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Dynamics due to competitive flip cycles in active Potts models
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Nonequilibrium spatiotemporal patterns have been extensively studied. However, a single oscillator or cyclic
loop of states is typically employed at each site in theories and simulations. Here, we investigate how competition
among multiple identical cyclic loops at each site alters patterns. We simulate active Potts models with standard
Potts interactions between neighboring sites in two-dimensional square lattices. When multiple three-state cycles
exist in state flips, such as in octahedral and square-antiprism networks, all types of spiral waves comprising the
three states are formed simultaneously at high flip energies. However, at lower energies, only one or a few types
emerge and switch stochastically into different types. At even lower energies, cyclic changes in single-state dom-
inant homogeneous phases emerge [homogeneous cycling (HC) mode]. At intermediate flip energies, the spiral
wave and HC modes temporally coexist in small systems but do not switch between each other in large systems.
Conversely, when multiple four-state cycles exist in six-state and cubic networks, one state remains dominant for
the entire range of flip energies, whereas the other states occasionally form domains at intermediate flip energies.
Therefore, the number of spatially coexisting states can be controlled using flip networks and energies.
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I. INTRODUCTION

Various types of pattern formations have been observed
in nonequilibrium systems [1-10]. These are called self-
organizing systems [1,2], dissipative structures [1], synerget-
ics [2,3], and nonreciprocal systems [11-14], featuring dif-
ferent aspects. The interactions between single oscillators or
cyclic loops of states can generate spatiotemporal patterns and
global oscillations. Lattice models, such as the lattice Lotka-
Volterra models [15-28] and active Potts models [29-34],
have been widely used to study spatiotemporal patterns, such
as traveling waves. Nonequilibrium phase transitions have
been studied using locally and globally coupled models. The
transition between the disordered phase and global oscillation
has been reported to be of second order in the XY universality
class [35-37]. In the six-state active Potts model, the values of
the scaling exponents for the transition between the three-state
wave and the six-state mixed modes changed from their equi-
librium values, but no change was detected for the transition
between the cyclic mode of the homogeneous phases and the
three-state mixed mode [33]. Dissipation [38,39] and mutual
information [40] were analyzed in active (driven) standard
Potts models with global coupling.

This study aims to clarify the effects of competition
between identical cyclic loops of states on spatiotemporal pat-
terns using Monte Carlo (MC) simulations. Previous studies
typically considered a single oscillator or a cyclic loop of
states at each site. Previously, we investigated the competition
between the three- and four-state loops in a four-state active
standard Potts model [31]. Continuous changes between the
three- and four-state dynamic modes were obtained by varying
the flip ratios. In this study, we consider multiple identical
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loops of states. The minimum is a four-state network com-
prising two three-state cycles shown in Fig. 1(a). We examine
three types of three-state cycle networks and two types of
four-state cycle networks. The dynamics differ from those
of the single-cycle models. In biological and social systems,
complicated networks are observed (e.g., chemical reactions
and gene expressions in cells) [9,10,41-43]. The presented
networks are simplified models.

The models and methods are described in Sec. II. Sim-
ulation results for the three- and four-state-cycle networks
are presented and discussed in Secs. III and IV, respectively.
The dynamics for the single three-state and four-state cycles
are briefly reviewed in Secs. IIT A and IV A, respectively. The
results of the four-state models with two three-state cycles are
described in Sec. III B. A theoretical analysis at the absence
of contact interactions is presented in Sec. III B 1. The results
of the six- and eight-state models with the octahedral and
square-antiprism networks are described in Secs. IIIC and
MID, respectively. The results of six- and eight-state models
with two four-state cycles and a cubic network are described
in Secs. IVB and IV C, respectively. Finally, a summary is
presented in Sec. V.

II. MODELS AND METHODS

Two-dimensional square lattices with a side length L are
employed under periodic boundary conditions. The total num-
ber of sites is N =L2. In a g-state Potts model, each site
possesses a state s € [0, ¢ — 1]. The nearest neighboring sites
(i and j) have contact energies Jy;,[44,45]

Hi ==Y Jys,. (1)
(i)
In equilibrium systems, each state may additionally possess

self-energy &, and the ratio of the forward and backward flip
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FIG. 1. Flip networks comprising multiple three-state cycles in
active Potts models. (a) Four-state model with two three-state cycles.
The broad and narrow arrows represent the forward and backward
flips with flip energies /& and —h, respectively. (b) Four-state model
with the tetrahedral network. The flips between s =1 and s =3
are added in the model shown in (a) with flip energies /s, and
—h,, respectively. (c) Six-state model with the octahedral network.
(d) Eight-state model with the square-antiprism network. The arrows
for backward flips are omitted in (b)—(d). The unfolded graphs are
also shown in the bottom panels of (c) and (d).

rates for the flipping of a single site from s to §' is given
by exp(—AH;,y), where AH, = AHin — hy v is the energy
difference between the two states, i,y = &, — ¢, is the flip
energy, and the thermal energy kg7 is normalized to unity. At
equilibrium, the sum of flip energies along a flip cycle van-
ishes. This model is extended to a nonequilibrium framework
with nonzero cyclic sums, while maintaining hyy = —hy,
[29]. Therefore, the detailed balance can be locally satisfied
for flips between neighboring states, but not globally. For
three-state cycles, this corresponds to the rock-paper-scissors
relationship. These types of dynamics can be realized in re-
actions on a catalytic surface [46-50] and molecular transport
across membranes [51-54]. Active Potts models with global
coupling were studied by Esposito et al. [38—40]. They called
them driven Potts [38,39] and nonequilibrium Potts models
[40]. The four-state active vector-Potts model is also called
the nonreciprocal Ising [37] and nonreciprocal Ashkin-Teller
model [33].

In this study, the contact energy of the standard Potts
model, J;y = Jd,y, is used. The dynamics under different
types of contact interactions were reported in Refs. [33,34].
We set J = 2 to induce the phase separation of different states,
since it is greater than the transition point J. = In(1 + ,/q)
between the disordered and ordered phases at thermal equi-
librium for g = 3—8 [44,55]. To construct identical cyclic
loops, the flip energy is uniform as /' = h in most cases.
The exception is the flip energy &, for the additional diagonal
flips in the tetrahedral network, as shown in Fig. 1(b).

In the MC simulations, a site is randomly selected, and its
flip to a neighboring state is performed using the Metropolis
MC algorithm with the acceptance ratio calculated as p;s =
min[1, exp(—AH,)]. This flipping is attempted N times per
MC step (time unit). We previously verified that the choice
between the Metropolis and Glauber schemes for the MC
update causes only a minor difference [29,34]. The statistical
errors are calculated from three or more independent runs.

III. COMPETITION AMONG THREE-STATE CYCLES

A. Single three-state cycle

Before discussing the competition among multiple three-
state cycles, we briefly describe the dynamics induced by the
single three-state cycle in the three-state active Potts model
under cyclic symmetry [29,30]. Under thermal equilibrium
(h = 0), one of the states dominantly occupies the entire lat-
tice, and the three phases s = 0, 1, 2 are equivalent. At low
h (h > 0), these three homogeneous phases change cyclically
ass =0 — 1 — 2 — 0 through nucleation and growth. This
mode is called homogeneous cycling (HC). At high A, the
three states coexist spatially, and these domains form spiral
waves. The spiral centers are the contact points of the three
domains. In this study, we call this mode W3 (Wn for waves
comprising n states). At intermediate h, these two modes
temporally coexist and stochastically switch in small systems
but do not switch in the available simulation periods in large
systems owing to the exponential increase in the lifetime of
the W3 mode with the system size.

B. Four-state Potts model with two three-state cycles
1. Homogeneous mixed state in the absence of interactions

We consider two types of flip networks, as shown in
Figs. 1(a) and 1(b). The first network (two triangles) has two
competitive cycles (s =0 —>1—->2—->0ands=0—> 3 —
2 — 0). The two cycles are identical, and all flip energies
are constant (). The second network has an additional flip
between s = 1 and 3 with a flip energy of &, [Fig. 1(b)]. These
four states can be mapped onto the vertices of the tetrahedron.
When the edge lengths are proportional to the flip energies, it
is a regular tetrahedron at h, = h.

Before simulating the spatiotemporal patterns, we inves-
tigated the flip dynamics of a homogeneous mixed state, in
which neighboring sites have no interactions (J = 0). Each
site flips independently; hence, the density p; = N;/N of the
s = i state is governed by the equation

dp;
d_tl = Z WjiPj — WijPis (2)
J#
where w;; is the flip rate from s =itos=jand ), p; = L.
The steady-state densities are given by

P 2 4 exp(—h) + exp(—2h)

oo 14+exp(—h)+2exp(—2h)’ )
ptos [1 +exp(=h)I* @
200 1+ exp(—h) + 2exp(—2h)’
P1 _ 3 4+ exp(—h) )
03 1+exp(—h)+2exp(—hy)’
using dp;/dt =0 and the Metropolis rate w;; =

min[1, exp(h;;)]. Interestingly, oo, p2, and p; + p3 are
independent of h, in the tetrahedral network [Fig. 1(b)],
and their values are given by Egs. (3) and (4) for both
networks (see Fig. 2). At h — oo (i.e., when there are no
backward flips), p2/p00 = 2 and (p; + p3)/2p0 = 1. The ratio
p1/p3 increases with i, and saturates at the maximum value
p1/p3 =3 ash, - ocoand h — o0.

034210-2



DYNAMICS DUE TO COMPETITIVE FLIP CYCLES IN ...

PHYSICAL REVIEW E 113, 034210 (2026)

0.4

FIG. 2. Flip energy h dependence of the state densities N,/N for
the tetrahedron network [Fig. 1(b)]. The gray, green, blue, and red
lines represent the data at s = 0, 1, 2, and 3, respectively. The solid
and dashed lines for s = 1 and 3 represent the data at #, = 1 and 0.2,
respectively.

2. Dynamics in the absence of diagonal flips

We consider herein the dynamics under contact interac-
tions (J = 2) for two three-state cycles [Fig. 1(a)]. At low
h, cyclic changes in homogeneous phases occur via two
routes(s=0—->1—-2—->0ands=0—> 3 — 2 — 0),1e,
the HC mode emerges [the numbers of states N;/N =~ 1 are
switched in Fig. 3(e)]. At high &, the domains of all four states
spatially coexist and two types of spiral waves (s =0 —
1->2—>0and s=0— 3 — 2 — 0) are steadily formed
(W4) [see Figs. 3(b) and 3(c) and the right two snapshots
in Fig. 3(a)]. At intermediate %, one type of spiral wave is
dominantly formed (W3), and the switch to the other type
occurs stochastically [the positions of the red diamonds and
green triangles are switched several times in Fig. 3(d)]. In the
spiral waves shown in the left snapshot of Fig. 3(a) and Movie
S1 in Supplemental Material [56], small domains (s = 1)
often appear due to nucleation, but most of them eventually
disappear owing to fluctuations. With increasing A, the HC
and W3 modes begin to coexist temporally, and the ratio of
the W3 mode gradually increases at L = 128. Conversely,
the switching between two modes does not occur in available
simulation periods (~108) at L = 256; the HC and W3 modes
are obtained when the uniform and random distributions of
states are respectively used as initial states for 0.3 < i < 0.7.

To quantify these dynamic behaviors, we calculate the
mean densities of states (N;)/N and the time fractions pppase
of single phases and multiple-phase coexistence (see Fig. 4).
The lattice is considered to be covered by a single phase
at Ng/N > 0.98 for s € [0, g — 1], and n phases coexist spa-
tially when n states satisfy N;/N > 0.02. The ratios of the
three- and four-state coexistence phases continuously change
with increasing A for both N = 128 and 256, as shown in
Fig. 4(c). In the temporal coexistence range of the HC and W3
modes at N = 128, the ratios of the single-state dominant and
three-state coexistence phases gradually change, reflecting the
time fractions of the two modes. Hence, the HC, W3, and
W4 modes are considered dominant when the single-state
dominant and three- and four-state coexistence phases have
the highest fraction pphase, respectively (see the bidirectional
arrows at the top of Fig. 4 for N = 256).
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FIG. 3. Active Potts model with two three-state cycles without
diagonal flips [Fig. 1(a)] at L = 256. (a) Snapshots at # = 0.7, 1.5,
and 2 (from left to right). The light yellow, green, blue, and red
sites (light to dark in grayscale) represent s = 0, 1, 2, and 3, respec-
tively. (b)—(e) Time development of the number of each state at (b)
h=2,(c)h=1.5,and (d), (e) h = 0.7. Two three-state spiral waves
(s=0—1—2— 0,and s = 3 instead of s = 1) spatially coexist
(W4) at h 2 0.9, and the s = 0 state becomes dominant at high .
The three-state spiral waves (W3) and homogeneous cycling (HC)
are obtained at 4 = 0.7, depending on the initial state. In W3, the
two types of waves temporally coexist as shown in (d).

Interestingly, the & dependence of the mean densities of
states is different from that in homogeneous conditions [com-
pare Figs. 4(a), 4(b), and 2]. The density of the s = 0 state
({Np)/N) increases with increasing % in Figs. 4(a) and 4(b),
whereas the density of the s = 2 state increases in Fig. 2.
When the receiving and sending forward flips are counted as
+1 and —1 flips for each state, the numbers of flips for the s =
2 and s = O states are +1 and —1 flips, respectively. Hence,
(N>)/N increases with £ in the absence of the contact interac-
tions, and (Ny)/N decreases. In the HC mode, nucleation can
occur twice in the (s = 0)-dominant phase (compared with the
s = 2 phase), such that the lattice is mostly covered by the
s = 2 phase. However, in the wave modes, the flips mainly
occur at the domain boundaries; hence, the flips from the
s = 0 state to the s = 1 and s = 3 states become slower than
those from s = 2 to s = 0, resulting in an increase in (Ny)/N.
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FIG. 4. Dependence on the flip energy % in the active Potts model
with two three-state cycles without diagonal flips [Fig. 1(a)]. (a) and
(b) Mean number density (N;)/N at (a) L = 256 and (b) L = 128.
The blue down-pointing triangles in (a) represent s = 2 in the HC
mode. (c) Time fractions pyhas Of phases at L = 256 (solid lines) and
L = 128 (dashed lines). The red triangles represent the ratio of the
single-state dominant phase in the HC mode at L = 256, whereas the
ratios of multiple-state coexisting phases in the HC mode are omitted
for clarity. The bidirectional arrows at the top of (a) represent the
ranges of three modes at L = 256.

3. Dynamics in the presence of diagonal flips

When diagonal flips between the s = 1 and 3 states are
added [Fig. 1(b)], the number density of the s = 3 state de-
creases with increasing h,, as in the case in which there are
no contact interactions [compare Figs. 5(b) and 2]. However,
the densities of the s = 2 and s = O states also change in the
presence of diagonal flips, unlike the values in their absence.
For h =2, the s =2 density monotonically increases with
increasing h,, whereas a minimum appears at h,/h >~ 0.4 for
h = 1 owing to a decrease in the time fraction of the HC mode.
The flips from the s = 3 to s = 1 states yield small clusters
of s = 1 and 3 on the domain boundary of s = 0, so that the
flips from the s = 0 to s = 1 or 3 are enhanced, resulting in a
decrease in (Ny)/N (see Fig. 5).

C. Six-state Potts model with octahedral network

We consider herein the octahedral network shown in
Fig. 1(c). All six states are identical, and all eight faces
represent three-state cycles. Similar to the four-state models
described in Sec. III B 2, the HC, W3, and W6 modes emerge
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FIG. 5. Active Potts model with two three-state cycles and diag-
onal flips [Fig. 1(b)] at L = 128. (a) Snapshots for /,/h = 0.01, 0.2,
and 2 at h = 2 (from left to right). (b) Mean number density (N;) /N
as a function of h,/h. The solid and dashed lines represent the data
at h = 2 and 1, respectively.

from low to high & (see Fig. 6 and Movie S2 in Supplemental
Material [56]). In the HC and W3 modes, the composing states
stochastically change into neighboring states and cycles, re-
spectively.

In large systems (L = 256 and 512), hysteresis is obtained
between the HC and W3 modes, whereas the transition be-
tween the W3 and W6 modes is continuous [see Figs. 7(a)
and 7(b)]. A larger system has a broader hysteresis range of /.
In small systems (L = 128), the HC mode changes directly to
the W6 mode via the temporal coexistence of the two modes
[see Fig. 7(c)].

D. Eight-state Potts model with square-antiprism network

We consider herein a larger network of identical states.
The octahedron is the triangular antiprism, and the next-
smallest antiprism is the square antiprism shown in Fig. 1(d).
Two triangles are added horizontally in the unfolded graph
[compare the bottom panels in Figs. 1(c) and 1(d)]. In the
square antiprism, all eight states are identical, eight faces
represent three-state cycles, and two faces represent four-state
cycles.

Similar to the octahedral network model described in
Sec. I C, the HC and W8 modes occur at low and high A,
respectively, and the HC mode exhibits hysteresis in large
systems (L = 256 and 512), whereas the transition of the HC
mode occurs via temporal coexistence in small systems (L =
128), as shown in Figs. 8 and 9. The difference is that more
than three states (but not all) exist in the spiral waves at low
h in large systems (see the left panel of Fig. 8(a) and Movie
S3 in Supplemental Material [56]). The state densities Ny/N
are widely distributed, including N;/N = 0 [see Fig. 8(c)].
This is due to the existence of several separated cycles; for
example, the s = 0 — 1 — 5 cycle is separated from the cy-
clesofs=4—-2—-6,s=2—>6—>3,ands=6—>3—> 7
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FIG. 6. Active Potts model with the octahedral network
[Fig. 1(c)] at L = 512. (a) Snapshots at h = 0.6 (left) and h =1
(right). The light yellow, light green, cyan, blue, magenta, and red
sites (light to dark in grayscale) represent s =0, 1, 2, 3, 4, and 5,
respectively. (b)—(d) Time development of the number of each state
at(b) h =1 and (c), (d) h = 0.6. All types of three-state spiral waves
spatially coexist (W6) at & = 1. The three-state spiral waves (W3)
and homogeneous cycling (HC) are obtained at 4 = 0.6, depending
on the initial state, [(c) and (d), respectively]. In W3, the eight types
of waves temporally coexist.

[see Fig. 1(d)]. In contrast, the diagonal cycles are only sep-
arated in the octahedral network (e.g., s =0 — 1 — 3 and
s =2 — 5 — 4) [see Fig. 1(c)]. The domain boundaries of
non-neighboring states do not move ballistically (see Movies
S3 and S4 in Supplemental Material [56]), so that the spiral
waves of separated cycles can coexist for a longer duration
than those of neighboring cycles.

In all three networks, spiral waves of a single three-state
cycle or multiple cycles emerge. Therefore, the spiral wave
is a robust mode for the three-state cycles. The number of
cycles and states can vary according to the network and flip
energy choices. The competition among the cycles reduces
the number of spatially coexisting states at intermediate flip
energies.
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FIG. 7. Phase ratios pppase as functions of 4 at (a) L = 512, (b)
L =256, and (c) L = 128 in the active Potts model with the octahe-
dral network [Fig. 1(c)]. The red down-pointing triangles in (a) and
(b) represent the ratio of the single-state dominant phase in the HC
mode, whereas the ratios of multiple-state coexisting phases in the
HC mode are omitted for clarity. The bidirectional arrows at the tops
of (a) and (c) represent the modes at L = 512 and 128, respectively.

IV. COMPETITION AMONG FOUR-STATE CYCLES

A. Single four-state cycle

Before discussing the competition among multiple four-
state cycles, we briefly describe the dynamics induced by the
single four-state cycle in the four-state active standard Potts
model under cyclic symmetry [31]. At low A (h > 0), the
four homogeneous phases change cyclicallyass =0 — 1 —
2 — 3 — 0 through nucleation and growth (HC mode), as
in the three-state model. At high %, the four states spatially
coexist, but the waves do not have spiral centers (W4 mode)
under the interaction of the standard Potts model [31,33]. The
domain boundaries between neighboring states propagate bal-
listically, but the boundaries between non-neighboring states
move slowly (driven by diffusion). Hence, the existence of
nonflip diagonal states alters the dynamics. The transition be-
tween the HC and W4 modes occurs via temporal coexistence,
even at L = 512. At intermediate flip energies, the domains
of the diagonal states often remain for long periods, slowly
shrinking to reduce the interfacial energy.
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FIG. 8. Active Potts model with the square-antiprism network
[Fig. 1(d)] at L = 512. (a) Snapshots at 7 = 0.5 (left) and h =1
(right). The white, yellow, light green, cyan, blue, magenta, red, and
black sites (light to dark in grayscale) represent s =0, 1, 2, 3, 4, 5,
6, and 7, respectively. (b)—(d) Time development of the number of
each state at (b) h =1, (c) h=0.5, and (d) h = 0.6. (b) All types
of spiral waves comprising the eight states spatially coexist (W8) at
h = 1. (c) Several (but not all) spiral waves spatially coexist (WI) at
h = 0.5. (d) The HC mode is obtained at 7 < 0.6, depending on the
initial state.

B. Six-state Potts model with two four-state cycles

First, we consider the competition between two four-state
cycles (s=0—-1—-2—->3—-0and s=0—->4—>5—
3 — 0) in the six-state model shown in Fig. 10(a). The s = 3
state always covers the lattice for most of the time, unlike in
the three-state cycles (see Figs. 11 and 12). Although the HC
mode appears at low 4, the (s = 3)-dominant phase has the
longest lifetime. At intermediate A, the nucleation of the s = 0
state results in the formation of s = 1 and 4 domains in the
s = 3 phase. These domains slowly shrink as shown in Fig. 11
and Movie S5 in Supplemental Material [56]. These domains
become smaller with increasing & [compare Figs. 11(b) and
11(c)]. Thus, traveling waves do not form steadily under any
conditions in this network.
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FIG. 9. Phase ratios pppase as functions of 4 at (a) L = 512, (b)
L =256, and (c) L = 128 in the active Potts model with the square-
antiprism network [Fig. 1(d)]. The red down-pointing triangles in
(a) and (b) represent the ratio of the single-state dominant phase in
the HC mode, whereas the ratios of multiple-state coexisting phases
in the HC mode are omitted for clarity. The bidirectional arrows at
the top of (a) represent the modes at L = 512.

C. Eight-state Potts model with cubic network

We consider herein an eight-state model with a cubic net-
work, as shown in Fig. 10(b). This network has two types
of states: the four even-numbered states (s = 0, 2, 4, and 6)
receive two forward flips and one backward flip, while the

FIG. 10. Flip networks comprising multiple four-state cycles in
active Potts models. The arrows for backward flips are omitted.
(a) Six-state model with two four-state cycles. (b) Eight-state model
with the cubic network. The unfolded graph is shown in the right
panel.
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FIG. 11. Active Potts model with two four-state cycles
[Fig. 10(a)] at L = 256. (a) Sequential snapshots with a time interval
of At = 5000 at h = 1.1. (b)—(d) Time development of the number
of each state at (b) h = 1.4,(c)h=1.1,and (d) h = 0.7.

odd-numbered states (s = 1, 3, 5, and 7) receive one forward
flip and two backward flips.

The even-numbered states dominantly cover the lattice, as
the s = 3 state in the case of the six-state model described
in Sec. IVB (see Figs. 13 and 14). The HC mode appears
at low & [see Fig. 13(d)], and diagonal domains are formed
at intermediate and high 4 (see Figs. 13(a)-13(c) and Movie
S6 in Supplemental Material [56]). In contrast to the six-state
model, these domains are larger and have longer lifetimes.
This is due to the existence of more diagonal states (e.g.,
s=2,4,6, and 7 for s = 0), and three of them exhibit the
same stability (s = 2, 4, and 6 for s = 0). This domain forma-
tion also occurs in the HC mode [see Fig. 13(d)].

In both networks, the competition among the four-state
cycles suppresses the traveling waves. The single-state dom-
inant phases are stabilized, and the domains of the nonflip
(diagonal) states often coexist. Therefore, the existence of
nonflip states in the flip cycles alters the dynamics.

V. SUMMARY

We studied the spatiotemporal patterns in active Potts
models with multiple flip cycles. For the competition among
three-state cycles, three networks were examined: a four-state
network of two cycles (with and without diagonal flips), a six-
state octahedral network, and an eight-state square-antiprism
network. At low flip energy %, the changes in single-state dom-
inant phases along the network bonds occur for all networks
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FIG. 12. Dependence on the flip energy 4 in the active Potts
model with two four-state cycles [Fig. 10(a)]. (a) and (b) Mean num-
bers of states (Ny) /N at (a) L = 256 and (b) L = 128. (c) Phase ratios
Pphase- The solid lines represent the data at L = 256. The dashed line
represents the ratio of the single-state dominant phase at L = 128,
whereas the ratios of multiple-state coexisting phases at L = 128 are
omitted for clarity.

(HC mode). At high A, all states spatially coexist as spiral
waves in all cycles. At intermediate &, spiral waves of single
three-state cycles emerge in the cases of the first two networks,
whereas spiral waves of multiple (but not all) cycles emerge
in the case of the antiprism network. The transition from the
HC and wave modes occurs via the temporal coexistence of
the two modes in small systems. However, the dynamics are
trapped in either mode via hysteresis in large systems.

Regarding the competition among the four-state cycles,
two networks were examined: a six-state network of two cy-
cles and an eight-state cubic network. Single-state dominant
phases occupy the systems most of the time for all simulation
conditions, so that the steady traveling waves are suppressed
by competition. At intermediate s, diagonal states often form
domains but subsequently shrink slowly. This is due to the
absence of direct flips between the diagonal states in the four-
state cycles.

Let us discuss how the flip-cycle competition changes
spatiotemporal patterns. In the competitive three-state cycles,
the single-cycle spiral waves of three states are obtained at
small networks (the four- and six-state networks) with inter-
mediate flip energies. Emerged waves suppress the growth
of neighboring states so that spiral waves comprising other
states do not spatially coexist. However, cycles separated in
the flip network can coexist at large networks, and waves of
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FIG. 13. Active Potts model with the cubic network [Fig. 10(b)]
at L = 256. (a) Sequential snapshots with a time interval of Ar =
40000 at 2 = 0.9. (b)—(d) Time development of the number of each
state at (b)) h = 1.1, (c) h = 0.9, and (d) =~ = 0.7.

different cycles can simultaneously appear. The number of
cycles in waves increases in a larger network. Conversely, the
competition among multiple four-state cycles suppresses all
waves, leading to single-state dominant phases. Therefore, the
competition can be used to reduce the wave types or erase the
waves using three- or four-state cycles, respectively.

In this study, we employed the contact interactions for
the standard Potts model. For a single cycle of four or more
states, waves do not exhibit spiral shapes in the standard Potts
model. However, spiral waves are formed when the contacts of
nonflip states are repulsive, and factorized-symmetry modes
also emerge for cyclic loops of factorizable numbers of states
(e.g., 6 = 3 x 2) [33]. Therefore, the competition among spi-
ral waves and other forms of dynamics can be explored when

1 1 1 1 I 1 1 1 1
° [\ i
oS » i
gt 1 phase i
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- '» = —
0 e-ﬁ\%ﬂ =
1 T T T
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« » i
< » i
0.5 |— —]
» 2 phases -
B coexist —
0
= 1
=
<
+
\2/0.99
0.98

FIG. 14. Dependence on the flip energy 4 in the active Potts
model with the cubic network [Fig. 10(b)]. (a) and (b) Phase ratios
Pphase at (a) L =256 and (b) L = 128. (c¢) Mean number differ-
ences (N, — N_)/N between even- and odd-numbered states at L =
256 and 128, where Ny = Ny + N, + Ny + Ngand N_ = N; + N; +
Ns + N;.

different contact interactions are used in active Potts models
with multiple cycles of four or more states.

In this study, we used a constant flip energy for all flips
(except for the diagonal ones for two three-state cycles).
By adjusting the flip and contact energies in asymmetric
networks, spiral waves of specific cycles can be generated
selectively. Hence, multiple cycles and states in wave modes
can be controlled by choosing the networks and conditions.
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