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Exact equilibrium constraints in quantum many-body systems, such as sum rules and Ward identities, can be
hard to expose because local currents are distributional and equal-time commutators may contain anomaly-like
contact terms. We present a simple geometric organization of the recently identified quantum shift symmetry.
The local shifting superoperator is viewed as a statistical-gauge connection acting on observables, so hyperforces
are covariant derivatives and force balance becomes a thermal Ward identity expressed with the Kubo-Mori inner
product. For compact smearings we prove bulk flatness: smeared shift generators close on the Lie bracket of
vector fields with no bulk Schwinger term. This closure yields an iterative, all-orders Ward-Bianchi hierarchy
of equal-time constraints that closes on a finite set of force insertions and a bilinear force-gradient kernel,
leading to general antisymmetry relations and positivity bounds. We fix the microscopic generator by quantizing
the diffeomorphism moment map, where Weyl and half-density quantization agree and give a self-adjoint
operator without bulk ordering anomalies. Although the bulk connection is flat, global topology remains through
holonomy, which links naturally to twisted boundary conditions and flux threading. Background electromagnetic
fields deform the algebra through explicit density-weighted curvature insertions rather than a bulk central
extension. As an application we treat fractional quantum Hall fluids on a torus, connect the deformation to
the guiding-center GMP-W∞ algebra, and verify the key identities with exact diagonalization.
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I. INTRODUCTION

Exact, nonperturbative identities—sum rules, Ward iden-
tities, and algebraic constraints—are among the sharpest
pieces of information one can extract from an equilib-
rium many-body problem. They serve as internal consistency
checks for analytic approximations, numerical solvers, and
effective theories, and they often provide the only a pri-
ori constraints available at strong coupling. In equilibrium
statistical mechanics this idea is intertwined with linear re-
sponse: zero-frequency response coefficients are fixed by
equal-time correlation functions and commutator structures,
as emphasized in the classic developments of the fluctuation-
dissipation relation and Kubo response theory [1–3] and in the
Mori-Zwanzig projection formalism used to organize suscep-
tibilities and memory kernels [4,5]. This response-theoretic
viewpoint is naturally expressed through Kubo-Mori cor-
relations and projection-operator dynamics [6–8]. From a
modern perspective, these relations can be read as Ward-
Takahashi-type statements for thermal expectation values, i.e.,
as identities implied by symmetries of the equilibrium state
and its generating functional [8–11]. They are also comple-
mentary to recent studies of real-time many-body dynamics,
where ultracold lattice systems have been used to probe
equilibration, slow relaxation, and many-body localization in
interacting disordered or quasiperiodic settings [12–15].
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For classical fluids and soft-matter systems, force-balance,
screening, and continuum constraints lead to exact structural
restrictions on correlation functions, ranging from contact-
value and compressibility-type relations to long-wavelength
moment sum rules in Coulomb systems [16–19]. In inhomo-
geneous settings, closely related identities underlie density
functional theory and integral equation approaches, where
equilibrium correlations are constrained by variational princi-
ples and by the structure of the equilibrium measure [16,18].
These examples indicate a central theme of the present work:
equilibrium itself already contains a large amount of hidden
structure, but this structure may be obscured unless it is for-
mulated in a way that makes its closure and iteration manifest.

A particularly transparent formulation has emerged re-
cently for classical equilibrium. A series of works has shown
that smooth coordinate deformations of the microscopic
configuration variables act as statistical symmetries of the
equilibrium measure, giving rise to Noether-like Ward re-
lations for force and torque balance [20] and, crucially, to
closed hierarchies of higher-order constraints on equal-time
correlations [21–29]. In this viewpoint, the equilibrium Gibbs
measure carries a gauge structure: hyperforce densities are
the responses to local shifts, and the repeated application of
shift Ward identities generates an “ng” tower of sum rules that
terminates on a finite set of bulk insertions. A related gauge-
geometric formulation unifies this gauge-shift invariance with
conventional spacetime symmetries and organizes the re-
sulting Noether and cross-Ward identities within a common
Lie-algebraic structure [30]. This statistical-gauge interpreta-
tion has proven useful both conceptually and practically, e.g.,
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as a set of stringent unit tests for simulation data and as a guide
for constructing controlled approximations [31,32].

Extending such a statistical gauge symmetry to quantum
equilibrium is, however, nontrivial. The obstacle is not merely
technical. Local current generators are operator-valued distri-
butions, and the equal-time algebra of conserved densities can
acquire contact terms (Schwinger terms) that realize central
extensions of the naive Lie algebra [33,34]. In relativistic
quantum field theory, the interplay between current algebra,
Ward identities, and anomalies is a textbook theme [9,10];
in nonrelativistic settings, closely related issues arise once
one couples to curved or torsionful backgrounds or considers
theories with Galilean and ’t Hooft anomalies [35–37]. For
our purposes, the key point is simple and sharp: a bulk central
extension would obstruct the iterability of shift Ward identi-
ties, spoiling the closed “hierarchy” structure that makes the
classical theory powerful.

At the same time, there is strong motivation to expect a
geometric organization of quantum equilibrium constraints.
First, quantum many-body systems admit a well-developed
geometric coupling to external sources and spacetime back-
grounds. For Galilean-invariant systems, coupling to Newton-
Cartan structures and background gauge fields provides a
systematic way to define and constrain the mass current,
momentum density, and stress tensor, and to derive ex-
act Ward identities for responses [38–40]. Second, in both
relativistic and nonrelativistic hydrodynamics, equilibrium
generating functionals impose powerful equality-type con-
straints on response data, without assuming weak coupling
[41–43]. Finally, topology can enter equilibrium response
through twisted boundary conditions and flux threading; in
two dimensions, for instance, the Niu-Thouless-Wu formula-
tion expresses quantized Hall response as a Berry-curvature
integral over the twist torus, connecting flux insertion to ge-
ometric phases [44,45]. A quantum analog of the classical
shift symmetry was recently identified by Müller and Schmidt
[46] as a local shifting superoperator generated by the mass-
current density, yielding an exact hyperforce balance identity
in the Gibbs state. Here hyperforce denotes the generalized
equilibrium force density associated with infinitesimal local
relabelings of microscopic configuration variables. This im-
mediately raises the central question of this work: does the
quantum shift algebra close in the bulk without a Schwinger
term, and what is the minimal structure that makes its clo-
sure and consequences transparent? We take the quantum
hyperforce balance of Ref. [46] as the starting point. Our
observation is geometric: the current-generated derivation de-
fines a connection on the observable bundle, whose compactly
supported bulk closure is the corresponding flatness condition,
equivalently the Maurer-Cartan condition.

In this formulation, hyperforce balance becomes a co-
variant thermal Ward relation, and compactly supported
smearings give bulk Lie closure of the shift algebra with
no bulk Schwinger term. This closure yields an iterative
equal-time Ward-Bianchi hierarchy that closes on a finite
set of force insertions and a bilinear force-gradient kernel.
The same connection viewpoint also organizes boundary cor-
rections, holonomy, and background-field deformations. The
underlying generator is fixed by quantization of the diffeo-
morphism moment map; Weyl and half-density quantizations

agree and yield a self-adjoint operator free of bulk ordering
anomalies.

Bulk flatness rules out local curvature obstructions but
leaves global holonomy. On multiply connected manifolds,
lift sectors are labeled by U (1) characters, linking shift
holonomy to twisted boundary conditions and flux thread-
ing. Coupling to background electromagnetic fields deforms
closure through explicit density-weighted curvature insertions
rather than a bulk central extension, separating flat-twist ef-
fects from genuine field strength.

We illustrate the construction for fractional quantum
Hall fluids on the torus, where the magnetic deforma-
tion matches the guiding-center GMP-W∞ algebra and
organizes sector-resolved constraints under flux threading.
Exact-diagonalization diagnostics provide direct checks of
bulk closure, thermal Ward balance, and holonomy response
on the twist torus.

The paper is organized as follows. Section II develops
the statistical-gauge formulation of quantum shift symmetry,
including bulk flatness, the closed Ward-Bianchi hierarchy,
holonomy, and the background-field deformation. Section III
applies the framework to fractional quantum Hall fluids on the
torus. Section IV presents exact-diagonalization diagnostics.
We conclude in Sec. V.

II. THEORETICAL CALCULATION

We first recall the quantum shift derivation and the ex-
act hyperforce identity, then repackage the construction as
a statistical-gauge connection whose distributional curvature
controls closure, and finally derive the closed hierarchy to-
gether with its structural consequences (ordering, topology,
and background-field deformations).

A. Shift symmetry and the hyperforce Ward identity

We recall local shift symmetry as a derivation acting on
observables. Classically, it is generated by an infinitesimal
canonical shift. In quantum equilibrium, the corresponding
deformation is implemented as a commutator derivation gen-
erated by the mass-current density, defining the local shifting
superoperator [46].

A natural formal issue is that this quantum construction
is often presented as a direct implementation of Dirac’s
correspondence principle, replacing Poisson brackets by
commutators. However, the Groenewold-van Hove theo-
rem implies that no quantization map can preserve Poisson
brackets for all phase-space polynomials [47–49]. This mo-
tivates examining which parts of the resulting hyperforce
relations are quantization-independent, for example by com-
paring Weyl and geometric quantization. We show that three
independent constructions of the shift generator-Weyl quan-
tization, half-form geometric quantization, and moment-map
quantization-agree identically. The argument uses two equiv-
alent realizations of the same infinitesimal diffeomorphism
generator: the Weyl calculus for momentum-linear symbols
and the half-form representation in geometric quantization
[50–52].
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1. Shifting generator and local superoperator

Let M be the spatial domain, viewed as a smooth manifold
possibly with boundary. Consider N particles with canonical
phase-space variables (ri, pi ), where ri ∈ M is the position of
particle i and pi is its canonical momentum. An infinitesimal
shift by a smooth vector field ε(r) is generated classically by

Gcl[ε] =
N∑

i=1

ε(ri ) · pi. (1)

The induced canonical variations are δri = {ri, Gcl} = ε(ri )
and δpi = {pi, Gcl} = −(∇iε)T · pi. Here {·, ·} denotes the
Poisson bracket on phase space, ∇i ≡ ∇ri is the gradient with
respect to ri, and T denotes matrix transpose.

Quantum shifting gauge invariance is formulated most ef-
ficiently via the (operator-valued) local mass-current density
mĴ(r), with m the particle mass. For nonrelativistic particles
(with momentum operators p̂i and position operators r̂i) we
use the standard symmetric operator-valued distribution

mĴ(r) = 1

2

N∑
i=1

(p̂i δ(r − r̂i ) + δ(r − r̂i ) p̂i ), (2)

where δ(r − r̂i ) is the Dirac delta operator-valued distribution
localized at the position operator r̂i. The associated shifting
superoperator is [46]

σ(r) ≡ − i

h̄
[ ·, mĴ(r)], (3)

where [Â, B̂] = ÂB̂ − B̂Â is the commutator and h̄ is the re-
duced Planck’s constant. The map σ(r) sends operators to
operators. For any observable Â we define the (hyper)force
density operator ŜA(r) ≡ σ(r)Â and the force density operator
F̂(r) ≡ −σ(r)Ĥ , where Ĥ is the many-body Hamiltonian.
Throughout we take observables Â to be Hermitian (self-
adjoint), Â† = Â, unless stated otherwise.

In equilibrium we denote by Ĥ0 the Hamiltonian that de-
fines the Gibbs state 〈·〉 = Tr (e−βĤ0 ·)/Tr (e−βĤ0 ), with β =
(kBT )−1 the inverse temperature. Accordingly,

F̂0(r) = −σ(r)Ĥ0. (4)

The equilibrium hyperforce identity reads [46]

SA(r) + (Â | βF̂0(r)) = 0, (5)

where SA(r) = 〈ŜA(r)〉 and (·|·) is the Kubo-Mori (Bogoli-
ubov) inner product,

(Â|B̂) = 1

β

∫ β

0
dλ 〈Â† e−λĤ0 B̂ eλĤ0〉, (6)

where B̂ is an arbitrary self-adjoint observable, and λ ∈ [0, β]
is the imaginary-time parameter. Equation (5) is exact and
holds for any observable Â in equilibrium.

2. Weyl quantization

For a scalar one-body phase-space symbol a(r, p) [a
smooth c-number function of position r ∈ Rn and momentum
p ∈ (Rn)∗ with sufficient decay], where n is the spatial dimen-
sion, its Weyl quantization OpW (a) is defined by the integral
kernel on L2(Rn, dr), the Hilbert space of square-integrable

wave functions ψ : Rn → C with respect to the Lebesgue
measure dr,

(OpW (a)ψ )(r) = 1

(2π h̄)n

∫
dr′

∫
dp exp

(
i

h̄
p · (r − r′)

)

× a

(
r + r′

2
, p

)
ψ (r′), (7)

where ψ (r) is the wave function evaluated at position r and r′
is an integration variable.

For the momentum-linear symbol

a(r, p) = f (r) · p, (8)

with f (r) a smooth vector field on Rn, inserting Eq. (8) into
Eq. (7) and integrating by parts yields

(OpW (f · p)ψ )(r) = − ih̄
[
f (r) · ∇ + 1

2 (∇ · f (r))
]
ψ (r)

= 1
2 (f (r̂) · p̂ + p̂ · f (r̂))ψ (r), (9)

where p̂ = −ih̄∇ and r̂ acts by multiplication. Equivalently,

OpW (f (r) · p) = 1
2 (f (r̂) · p̂ + p̂ · f (r̂)), (10)

i.e., for symbols linear in momentum, Weyl quantization co-
incides with symmetric ordering.

Applying Eq. (10) to the classical shift generator (1) gives
the Hermitian many-body Weyl generator

ĜW [ε] =
N∑

i=1

OpW (ε(ri ) · pi )

= 1

2

N∑
i=1

(ε(r̂i ) · p̂i + p̂i · ε(r̂i )), (11)

which implements the quantum shift by the commutator δÂ =
(i/h̄)[ĜW [ε], Â].

The same midpoint rule fixes the quantum mass current.
Classically, the one-body mass-current symbol is the distribu-
tion

mJcl(r) =
∑

i

pi δ(r − ri ),

i.e., the momentum density (times m) carried by point par-
ticles at ri. Smearing with a test vector field u(r) and using
Eq. (10) yields∫

dr u(r) · mĴ(r) = 1

2

N∑
i=1

(u(r̂i ) · p̂i + p̂i · u(r̂i )). (12)

By locality of the smearing, Eq. (12) is equivalent to the sym-
metric operator-valued distribution for mĴ(r) given in Eq. (2).
Hence the current entering the shifting superoperator (3) is
precisely the Weyl-quantized mass-current density.

3. Geometric quantization

Geometric quantization provides an intrinsic route to the
same shift generator that does not rely on the heuristic rule
of replacing Poisson brackets by commutators. We sketch the
argument in the simplest case M = Rn, where the one-body
phase space (the cotangent bundle of M) has canonical coor-
dinates (r, p), canonical one-form ϑ = p · dr, and symplectic
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form ω = dϑ = dp ∧ dr. Note that d denotes the exterior
derivative, distinguished from d used for integration measures
and ordinary derivatives.

Choosing the configuration (vertical) polarization means
quantum states depend only on r. With the metaplectic half-
form correction, states are naturally treated as half-densities
on M; concretely we work with the standard Schrödinger
Hilbert space L2(Rn, dr), but we remember that under a dif-
feomorphism ϕ : Rn → Rn the wave function transforms with
a square-root Jacobian. The corresponding unitary action on
half-densities is

(Uϕψ )(r) =
∣∣∣∣det

∂ϕ−1(r)

∂r

∣∣∣∣
1/2

ψ (ϕ−1(r)), (13)

where ∂ϕ−1(r)/∂r is the Jacobian matrix of ϕ−1 at r.
Let ϕt be the one-parameter flow generated by a smooth

vector field ε(r), with real parameter t ,

d

dt
ϕt (r) = ε(ϕt (r)), ϕ0(r) = r.

Differentiate Eq. (13) at t = 0. Using d
dt |0ϕ−1

t (r) = −ε(r) and
d
dt |0 ln det( ∂ϕ−1

t (r)
∂r ) = −∇ · ε(r) gives

d

dt

∣∣∣∣
t=0

(Uϕt ψ )(r) = −ε(r) · ∇ψ (r) − 1

2
(∇ · ε(r))ψ (r).

(14)

In the operator formulas below, derivatives are understood
by their action on a test wave function: ε·∇ differentiates the
wave function to its right, (∇ ·ε)(r) and (∇ ·ε)(ri ) act by scalar
multiplication, and p̂i ·ε(r̂i ) ≡ −ih̄ ∇i · [ε(ri ) · ]. Therefore the
quantum generator of the diffeomorphism flow is

q̂[ε] = ih̄
d

dt

∣∣∣∣
t=0

Uϕt

= −ih̄
(
ε(r) · ∇ + 1

2
∇ · ε(r)

)
= −ih̄L(1/2)

ε , (15)

where L(1/2)
ε is the Lie derivative on half-densities.

For N particles, the geometric-quantization generator is the
sum over particles, ĜGQ[ε] = ∑N

i=1 q̂(i)[ε],

ĜGQ[ε] = −ih̄
N∑

i=1

(
ε(ri ) · ∇i + 1

2
∇i · ε(ri )

)
, (16)

We can rewrite the one-particle operator in the familiar
symmetric form:

1
2 (ε(r̂i ) · p̂i + p̂i · ε(r̂i ))

= 1
2 [ε(ri ) · (−ih̄∇i ) + (−ih̄∇i ) · ε(ri )]

= −ih̄
(
ε(ri ) · ∇i + 1

2 ∇i · ε(ri )
)
. (17)

Summing over i yields ĜGQ[ε] = ĜW [ε] [Eq. (11)]. Thus
geometric quantization (with the half-form correction) repro-
duces the same Hermitian generator as Weyl quantization

for momentum-linear symbols, and consequently leads to the
same symmetrized current density mĴ(r) in Eq. (2).

B. Statistical-gauge geometry and bulk flatness

With the local shift derivation in place, we now recast it
in geometric language [53–55]. Write the shift superoperator
as a derivation-valued vector σ(r) = (σ1(r), σ2(r), σ3(r)). In-
troduce the canonical R3-valued soldering one-form � on M,
defined by �r(u) = u. Denote TrM as the tangent space of M
at the point r, and let u ∈ TrM be a tangent vector representing
an infinitesimal displacement at r. Form the derivation-valued
connection one-form 
 by contraction,


 = σ(r) · �, 
r(u) = σ(r) · u. (18)

The coefficients σi(r) are the components of 
 in a local
coframe on M. Let Aobs be the unital ∗-algebra of observables,
represented on the many-body Hilbert space H. Let A(r) be
an operator-valued field, that is a section of the trivial operator
bundle E = M × Aobs → M, whose fiber over each r ∈ M
is the same observable algebra Aobs. Define the covariant
exterior derivative operator by

D = d + 
. (19)

Its action on an operator-valued field A(r) is DA = dA +

A. For a base-constant section A(r) ≡ Â, this reduces to
DA = 
 Â, which reproduces the local hyperforce action.

The curvature is the corresponding derivation-valued two-
form

F = D2 = d
 + 
 ∧ 
, (20)

where ∧ is the exterior wedge product of differential forms on
M. For tangent vectors u, v ∈ TrM one has

(
 ∧ 
)(u, v) = [
(u), 
(v)].

For compactly supported vector fields f, g ∈ C∞
c (M,R3)

define the directional covariant derivatives by

DfA = (DA)(f ) = (dA)(f ) + 
(f )A, 
(f ) = 
r(fr ).

Then the curvature measures the failure of covariant Lie clo-
sure via

F (f, g) = [Df , Dg] − D[f,g].

In the bulk, the distributional kernel implies the covariant Lie
identity. Here and below the Lie bracket of vector fields is
defined as [f, g] = (f · ∇)g − (g · ∇)f :

[Df , Dg] = D[f,g] bulk, (21)

and hence F = 0 distributionally. More explicitly, compactly
supported f and g test only the interior distributional kernel,
so Eq. (21) states that F (f, g) = 0 for all bulk test fields. This
is the local flatness statement of the statistical connection:
successive shift variations close on [f, g] without producing
any additional bulk insertion. Possible failures of closure are
therefore confined to boundary terms, displayed below, or to
the background-field curvature introduced in Sec. II F.

For a base-constant observable section A(r) ≡ Â, the
smeared action of the directional covariant derivative is
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exactly the smeared shifting derivation,∫
M

dr (DA)r(fr ) =
∫

M
dr f (r) · σ(r)Â = �[f]Â. (22)

Thus Eq. (21) is the compact-support closure relation written
in Df notation, while �[f] is the same shift action after smear-
ing over M.

The operator-valued one-form representation used next is
an alternative inner representation of the same connection, not
a redefinition. Define

�r(u) = − i

h̄
mĴ(r) · u, 
(u) = ad�(u), (23)

meaning ad�(u) X = [X,�(u)] for any X ∈ Aobs. Indeed,


r(u)X = [X,−(i/h̄)mĴ(r) · u] = (σ(r) · u)X,

so this is precisely the action of 
r(u) defined in Eq. (18).
With this right-adjoint convention, the curvature can be writ-
ten as

F = adK�
, K� = d� − � ∧ �, (24)

where (� ∧ �)(u, v) = [�(u),�(v)] and adK�
(u, v)X =

[X,K�(u, v)]. Hence Eq. (21) is equivalent to adK�
= 0.

A nonzero K� would have to be central; since no bulk
Schwinger term is present for compactly supported smearings,
as justified below in Sec. II D, the same flatness condition
becomes the Maurer-Cartan equation [53]

d� − � ∧ � = 0 bulk. (25)

Thus the covariant Lie identity and the Maurer-Cartan equa-
tion are the same bulk-flatness condition written, respectively,
in covariant-derivative and inner-one-form language.

These relations provide the geometric backbone of the shift
symmetry in the quantum many-body setting. Equation (19)
identifies 
 as a statistical connection on the observable bun-
dle, so that local shift responses are encoded as covariant
derivatives. The bulk identity in Eq. (21) is the key structural
statement: it expresses distributional flatness of the connection
and guarantees that successive shift variations close on the Lie
bracket without generating additional bulk terms. As a conse-
quence, Ward identities derived from the hyperforce balance
can be iterated consistently to all orders, leading to a closed
hierarchy of equal-time constraints. The Maurer-Cartan form
of flatness makes the absence of bulk anomalies transparent
and cleanly separates bulk physics from possible boundary
contributions, which may enter only through noncompact
smearings or boundary conditions.

If M has a boundary ∂M, the bulk flatness statement
remains valid for compactly supported smearings, but for gen-
eral smooth vector fields the distributional integration by parts
produces a boundary refinement of the smeared closure. Writ-
ing the smeared shift generator as �[f] = ∫

M dr f (r) · σ(r),
one finds the boundary version

[�[f], �[g]] = �[[f, g]] +
∫

∂M
dS [(n · g) f − (n · f ) g]

· σ(r), (26)

where dS is the surface measure on ∂M and n is the out-
ward unit normal. Equation (26) is the same closure statement

written in the equivalent smeared-superoperator notation, but
now for vector fields that need not have compact support. The
boundary correction may be denoted

B∂ [f, g] =
∫

∂M
dS [(n · g)f − (n · f )g] · σ(r), (27)

so that, on base-constant observable sections,

[�[f], �[g]]Â = �[[f, g]]Â + B∂ [f, g]Â. (28)

For compactly supported smearings, B∂ [f, g] = 0, and
Eq. (26) reduces exactly to Eq. (21). The same reduc-
tion holds for boundary-preserving vector fields satisfying
n · f = n · g = 0 on ∂M. Consequently, the Ward-Bianchi
hierarchy closes purely on bulk insertions only for boundary-
preserving smearings, such as f ∈ C∞

c (M,R3) or n · f |∂M = 0;
otherwise the surface term in Eq. (26) generates additional
∂M-supported insertions at each iteration.

C. All-orders closed Ward-Bianchi hierarchy

We next turn the geometric structure into concrete,
testable equilibrium constraints. Using Df Â = �[f]Â for base-
constant observable sections, the bulk flatness relation in
Eq. (21) becomes the following smeared-superoperator clo-
sure for compactly supported smearings:

[�[f], �[g]] = �[[f, g]]. (29)

Thus Eq. (29) is Eq. (21) written in smeared-shift notation,
while Eq. (26) is its boundary-refined version. The same
smeared shifting derivation defines the dimensionless force
insertion

F [f] =
∫

M
dr f (r) · βF̂0(r) = −�[f] βĤ0, (30)

and the bilinear force-gradient kernel

K0[f, g] = �[f]F [g] = −�[f]�[g] βĤ0. (31)

Applying the smeared Ward identity 〈�[f]Â〉 + (Â|F [f]) = 0
to Â = ∏n−1

j=1 F [f j] and using the Leibniz product rule gives,
for all n � 2,( n−1∏

j=1

F [f j] | F [fn]

)
+

n−1∑
k=1

〈( ∏
j<k

F [f j]

)

× K0[fn, fk]

( ∏
j>k

F [f j]

)〉
= 0. (32)

Equation (32) is the nth member of the closed equal-time
Ward hierarchy. It provides an exact n-point constraint on
smeared force insertions and can be viewed as an ng-sum rule
in direct analogy with the classical ng relations for higher-
order equilibrium correlations.

The insertions in Eq. (32) have a direct interpretation as
static force-density moments. The object F [f] is a smeared
microscopic force density, while K0 is the associated force-
stiffness kernel. In real space,

K0[f, g] =
∫

M
dr dr′ fα (r)gβ (r′)K (2)

αβ (r, r′),

K (2)
αβ (r, r′) ≡ σα (r)[βF̂0,β (r′)]. (33)
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Thus K (2) measures the equal-time linear variation of the β

component of the force density at r′ produced by a local
displacement near r; higher force gradients are successive
local force-stiffnesses. The n = 2 member, (F [f]|F [g]) =
−〈K0[g, f]〉, is therefore the quantum force-fluctuation-force-
gradient sum rule. The connection to ordinary density
correlations follows by taking Â = ∏m

a=1 ρ̂(ra) in the basic
Ward identity. Since �[f]ρ̂(r) = −∇ · [f (r)ρ̂(r)], one ob-
tains, up to the standard coincident-point contact terms,(

m∏
a=1

ρ̂(ra) | F [f]

)
=

m∑
a=1

∇a · [f (ra)Gm(r1, . . . , rm)],

Gm(r1, . . . , rm) =
〈

m∏
a=1

ρ̂(ra)

〉
. (34)

Higher members of Eq. (32) therefore convert additional force
insertions into force-gradient kernels and yield exact mo-
ment constraints on multipoint density correlations, in direct
analogy with the Yvon-Born-Green and moment-sum-rule
constraints of standard liquid-state theory [16,19].

This tower closes on F and K0 and generates no new bulk
insertions at higher order. Flatness and Lie closure further
enforce Bianchi-type compatibility. In particular,

K0[f, g] − K0[g, f] = F [[f, g]]. (35)

Moreover, Mori positivity yields the stability bound

(F [f] | F [f]) = −〈K0[f, f]〉 � 0. (36)

Equations (32)–(36) constitute the closed set of bulk equal-
time constraints implied by shift symmetry in the flat case.
To make clear why this closure is consistent in the quan-
tum theory, we next explain how operator ordering and the
derivation property exclude bulk Schwinger terms and central
extensions.

D. First-principles ordering and absence of bulk anomalies

The hierarchy above hinges on two structural inputs: (i)
�[f] acts as a derivation on a unital observable algebra, and
(ii) the Lie closure (29) holds without bulk corrections. We
now justify these statements from complementary viewpoints:
an algebraic argument excluding central extensions and a
microscopic quantization argument fixing the generator order-
ing.

For compactly supported smearings f, g ∈ C∞
c (M,R3), the

smeared shift generator �[f] acts as a derivation on the
unital observable algebra Aobs. Therefore the commutator
[�[f], �[g]] is again a derivation. A genuine bulk Schwinger
term would be proportional to the identity superoperator and
hence cannot satisfy the Leibniz product rule on a unital alge-
bra. This excludes a bulk central extension and is consistent
with the distributional flatness statement in Eq. (21).

Microscopically, the shift generator is fixed by quan-
tizing the classical diffeomorphism moment map, i.e., the
momentum-linear shift symbol underlying the classical gen-
erator in Eq. (1). As shown in Sec. II A 2, Weyl quantization
yields the unique self-adjoint many-body generator Q̂[ε] ≡
ĜW [ε] in Eq. (11). Equivalently, geometric quantization with
the metaplectic (half-form) correction produces the same

operator, ĜGQ[ε] in Eq. (16). With this choice, the local mass
current entering the shifting superoperator in Eq. (3) is the
corresponding symmetrized current density in Eq. (2).

Because the underlying symbol is fiber-linear in momen-
tum, the Groenewold-Moyal expansion [56] truncates, so the
generator algebra closes exactly with no h̄2 ordering anomaly:

i

h̄
[Q̂[ε1], Q̂[ε2]] = Q̂[[ε1, ε2]], (37)

where [ε1, ε2] is the Lie bracket of vector fields on M. Passing
to adjoint actions, �[ε] = −(i/h̄) adQ̂[ε], this implies the bulk
superoperator closure in Eq. (29).

If M has a boundary or one uses noncompact smearings,
the only additional contributions are boundary cocycles gen-
erated by integration by parts, as in Eq. (26). These terms
are inner and may be removed or controlled by boundary-
preserving smearings or by appropriate boundary conditions
and counterterms. The bulk algebra remains anomaly-free.

Having fixed a self-adjoint generator and excluded bulk
central extensions, we can treat the bulk hierarchy as exact.
The remaining subtlety is global rather than local: even a
flat connection can have nontrivial holonomy on multiply
connected M. We therefore turn to the topology encoded by
holonomy sectors next.

E. Topology from holonomy: Lift sectors, twisted traces,
and selection rules

Flatness removes local curvature invariants but not global
structure. The topological data discussed here are therefore
distinct from the bulk-flatness condition of Sec. II B and
from the closed Ward-Bianchi constraints of Sec. II C. They
are global holonomies of the same flat statistical connection,
not additional bulk-curvature terms. They are also distinct
from the background-field curvature deformation of Sec. II F;
on a torus they are implemented as flat twist phases or
boundary-condition phases. We use standard facts about flat
connections, holonomy, and first cohomology with U (1) co-
efficients [54,57,58]. For a closed loop γ ⊂ M we define the
Wilson operator Uγ as the path-ordered exponential of the
mass-current one-form integrated along γ ,

Uγ = P exp

(
− i

h̄

∮
γ

mĴ(r) · dr
)

, W[γ ] = AdUγ
, (38)

where P denotes path ordering along γ and AdUγ
is the adjoint

action on observables, defined by AdUγ
(X ) = Uγ XU −1

γ for
any X ∈ Aobs. In the bulk, the induced automorphism W[γ ]
depends only on the homotopy class [γ ] in the fundamental
group π1(M ), the group of loop classes under concatenation.

Because the connection is ad-valued, Uγ is defined only
up to multiplication by a central phase in U (1), the group of
complex numbers of unit modulus. Equivalently, the adjoint
holonomy fixes the unitary lift only projectively; two lifts
of the same adjoint holonomy may differ by a phase that
is multiplicative under loop concatenation. Inequivalent lifts
are therefore classified by a character χ , namely, a group
homomorphism χ : π1(M ) → U (1). Since U (1) is Abelian,
every such character factors through the Abelianization of the
fundamental group, H1(M; Z) � π1(M )ab. The universal co-
efficient theorem then identifies these characters with the first
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cohomology group with constant U (1) coefficients [57,58]:

χ ∈ Hom(π1(M ),U (1)),

Hom(π1(M ),U (1)) � Hom(H1(M; Z),U (1))

� H1(M;U (1)). (39)

Here H1(M;U (1)) is the first cohomology group of M with
coefficients in the unitary Abelian group U (1).

A practical thermal probe is the Wilson character

Wγ (β ) = Tr (e−βĤ0Uγ )

Tr (e−βĤ0 )
= 〈Uγ 〉β, �γ (β ) = argWγ (β ),

(40)

where �γ (β ) is the phase of the thermal Wilson character.
Large transformations ϕ also define twisted traces, with Uϕ

the unitary implementing ϕ on the many-body Hilbert space
H, and the corresponding twisted partition function

Zϕ (β ) = Tr (e−βĤ0Uϕ ).

For M = Tn, one has π1(Tn) = Zn and hence H1(Tn;U (1)) �
U (1)n. A character is therefore specified by n phases χ (e j ) =
eiθ j , one for each fundamental cycle. This is the cohomologi-
cal origin of the twist angles. On the n-dimensional torus M =
Tn, a twist sector θ ∈ [0, 2π )n shifts momentum quantization.
In the jth direction, the allowed total momentum eigenvalues
Pj are shifted as

Pj = h̄

L j
(2πmj + Nθ j ),

where Lj is the system size along direction j, mj ∈ Z is an
integer mode label, N is the total particle number, and θ j is
the twist angle.

Holonomy also grades observables: if π1(M ) is Abelian
and the Kubo-Martin-Schwinger (KMS) state is monodromy-
invariant, then an observable A in a nontrivial character sector
satisfies 〈A〉β = 0, and a nonzero correlator 〈∏� A�〉β 
= 0 re-
quires the product of the corresponding characters to be trivial.

As a discrete illustration, consider a Hubbard ring with
twist θ . Let T̂ denote the lattice translation operator by one
site and let L be the number of sites, so that T̂ L is the
translation around one full loop. In a fixed-N sector one has
Uγ � T̂ L = eiNθ1, and hence �γ (β ) = Nθ (mod 2π ).

These holonomy relations are the global counterpart of
the bulk Ward-Bianchi constraints discussed above. Even
when the statistical connection is flat in the bulk, nontriv-
ial loop holonomies Uγ can survive and label inequivalent
lift sectors by the first cohomology group H1(M;U (1)).
The thermal Wilson character Wγ (β ) and the twisted trace
Zϕ (β ) provide practical, computable probes of these sectors,
while the associated character grading imposes sharp selec-
tion rules on equilibrium one- and many-point functions. In
this way, topology supplies exact, nonperturbative constraints
that complement the local Ward identities, and it offers a clean
diagnostic for twisted boundary conditions and flux insertion
in analytic work and numerics.

F. Curved generalizations

We separate metric curvature from statistical-gauge cur-
vature. The “bulk flatness” used above indicates flatness of
the shift connection, not flatness of the background spa-
tial metric. On a fixed Riemannian manifold (M, g) the
Hermitian shift generator is the half-density Lie deriva-
tive, Ĝg[f] = −ih̄

∑
a[ f i(r̂a)∇ai + 1

2 (∇i f i )(r̂a)], with ∇i f i

the Levi-Civita divergence. Since half-density Lie deriva-
tives obey [L1/2

f ,L1/2
g ] = L1/2

[f,g], compact smearings satisfy

(i/h̄)[Ĝg[f], Ĝg[g]] = Ĝg[[f, g]] with no term proportional to
the identity. Thus Riemann curvature may enter Ĥ0, the force
insertions, and stress responses through covariant derivatives
and possible curvature couplings, but it does not generate a
bulk central charge or spoil the Ward-Bianchi iteration. For
example, on the Haldane sphere the Gaussian curvature of
S2 only covariantizes the generator; the algebraic deformation
comes from the monopole U (1) field strength, which is the
electromagnetic curvature treated below.

We next turn to gauge-field curvature by coupling the
system to a fixed background electromagnetic field. The key
conceptual point is that the resulting deformation of the
shift algebra is inner (it acts by commutator with a density-
weighted field-strength insertion) and therefore preserves the
Leibniz product rule, rather than producing a bulk central
extension that would obstruct the Ward-Bianchi iteration.

Minimal coupling replaces the canonical momentum oper-
ator p̂ by the covariant kinetic momentum π̂:

π̂ = p̂ − q A(r̂),

where q is the particle charge, r̂ is the position operator,
and A(r̂) is the vector potential evaluated at r̂. Because the
covariant momenta do not commute in a magnetic field, their
algebra generates a genuine curvature insertion rather than a
central extension.

For smooth smearings f and g, define ĜA[f] by the
minimal-coupling replacement p̂ → π̂ in the many-body half-
density generator, and set �A[f] = −(i/h̄) adĜA[f]. A direct
commutator calculation yields

[ĜA[f], ĜA[g]] = − ih̄ ĜA[[f, g]] + ih̄ q

×
∫

dr
(

f igjF em
i j

)
(r) ρ̂(r), (41)

where F em
i j (r) = ∂iA j (r) − ∂ jAi(r) is the electromagnetic

field-strength tensor and ρ̂(r) = ∑
a δ(r − r̂a) is the micro-

scopic particle-density operator. Throughout, repeated spatial
component indices, such as i, j in f igjF em

i j , are summed over
(Einstein convention), whereas particle, orbital, mode, and
spectral labels are not summed unless explicitly indicated.

The second term in Eq. (41) is an inner cocycle propor-
tional to the density, so the induced statistical curvature acts
on any observable X ∈ Aobs by commutation with qF emρ̂,

F (A)
i j (r)[X ] = i

h̄

[
X, qF em

i j (r)ρ̂(r)
]
.

Thus background gauge fields deform the Ward-Bianchi struc-
ture through explicit curvature insertions and flux-sensitive
holonomy, rather than through a bulk central extension.
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FIG. 1. Schematic of the fractional quantum Hall setup on a
torus. N electrons (black dots) move on a two-dimensional torus
with periodic boundary conditions and are subjected to a uniform
perpendicular magnetic field B ẑ.

III. CASE STUDY: FRACTIONAL QUANTUM HALL FLUID

Fractional quantum Hall (FQH) liquids provide a concrete
setting where equilibrium, topology, transport, and strong
correlations coexist in a highly constrained way. They oc-
cur for interacting electrons confined to two dimensions in
a strong perpendicular magnetic field and were first ob-
served in ultra-clean GaAs heterostructures through fractional
plateaus of the Hall conductance and vanishing longitudi-
nal resistance [59–61]. In this section we apply the above
results to fractional quantum Hall systems and highlight
two application-level points: (i) magnetic fields deform the
shift algebra through an explicit density-weighted curvature
insertion and (ii) in the lowest Landau level this deforma-
tion matches the guiding-center Girvin-MacDonald-Platzman
(GMP) algebra.

A. Torus geometry, twists, and Hall topology

We consider N electrons (charge q = −e and band mass m)
confined to two dimensions and subject to a strong uniform
perpendicular magnetic field B ẑ (Fig. 1). A standard contin-
uum Hamiltonian is

ĤB =
N∑

a=1

1

2m
[p̂a − q A(r̂a)]2 +

∑
a<b

V (|r̂a − r̂b|)

+
∑

a

Vconf (r̂a), (42)

with ∇ × A = B ẑ. Here V (r) is the two-body interaction
potential, typically dominated by Coulomb repulsion or a
short-range pseudopotential in model studies, and Vconf (r) is
a one-body confining potential that enforces a finite droplet
geometry when M has an edge; on the torus we set Vconf = 0.

To isolate bulk constraints and eliminate boundary refine-
ments of the shift algebra, we take

(x, y) ∼ (x + Lx, y) ∼ (x, y + Ly), (43)

so ∂M = ∅. Here (x, y) are Cartesian coordinates on the cov-
ering space R2, and Lx and Ly are the linear periods of the
torus in the x and y directions, respectively. In particular, the
boundary term in the refined closure relation in Eq. (26) is
absent. Throughout, all smearings and fields on T2 are taken
to be smooth and periodic.

On M = T2 we implement twists (Aharonov-Bohm fluxes)
by fixing the holonomies of an auxiliary flat background
connection Aθ around the two fundamental cycles γx and
γy. Here Aθ is a static U (1) vector potential with vanishing
field strength on M so it is locally pure gauge, but it carries
nontrivial cycle integrals that implement the twist angles.
Gauge invariantly, the twist sector θ = (θx, θy) ∈ [0, 2π )2 is
specified by

∇ × Aθ = 0, exp

[
iq

h̄

∮
γx

Aθ · dr
]

= eiθx ,

exp

[
iq

h̄

∮
γy

Aθ · dr

]
= eiθy . (44)

Note that ∇ × Aθ = 0 means the twist does not change
the local magnetic field strength; it only changes the global
holonomy class and therefore the spectrum and eigenstates
through boundary phases. In a convenient gauge this is equiv-
alent to the familiar twisted boundary conditions on the
many-body wave function, and the corresponding twisted
Hamiltonian.

The twisted Hamiltonian in the sector θ is obtained by
coupling to the total background vector potential A + Aθ ,

ĤB,θ = ĤB

∣∣∣
A → A+Aθ

, (45)

where HB,θ is the many-body Hamiltonian with fixed magnetic
field B and twist angles θ.

For a gapped ground state |�(θ)〉 of HB,θ , the Niu-
Thouless-Wu construction expresses the quantized Hall con-
ductance as a Chern number over the twist torus θ ∈ [0, 2π )2

[45,62,63]:

σxy = e2

h
C, C = 1

2π

∫ 2π

0
dθx

∫ 2π

0
dθy �B

θxθy
(θ), (46)

where σxy is the zero-temperature dc Hall conductivity of the
many-body ground state and C ∈ Z is the associated twist
Chern number. Here �B

θxθy
= ∂θxMθy − ∂θyMθx and Mθ j =

i〈�(θ)|∂θ j �(θ)〉. Geometrically, M is the Berry connection on
the bundle of ground states over the twist torus, and �B is its
Berry curvature.

B. Magnetic shift algebra as an inner curvature insertion

The following quantum-Hall construction specializes the
general background-field deformation of Sec. II F to a two-
dimensional torus. We set M = T2, take the only nonzero
local field-strength component to be the uniform magnetic
field F em

xy = B, and restrict to smooth periodic smearings.
The flat twist connection Aθ defined in Eq. (44) changes
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the holonomy sector and hence the twisted Hamiltonian, but
since ∇ × Aθ = 0 it does not change the local curvature in-
sertion. The key structural input is therefore the same as in
the general background-field case: minimal coupling makes
covariant momenta noncommuting, so commuting two shift
generators produces an explicit density insertion rather than
a bulk central term. Define the magnetic shift generator for a
smooth periodic vector field f (r) on M = T2 by

ĜB[f] = 1

2

N∑
a=1

[ f i(r̂a) π̂a,i + π̂a,i f i(r̂a)]. (47)

We write its adjoint derivation as

�B[f] X = − i

h̄
[X, ĜB[f]]. (48)

A direct commutator calculation yields the deformed closure

[ĜB[f], ĜB[g]] = − ih̄ ĜB[[f, g]] + ih̄ q
∫

M
d2r f i(r) gj (r)

× F em
i j (r) ρ̂(r). (49)

Passing to adjoint actions, the deviation from Lie closure
is an inner statistical-curvature insertion. Concretely, FB(f, g)
is the curvature functional of the magnetic shift derivations,
defined by

FB(f, g) = [�B[f], �B[g]] − �B[[f, g]],

so that FB(f, g)[X ] measures the failure of covariant Lie clo-
sure on any observable X ∈ Aobs:

FB(f, g)[X ] = i

h̄

[
X, q

∫
M

d2r f i(r)gj (r) F em
i j (r) ρ̂(r)

]
.

(50)

Thus Eqs. (49) and (50) are the quantum-Hall realization
on the torus of the general curved-background algebra in
Eq. (41).

Because the cocycle is inner, the Leibniz product rule is
preserved and the Ward hierarchy can still be iterated; the only
change relative to the flat bulk is the appearance of explicit
density insertions in Bianchi-type compatibility relations.

C. Sector-resolved Ward-Bianchi hierarchy
in the QH Gibbs state

For fixed twist θ, we work in the thermal state

〈X 〉B,θ = Tr (e−βĤB,θ X )

ZB,θ

, ZB,θ = Tr (e−βĤB,θ ). (51)

Smearing the hyperforce identity (5) and using that �B[f] is a
derivation gives the QH Ward identity

〈�B[f]Â〉B,θ + (Â | FB,θ[f])B,θ = 0, ∀ Â ∈ Aobs, (52)

where the (dimensionless) smeared force insertion is

FB,θ[f] = −�B[f] βĤB,θ =
∫

M
d2r f (r) · βF̂B,θ (r). (53)

Define the bilinear force-gradient kernel

KB,θ[f, g] = �B[f] FB,θ[g] = −�B[f]�B[g] βĤB,θ. (54)

Equations (53) and (54) are the sector-resolved analogs of
Eqs. (30) and (31), with the replacements � → �B, Ĥ0 →
ĤB,θ , F → FB,θ , and K0 → KB,θ . The Ward hierarchy keeps
the same formal structure because the electromagnetic defor-
mation in Sec. II F is inner and hence preserves the Leibniz
product rule for the smeared shift derivation. Then, exactly
as in the bulk-flat case, the all-orders closed Ward-Bianchi
hierarchy holds for all n � 2:(

n−1∏
j=1

FB,θ[f j]

∣∣∣∣∣ FB,θ[fn]

)
B,θ

+
n−1∑
k=1

〈∏
j<k

FB,θ[f j] KB,θ[fn, fk]

×
∏
j>k

FB,θ[f j]

〉
B,θ

= 0. (55)

The only formal change relative to the bulk-flat compati-
bility relation (35) appears in the Bianchi-type antisymmetry
relation: inserting the inner curvature term inherited from
Eq. (49) gives

KB,θ[f, g] − KB,θ[g, f] = FB,θ[[f, g]] + β q
∫

d2r f i(r)gj (r)

× F em
i j (r) ρ̂(r). (56)

Mori positivity continues to provide a model-independent
consistency and stability bound:

(FB,θ[f] | FB,θ[f])B,θ = −〈KB,θ[f, f]〉B,θ � 0. (57)

D. Lowest Landau level (LLL) reduction
and the GMP-W∞ dictionary

Equation (56) is a Ward-Bianchi consequence of the
magnetic generator algebra in Eq. (49). The factor β in
Eq. (56) comes only from the dimensionless definition FB,θ =
−�B βĤB,θ; the underlying algebraic deformation is the
density-weighted curvature insertion qF em

i j ρ̂. After projection
to the LLL, the kinetic motion is quenched and the same cur-
vature is represented by the noncommutative guiding-center
density algebra.

With our sign convention, the guiding-center coordinates
obey [

R̂x
a, R̂y

b

] = −i �2
B δab,

where R̂a is the guiding-center coordinate of particle a. The
projected guiding-center density modes are

ρ̄q =
∑

a

exp(i q · R̂a),

up to the standard scalar LLL form factor in the physical
density mode, ρ̂LLL

q = e−�2
B|q|2/4ρ̄q, which does not affect the

closure algebra.
For a two-dimensional wave vector q = (qx, qy), and with

�B = √
h̄/|qB|, the Baker-Campbell-Hausdorff formula gives

the standard Girvin-MacDonald-Platzman relation [64–66]

[ρ̄q, ρ̄q′ ] = 2i sin
(�2

B

2
(q × q′)z

)
ρ̄q+q′ . (58)

The connection with Eq. (56) is clearest in the long-
wavelength expansion

[ρ̄q, ρ̄q′ ] = i �2
B(q × q′)z ρ̄q+q′ + O

([
�2

B(q × q′)z
]3)

.
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For a uniform field F em
xy = B, the contraction f igjF em

i j =
B( f xgy − f ygx ) is represented, for Fourier-labeled LLL gen-
erators, by the symplectic area factor (q × q′)z, while the
continuum density insertion ρ̂ is replaced by the projected
density mode ρ̄q+q′ , up to form factors and normalization
conventions. Thus Eq. (58) is the finite-q, LLL-projected
completion of the same curvature insertion that deforms the
compatibility relation in Eq. (56).

This identification also explains the numerical implemen-
tation in Sec. IV A: the finite-torus Weyl operators Um,n are
discrete representatives of exp(iq · R̂), the many-body oper-
ators ρq = SQ(Um,n) are the numerical analogs of ρ̄q, and
Eq. (60) is the finite-dimensional GMP algebra. The closure
residual in Eq. (66) therefore tests the LLL realization of the
curvature-deformed algebra, while the Hermitian sine gener-
ator Gq in Eq. (67) provides the projected representative of a
smeared magnetic shift generator.

IV. NUMERICAL CALCULATION

A. Numerical methods

All numerics are exact diagonalization (ED) in fixed-Ne

sectors, where Ne = N is the total number of electrons. We use
the occupation-number (Fock) basis |n0, . . . , nNorb−1〉, where
Norb is the number of single-particle orbitals retained in the
chosen finite-size geometry and n j ∈ {0, 1} denotes the oc-
cupation of orbital j (so that

∑Norb−1
j=0 n j = Ne). Basis states

are encoded as bitstrings and fermionic signs in applying one-
body bilinears c†

acb are handled exactly, where cb annihilates
an electron in orbital b and c†

a creates an electron in orbital
a (so c†

acb moves a particle from b to a). For the sizes used
the fixed-Ne Hilbert-space dimension is

(Norb

Ne

)
(e.g.

(11
3

) = 165

and
(9

3

) = 84), so we form dense Hermitian matrices and
diagonalize them directly.

The discretizations below test the analytical identities of
Secs. II and III in a finite-dimensional LLL setting. The clock-
shift algebra realizes the projected-density (GMP) algebra in
Eq. (58); the closure defect in Eqs. (64)–(66) tests the absence
of an additional bulk closure anomaly; the residual in Eq. (69)
tests the thermal Ward identity in Eq. (52); and the twist-mesh
construction in Eqs. (75)–(77) discretizes the Berry-curvature
formula in Eq. (46).

On a magnetic torus with Nφ flux quanta, the one-body
LLL Hilbert space has dimension Nφ . We use the standard
Nφ × Nφ clock-shift pair (Ĉ, Ŝ), where Ĉ is diagonal (the
“clock”) and Ŝ is the one-step cyclic translation (the “shift”)
in the LLL orbital index basis {| j〉}Nφ−1

j=0 : Ĉ| j〉 = ω j | j〉 and

Ŝ| j〉 = | j + 1〉 (with wrap-around). They obey ŜNφ = ĈNφ =
1 and ĈŜ = ω ŜĈ with ω = e2π i/Nφ . For odd Nφ we take
τ = exp (iπ Nφ+1

Nφ
) and define the discrete Weyl operators

Um,n = τmnŜ mĈ n, (m, n) ∈ Z2
Nφ

, (59)

which satisfy the projective commutator

[Um1,n1 ,Um2,n2 ] = (τ� − τ−�)Um1+m2, n1+n2 ,

� ≡ n1m2 − m1n2, (60)

with all indices modulo Nφ .

Equation (60) is the finite-torus version of the LLL
projected-density algebra in Eq. (58). The integer � is
the discrete symplectic area of the two momentum labels,
and the commutator closes on the combined label modulo Nφ .
In the long-wavelength limit this is the projected-density real-
ization of the density-weighted curvature insertion in Eq. (56).

We lift one-body matrices to the fixed-Ne many-body
Hilbert space via the second-quantization map

SQ(U ) =
Nφ−1∑
a,b=0

Uab c†
acb, (61)

and define the many-body guiding-center modes

ρq = SQ(Um,n), q = (m, n) ∈ Z2
Nφ

. (62)

Thus ρq is the ED representative of the projected guiding-
center density ρ̄q used in Eq. (58). The defect D(q1, q2) below
subtracts the exact right-hand side of the finite Weyl algebra in
Eq. (60); consequently, εflat measures the finite-torus version
of the closure residual [�[f], �[g]] − �[[f, g]].

For the finite-temperature Ward test we use a translation-
invariant projected density-density Hamiltonian

H =
∑
q 
=0

V (q) ρ−qρq, (63)

with ρ−q = ρ†
q and real V (q) [we symmetrize H �→ 1

2 (H +
H†) in floating point]. For the finite-temperature Ward test, we
take V (q) = e−α|q|2 with α = 0.35 and |q|2 = m̃2 + ñ2, m̃ =
min(m, Nφ − m), ñ = min(n, Nφ − n). Unless stated other-
wise, the LLL torus data use Nφ = 11 and Ne = 3.

To test Lie closure we form the operator-level defect

D(q1, q2) = [ρq1 , ρq2 ] − (τ�12 − τ−�12 ) ρq1+q2 , (64)

where q� = (m�, n�) ∈ Z2
Nφ

and

�12 = n1m2 − m1n2 (mod Nφ ), (65)

and all additions q1 + q2 are understood componentwise
modulo Nφ . We quantify the defect by the dimensionless
residual

εflat (q1, q2) = ‖[X, D(q1, q2)]‖HS

‖X‖HS
, (66)

where X is a random Hermitian observable and ‖ · ‖HS is the
Hilbert-Schmidt norm.

A vanishing εflat therefore means that, after subtracting the
expected finite GMP-Weyl-algebra right-hand side, no addi-
tional bulk closure defect remains. When the wrap-around
matrix element is removed in the open-chain surrogate, the
same diagnostic probes the boundary-triggered failure mode
associated with the boundary refinement in Eq. (26).

To test the finite-T hyperforce Ward identity we define, for
each q, the Hermitian sine generator

Gq = 1

2i
(ρq − ρ−q), (67)

and (setting h̄ = 1) the adjoint derivation and force insertion

�[fq]A = −i[A, Gq], F [fq] = −�[fq] βĤ = i β[Ĥ , Gq].

(68)
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FIG. 2. Bulk Lie-closure diagnostic in the LLL torus model. We compute the residual εflat (q1, q2) defined in Eqs. (64)–(66) using ρq on a
torus with Nφ = 11 and Ne = 3 [dim H = (11

3

) = 165]. We fix q2 = (k, 0) and sweep k = 1, . . . , Nφ − 1. (a) Periodic torus: The residual is at
roundoff, confirming exact bulk closure. (b) Open-chain surrogate (wrap-around removed): The residual stays small up to the first wrapping
step kw and then jumps to order unity, demonstrating boundary-triggered violations. Here kw denotes the smallest k for which the x-component
addition in q1 + q2 requires the torus modular reduction (i.e., the first time the composed momentum wraps around the magnetic Brillouin
zone in the x direction). For q2 = (k, 0) this occurs at kw = Nφ − q1x, with q1x the first component of q1 (values indicated in the legend).

The Ward residual is

R1(q; β ) = 〈�[fq]A〉β + (A | F [fq])β. (69)

Equations (68) and (69) are the finite-dimensional coun-
terparts of the definitions FB,θ[f] = −�B[f] βĤB,θ and of the
Ward identity in Eq. (52), with the discrete Fourier label q
replacing the continuum smearing field f . Hence R1 is a direct
ED residual for the hyperforce Ward identity.

We evaluate (A | F )β exactly in the H eigenbasis using the
closed spectral form

(A | F [fq])β = i
∑
α,α′

(wα′ − wα )A∗
αα′ (Gq)αα′ , wα′ = e−βEα′

Zβ

,

Zβ =
∑

γ

e−βEγ , H |ψα′ 〉 = Eα′ |ψα′ 〉. (70)

Here {|ψα〉} is a complete orthonormal set of many-body
energy eigenstates of H in the fixed-Ne sector, Aαα′ =
〈ψα|A|ψα′ 〉 and (Gq)αα′ = 〈ψα|Gq|ψα′ 〉.

For each fixed finite torus the fixed-Ne Fock basis is com-
plete and Eqs. (67)–(70) are identities between finite matrices.
Indeed, using F [ fq] = iβ[Ĥ, Gq] gives

〈�[ fq]A〉β =−i
∑
α,α′

(wα′ − wα )A∗
αα′ (Gq)αα′ =−(A | F [ fq])β.

(71)

Thus R(Nφ,Ne )
1 (q; β ) = 0 in exact arithmetic for every Nφ , Ne,

q, and β. For the twist-holonomy test, we use a Hofstadter
regularization on an Nx × Ny torus with flux φ per plaquette
and twists θ = (θx, θy). In Landau gauge,

h(θ) = − t
∑
x,y

[
eiθx δx,Nx−1 c†

x+1,ycx,y + ei(2πφx+θy δy,Ny−1 )

× c†
x,y+1cx,y + H.c.

]
, (72)

where t is the nearest-neighbor hopping amplitude and the
many-body Hamiltonian is obtained by the same second-
quantization map as above,

H (θ) = SQ(h(θ)) =
∑
α,α′

hαα′ (θ) c†
αcα′ , (73)

in the fixed-Ne sector. We compute the canonical free energy

F(θ) = − 1

β
ln Tr Ne (e−βĤ (θ) ), (74)

and a current proxy Ix(θ) ∝ −∂θxF(θ) by finite differences. At
T = 0 we compute the twist Chern number using the Fukui-
Hatsugai-Suzuki link variables

Ux(i, j) = 〈�i, j |�i+1, j〉
|〈�i, j |�i+1, j〉| , Uy(i, j) = 〈�i, j |�i, j+1〉

|〈�i, j |�i, j+1〉| , (75)

Here |�i, j〉 is the normalized many-body ground state of
H (θ (i)

x , θ
( j)
y ) at the twist-mesh point (θ (i)

x , θ
( j)
y ).

The plaquette curvature

Fi j = Arg[Ux(i, j)Uy(i + 1, j)Ux(i, j + 1)−1 Uy(i, j)−1],

(76)

and

C = 1

2π

∑
i, j

Fi j . (77)

These link variables are the lattice discretization of the
Berry connection on the twist torus. The plaquette phase Fi j

is the discrete Berry curvature entering the Niu-Thouless-Wu
formula in Eq. (46); the sum in Eq. (77) therefore gives the
finite-mesh version of the twist-sector Chern number and im-
plements the holonomy discussion of Sec. II E.

We use Nx = Ny = 3, φ = 1/3, t = 1, Ne = 3, and a 15 ×
15 twist mesh.
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FIG. 3. Finite-temperature ED verification of the hyperforce Ward identity in the LLL torus model. We use Nφ = 11, Ne = 3, and the
translation-invariant Hamiltonian (63) with V (q) = e−α|q|2 and α = 0.35. For q = (k, 0) we evaluate the Ward residual R1(q; β ) in Eq. (69),
with the Kubo-Mori term computed from the exact spectral formula (70). (a) Error map of log10 maxA |R1| over (k, β ). (b) Parity plot at β = 2
comparing (A | F )β versus −〈�A〉β ; the diagonal is the Ward prediction.

B. Numerical results

Figure 2(a) shows the periodic-torus result, where εflat

remains at double-precision roundoff across all sampled mo-
menta, confirming that the many-body ρq inherit exact closure
from the finite-dimensional Weyl algebra. This is the discrete
ED analog of “no bulk anomaly”: there is no systematic
growth with momentum or choice of q1, only numerical noise.
In contrast, Fig. 2(b) shows the open-chain surrogate. By re-
moving the wrap-around matrix element in the one-body shift,
the only way to violate closure is to force an operation that
would have crossed the boundary. The residual indeed remains

at roundoff until the first wrapping index and then jumps
to order unity. This isolates the failure mode as boundary-
triggered rather than diffuse, matching the boundary-refined
closure logic used in the continuum discussion.

Figure 3 tests the finite-temperature hyperforce Ward
identity. Figure 3(a) shows that the worst-case residual
maxA |R1(q; β )| stays at roundoff across both wave vector and
temperature, even though the two Ward terms being compared
are individually not small. The parity plot in Fig. 3(b) makes
the cancellation transparent: for a fixed β and a range of
momenta, (A | F )β collapses onto −〈�A〉β for both generic

FIG. 4. Flux-threading-holonomy spectroscopy on the twist torus. We diagonalize the fixed-Ne Hofstadter family H (θx, θy ) =
SQ(h(θx, θy )) [Eqs. (72)–(73)] on an Nx × Ny torus. Parameters: Nx = Ny = 3, φ = 1/3, t = 1, and Ne = 3 [dim H = (9

3

) = 84]. (a) Canonical
free energy F(θx, 0) from Eq. (74), shown relative to its minimum, for β = {0.5, 1, 2, 5}, together with the current proxy Ix (θx ) ∝ −∂θxF at
β = 5. (b) Ground-state Berry curvature density on a 15 × 15 twist mesh computed with the FHS method [Eqs. (75)–(77)]; the integrated
Chern number is C � 1.
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random observables and structured density operators. In this
sense the test is stringent: it does not merely show that
the residual is small, but that two independently computed
quantities (a commutator expectation value and a Kubo-Mori
inner product) track each other in sign and magnitude. The
finite-size dependence of the algebraic residual is therefore
simple: increasing Nφ changes the number of available mag-
netic Fourier modes and the Hilbert-space dimension, but it
does not introduce a systematic Ward-identity error to be
extrapolated. On the periodic torus the closure defect and R1

vanish size by size in exact arithmetic; hence their numerical
values are expected to remain pinned near machine precision,
rather than decay exponentially with Nφ . The inverse tem-
perature β changes the Gibbs weights and the magnitude of
the two canceling terms in Eq. (71); it does not affect the ex-
act cancellation. For a gapped spectrum, thermal observables
approach their ground-state values as O(e−β�), whereas the
Ward hierarchy holds at every finite β.

Figure 4 demonstrates the complementary “global” di-
agnostic: even when the twist background is locally flat,
the holonomy angles (θx, θy) produce measurable spectral
flow, equilibrium currents, and Berry phases. Figure 4(a)
shows that, along the cut θy = 0, the free energy F(θx, 0) is
2π -periodic, and its twist dependence grows as β increases
because the free energy crosses over from a thermally aver-
aged quantity to the ground-state energy. The current proxy
Ix ∝ −∂θxF vanishes at extrema and reverses sign across
θx � π , giving a directly interpretable holonomy response.
Figure 4(b) shows the same physics in topological form: the
Berry curvature density on the twist torus is nonuniform at
small system size, but its integral yields an integer Chern
number.

V. CONCLUSION AND OUTLOOK

In this work we formulated quantum shift symme-
try in equilibrium as a statistical-gauge geometry on the
observable bundle over configuration space. Starting from
the exact hyperforce identity (5), we reinterpreted the local
shifting superoperator as a derivation-valued connection and
identified the corresponding hyperforces as covariant deriva-
tives. This geometric packaging makes two structural issues
transparent that are otherwise obscured by the distributional
character of local currents: (i) whether the shift algebra closes
without a bulk anomaly and (ii) whether the resulting Ward
identities can be iterated to yield a closed hierarchy of equal-
time constraints.

Our first main result is distributional bulk flatness for
compact smearings, expressed by the covariant Lie-closure
relation (21), equivalently by the smeared relation (29). In
particular, successive shift variations close on the Lie bracket
of vector fields with no bulk Schwinger term, so the statistical
connection has vanishing bulk curvature in the distributional
sense. This is precisely the input needed for iteration: together
with the Leibniz product rule on a unital observable alge-
bra, bulk flatness yields an all-orders closed Ward-Bianchi
hierarchy for smeared force insertions, Eq. (32), which ter-
minates on the bilinear force-gradient kernel and generates no
new bulk insertions at higher order. Immediate corollaries in-
clude antisymmetry Bianchi-type compatibility relations and

model-independent positivity and stability bounds rooted in
the Kubo-Mori inner product.

Our second main result fixes the microscopic genera-
tor ordering and explains the absence of bulk ordering
anomalies. By quantizing the diffeomorphism moment map
(fiber-linear in momenta), Weyl and half-density quantization
select the unique self-adjoint shift generator compatible with
unitary diffeomorphism implementation. Because the under-
lying symbols are momentum-linear, the would be h̄2 ordering
ambiguities that obstruct general quantization maps do not
appear here, and the generator algebra closes exactly at the
quantum level. In this sense, the geometric viewpoint not
only reproduces the known quantum hyperforce identity, but
also isolates the minimal structural ingredients required for a
closed and anomaly-free bulk hierarchy.

Although local curvature invariants vanish in the bulk-flat
case, global topology survives through holonomy. We showed
that inequivalent unitary lifts of the adjoint holonomy are
classified by U (1) characters, equivalently by first cohomol-
ogy with unitary coefficients, Eq. (39). This provides a direct
bridge between statistical-gauge geometry and standard finite-
size and topological diagnostics: twisted boundary conditions,
flux threading, and twist-torus Berry phases can be recast as
probes of flat holonomy sectors via thermal Wilson charac-
ters and twisted traces. The resulting character grading yields
sharp selection rules for equilibrium one- and many-point
functions in monodromy-invariant KMS states.

Coupling to a background electromagnetic field deforms
the shift algebra in a way that is conceptually clean: the
deformation is an inner curvature insertion proportional to
the density and field strength, Eq. (41), rather than a bulk
central extension. This preserves the derivation structure,
equivalently the Leibniz product rule, and therefore preserves
the iterability of the Ward-Bianchi hierarchy, while making
explicit how local curvature and global holonomy effects
separate. In the fractional quantum Hall case study on the
torus, this mechanism connects naturally to the guiding-
center noncommutative geometry and the GMP-W∞ structure,
yielding sector-resolved equilibrium constraints under flux
threading. Our exact diagonalization tests provide concrete
diagnostics of the framework: bulk Lie closure at the op-
erator level, finite-T verification of the hyperforce Ward
identity, and global holonomy spectroscopy on the twist
torus.

Several extensions are immediate. A systematic bound-
ary formulation is needed. Bulk flatness holds for com-
pact smearings, but boundaries and noncompact smearings
generate surface-supported terms that can reorganize the
Ward-Bianchi iteration. In quantum Hall settings this should
provide a unified account of bulk constraints and universal
edge physics. It is also important to generalize the con-
struction to broader background geometries and additional
conserved currents. Beyond the mass-current shift sector and
its electromagnetic deformation, coupling to nonrelativistic
spacetime geometry, such as Newton-Cartan structure [40,67]
with possible torsion and local rotations, should place mo-
mentum and stress on the same geometric footing. This
direction is expected to yield new exact equal-time con-
straints, including mixed relations involving currents and
stress.
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A further direction is to move beyond equilibrium [68].
Since the hyperforce identity is rooted in operator algebra
and the KMS condition, it should admit controlled extensions
to slowly driven local Gibbs protocols [69,70], Keldysh for-
mulations [71,72], and weakly nonequilibrium steady states
[73,74]. In that setting it is natural to seek a response con-
nection whose curvature measures the obstruction to iterating
Ward identities away from equilibrium.

Finally, the closed hierarchy and its positivity conse-
quences provide stringent, model-independent unit tests for
numerics. They also suggest practical estimators for inte-

grated force-gradient kernels and response data, including
in topological phases where holonomy is essential. More
broadly, the statistical-gauge viewpoint suggests that many
equilibrium constraints are governed by a flat but globally
nontrivial connection, with curvature activated only by bound-
aries or by genuine background field strength.
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