, remote
sensing observations and numerical modeling, this study has
assessed sensitivity of the Pine Island Glacier Ice Shelf
(Amundsen Sea Embayment, West Antarctica) to its rheo-
logical parameters and climate conditions such as submarine
melting. The results show that it is more sensitive to the latter
than to the details of the former. These results emphasize the
need to improve our understanding of the ice-ocean interac-
tions. This requires developing direct observational methods,
theories, and numerical models capable of accurately simulat-
ing these interactions and their feedback. Such improvements
will allow us to reduce uncertainties in the projections of the
ice-sheet contributions to the sea level under changing climate
conditions.
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