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Slow-driving-induced multistability and remote synchronization in chaotic Chua’s circuit
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We study the response of Chua’s circuit driven by a chaotic signal of variable timescale. We observe that when

the frequency of the driving signal is significantly lower than that of the response and the driving strength is above
a threshold, Chua’s circuit exhibits multiple stable attractors. The features of the attractors change as the driving
strength ¢ increases; for instance, the attractors are double-scroll at low ¢ and are single-scroll when ¢ is high. We
also investigate generalized synchronization (GS) between the drive and the response systems by employing the

auxiliary system approach. When the drive is much slower than the response, we observe different scenarios of
remote synchronization (RS) between response and auxiliary units. In addition to complete synchrony between
response and auxiliary systems indicating GS between drive and response, we notice that the response and
auxiliary units can be lag-synchronized and can also have correlated trajectories indicating novel forms of RS.

The slow drive can induce multistability between these RS states, which disappears as the frequency of the
driving signal increases and becomes equivalent to that of the response of Chua’s circuit.

DOI: 10.1103/kwbg-sfbn

I. INTRODUCTION

The study of chaotic synchronization [1-3] has drawn
considerable attention due to its potential applications in
various areas such as chaos control [4,5] and secure com-
munication [6,7]. Chaotic synchronization has been reported
in several settings, from mutually coupled systems [8] to
systems in drive-response configuration [9,10], and a wide
variety of dynamical patterns such as global synchrony, lag
synchronization, and generalized synchronization (GS) have
been observed. Although a lot of investigation has been
done to understand the dynamics of drive-response systems,
most of these studies are limited to the case when drive
and response have comparable timescales. Some experimental
studies examined the synchronization of drive and response
with timescale mismatch [11,12]. However, several aspects of
the emergent phenomena in a system subjected to a driving
signal with variable frequency are still unexplored. Through
this work, we try to explore this direction further.

When nonidentical systems are coupled in the drive-
response arrangement, they can synchronize in the gener-
alized sense, namely, the state variable(s) of the response
system can be expressed as a function of the state variable(s)
of the drive [13]. One method to analyze this generalized
synchronization (GS) between drive and response is to use
the auxiliary system approach [14], wherein an exact copy
of the response system (called the auxiliary system), driven
by the same drive, is considered, and if the response and
the auxiliary units are completely synchronized, then the re-
sponse is said to be in generalized synchrony with the drive.
This collective system of drive, response, and auxiliary units
can be viewed as a three-node network in which the driving
unit is acting like a hub and is unidirectionally coupled to
the two unconnected nodes (drive and auxiliary systems).
An important feature observed in such networks with hubs
is the phenomenon of remote synchronization (RS), where
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the nodes that are not directly connected get synchronized,
whereas these nodes remain out of synchrony with the hub
[15]. Experimentally, electronic circuits are widely used to
study chaotic synchronization, and, among these circuits,
Chua’s circuit [16,17] has emerged as a popular choice since
it is one of the simplest electronic circuits to exhibit chaotic
dynamics [18]. Chua’s circuit and its variants [19] with dif-
ferent coupling schemes, for instance with resistive [20] and
capacitive coupling [21], have been examined earlier [22,23].

In the present work, we study the dynamical properties of
chaotic Chua’s circuit driven by a chaotic signal of variable
timescale. We observe that when the timescale of the drive
is much slower than the response, and the driving strength
is above a threshold, Chua’s circuit exhibits bistability with
the existence of two stable single-scroll attractors, although
the dynamics of the uncoupled Chua’s oscillator are on a
double-scroll chaotic attractor. We also investigate the pos-
sibility of GS between the chaotic drive and Chua’s circuit
using the auxiliary system approach and found that when the
driving strength is above a certain value, the response and
the auxiliary units are in complete synchrony, implying GS
between the drive and response systems. We note that the
mismatch between the timescales of drive and response can
induce novel types of RS wherein the response and auxiliary
units are not coupled directly and oscillate with the same aver-
age frequency; however, their dynamical variables are related
to each other in different ways: the response and auxiliary
units can be in complete synchrony, lag synchrony, or can
have correlated trajectories. The slow-varying drive can also
induce multistability between these RS states. We analyze the
effect of varying the timescale of the drive on the dynamics of
Chua’s circuit and on the GS between drive and response, both
using circuit simulations on the platform MULTISIM and by
numerically solving the dynamical equations. The response of
Chua’s circuit is studied by computing Lyapunov exponents of
the system, and it is observed that, for a slow drive, the largest
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FIG. 1. (a) Circuit diagram of Chua’s oscillator and (b) V-I char-
acteristics of Chua’s diode.

conditional Lyapunov exponent (CLE) is close to zero in a sig-
nificant coupling range. The dynamics of the response system
in this region is investigated using measures such as the 0-1
test, a Fourier transform, and recurrence plots, which indicate
the transition of the dynamics from periodic to chaotic through
intermittency as the timescale of the drive varies. The drive is
taken from a common base Colpitts oscillator [24]; however,
we get qualitatively similar results for other chaotic drives
as well.

The paper is arranged as follows: Section II describes
the model considered for circuit simulation and numerical
investigation. Multistability induced by driving is discussed
in Sec. III. In Sec. IV, we analyze the generalized synchrony
between drive and response by using the auxiliary system ap-
proach and present different scenarios of RS between response
and auxiliary units. The investigation of the region of zero
largest CLE using various tools is presented in Sec. V. The
results are summarized in Sec. VI.

II. MODEL DESCRIPTION

We consider Chua’s circuit [16,25] as the response
system. The circuit representation of Chua’s oscillator is
shown in Fig. 1(a). The circuit parameters are taken to be
C, =10nF, C; = 100 nF, L = 18 mH, and R is the variable
resistor that controls the dynamics of Chua’s oscillator. By
applying Kirchhoff’s circuit laws to various branches of this
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FIG. 2. Upper panel shows the bifurcation diagram of Chua’s
oscillator obtained by plotting the maxima Vj in the time series of V;
as R varies, showing the period-doubling route to chaos and regions
of existence of different types of attractors: double-scroll chaotic (A),
single-scroll chaotic (B), period-4 (C), period-2 (D), and period-1
(E). The lower panel shows the attractors in different regions of
the bifurcation diagram; for instance, at R = 1920 Q (A), 1950 @
(B), 1963.5 Q (C), 1970 © (D), and 2000 2 (E) for a fixed initial
condition [28]. Please note that we have presented only one variant
of the single-scroll attractors in the bistable region (B to E).

circuit, we get the following set of dynamical equations:
. 1
Vi=—[V,-Vi=Rf(V)],
=R [V, =Vi =Rf(V1)]

. 1
Vo = —(V, — Vo, +RI}),
2 RCz(l 2 L)

. V2
I =——, 1
2 ey
where the over-dot represents a derivative with respect to time.
The characteristic equation of Chua’s diode is given by

fV) =GVi + 5(Ga = G)(IVi + E| = Vi —E]),  (2)

where E is the turning point voltage and G,, Gy, are the slopes
obtained from the V-I characteristics of Chua’s diode plotted
in Fig. 1(b). From the V-I characteristics of Chua’s diode,
we note that G, = —0.7574 mA/V, G, = —0.4089 mA/V, and
|E| = 1.18 V. We use the software MULTISIM to simulate the
circuit in the laboratory environment. The asymptotic dynam-
ics of the system are verified using numerical simulation of
the governing dynamical equations [Eq. (1)] using the Runge-
Kutta fourth-order method, and the equivalence between the
circuit and numerical simulations is established.

An interesting feature of Chua’s circuit equations [Eqgs. (1)]
is that they remain invariant under parity transformation
[(Vi, Vo, I) — (—Vi, =V, —I1)] which can give rise to bista-
bility of single-scroll attractors. In Chua’s circuit, as the
resistance R varies keeping other circuit elements constant,
the dynamics of Chua’s circuit change from periodic for larger
R to chaotic for smaller R values [26,27]. The bifurcation
diagram depicting the transition from periodic to chaotic dy-
namics is plotted in Fig. 2, which shows a period-doubling
route leading to chaotic dynamics as R decreases. In Fig. 2,
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FIG. 3. Circuit diagram of Chua’s circuit driven by a common
base Colpitts oscillator.

the maxima of the time series of V; (denoted by Vp) are
plotted, taking random initial conditions [29] at each R. We
note that, depending on the initial conditions, two variants of
the single-scroll attractors are possible: one with positive V;
values and the other with negative V| values in phase space.
In the lower panel of Fig. 2, the attractors (V; vs V) obtained
for different values of R are shown. We have shown only one
variant of the single-scroll attractor (having positive V; values)
in the bistable region. As can be seen, periodic attractors
are obtained for high values of R: period-1 for R = 2000 €2,
period-2 for R = 1970 €2, and period-4 for R = 1963.5 2. For
lower values of R, for instance, when R = 1950 Q and when
R = 1920 Q, single-scroll and double-scroll chaotic attractors
are obtained, respectively.

III. MULTISTABILITY IN THE DRIVEN CHUA CIRCUIT

Chua’s circuit is driven by a chaotic signal taken from a
common base Colpitts oscillator [24,30]. The circuit diagram
of the Chua’s circuit driven by a Colpitts oscillator is shown
in Fig. 3. From the circuit, the dynamical equations of the
Colpitts oscillator can be written as

> v
[, —al(e v —1)],

=2
1 Ci
. (O I _n Vee +Vy
V; = C_wél:IL‘i‘Is(] —a)e T —1)— R
' @ / ’ ’
IL = E(VCC e 2 —ILRQ). 3)

Here C; =C, =0.5uF, L'’=20 mH, R, =5000 €,
R, =100 , and Ve = 10 V. I, = 1071° A is the reverse
saturation current of the transistor, « = 0.995 is the gain of the
transistor, and Vr = 0.0258 V is the temperature coefficient
[24]. The attractor of the Colpitts oscillator in the V|-V, plane
is shown in Fig. 4. In Eqgs. (3), we introduce a parameter
@ to control the timescale of the driving signal. In circuit
realization, this is done by modifying the values of capacitors
and inductor as C| — %, C, — %, and L' — %.

We fix the circuit parameters to the values mentioned ear-
lier, and the resistance R is fixed to R = 1920 2 so that the
undriven Chua’s circuit is in a chaotic regime with asymptotic
dynamics on the double-scroll attractor [31]. To study the ef-
fect of the external chaotic drive on Chua’s circuit, we fed the
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FIG. 4. The attractor of the Colpitts oscillator in the V/-V, plane.
voltage V, from the Colpitts oscillator through a unidirectional

switch S and a resistance R’ at V, of Chua’s circuit.
The dynamical equations for the driven Chua’s circuit read

1

Vi = Vo — Vi —RF(VD)],

| RC1[2 1 — Rf(V1)]

. 1

Vo = — (V) — Vo, + RI V) —V,),

> RCz(l >+ RI)+e(V, —V,)

. V2

[ =2 4
L 2 4

Here V] is used as the driving signal and e denotes the
driving strength expressed as € = R,LCZ. In the circuit, the cou-
pling strength ¢ is varied by changing R’ while keeping C,
constant. Here we are interested in studying the response of
Chua’s circuit for different timescales of the drive. The time
series of V; of the Colpitts oscillator for different values of the
timescale parameter @ are plotted in Fig. 5 to compare them
with the timescale of Chua’s oscillator.

The average time period, T of the driving signal is cal-
culated by noting the time duration, At between consecutive
peaks in the time series and taking the average over many such
peaks. The inverse of T gives the average frequency D such
that

Zf’il Ar
N

T =

and

1
T
where N is the total number of peaks in the chosen time
interval of the time series.

The average frequency ¥ of the V| variable of Chua’s os-
cillator in the chaotic regime (R = 1920 €2) and the chaotic
driving signal V, for several values of the timescale parameter
@ are shown in Table I. We note that the average frequency
of the driving signal D varies linearly with the timescale
parameter ®.

The bifurcation diagram for the driven Chua’s circuit with
increasing & gives an overview of the possible attractors. In
Fig. 6 we plotted the maxima of V; (denoted by V,) for a ran-
dom initial condition for each ¢. Here we observe that when

<l

)
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FIG. 5. Time-series of (a) V; of the response of Chua’s circuit
at R = 1920 €, and (b)—(e) driving signal (V;) at different values of
timescale parameter ® obtained from circuit simulation.

the driving signal is much slower than the response, indicated
by a small value of ® [Fig. 6(a)], the asymptotic dynamics
of Chua’s circuit is on a double-scroll chaotic attractor when
the driving strength & is low. As ¢ increases (for fixed @),
the attractor changes from double-scroll to single-scroll. As
we can see in Fig. 6(a), there are two variants of single-scroll
chaotic attractors corresponding to the upper (b) and lower
(b-) branches in the bifurcation diagram. For the branch b,

TABLE I. Comparison of average frequency of Chua’s oscillator
and the frequency of chaotic drive for different values of timescale
parameter ©.

Average time period Average frequency

0] T(s) v (Hz)
0.2 2.427 x 1073 412
0.5 9.8 x 107* 1021
1.0 4.923 x 10~* 2031
1.5 3.238 x 10~* 3088
Chua’s Circuit 3.370 x 10~* 2967
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FIG. 6. Bifurcation diagram of the driven Chua’s circuit with
increasing coupling strength ¢ for different values of the timescale
parameter @, taking random initial conditions at each €.

the attractor has positive V; values and is denoted by A,
whereas for b_ the attractor has negative V; values and is
referred to as A_. We also observe that the size of these
single-scroll chaotic attractors (A and A_) decreases with an
increase in driving strength ¢, as evident from the attractors
plotted in Fig. 7. On the contrary, when the timescale of drive
is comparable to that of response, the long-time dynamics
of the response always remains on the double-scroll chaotic
attractor [Fig. 6(d)]. The shape of the attractors of the driven
Chua’s oscillator for different values of ® and ¢ is shown in
Fig. 7, showing bistability in the parameter region where the
single-scroll attractors exist.

We also study the transition of the attractor from double-
scroll to single-scroll in the parameter space of ® and ¢. To
distinguish between single-scroll and double-scroll attractors,
we consider the time series of V| after removing the transients
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FIG. 7. Attractors of driven Chua’s circuit are plotted for differ-
ent values of the timescale parameter ® and driving strength, €.
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FIG. 8. Figure showing existence of double-scroll (2s) and
single-scroll (A, and A_) attractors for the driven Chua’s circuit in
®-¢ parameter space with initial conditions taken randomly [29].

and take the maxima, Vj(max), and minima, V/min), of the time
series. We compute the quantity x defined as x = Vimax) +
Viminy). If x =~ 0, the dynamics of Chua’s oscillator is on the
double-scroll attractor, whereas y positive (>5) and negative
(< —5) indicate that the trajectories converge to A, and A_
attractors, respectively. As seen in Fig. 8, the transition from
a double-scroll to a single-scroll attractor occurs at a lower
value of e, when the drive is much slower than the response
(low value of ®@). As ® increases, the point of transition moves
toward higher . When the timescale of the drive approaches
that of the response, there is no transition from double-scroll
to single-scroll chaotic attractor, and we observe double-scroll
attractors in the entire & range. This threshold value of @
beyond which only double-scroll attractors are observed is
marked as &y (*1.18) in Fig. 8. From these observations,
we conclude that a slow driving signal favors the existence
of single-scroll chaotic attractors and hence bistability in the
driven Chua’s circuit.

IV. GENERALIZED SYNCHRONIZATION IN DRIVEN
CHUA’S CIRCUIT

Nonidentical unidirectionally coupled systems can achieve
synchronization in a generalized manner wherein the dynam-
ical variables of the response system can be expressed as a
function of the dynamical variables of the drive [13]. One
way to study the generalized synchrony between response
and drive is to employ the auxiliary system approach [14]
where an identical copy of the response system, known as the
auxiliary system, is considered and the common driving signal
is fed to both response and auxiliary units. If the response
and auxiliary systems are completely synchronized, then the
response is said to be in generalized synchrony with the drive.

To study the generalized synchrony between Chua’s circuit
and the chaotic drive, we consider an identical Chua system
as an auxiliary with dynamical variables denoted by V|, V',
and I}, where the superscript a is used to distinguish the state
variables of the auxiliary system from those of the response
Chua’s circuit.

3 @d=02] |- 5 (b) =05
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FIG. 9. Plot of the difference in average frequency between the
response and auxiliary Chua oscillators, Av as a function of driving
strength, ¢ for different values of ® taking random initial conditions
at each ¢.

The asymptotic dynamics of the two Chua circuits (re-
sponse and auxiliary) are on the double-scroll chaotic attractor
(fixing R = 1920 2) when no driving signal is applied. To
investigate the nature of generalized synchrony between drive
and Chua oscillator, we force the response and auxiliary sys-
tems by a common chaotic signal V; of the common base
Colpitts oscillator.

The synchronization between the response and auxiliary
units is studied as a function of coupling strength, ¢ for a fixed
value of the timescale parameter ®. As ¢ increases (for fixed
), the trajectories of the two Chua oscillators transition from
being desynchronized to a synchronized state at a coupling
threshold marked as ¢;. To identify this threshold we plot the
difference of average frequency, Av = |V — p¢| of the two
Chua oscillators as a function of ¢ for different ® in Fig. 9.
When the timescale of drive is much slower than the response,
the transition from desynchronized (Av # 0) to the complete
synchronized state (Av = 0) is through a region of multista-
bility where the synchronized state coexists with other states
for which Av & (0 (between & and ¢&,), shown in Fig. 9(a). As
® increases, the difference in average frequencies increases,
and there is a region in ¢ space where the synchronized state
exists with the desynchronized state, as indicated by scattered
points for intermediate values of ¢ (region between ¢; and &4)
in Fig. 9(b). This multistability of synchronization and desyn-
chronization between response and auxiliary units disappears
as the timescale of the drive increases and becomes equivalent
to the timescale of the response [Figs. 9(c) and 9(d)].

To probe further into the features of the emerging states
as ® and ¢ vary, we calculate the similarity parameter [32]
between the time series of the state variables V; and V| of
the response and the auxiliary, respectively. The similarity
parameter S(t) is defined as

ﬂw:qua+m—wmm’ )

HViO)((VE@))H]2

where 7 is the time shift considered between the time series of
the two driven Chua circuits and (.) denotes the time averages.
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FIG. 10. The minimum of similarity parameter S, (left panel)
and the corresponding T, (right panel) with increasing & for
different values of timescale parameter, ® showing complete syn-
chronization (CS with black triangles), correlated trajectories (CT
with blue diamonds), lag synchronized state (LS with green squares),
correlated lag trajectories (CLT with brown filled diamonds), and
desynchronized state (DS with red circles).

The minimum value of the similarity parameter, Sy, and
the corresponding T, are plotted in Fig. 10 as a function
of driving strength e for different values of the timescale
parameter ®. We observe that depending on the values of ®, ¢,
and the initial conditions for the state variables, the two Chua
oscillators can be in one of the following states:

(1) Complete synchronization (CS), where

Vi@t) = Vi),
Wa(t) = V3 (1),
L) =1'Q). (6)
(2) Lag synchronization (LS) where
Vi) = Vit + At),
Valt) = Vi (t + A),
I(t) = I'(t + Ar). 7

Here At is the time lag between the time series of the state
variables of response and auxiliary systems.
(3) Correlated trajectories (CT) where

Vi) = V{'(t) + ki,
Va(t) =V, (1),
I@)=1'@) + k. (®)

k; and k, are time-independent constants. These constants are
the same for all € for a fixed ®.
(4) Correlated lag trajectories (CLT) where

Vi(t) = =Vi({t + Ar),
Va(t) = =V3'(t + At),
I(t) = —I/(t + At). )

Here At is the time lag. In the CLT state, the response and
the auxiliary systems are in antiphase synchrony and follow
Eq. (9) for most times.

(5) Desynchronized state (DS) where there is no correla-
tion between the state variable of the response and auxiliary
Chua oscillators.

For CS, Smin =0 at 7 =0 whereas Sy, ~ 0 for T #0
represents LS. For DS, the similarity parameter Sy, > 0 for
all T values [32]. To differentiate and verify the existence of
different states, we modify the similarity parameter as

IV + ) + k) £Vi@))?)
Smod(":)— 2 2.11 '
KMVi@) HVE@)))]2

For the CS, LS, and CLT states, k = 0, while & is finite
for the CT state. For the CLT states, we consider the + sign
to verify the relation between the state variables [Eq. (9)],
whereas the — sign applies for the other states. From Fig. 10
we observe that, when driving is much slower than the re-
sponse (& = 0.2), for low values of driving strength ¢, the
two Chua oscillators are in DS, indicating no GS between
the Chua circuit and the drive. As ¢ increases and crosses a
threshold value, we see two branches B3 (e, < & < 1) and By
(after 3 < € < ¢1) emerging from the desynchronized region.
The branch By corresponds to the CLT state where response
and auxiliary go to two different attractors (A;LA_ or A_A;)
and also have a time lag, while B; represents LS between
the two Chua oscillators. These two branches indicate dif-
ferent scenarios of remote synchronization (RS) where two
Chua circuits not directly coupled to each other synchronize
(indicated by equal average frequency) via a common drive
but have different phase relations between their dynamical
variables. Therefore, one can anticipate some relationship
between the dynamics of the response Chua oscillator and
the drive. We call the RS between the two Chua oscillators
corresponding to the two branches B; and B4 as RS of type
IIT (RS-IIT) and RS of type IV (RS-IV), respectively. As ¢ in-
creases further, exceeding € the lag synchronized branch (B3)
evolves to complete synchrony (CS) denoted by B; while the
CLT changes to CT state (B, branch) where the two Chua os-
cillators go to two different single-scroll attractors (A4 or A_)
with no time lag but there is a correlation between the state
variables of the two oscillators given in Eq. (8). The state CT
seems to indicate a new kind of RS between the drive and the
response systems, which we name remote synchronization of
type II (RS-II). Therefore, in addition to the case when the re-
sponse and auxiliary systems are in complete synchrony (CS),
say RS-I, which indicates generalized synchrony between the
drive and response, we observe new scenarios of remote syn-
chronization, namely, RS-II, RS-III, and RS-IV, where the
trajectories of response and auxiliary Chua oscillators are
correlated in a different manner. Moreover, in Fig. 10(a) we

(10)
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observe two regions of multistability: one at intermediate val-
ues of € (between g3 and &) where RS-III coexists with RS-IV
(LS coexists with CLT) and another at higher ¢ where RS-II
coexists with RS-I (CS coexists with CT). The latter region
appears more interesting because it shows the coexistence
of remote synchronization with generalized synchronized
states.

For higher values of the timescale parameter ®, the lag
between the time series of the Chua oscillators decreases,
and the LS state converts into CS while the CLT branch
becomes desynchronized [Fig. 10(b)]. This gives rise to a
multistable region between &4 and £, where CS and DS coex-
ist, and one can expect chimera-like states [33,34] to emerge
in an ensemble of Chua oscillators driven by a common
chaotic signal. Therefore, as ® increases, the LS and CLT
states disappear, and the bistability is between CS and CT
states only for ¢ > ¢; [Fig. 10(c)]. Further increasing ® makes
the CT state vanish, and when the timescale of the drive is
equivalent to that of the response (¥ & 1.46), only CS exists
above a critical coupling, €. This investigation indicates that
a significantly slower drive induces novel types of RS and
multistability in the drive-response system, which disappear
when the timescale of the drive is comparable to that of the
response.

The attractors (left panels) and the time series (right panels)
obtained from circuit simulation for these different states are
shown in Fig. 11. To illustrate the agreement between results
obtained from circuit simulations and numerical integration
of model equations, the attractors obtained numerically are
shown in Figs. 11(h)-11(n). We observe that, for low & the
synchronization of response and auxiliary is on a single-
scroll attractor, whereas for high @, the synchronization is
on a double-scroll attractor. For the lower frequency of the
drive, CS can be on two types of single-scroll attractors: one
with positive V| and V| values denoted by CS(up) and the
other with negative V| and V/ values marked as CS(down) in
Fig. 11. Also, the size of the single-scroll attractor on which
dynamics is synchronized decreases with an increase in €. For
higher @, LS, and CLT are the first to disappear, and then CT
disappears when complete synchronization of the two Chua
oscillators occurs on the double-scroll attractor indicated by
CS(29).

To analyze the stability of the synchronized states, we com-
pute the conditional Lyapunov exponent for the driven Chua
circuit. In Fig. 12, the largest conditional Lyapunov exponent
Am 1s plotted as a function of coupling strength ¢ for different
values of ®. We observe that, for low values of ¢, A,, is posi-
tive, suggesting incoherence between the two Chua oscillators
and hence no GS between drive and response. After the driv-
ing strength crosses the threshold ¢, A,, becomes negative,
indicating GS between the drive and the response systems
[9]. The value of X,, & 0 when there is lag synchronization
(LS) between the trajectories of the response and auxiliary
units. In the region where RS-III coexist with RS-1V, 1,
has either small positive or negative values depending on the
initial conditions. From Figs. 12(c) and 12(d), we notice that,
for higher values of ®, the desynchronized region expands
and we are unlikely to get LS and CLT states. We also note
that X, is negative in the parameter region where RS-I and

RS-II coexist. The Lyapunov exponent spectrum for the driven
system is also plotted (see Fig. 13). The drive-response system
will have six Lyapunov exponents (LEs). We observe that,
for low coupling ¢, the drive-response system is hyperchaotic,
characterized by two positive LEs. One LE is always positive
due to the chaotic nature of the drive. At ¢; and &, one or
more LEs come close to zero (avoided crossing), indicating a
change in the system’s dynamics (response in this case, since
the drive remains unaffected by the coupling). If we separate
the LEs corresponding to the drive, we will be left with three
LEs that represent the dynamical nature of the response. Do-
ing this, we found that the largest LE of the response system
is close to zero in the range €, < & < ¢; whereas it is negative
when € > ¢l.

To confirm the generalized synchronization (GS) between
the response Chua’s circuit and the drive, we plot V| vs V; in
Fig. 14. V| varies linearly with V; for CS and CT, indicating
GS between drive and response. When the synchronization
is on the single-scroll attractor, the plots for CS lie either in
the first or third quadrant while plots for CT lie in the second
or fourth quadrants in V-V space. At higher ®, when the
synchronization is on a double-scroll attractor only, the plots
are in the form of a straight line stretching through the first
and third quadrants and passing through the origin. For DS,
the variation of V{* with respect to V; is random, whereas the
plots look like closed orbits for CLT and LS states, indicating
some correlation between the trajectories of response and
auxiliary units.

Since the driven Chua’s circuit exhibits multistability, we
examine the fraction of initial conditions leading to vari-
ous attractors. For a fixed &, we take 10° initial conditions
randomly and compute the fraction of initial conditions, f;.
going to various states: CS(up), CS(down), CS(2s), and CT
(see Fig. 15). The figure confirms that when @ is below a
certain value ®y,, the synchronization between response and
auxiliary is on the single-scroll attractors marked as CS(up)
(when the synchronization is on A;) and CS(down) (when
the synchronization is on A_) or there could be scenario
where one oscillator asymptotes to A, and the other goes
to A_ or vice versa, termed the “CT state”. When ® > ®y,,
the two Chua oscillators synchronize onto the double-scroll
attractors [CS(2s)]. Therefore, it can be concluded that when
the drive has a lower frequency than the response, we ex-
pect synchronization on a single-scroll attractor and hence
multistability of various kinds, while when the frequency of
the drive is comparable to the response, the synchronized
dynamics is on a double-scroll attractor only and hence no
multistability.

V. ANALYSIS OF DYNAMICS IN THE 1,, = 0 REGION

To understand the dynamical nature of a driven Chua
circuit in the region where A, & 0, we analyze the time
series of the response system at different & and fixed
coupling € using various measures such as the 0-1
chaos test, a fast Fourier transform (FFT), and recurrence
plots.
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FIG. 11. Attractors of the response (in red) and auxiliary (in blue) Chua’s circuits obtained from circuit simulation in MULTISIM
[right panels (a)—(g)] and numerically [middle panels (h)—(n)] for various observed states DS, LS, CLT, CS, and CT for ¢ =0.2.
The right panel shows the time-series plots of V, of the response (red color) and V/* (blue color) of the auxiliary signal obtained

numerically.

The 0-1 test is designed to distinguish chaotic behavior
from regular dynamics in deterministic systems. If the out-
come of the test is 1, it indicates the chaotic nature of the

A. 0-1 chaos test

system, whereas a O result corresponds to regular dynamics.
For the implementation of the 0-1 test, we follow the steps
outlined in Ref. [35]. We consider the time series of V; of
length N and define translation variables p(n) and g(n) as
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FIG. 12. The largest conditional Lyapunov exponent A, with
varying ¢ for different timescales of the drive, ®.

follows:

p(n) =Y n(j)cos(je),

j=1

q(n) =Y _ n(j)sin(jo), (1)

j=1

where n = 1,2,...,N and 5(j) is a observable constructed
from the time series.

The value of ¢ can be chosen from the interval (0,77). The
behavior of these translational variables determines whether
the dynamics is chaotic or regular. To determine the diffusive
or nondiffusive behavior of p and g, we calculate the mean
squared displacement M (n) as

1 N
M= lim = [p(j+m) = p(DIP +1q( +m) = g()P.
j=1

12)

For large N, we require n << N. Hence, we calculate M (n)
for n < N, such that N. < N. We take N. = N/10 for our
analysis. For better convergence of M(n), a modified mean
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FIG. 13. All six Lyapunov exponents of the driven system are
plotted with the variation of ¢ for different values of ®.
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FIG. 14. V, of response vs V| of auxiliary for the observed states,
on the left CS(up), CS(down), LS(up), LS(down), CT, CLT, and on
the right DS (red) and CS(2s) (Black). For LS and DS & = 0.2 and
€ = 1000; for CT, CS(up), and CS(down) & = 1.0 and for CS(2s)
® = 1.5ate = 1500.

squared displacement D(n) is used, which is defined as
D(n) = M(n) — Vosc(c, n), (13)
where

— cos(nc)

N
.1 o1
Vose(e,m) = lim 3 n(j)*~ (14)
j=1

—cos(c)

We compute the asymptotic growth rate K for a particular
value of ¢ (¢ = 2) from D(n) by the correlation method, in
which K is defined as the correlation coefficient of the vectors

t=(@,2,...,N,),

and
A =(D(1),D(2),D(@3),...,D(N,)), (15)
such that
cov(¢, A)
K =corr(¢,A) = ——————= e [-1, 1], (16)
J/var(Z )var(A)
1F pasastastasad
CS(up) = |
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0.8 CS?ZE) T J |
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FIG. 15. Fraction of initial conditions, f;. leading to different
synchronized states as a function of timescale parameter ¢ of the
driving signal for fixed coupling (¢ = 1500), considering 10° random
initial conditions at each .
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TABLE II. Asymptotic growth rate, K at ¢ = 2 and the median
of K, K,, are shown for different values of ®. The coupling parameter
is fixed to ¢ = 1000.

) K K,

0.2 —0.01149 0.01121
0.5 0.03480 0.18056
1.0 0.85941 0.97902
15 0.98545 0.99274

where variance and covariance are defined in the usual man-
ner:

q

1
cov(xy, xp) = 4 > a () — AllxG) — %I,

Jj=1

with = 5 >4 x(j) and

var(x;) = cov(xy, x1). (17

Furthermore, 100 random choices of ¢ in the interval (0,7)
are taken and K is calculated for each c. The median of these
K values is obtained as K),,. The obtained values of K at ¢ = 2
and K, for time series of V; at different & are tabulated in
Table II. A K, value close to zero indicates regular dynamics,
whereas K, close to one suggests chaotic dynamics. There-
fore, the values of K, suggest that as ® increases from 0.2 to
1.5, the dynamics of Chua’s circuit changes from regular to
chaotic.

We also obtain p vs g plots for different ® shown in
Fig. 16. When the p-q phase space is bounded, the dynamics
of the underlying trajectory is regular [36], which can either
be periodic or quasiperiodic. Also, the modified mean squared
displacement D(n) is confined within a range for & = (0.2 and
0.5, which shows that the nature of the oscillations of Chua’s
circuit at ¢ = 1000 (where X, & 0) is regular. On the other
hand, the dynamics is chaotic when the p-q phase portrait is
diffusive. D(n) grows linearly with 7, and the slope quantifies
the nature of trajectories as chaotic for & = 1.0 and ® = 1.5,
in addition to K being close to 1. Clearly, at a fixed coupling
(¢ = 1000), the dynamics of Chua’s circuit go from regular
when the timescale of forcing is slow to chaotic when the
timescales of the drive are comparable to the response system.
To ascertain the regular behavior of Chua’s circuit in the
Am & 0 region, we further analyze the trajectories by using
other measures such as FFT and recurrence plots of the time-
series data.

B. FFT

We do the fast Fourier transform (FFT) of the time series V;
to know the dominant frequencies. In Fig. 17, the FFT plots
of the time series show a clear single peak for ® = 0.2 and
0.5, indicating the periodic nature of the time series. As ®
increases, other harmonics emerge and there is a spread in the
FFT plot. The amplitude of these harmonics increases with an
increase in @, and the dynamics becomes chaotic for higher
values of & [Figs. 17(c) and 17(d)].

[e)® =02

0 250 500 750 1000
() ® =0.5

0 250 500 750 1000

(®®=10

0 250 500 750 1000

h)®=15

0 250 500 750 1000
n

FIG. 16. The p-q phase portraits are shown in the left panels (a)—-
(d) with their respective modified mean square displacement D(n) in
the right panels (e)—(h) for different values of @ at fixed coupling
& = 1000. The system is simulated for 10° time steps with the sam-
pling interval 7 = 100 and N = 10*. The plots are shown for ¢ = 2.

C. Recurrence plots

Recurrence plots (RPs) [37] are used to study the recur-
rences of the phase-space trajectories. Consider a dynamical
system in d-dimensional phase space represented by the

3
(a)® =0.2 b)> =05
2 T
< 1 40 A <;, M\«»
! V(kLIZz) ’ ! V(k]I:{) ’
3
©® =10 @ =15
2 0.05 “ 0.05 ”‘ P
g e VR
< 1 1 2 3 1 2
V(kHz) V(kHZ)
T L S [ 1
0 1 2 3 4 0 1 2 3 4

v (kHz) v (kHz)

FIG. 17. FFT of the time series V; for different values of the ® at
& = 1000. The y axis represents the amplitude, A of the frequency
components, while the x axis denotes the frequency v. The inset
shows a magnified image of the amplitudes in the marked (box with
dotted lines) frequency range.

024219-10



SLOW-DRIVING-INDUCED MULTISTABILITY AND...

PHYSICAL REVIEW E 114, 024219 (2026)

(b),d) Q.S

t(s)

0.02 ©®=1.0

t(s)

0020 0.02
t(s) t(s)

FIG. 18. RPs computed from the time-series of response Chua’s
circuit for different values of ®. The value of § = 0.05.

trajectory {x;} fori = 1, ..., N. The binary recurrence matrix
is defined as

Rij =00 —|lx; —x;l), i,j=1,...,N, (18)
where ® is the Heaviside function and ||.|| is the norm of
the distance between two points. § defines the threshold of
the norm below which the pairs of phase space points are
considered to recur.

For our case, we construct the RPs from the time series
of all three variables of the driven Chua’s circuit for dif-
ferent values of @, fixing ¢ = 1000. The plots are shown
in Fig. 18. For slow drive (® = 0.2), we observe parallel
equispaced lines in most regions of RPs [see Figs. 18(a)
and 18(b)], which suggest the periodic nature of the driven
Chua oscillator with intermittent bursts of irregular behavior
when the system is evolved for a long time. As the timescale
of the driving signal increases and approaches the timescale
of the response, we notice that the irregular behavior becomes
more frequent and the trajectory becomes chaotic [37,38].
These RPs show signatures of intermittency route to chaos
[39] in Chua’s circuit dynamics as @ increases. To investigate
the type of intermittency in the response system in the cou-
pling region where A,, = 0, we look at the behavior for the
periodic or laminar phase of the trajectory at different ® as
shown in Fig. 19. For high frequency of the drive ($ = 1.0,
1.5), we observe the laminar phase has black squares with per-
forated edges which suggest type-II intermittency [40], while
for low frequency of the drive (& = 0.2, 0.5) the periodic
nature of the driven system can be seen.

From the analysis of time-series of the response variables
at a fixed coupling strength, we can conclude that a slow drive
induces periodicity in the dynamics of the response system
reflected in the value of the largest CLE close to zero. As the
timescale of the drive increases and becomes comparable to
that of the response, the response dynamics becomes irregular
and chaotic. However, we would like to point out that our
analysis does not exclude the possibility of quasiperiodicity
in the dynamics of the response system which needs to be
investigated in more detail.

(@)@ =02

b) =05
0.005

t(s)

0.005 =

t(s)

FIG. 19. The RPs of the laminar phase of the trajectory of a
driven Chua circuit obtained for different values of ® is shown. The
& value is taken to be 0.5, which is 10% of the diameter of the single
scroll attractor.

VI. SUMMARY

In this work, we study the effect of a variable timescale
of the drive on the response of Chua’s circuit in the chaotic
regime. The driving signal is chaotic and drawn from a
common base Colpitts oscillator. We observe that when the
timescale of the drive is much slower than the response, and
the driving strength is above a certain threshold, Chua’s os-
cillator exhibits bistability with coexisting chaotic attractors.
These multistable attractors are different from the double-
scroll chaotic attractor of the uncoupled Chua’s circuit in the
sense that they are single-scroll and occupy a much smaller
region in phase space. When an auxiliary system is considered
to explore the prospects of generalized synchronization in
such systems, we observe that the drive and auxiliary units
show remote synchronization where the two units have equal
average frequency yet their dynamical variables are correlated
to each other in different ways. In addition to the scenario
when the response and auxiliary systems are in complete
synchrony (RS-I), there could be lag synchronization (RS-III)
or correlated trajectories (RS-II and RS-IV) of the two Chua
circuits, indicating new forms of remote synchrony between
the uncoupled response and auxiliary units. The existence
of complete synchrony between response and auxiliary units
implies generalized synchrony in these drive-response sys-
tems. The parameter region where RS-III and RS-IV coexist
is characterized by the largest conditional Lyapunov exponent
close to zero. We analyzed this region using various tools such
as the 0-1 chaos test, a FFT, and recurrence plots and found
that the dynamics of Chua’s circuit is periodic in the region of
slow forcing and becomes chaotic through intermittency as the
timescale of the drive increases and becomes equivalent to that
of the response. The region where lag synchronization and
correlated trajectories occur diminishes as the frequency of
the drive approaches the frequency of the response. Therefore,
such kinds of states and hence RS are not possible if the drive
and response variables evolve at similar timescales. We have
also checked the case when the frequency of the drive is higher

024219-11



MAHANTY, SAXENA, AND UJJWAL

PHYSICAL REVIEW E 114, 024219 (2026)

than the inherent frequency of the response and observed that,
in this setup, the dynamics of the response is dependent on the
nature of the drive; for example, a symmetric drive can give
bistability with two coexisting single-scroll attractors whereas
an asymmetric drive can favor one type of attractor over the
other. Although the results presented in this paper are for
the dimensional model, the results have been found consis-
tent with those obtained from the equivalent nondimensional
model.

The multistability induced in the present system is the
result of timescale mismatch between drive and response,
and hence the mechanism leading to this multistability seems
to be different from the multistability induced by coupling
reported earlier [41], where the coupling modifies the effec-
tive parameter to the values where the response system is
inherently multistable. To check the generality of our results,
we checked our results for different types of driving signals,
for instance, Chua’s circuit driven by Rossler oscillator and
observed qualitatively similar states. It will be interesting to
investigate the dynamics of Chua’s circuit driven by periodic
and quasiperiodic signals with variable frequency, which is
part of our ongoing research [42]. Our preliminary investiga-
tion suggests that, in addition to the multistability observed
in the case of chaotic drive, we can observe other kinds of
multistable behavior involving resonance response of Chua’s

circuit. We believe that our results open up several interesting
directions to explore; for instance, the implications of reported
multistable RS states in networks with hub structures. In a re-
cent work by Gomes et al. [43], chaotic hysteresis is reported
in Chua’s circuit driven by slow voltage forcing. Hysteresis is
often observed in systems that have multistability; therefore,
another possible direction to explore could be to look for
the possibility of chaotic hysteresis in coupled systems with
mismatched timescales.
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