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Kinetics of segregation of topologically modified ring polymers in cylindrical confinement

Harsh Doshi ,1 Shreerang Pande ,1 Sathish K. Sukumaran ,2,* and Apratim Chatterji 1,†

1Department of Physics, Indian Institute of Science Education and Research, Dr. Homi Bhabha Road, Pune 411008, India
2Graduate School of Organic Materials Science, Yamagata University, 4-3-16 Jonan, Yonezawa 992-8510, Japan

(Received 27 April 2026; accepted 7 October 2026; published 9 November 2026)

In Escherichia coli (E. coli), entropic repulsion between the two daughter DNA ring polymers under cylindrical
confinement is believed to be an important factor governing chromosomal segregation. The repulsion can be
enhanced by topological modifications, i.e., by the introduction of internal loops at certain locations along
the contour of the circular DNA. However, the effect of topological modifications on the rate of segregation
of ring polymers remains unclear. Therefore, we systematically varied the number and the contour length of
loops introduced at selected locations by crosslinking monomers. The appropriate crosslinking was motivated
by observations that extruded loops are located mainly near the origin of replication (ori-proximal) region
of the E. coli chromosome. This resulted in the chains becoming intrinsically anisotropic. Using Langevin
dynamics simulations of these topologically modified bead-spring polymers, we calculated the time required
for segregation under cylinder confinement. With certain caveats, we found that increasing the number of loops
resulted in a decrease in the time of segregation. In line with past work, we propose that this is due to the increase
in the entropic repulsion between the polymers upon increasing the number of loops. In addition to the number
of loops, the contour length of the loops and the mutual orientation of the (anisotropic) chains in the initial
configurations played a role in determining the time of segregation.
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I. INTRODUCTION

Two self-avoiding linear polymers under sufficiently strong
cylindrical confinement minimize their overlap by segregating
along the length of the cylinder [1–8]. The segregation occurs
because the number of chain configurations (microstates) ac-
cessible in the segregated state is larger when compared to that
in the overlapped state. Note that entropic segregation is typ-
ically observed when the diameter of the confining cylinder,
D � 2Rg, where Rg is the radius of gyration of the unconfined
polymer [6].

When compared to linear polymers, the entropic force of
segregation under cylindrical confinement is higher for a pair
of ring polymers [9–11]. This is because a ring polymer with
N monomers under cylindrical confinement can be considered
equivalent to two linear polymers of N/2 monomers each that
overlap along the axis of the cylinder [10,12–14]. Thus, two
overlapping ring polymers with N monomers each can be
considered equivalent to four overlapping linear polymers of
N/2 monomers, resulting in a greater entropic force for segre-
gation. The origin of the larger entropic force of segregation
for ring polymers can be traced to the difference in the free
energy between the segregated and the overlapped state being
larger for a pair of ring polymers when compared to linear
polymers of identical contour lengths. Since the free energy of
athermal polymers is dominated by entropy, this implies that
the entropy increase due to the segregation of two polymers
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of N monomers each is significantly larger for rings when
compared to linear chains.

Unlike chromosomes in eukaryotic cells, bacterial chro-
mosomes are ring polymers. It has been proposed that the
entropic repulsion between ring polymers is utilized by Es-
cherichia coli (E. coli) to spatially segregate its two daughter
chromosomes into separate halves of the cell [6,8,15–17].
Note that in the E. coli cell, replication and segregation pro-
ceed simultaneously [18–22]. Segregation of the daughter
chromosomes is known to crucially depend on the presence
of loop extruding structural maintenance of chromosomes
(SMC) proteins, for, e.g., MukBEF [23–29]. However, the
exact function of these proteins in ensuring timely segregation
during cell division remains to be elucidated. A plausible
scenario is that the SMC proteins enable the creation of loops
at specific locations along the contour of the circular DNA,
thereby enhancing the entropic repulsion between the daugh-
ter chromosomes. One of the primary motivations for this
work was to investigate whether such additional loops can
expedite the segregation of ring polymers as models of E. coli
chromosomes [30–32].

In our previous work, we found that certain topological
modifications to a ring polymer assisted in the localiza-
tion of particular portions of the chain to specific locations
along the axis of the cylinder [33]. This finding, when ap-
propriately adapted to the biological context, suggested a
plausible mechanism for the spatio-temporal localization of
certain chromosomal loci of E. coli under both slow and
fast growth conditions [34,35]. The topological modifications
were introduced by crosslinking specific monomers of the ring
polymer to create additional loops. In other words, the E. coli
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chromosome can be considered as a topologically modi-
fied (ToMo) ring polymer. Such topological modifications,
effected by linker proteins or by loop extruding proteins,
e.g., MukBEF, have been observed in bacterial chromosomes
[25,26,36,37] as well as eukaryotic chromosomes [38–40],
and their effects have been investigated theoretically using
ideas from polymer physics [41–50].

Topological modifications of a ring polymer, such as the
introduction of additional loops, can be performed in an
inordinate multitude of ways. With the biological context
in mind, we have used experimental results to guide the
choice of the particular topological modifications to be inves-
tigated. In the E. coli chromosome for instance, it is known
that the additional loops are primarily located near the ori-
gin of replication (ori-proximal) region of the chromosome.
Therefore, in our past work, we had explored the effect of
relatively simple topological modifications, such as introduc-
ing additional loops on only one half of the ring polymer,
on the spatio-temporal localization of particular chromoso-
mal loci. However, the effect of the particular topological
modifications on the kinetics of chain segregation remained
unexplored. Therefore, the effect of variables such as the
number and the size (contour length) of loops along the chain
contour on the rate of segregation forms the focus of this
investigation.

In this work, we have systematically investigated the phys-
ical mechanisms by which topological modifications, i.e., the
introduction of internal loops, to a ring polymer modify the
kinetics of segregation from an overlapping state. Extending
these ideas to models for bacterial chromosome segregation is
left for the future. Models for chromosome segregation tend
to be complex as they include several biologically relevant
aspects that can mutually influence each other. In such models,
it is often hard to disentangle the contributions of the different
aspects. Hence, we believe that it is useful to supplement
investigations of these complex models with investigations
that consider the effect(s) of only one of the several aspects.
Our hope is that insights gained from such an investigation
can contribute to the fundamental understanding of daugh-
ter chromosome segregation in bacteria. Indeed, the results
presented here have guided the design and development of
subsequent investigations incorporating chromosome replica-
tion, loop extrusion, cell elongation, additional topological
modifications, and the release of topological constraints. The
results of these investigations will be reported in the future.
Note that this approach is similar to that adopted previously,
where the findings reported in Ref. [33] were subsequently
extended in Refs. [34,35].

The primary focus of this work was to uncover emer-
gent phenomena that result from the tuning of effective
entropic interactions between polymer segments under equi-
librium or near-equilibrium conditions. Together with our
previous studies [47,50], we believe that the work con-
tributes to the elucidation of the fundamental physics of
topologically modified polymers. We anticipate that the
physical principles uncovered will offer additional insight
into how living systems exploit topological modifications,
mediated by enhancer-promoter interactions and other DNA-
linking proteins, to regulate the organization and dynamics of
chromosomes.

Previous studies have shown that incorporation of active
mechanisms such as loop extrusion accelerates DNA-polymer
dynamics [51–57]. Faster segregation has also been observed,
albeit in a computational model of E. coli chromosomes [31].
In contrast, here we establish that the very presence of internal
loops can speed up segregation by increasing the entropic
repulsion between the two overlapping polymers. We envisage
the biological scenario as follows. Extrusion near the oriC
proximal regions of the chromosome in E. coli creates loops
along the chromosomal contour and leads to faster segregation
even as replication is in progress.

In the absence of biological mechanisms that specifically
enable chain crossings, excluded volume (EV) effects in
polymers typically prevent them. When chain crossings were
disallowed, the protocol for creating overlapping initial con-
figurations used in our earlier work [33] often resulted in
concatenation(s) between loops belonging to different poly-
mers which prevented chain segregation. Given this, one of
the major challenges was to develop protocols for obtaining
initial ToMo chain configurations that were unconcatenated
but overlapping. Therefore, we have developed several proto-
cols for the preparation of the initial overlapped configurations
confined in a cylinder of diameter D. Starting from such
carefully prepared initial configurations, we determined the
time required for the segregation of two ToMo polymers under
cylindrical confinement for two different conditions: (i) for
fixed monomer volume fraction and (ii) for fixed degree of
confinement, 2Rg/D, where Rg is the radius of gyration of
the unconfined ToMo polymer. Case (i) is expected to be
relevant for bacterial chromosomes. As Rg varies upon modi-
fication of the topology, case (ii) enabled comparison under
similar degree of confinement for the different topologies
investigated.

The total number of monomers in each polymer was fixed
at either N = 200 or N = 500. We started with a ring poly-
mer of N monomers and modified its topology to create an
asymmetry in the simplest manner we could conceive. The
modified topology had one large loop with N/2 monomers,
while the rest of N/2 monomers were equally divided be-
tween either two, five or ten smaller loops. We have also
considered modified topologies with one large and one small
loop but the total number of monomers still remained N . Our
investigations revealed that, with certain caveats, increasing
the number of loops in the cluster decreased the time of
segregation. A similar situation was observed upon varying
N , provided the ratio of the contour lengths of the large and
small loops were kept identical.

The manuscript is organized as follows. Following a brief
introduction to the model used and the simulation technique,
we detail the four initialization protocols that were used
to obtain the initial overlapped configurations of a pair of
ToMo polymers. Using these initial configurations, we in-
vestigated the kinetics of segregation of the two chains with
a particular emphasis on the time of segregation. Note that
identifying a “time of segregation” is not straightforward
and we discuss the motivation behind the particular crite-
rion used in this work. Finally, we also discuss the observed
kinetics of segregation in light of the particular topolog-
ical modifications and the different initialization protocols
used.
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(d) (e) (f)

FIG. 1. Topologically modified polymers, N = 200 (a) Ring polymer. (b) A single crosslink between monomers 50 and 151 produced
the topology Arc-1-1[100-100]. (c)–(e) Topologies with multiple loops were generated by introducing 2, 5, and 10 crosslinks resulting in
Arc-1-2[100-50], Arc-1-5[100-20], and Arc-1-10[100-10] having one large loop of 100 monomers and 2, 5, or 10 small loops, respectively.
The numbers next to the chain contour (in blue) indicate the indices of the crosslinked monomers (indicated by enclosing the monomers within
a thin blue circle). In panel (e), the monomer indices of Arc-1-10 have been omitted. (f) Schematic of the segregation process of two Arc-1-2
polymers. The top panels show two possible overlapped configurations—parallel and antiparallel—while the bottom panel depicts the final
segregated state.

II. MODEL AND METHODS

A. Polymer model

We performed Langevin dynamics (MD) [58] simulations
of two unconcatenated polymers confined in a cylinder. The
polymers were modeled as Kremer-Grest [59] chains. In
these chains, the excluded volume interactions between any
two monomers of mass m were modeled using the Weeks-
Chandler-Andersen (WCA) potential [60] given by

UWCA(r) =
{

4ε
[ (

σ
r

)12 − (
σ
r

)6
]

+ ε ∀ r � 21/6σ,

0 ∀r > 21/6σ,

(1)

where r is the distance between the interacting monomers,
σ and ε are respectively the length and energy scale in our
simulations. The interaction between the wall of the confining
cylinder and the monomers was modeled using the WCA
potential such that the bead experienced increased repulsion
as the distance of its center from the wall, rw → σ/2.

Polymers were created by connecting monomers using an
additional finitely extensible nonlinear elastic (FENE) poten-
tial [59] given by

UFENE(r) = −1

2
kR0

2 ln

[
1 −

(
r

R0

)2
]
, (2)

where r is the distance between the two monomers, k deter-
mines the stiffness of the potential, and R0 is the maximum
possible value of r. For all of the simulations, we set
k = 30 ε/σ 2 and R0 = 1.5 σ . The choice of parameters en-
sured sufficiently close contact between connected monomers
and prevented chains crossings. Note that the combined effect

of the WCA and the FENE potentials resulted in a minimum
of the bonded potential at ≈0.97σ .

The monomers were coupled to a Langevin heat bath at
a temperature of T = ε/kB, where kB is the Boltzmann con-
stant. The equation of motion for the ith bead was given
by mr̈i = −∇U − γ ṙi + η, where ri is the position vector
of the ith bead, U determines the conservative force acting
on the bead, γ is the friction coefficient, and η is the ran-
dom force satisfying the fluctuation-dissipation theorem. The
equations of motion were integrated using a velocity Verlet
scheme with γ = m/τ0, where τ0 = σ

√
m/ε and a time step

of �t = 0.005τ0 during the initialization and �t = 0.01τ0

subsequently. All of the simulations were performed using the
LAMMPS (3 Mar 2020 version) software package [61].

B. Topological modifications and their nomenclature

We created several ToMo polymers by crosslinking spe-
cific monomers along the contour of the ring polymer. The
crosslinking between monomers was implemented using a
FENE spring, identical to the one used for the bonds between
monomers. Refer to Figs. 1(a)–1(e) for a schematic of the
different topologies investigated in this work. A more detailed
explanation is provided below.

(i) Arc-1-1 with one crosslink. A single crosslink is intro-
duced in a N = 200 ring polymer to create two loops of 100
monomers each. The number of monomers in each loop is
specified in square brackets; refer to Fig. 1(b). We have also
investigated Arc-1-1[140-60], where a crosslink was added
between monomers 1 and 60, such that the polymer had one
large loop with 140 monomers and a small loop with 60
monomers. Thus, topology Arc-1-1 can have two loops of
equal size or one large and one small loop within the ring
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polymer. By modifying the position of the crosslink, we can
systematically vary the relative sizes of the two loops.

(ii) Additional loops. We introduced additional crosslinks
in the ring polymer to create multiple loops and thereby de-
sign different topologies. We reiterate that all of the small
loops were located in one half of the ring contour. Refer to
Figs. 1(c)–1(e) for a schematic of ToMo polymers Arc-1-
2, Arc-1-5, and Arc-1-10. The crosslinking was done such
that the size of the larger loop remained constant across all
of the topologies irrespective of the number of the small
loops. For a polymer with 200 monomers, the large loop had
100 monomers, Arc-1-2 had two small loops each with 50
monomers. Similarly, Arc-1-5 had five small loops each with
20 monomers and Arc-1-10 had ten small loops each with 10
monomers. In line with the above, Arc-1-10[250-25] had one
large loop with 250 monomers and ten small loops with 25
monomers. Note that with this nomenclature, the total number
of monomers, N , in a given polymer can be deduced, i.e.,
N = 500. We have determined the time of segregation for a
pair of overlapping ToMo polymers for (i) N = 200 and (ii)
N = 500 monomers.

C. Dimensions of the confining cylinder

We simulated two ToMo polymers of identical topology
confined in a cylinder whose dimensions were chosen in two
distinct ways. One choice was motivated by the geometry
of bacterial cells such as E. coli. The E. coli cell typically
exhibits an aspect ratio of ≈5 in cells poised for division
[19,22]. Accordingly, we fixed the aspect ratio of the cylinder
of length L by setting its diameter D = L/5. The monomer
volume fraction was fixed at 0.2, consistent with estimates
of the volume fraction of chromosomes in the range 0.1–0.2
[62]. This choice yielded D = 6.24 σ for N = 200 and D =
8.70 σ for N = 500 monomers. The Rg values for the different
topologies calculated from simulations of unconfined single
chains with N = 200 and N = 500 are provided in Sec. I of
the Supplemental Material (SM-I) [63].

In the second case, we considered an effectively “infinite”
cylinder, i.e., L � D. The diameter of the cylinder, D, was
chosen such that the degree of confinement, δ ≡ 2RT

g /D =
1.34, remained constant for all polymer topologies. Here, RT

g
denotes the radius of gyration of an unconfined single polymer
of topology T . This ensured that each topology experienced
similar degree of confinement relative to its unconfined size.
The reasons for the particular choice of δ are discussed further
below.

D. Generating unconcatenated but overlapped
initial configurations

In this study, we considered two polymers to be “over-
lapped” if their individual centers of mass (COMs) were
sufficiently close to each other. Given this, one would expect
each polymer to be extended along the axis of the cylinder
such that the monomer density remained uniform on average.
As segregation progressed, the polymer COMs moved away
from each other until the two chains occupied separate regions
along the length of the cylinder.

Generating initial configurations of overlapped ToMo
polymers that were unconcatenated posed several challenges.
Under strong confinement, polymers exhibit a tendency for
spontaneous segregation [see Fig. 1(f) for a schematic].
Given this, it was essential to prepare statistically indepen-
dent overlapped configurations that could serve as unbiased
starting points for investigating the kinetics of segregation
of two cylindrically confined polymers. To this end, we de-
veloped four distinct initialization protocols. For asymmetric
topologies, we observed that the polymers in the overlapped
configurations predominantly adopted two distinct orienta-
tions: parallel or antiparallel [see Fig. 1(f)]. We found that,
in general, the dependence of rate of segregation on the topol-
ogy remained consistent across the three of the four different
initialization protocols, and any deviations could be attributed
to differences in the mutual orientation of the polymers in the
initial configuration (whether parallel or antiparallel) or the
specific constraints imposed during initialization.

To generate overlapped configurations under cylindrical
confinement, we began with two polymers that were spatially
well separated inside a cylinder of diameter D0 and length
L0 such that D0 � D and L0 � L. The cylinder dimensions
were gradually reduced until the desired confinement was
achieved while the chains remained unconcatenated. How-
ever, since two polymers under cylindrical confinement tend
to spontaneously segregate, additional constraints (described
below) were imposed to ensure that the polymers remained
overlapped along the axis of the cylinder throughout the ini-
tialization process.

Initialization runs. We began by gradually shrinking the
initially large cylinder from t = 0 until the desired con-
finement was reached at t = t ′

0. The polymers were further
equilibrated until t = t0 while subject to the additional con-
straints imposed during the four initialization protocols (refer
to Fig. 2 and see below for additional details). The time
t = t0 marked the end of the initialization run after which the
constraints were removed and the polymers allowed to segre-
gate. For each of the four initialization protocols, the entire
procedure was repeated to generate 50 independent uncon-
catenated overlapped configurations for each topology. Using
the overlapped configurations prepared by a particular initial-
ization protocol, the time of segregation for each topology
was estimated. As discussed later in the manuscript, we ex-
plicitly verified that the polymers remained in an overlapped
configuration until t = t0. Below, we describe the additional
constraints imposed during the four initialization protocols.

(i) Glued-monomers. For two polymers, we selected
two monomers positioned diametrically opposite along the
N = 200 ring contour, for instance, monomers with indices
50 and 151 [see Fig. 1(a)]. These four monomers were fixed
in space on the midplane passing through the center of the
cylinder and perpendicular to its axis such that the monomers
did not overlap. In addition, monomers with indices 1 and 100
from one polymer were bonded to their counterparts in the
other polymer through a potential given by

UH = 1
2κ (r − r0)2, (3)

with κ = 1000 ε/σ 2 and r0 = σ . For the Arc-1-2 polymer,
monomers 1 and 200 were crosslinked to monomers 50 and
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(a)

(b)

(c)

FIG. 2. Constraint implementation. (a) In the glued-monomers
protocol, selected monomers (filled circles) were fixed in space,
and harmonic springs were introduced between specific monomers
belonging to different polymers. (b) In the recenter-COM protocol,
the centers of mass (COMs) of both polymers (filled circles) were
constrained to remain in a vertical plane at the center of the cylinder.
(c) In the Ladder-like protocol, each monomer of one polymer was
connected to the corresponding monomer in the other polymer via
weak harmonic springs (see text). Note that the “mutual-attraction”
constraint implementation is not shown.

151, respectively. Hence, monomers 1 and 200 of both poly-
mers were located near the midplane. However, the rest of
the two polymers were free to stretch out on either side of
the mid plane. For polymers with N = 500 monomers, the
glued and bonded monomers were chosen analogously. A
schematic of the constraints imposed is shown in Fig. 2(a).
A similar procedure was adopted for the initialization of the
other topologies.

(ii) Recenter-COM. The COMs of the two polymers were
constrained to lie on the midplane passing through the center
of the cylinder and perpendicular to its axis [see Fig. 2(b)].
The constraint was implemented as follows. After each posi-
tion update, the COM displacement from the midplane was
computed for each polymer, and all of the monomers of that
polymer were shifted by the negative of this displacement to
restore the COM to the midplane. This procedure is expected
to keep the two polymers overlapped along the axis of the
cylinder.

(iii) Ladder-like. Each monomer of one polymer was
bonded to the corresponding monomer of the other polymer
through the weak harmonic potential UH described above,
refer Eq. (3). In other words, monomer i of one polymer inter-
acted with monomer i of the other polymer for all 1 � i � N
[see Fig. 2(c)]. Note, however, that κ = 10 ε/σ 2 and r0 = 3 σ

was used. These values allowed spatial fluctuations of the
monomers but maintained sufficient overlap between the two
polymers.

(iv) Mutual-attraction. As before, monomers belonging to
the same polymer experienced the WCA potential. However,

FIG. 3. Determining the time of segregation. Time evolution of
the normalized distance between the centers of mass, �zCOM/L, for
one trajectory of two Arc-0 (ring) polymers is shown. Here, L is the
length of the cylinder. The increase in �zCOM/L indicates progressive
segregation of the two Arc-0 polymers from their initial overlapped
configuration. The gray arrow marks the time T 1

F , corresponding to a
temporary decrease in �zCOM/L associated with transient remixing.
The red arrow and the dotted line denote the time of segregation T 2

F ,
determined according to the criterion discussed in the main text. The
inset compares representative �zCOM/L trajectories for Arc-0 and
Arc-1-5. Data for additional topologies are provided in SM-IV [63].
We have indicated dF = 0.45L for N = 200 by a dashed line.

interactions between monomers belonging to different poly-
mers were modeled using

ULJ =
⎧⎨
⎩4εLJ

[(σLJ

r

)12
−

(σLJ

r

)6
]

+ U0, r < r0,

0, r � r0,

(4)

where εLJ = 0.5 ε, σLJ = σ , and the cutoff distance r0 =
2.5 σ . The constant U0 ensured that ULJ(r0) = 0. The value
of εLJ was chosen as above because smaller values were
insufficient to maintain overlap for certain topologies, e.g.,
Arc-1-10. Note that unlike the WCA potential, which is purely
repulsive, this potential is attractive for 21/6σ < r � r0.

For further details of the initialization protocol, refer to
SM-II [63]. At the end of each initialization run, we explicitly
verified the absence of any concatenation by the methods
detailed in SM-III [63].

E. Segregation criterion

Starting from an overlapped initial configuration at t = t0,
we removed the constraints that were imposed during ini-
tialization to ensure overlap between the two polymers. In
the absence of these constraints, the two polymers began to
segregate. The simulation runs were continued for a duration
of 10N2τ0. A topology-independent criterion was employed
to quantitatively determine whether the segregation was com-
plete. This is discussed in greater detail below.

Beginning at time t0, the distance DCOM between the
COMs of the two polymers along the axis of the cylinder
was calculated. When DCOM ≈ 0, the polymers were consid-
ered overlapped. As segregation proceeded, DCOM gradually
increased and approached L/2. Thereafter, DCOM fluctu-
ated around L/2, see Fig. 3. In this “steady state,” the

054403-5



DOSHI, PANDE, SUKUMARAN, AND CHATTERJI PHYSICAL REVIEW E 114, 054403 (2026)

polymers occupied different halves, with their COMs located
approximately near L/4 and 3L/4 along the axis. Occasional
decreases in DCOM (gray arrows in Fig. 3) corresponded to
transient remixing. Ideally, one would like to define the time
of segregation as the time beyond which the two polymers re-
mained segregated indefinitely. In microscopic systems, such
as the ones under consideration, remixing is possible due
to thermal fluctuations given sufficient time. Therefore, in
practice, to define the time of segregation, we employed the
following two-step criterion:

(i) DCOM exceeded the threshold value dF during the sim-
ulation for time > t0, possibly several times; see Fig. 3. The
time at which the aforementioned condition was satisfied for
the ith time was denoted as T i

F .
(ii) Starting from each T i

F , 〈DCOM〉, the time-average
over a time duration Ts = 5N2τ0, must satisfy 〈DCOM〉 > dS .
Here dS is another threshold. In the rare instances where
10N2τ0 − T n

F < 5N2τ0, the time average was calculated for
Ts = 10N2τ0 − T n

F . The second condition ensured that the
polymers remained segregated for a period of time.

If both of the conditions described above were satisfied, the
corresponding T i

F was identified as the time of segregation,
τseg, for that particular simulation run. An illustrative example
of the procedure is shown in Fig. 3. The first instance when
DCOM crossed the threshold dF was marked as T 1

F (gray ar-
row in Fig. 3). However, DCOM subsequently dropped below
dS and the condition 〈DCOM〉 > dS was not satisfied. The
next crossing of dF occurred at T 2

F and the second condition
remained satisfied subsequently. Therefore, the time of segre-
gation for this particular simulation run was determined to be
T 2

F (red dotted line in Fig. 3).
The two threshold values were set at dF = 0.45L and

dS = 0.40L for N = 200, and dF = 0.48L, and dS = 0.43L
for N = 500. The threshold values for L � D will be dis-
cussed later. The two pairs of thresholds were chosen to be
different for different N as the fluctuations of �zCOM/L de-
pended on N . In several instances, the two conditions were
not satisfied till the end of the simulation run. For these runs,
the polymers were considered unsegregated and the time of
segregation undetermined. Therefore, these runs were not in-
cluded in the analysis of the statistics of τseg for a particular
topology.

III. RESULTS AND DISCUSSION

A. Characterizing overlapped configurations

To verify that the initialization protocol did not introduce
artifacts, such as partial segregation of the two polymers
during the generation of the initial overlapped configura-
tions, we quantified the degree of overlap between the two
polymers by calculating several statistical measures. To this
end, we calculated the spatial variation of the time-averaged
monomer density of two individual Arc-1-1[100-100] poly-
mers with the normalized distance from the midpoint on the
axis of the cylinder. This is shown for the initialization pro-
tocol recenter-COM in Fig. 4(a) and for glued-monomers in
Fig. 4(b). The monomer density was averaged over the config-
urations obtained during the initialization run between t ′

0 and
t0 = t ′

0 + 2 × 105τ0 and sampled every 20 τ0.

(a)

(b)

(c)

(d)

FIG. 4. Characterizing the initial configurations. Spatial varia-
tion of monomer number density of two Arc-1-1[100-100] polymers
with z/L. Here, z is the displacement from the midpoint of a cylinder
of length L along its axis. The monomer number density was cal-
culated by determining the number of monomers, n(z/L), in a disk
of diameter D and thickness dz centered at each z. Time-averaged
monomer number density, 〈n(z/L)〉, over the initialization run for the
two indicated initialization protocols are shown in panels (a), (b). For
details, see the main text. Instantaneous monomer number density
of the configuration at the end of the initialization run for the two
initialization protocols indicated are shown in panels (c), (d). Note
that for panels (a), (b) dz = 0.2 σ while for panels (c), (d) dz = σ .

The spatial variation of the time-averaged monomer den-
sity with z/L may appear uniform even if the two polymers
were actually segregated at each instant but repeatedly
switched positions between the two length-wise halves of
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the cylinder during the initialization run. To check for this
possibility, Figs. 4(c) and 4(d) show the spatial variation of the
instantaneous monomer number density with z/L for the final
configuration of the initialization run. The monomers of both
polymers spanned nearly the entire length of the cylinder and
indicated that they remained extended in the starting config-
uration. Similar data for the other initialization protocols are
provided in SM-V [63]. For more complex topologies, such as
Arc-1-10, while the spatial variation of the monomer number
density with z/L was nonuniform (see SM-V [63]), monomers
of both polymers spanned the entire length of the cylinder.

The time-averaged monomer number densities, refer
Figs. 4(a) and 4(b), remained approximately uniform along
the length of the cylinder, with a slight increase near the ends
due to the presence of the walls. The pronounced increase at
the center of the cylinder, z/L = 0, visible in Fig. 4(b) resulted
from the four monomers that were permanently fixed at that
location.

To portray the radial distribution of the monomers, the
spatial variation of the time-averaged monomer number den-
sity with r/R for the four initialization protocols is shown
in Fig. 5(a). Here, r is the radial distance from the axis of
the cylinder. The density at different r was calculated us-
ing concentric shells of length L and thickness dr. Except
for the mutual-attraction protocol, peaks can be observed
near the walls of the cylinder; see Fig. 5(a). For mutual-
attraction, the attractive part of the potential between the
monomers of different chains resulted in a slightly higher
density away from the wall. Similar to Fig. 4(b), the peak
observed near r/R = 0.5 for the glued-monomers initializa-
tion protocol was a result of four of the monomers being
held fixed at the midplane of the cylinder. As before, even
if the time-averaged radial distribution was uniform, the in-
stantaneous distribution need not be. Therefore, we visualized
the distribution of the monomers along the x-y plane in the
configuration at t = t0. For this, we divided the cylinder into
four quarters, i.e., −L/2 < z � −L/4, −L/4 < z � 0, 0 <

z � L/4, L/4 < z � L/2. The monomer positions within each
quarter were projected onto a plane perpendicular to the axis
of the cylinder, i.e., in the x − y plane, and shown in Fig. 5(b)
for the recenter-COM protocol. As can be seen, the two poly-
mers exhibited clear separation in the x-y plane in all of the
regions considered. The radial segregation could be under-
stood as follows. Two overlapping ring (or linear) polymers
confined in a cylinder effectively partition the available cross-
section among themselves resulting in confinement blobs of
reduced diameter. For further discussion, see Refs. [8,10,12].
Note, however, that the polymers remained overlapped along
the axis of the cylinder. Similar data for two Arc-1-10[100 10]
polymers can be found in SM-VI A [63]. Similar data for Arc-
1-1[250-250] and Arc-1-10[250-25] (N = 500) topologies for
two initialization protocols can be found in SM-VII [63].

In addition to the radial monomer density and the monomer
distribution in the x-y plane discussed above, time-averaged
density in different sections of the cylinder is shown in SM-
VI B [63]. The partitioning into sections enabled a spatially
resolved characterization of density variations across different
regions of the confining geometry. The analysis was moti-
vated in part by a potential artifact of the shrinking-cylinder
protocol. Rapid reduction of the confining volume during the

(a)

(b)

FIG. 5. Monomer distribution: radial and in the x-y plane.
(a) Spatial Variation of time-averaged monomer number density
along the normalized radial coordinate, r/R, with R = D/2 and shell
thickness dr = 0.1 σ . (b) Distribution of monomers projected onto
the x-y plane. The cylinder has been divided into four portions along
its axis. The monomers of the two polymers are indicated by different
symbols and colors. The data shown in panels (a), (b) are for two Arc-
1-1[100-100] polymers initialized using the recenter-COM protocol.

protocol leads to rapid displacement of the boundary walls.
This can result in fast accumulation of monomers near the
moving walls. Such an accumulation of monomers can be
rather long-lived owing to their higher density.

B. Effect of topology on τseg: L/D = 5

At the end of the initialization run, i.e., at t0, the constraints
imposed to ensure overlap were removed and the simulations
continued. With a few exceptions, the distance between the
centers of mass of the two polymers increased with time and
approached an asymptotic value; refer to Fig. 3. For each
run, the time of segregation, τseg, was determined using the
criterion discussed in Sec. II E.

1. Varying loop lengths in Arc-1-1: N = 200. Before ex-
amining the different topologies, we investigated the effect of
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varying the number of monomers in the small loop, NS , on τseg

of N = 200 Arc-1-1 polymers. For example, a polymer with
NS = 60, denoted by Arc-1-1[140-60], contains 60 monomers
in the small loop and 140 in the large loop.

Preliminary analysis of the data obtained from the different
simulation runs suggested that τseg exhibited a right-tailed
distribution, refer to SM-VIII [63]. The reader can appreciate
that neither the distributions, nor the means and standard de-
viations facilitate a succinct comparison between the different
topologies.

Moreover, it is difficult to draw definite conclusions by
comparing the distributions for the different topologies and
initial conditions considered in this study. Therefore, in addi-
tion to the mean of the aforementioned distribution, we have
provided box plots with several summary statistics; refer to
Fig. 6. Mean (blue diamonds), second quartile or the median
(Q2, blue line within the box), third quartile (Q3, top edge
of the box), first quartile (Q1, bottom edge), and the number
of outliers are shown. The whiskers extended from the edges
of the box to the data points lying within 1.5 × IQR, where
IQR ≡ Q3 − Q1 is the interquartile range. Data points beyond
1.5 × IQR from the box edges were classified as outliers (◦).

For the Arc-1-1 topology, Figs. 6(a) and 6(b) show box
plots for the variation of τseg with NS for two different ini-
tialization protocols. Results for the other two initialization
protocols are provided in SM-X [63]. All four initialization
protocols yielded consistent results for the Arc-1-1 topology
which suggest that varying NS produced no discernible effect
on τseg.

The above result can be rationalized as follows. In the
overlapped state, the two Arc-1-1 polymers are likely to be
parallel to each other along the axis of the cylinder. Therefore,
each polymer can be thought of as occupying one half of the
accessible volume and comprising a certain number of blobs.
Therefore, to a first approximation, the free energy of the
system can be taken to be proportional to the total number
of blobs, i.e., twice the number of blobs in each polymer.
Upon varying NS while keeping N fixed, each polymer would
continue to occupy approximately one half of the accessible
volume within the cylinder and hence, the total number blobs
is unlikely to vary significantly. Consequently, upon varying
NS , any change in the free energy of the system in the over-
lapped configuration is likely to be insignificant. As a result,
similar values of τseg can be expected for different NS .

2. Varying the number of small loops: (a) N = 200. Unlike
the near independence on NS discussed above, τseg varied
with the number of small loops in the polymer, see Fig. 7
for N = 200. Details of the topologies considered can be
found in Sec. II B. For all of the initialization protocols, the
Arc-0 and the Arc-1-1[100-100] topologies exhibited com-
parable τseg. In contrast, for two of the four protocols used,
i.e., recenter-COM and glued-monomers, topologies contain-
ing two or more small loops displayed smaller τseg when
compared to Arc-0. The results with recenter-COM and glued-
monomers protocols can be rationalized by considering the
change in the entropic cost of overlap of two polymers upon
introduction of the small loops [47]. Consistent with this,
previous work [47] has verified that there was negligible dif-
ference between the internal energy of the overlapped and
the segregated configurations, and hence the segregation is

(a)

(b)

FIG. 6. Varying loop lengths. Box plot displaying several sum-
mary statistics for the variation of τseg with NS , the number of
monomers in the small loop, where the data is for a pair of Arc-1-1
polymers with N = 200 monomers in each polymer. Mean (blue
diamonds), second quartile or the median (Q2, blue line within the
box), third quartile (Q3, top edge of the box), first quartile (Q1,
bottom edge), and the number of outliers have been provided. The
whiskers extend from the edges of the box to data points lying
within 1.5 × IQR where IQR ≡ Q3 − Q1 is the interquartile range.
Data points beyond 1.5 × IQR from the box edges were classified
as outliers (◦). The range of the y axis was selected for ease of
comparison across datasets; outliers beyond this range are not shown.
Probability distributions of the topologies were compared pairwise
using a t test and the resulting p values are provided in SM-VIII [63].
We have performed t tests and provided p values on comparing a pair
of distributions of segregation times at a time, to have a quantitative
measure of whether the distributions are significantly different, refer
to SM-VIII [63].

predominantly entropy driven. The difference in the free en-
ergy between the overlapped and segregated configurations
of a pair of ToMo polymers is because of an increase in
entropy in segregated state and not due to a decrease in the
internal energy. Similarly to the entropic repulsion between
two ring polymers under cylindrical confinement, the small
loops also entropically repelled each other. As a consequence,
upon increasing the number of small loops in a polymer be-
yond one, the entropic cost of overlap for the two polymers
also increased. This can be understood as follows: though
the individual loops were smaller, the number of monomers
in the cluster remained fixed at N/2 monomers. Moreover,
the cluster of loops have only a limited ability to stretch
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(a) (b)

(c) (d)

FIG. 7. Varying the number of small loops: N = 200. Box plot displaying several summary statistics for the variation of τseg with the
number of small loops in each polymer for N = 200. In all cases, the large loop contained N/2 = 100 monomers. Results for the four
initialization protocols are provided. For details of the summary statistics and their representation in the box plot, refer to Fig. 6. Probability
distributions of the topologies were compared pairwise using a t test and the resulting p values are provided in SM-VIII [63]. We have
performed t tests and provided p values on comparing a pair of distributions of segregation times at a time, to have a quantitative measure of
whether the distributions are significantly different, refer to SM-VIII [63].

out and/or explore conformations because of the imposed
crosslinking constraints. The overlap of a cluster of loops with
loops of the other polymer is associated with a greater free
energy (entropic) cost, as has been demonstrated previously in
Ref. [47].

The greater effective entropic repulsion between the poly-
mers leads to faster segregation. The energetic contribution
due to excluded volume interactions is likely to be minimal.
For instance, even when the value of the diameter, σ , in
the WCA potential was significantly reduced, entropy-driven
organization of ToMo polymers was still observed. This was
systematically validated in our previous work where we inves-
tigated the organization of ToMo polymers in a sphere [50].

Note, however, that τseg did not decrease appreciably when
the number of small loops exceeded two, having nearly
saturated at the value observed for Arc-1-2. To understand
this, we considered the extent of confinement experienced
by the small loops. The diameter of the small loops when
not under cylindrical confinement, approximated as twice the
radius of gyration of the loops in an unconfined single chain,
2Rsl

g ≈ 7.2 σ, 4.0 σ , and 2.5 σ , respectively, for Arc-1-2, Arc-
1-5, and Arc-1-10. The diameter of the cylinder, D ≈ 6.2 σ .
Since 2Rsl

g < D for Arc-1-5 and Arc-1-10, it is plausible that
increasing the number of small loops beyond two did not
significantly increase the entropic cost for segregation further

and hence, resulted in the aforementioned near saturation of
τseg. It is germane to note that although the median τseg re-
mained comparable for Arc-1-2, Arc-1-5, and Arc-1-10, the
interquartile range was smaller and the number of outliers
were fewer for Arc-1-10 when compared to Arc-1-2.

While the variation of τseg with the number of small loops
observed for recenter-COM and glued-monomers protocols
were similar, the results for the ladder-like and mutual-
attraction protocols were different from the other two. In
these cases, τseg did not decrease for Arc-1-2 but did for
Arc-1-5 and Arc-1-10; refer to Figs. 7(c) and 7(d). Arc-1-2
exhibited several outliers, i.e., an unusually large distribution
of τseg. For mutual-attraction, the reason for this anoma-
lous behavior could be traced to the mutual interpenetration
of the two polymers. The configurations generated using
the mutual-attraction protocol often contained mutually in-
terpenetrating chains, where one polymer threaded into the
region spanned by the other. The threadings were the result
of the Lennard-Jones attraction between the monomers of
the different polymers. The attraction was introduced during
initialization to maintain the overlap between the two poly-
mers and was switched off at t0, i.e., before the segregation
of the two polymers was investigated. As entropic repul-
sion is expected to induce segregation of the two polymers,
spontaneous formation of new threadings after t0 were deemed
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(a) (b)

(c) (d)

FIG. 8. Varying the number of small loops: N = 500 Box plot displaying several summary statistics for the variation of τseg with the
number of small loops in each polymer for N = 500. In all cases, the large loop contained N/2 = 250 monomers. Results for the four different
initialization protocols are provided. For details of the summary statistics and their representation in the box plot; refer to Fig. 6. Probability
distributions of the topologies were compared pairwise using a t test and the resulting p values are provided in SM-VIII. We have performed t
tests and provided p values on comparing a pair of distributions of segregation times at a time, to have a quantitative measure of whether the
distributions are significantly different; refer to SM-VIII [63].

unlikely. Therefore, examination of the configurations at t0
obtained from the different initialization protocols sufficed.
We found that Arc-1-2 exhibited a higher incidence of thread-
ings which suggested a plausible reason for the observed high
value of τseg. For the Arc-1-5 and Arc-1-10, the small loops
with only 20 and 10 monomers each, respectively, impeded
significant threading. This can be seen in the few representa-
tive snapshots, from 50 independent runs, shown in SM-XI
[63]. For the ladder-like protocol also, we found threaded
loops in the system with Arc-1-2 polymers, which again is
an artefact of holding together the monomers from different
polymers with springs. Smaller segments of the polymers
can (probabilistically) twist around each other as in a DNA-
double helix, and this can easily lead to threading. Thus, the
higher values of τseg statistics for Arc-1-2 is an artefact due
to threading. We explicitly confirmed that while the other two
initialization protocols generated overlapped configurations,
the configurations did not exhibit threadings to any significant
degree. The general trend remained that an increase in the
number of loops led to faster segregation.

3. Varying the number of small loops: (b) N = 500.
Starting from initial configurations where the chains were
overlapped, the analysis described above was performed also
for polymers with N = 500. For the unconfined Arc-1-2,
Arc-1-5, and Arc-1-10 topologies, the approximate diame-

ter of the small loops was, 2Rsl
g = 12.7 σ, 7.3 σ , and 4.6 σ ,

respectively. The diameter of the cylinder, D = 8.7 σ . For
these topologies, the τseg are shown in Fig. 8. For the glued-
monomers and ladder-like protocols, τseg decreased with
increasing number of small loops, consistent with that ob-
served for N = 200. However, τseg obtained when the initial
configurations were generated using the recenter-COM and
the mutual-attraction protocols deviated from this trend, with
Arc-1-5 and Arc-1-10 exhibiting unexpectedly large τseg in
the recenter-COM case. Examination of the initial configu-
rations, at t0, revealed that the orientation of the two polymers
was antiparallel to each other, unlike the parallel orientation
observed for the other two initialization protocols. In such
antiparallel configurations, the cluster of small loops of one
polymer overlapped with the large loop of the other. In parallel
configurations, in contrast, the cluster of small loops of one
polymer overlapped with the cluster of small loops in the
other. Segregation from an antiparallel configuration likely
involves crossing a higher free-energy barrier (or relatively
smaller gradient in free energy) when compared to parallel
configurations with the result being larger τseg. The existence
of a free-energy barrier (or a smaller free energy gradient) is
discussed in the next section based on the analysis of the onset
of segregation from parallel and antiparallel configurations.
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Therefore, we identified the number of parallel and
antiparallel initial configurations generated by the recenter-
COM and the mutual-attraction initialization protocols for
N = 200 and N = 500, see SM-XII [63]. We found that as the
number of small loops increased, the frequency of obtaining
an antiparallel initial configuration overwhelmingly exceeded
that of obtaining a parallel configuration. For the other two
initialization protocols, the particular implementation of the
constraints ensured that the two polymers were parallel in
the overlapped configuration. Similar details regarding the
initial configurations for L/D � 1, to be discussed later in the
manuscript, is also provided in SM-XII [63].

In the initial configuration, the propensity of the two over-
lapped polymers to adopt one of the two orientations depends
on their topology. Arc-1-2 polymers possess relatively large
loops, and the entropic cost associated with the overlap of
clusters of small loops is significantly less as compared to that
for Arc-1-5 or Arc-1-10 architectures. Consequently, Arc-1-2
polymers can be found in either orientation, with a higher
probability of being antiparallel. In contrast, a pair of poly-
mers with the Arc-1-5 and Arc-1-10 topologies preferentially
adopt the antiparallel orientation in which the clusters of
small loops belonging to the two polymers can remain spa-
tially separated along the axis of the cylinder.

Furthermore, for initialization using the mutual-attraction
protocol and consistent with the observations for N = 200,
τseg of N = 500 Arc-1-2 also exhibited a larger interquartile
range (IQR) when compared to Arc-1-5 and Arc-1-10. For
N = 200, we had attributed this to the mutual chain interpen-
etration observed in the initial configurations prepared using
the mutual-attraction protocol. This remains true for N = 500
polymers as well. A visual overview of the segregation path-
ways using snapshots of the chain configurations is provided
in SM-XIV [63]. In the next subsection, we discuss the kinet-
ics of segregation and the associated mechanisms.

C. Kinetics of segregation

Results presented earlier clearly indicated that both the
median and the IQR of τseg were strongly affected by the
topological modifications and the nature of the overlapped
initial configuration which depended on the initialization pro-
tocol. Below, we examine the kinetics of segregation in more
detail.

To this end, starting from t0, we examined the individual
trajectories of two N = 200 Arc-0, Arc-1-2, Arc-1-5, and
Arc-1-10 ToMo polymers. Figure 9 exhibits the time evolution
of the squared separation along the axis of the cylinder be-
tween the COMs of the two polymers, (�zCOM)2, normalized
by the squared length of the cylinder, L2. Data for 10 (of 50)
independent trajectories initialized using the recenter-COM
protocol are shown. Data for Arc-1-1 is not presented as
it exhibited behavior qualitatively similar to that of Arc-0.
For all of the topologies examined, the two polymers were
overlapped at t0 such that (�zCOM)2/L2 ≈ 0. For time > t0,
(�zCOM)2/L2 increased with time until it reached an asymp-
totic plateau value near (0.5L)2/L2 corresponding to complete
segregation. However, as discussed below, the time evolution
for the different topologies exhibited qualitative differences.

(a)

(b)

(c)

(d)

FIG. 9. Time evolution of the squared separation along the axis
of the cylinder between the centers of mass of two N = 200 poly-
mers, (�zCOM)2, for L/D = 5. Ten independent trajectories for
(a) Arc-0, (b) Arc-1-2, (c) Arc-1-5, and (d) Arc-1-10 initialized using
the recenter-COM protocol are shown.

1. Arc-1-2, Arc-1-5: Trajectories fall into two groups. For
the two topologies, we observed significant heterogeneity
in the time evolution of (�zCOM)2/L2 between the differ-
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ent trajectories. Note that for many of the trajectories the
onset of segregation was observed at time ≈5 × 102 τ0 as
indicated by an increase in (�zCOM)2/L2. In contrast and
especially for Arc-1-5, the onset of segregation occurred as
early as time ≈102 τ0 or was delayed until time ≈104 τ0.
The aforementioned observations suggest that the trajecto-
ries can be divided into two groups. For the first group,
segregation started at earlier times, slowed down between
103 τ0 and 5 × 103 τ0, before reaching completion well be-
fore 104 τ0. For the second group, however, a pronounced
delay in the onset of segregation was observed. However,
once initiated, the segregation proceeded rapidly toward
completion with no apparent slowing down at intermediate
times.

2. Arc-0 and Arc-1-10. Figure 9 indicates that there
was noticeable heterogeneity in the onset of segregation
(time ≈103 − 104) also for Arc-0. Moreover, the increase in
(�zCOM)2/L2 was rather intermittent for all of the trajectories.
As a consequence, the time at which (�zCOM)2/L2 reached
its asymptotic value also exhibited considerable heterogene-
ity. Therefore, in contrast to the trajectories of Arc-1-2 and
Arc-1-5 polymers discussed above, these trajectories could
not be neatly categorized into two distinct groups on the basis
of their time evolution characteristics. In the case of Arc-1-2
and Arc-1-5, the overlap of the loops in the internal cluster of
one polymer with the loop(s) of the other polymer is expected
to increase the entropic drive for segregation compared to
that for Arc-0. This is analogous to the entropic drive for
segregation of a pair of overlapping polymers being stronger
for rings compared to linear chains [9–11]. This difference
between the trajectories of Arc-0 and Arc-1-5 is known to
arise from the free energy landscape of ToMo polymers, as
discussed in detail in [47]. The relatively slower start and the
gradual and intermittent segregation of Arc-0 polymers are
likely consequences of a lower entropic drive for segregation
relative to that for Arc-1-2 and Arc-1-5, combined with the
absence of parallel and antiparallel initial configurations for
Arc-0.

The time evolution of (�zCOM)2/L2 for Arc-1-10, however,
was markedly different from both Arc-0 and the qualitatively
similar Arc 1-2 and Arc-1-5. For Arc-1-10, the typical onset
of segregation occurred after time ≈103 τ0. After the onset
of segregation, (�zCOM)2/L2 increased rapidly leading to the
completion of segregation before time ≈104 τ0. For Arc-0,
as well as for Arc-1-2 and Arc-1-5, the onset of segregation
was well before 103τ0 in most of the cases. The delay in
the onset of segregation for Arc-1-10 followed by a rapid
increase in (�zCOM)2/L2 suggested the existence of a single
dominant kinetic barrier, arising from free-energy differences,
that must be overcome before the onset of segregation can
occur. The rapid rate of segregation once the barrier has been
crossed suggests a relatively large free-energy difference be-
tween the overlapped and the segregated states. Estimates for
this free-energy difference for a pair of Arc-1-10 polymers
with N = 200 and N = 500 can be found in [47]. Upon onset
of segregation, no additional significant free-energy barriers
were evident, as no slowing down of segregation was observed
at later times.

In Fig. 10, the time evolution of (�zCOM)2/L2 for Arc-1-2
and Arc-1-5 initialized using the glued-monomers protocol

(a)

(b)

FIG. 10. Time evolution of the squared separation along the
axis of the cylinder between the centers of mass of two N = 200
polymers, (�zCOM)2, for L/D = 5. Ten independent trajectories for
(a) Arc-1-2 and (b) Arc-1-5 initialized using the glued-monomers
protocol are shown.

are shown. Several of these trajectories exhibited earlier onset
of segregation as compared to those corresponding to the
recenter-COM protocol. The early onset of segregation indi-
cates that the system spontaneously started lowering its free
energy. However, for the glued-monomers protocol, nearly
all of the trajectories exhibited considerable slowdown in the
increase of (�zCOM)2/L2 at time ≈103 τ0. Note also that the
slowdown was more pronounced for Arc-1-5 than for Arc-
1-2. These two observations clearly suggest the existence of
either a free energy barrier or a lower free energy gradient at
intermediate times. The relation of this to the chain topology
will be discussed below. Note that, for nearly every trajectory,
segregation was complete by 104 τ0.

In contrast, for the recenter-COM initialization protocol,
all of the simulation runs exhibited a pronounced delay before
the onset of segregation for a pair of Arc-1-10 polymers. This
observation is consistent with the presence of a free-energy
barrier that must be overcome for the segregation to com-
mence. If the delay was solely due to a smaller free energy
gradient, one can expect that at least some of the trajectories
would have exhibited onset of segregation with little delay.
However, such behavior was not observed.

A key distinction between the glued-monomers and
the recenter-COM initialization protocols was the mutual
orientation of the overlapped ToMo polymers. The glued-
monomers (and the ladder-like) protocol generated only
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(a)

(b)

FIG. 11. Time evolution of the squared separation along the
axis of the cylinder between the centers of mass of two N = 200
polymers, (�zCOM)2, for L/D = 5. Ten independent trajectories for
(a) Arc-1-2 and (b) Arc-1-5 initialized using the recenter-COM
protocol are shown. While the trajectories shown here are identical
to that in Fig. 9, whether the overlapped initial configuration was
parallel or antiparallel has been indicated. In SM-XIV [63], we have
provided analogous data for the Arc-1-2 and Arc-1-5 topologies for
N = 500.

parallel configurations, whereas the recenter-COM (and
the mutual-attraction) initialization yielded both parallel
and antiparallel configurations [refer to Fig. 1(f)]. Free-
energetically, it is favorable for a cluster of small loops of
one polymer to overlap with the more deformable large loop
of the other polymer—an arrangement corresponding to the
antiparallel configuration [47]. For the Arc-1-5 initialized
using the recenter-COM protocol, a significantly larger frac-
tion of antiparallel initial configurations were obtained. For
the glued-monomers protocol, only one of the two kinds of
configurations was possible depending on the choice of the
monomers between which the harmonic constraints were im-
posed. In this work, we chose to impose constraints during
the glued-monomers protocol such that only parallel con-
figurations resulted. In Sec. XIII of the SM [63], we have
presented τseg data, analogous to that in Fig. 8, but in separate
box plots for parallel and antiparallel initial configurations
of Arc-1-2, Arc-1-5, and Arc-1-10 polymers for N = 200 and
N = 500. The dependence of τseg on the mutual orientation
of the two polymers at the end of the recenter-COM and
mutual-attraction initialization protocols is clear.

(a)

(b)

FIG. 12. Time evolution of the z coordinate of the center of mass
of the large loop and the clusters of small loops of two N = 200
Arc-1-5 polymers (P1, P2). (a) From a parallel initial configuration,
the polymers segregated via a crossing between the cluster of small
Loops of P1 and the large Loop of P2. (b) From an antiparallel initial
configuration, the polymers segregated via two crossings between
the cluster of small Loops of one polymer and the large Loop of the
other, and one crossing between the large Loops of the two polymers.

In Fig. 11, the trajectories of Arc-1-2 and Arc-1-5 whose
configurations at t0 were either parallel (blue dots) or
antiparallel (red lines) are shown. Antiparallel initial con-
figurations, in general, exhibited later onset of segregation
when compared to parallel initial configurations. For Arc-1-10
initialized using the recenter-COM protocol, we have verified
that all of the 50 initial configurations at t0 were antiparal-
lel. Note that while the initial configuration played a role,
the particular kinetic pathway toward segregation remained
stochastic.

3. Kinetic pathways: A closer look. To better understand
the kinetic pathways of segregation, especially in light of
whether the initial configuration was parallel or antiparallel,
the time evolution of the z coordinates of the COMs of distinct
sections of each polymer is shown in Fig. 12. Examining the
COMs of the cluster of small loops and the large loop of each
polymer individually enabled us to discern the behavior of the
individual sections and identify overlaps during the different
stages of segregation. The characteristics of the motion of the
clusters of small loops (or occasionally the large loops) toward
the poles of the cylinder enabled us to distinguish between the
different kinetic pathways.

Figures 12(a) and 12(b) respectively show representative
trajectories for polymers initially in parallel and antiparallel
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configurations. In the parallel configuration, the COMs of the
clusters of small loops in each polymer were located near one
pole of the cylinder, while the COMs of the large loops were
positioned closer to the other pole. For convenience, we refer
to the two polymers as P1 and P2. For time > t0, i.e., once
the constraints imposed during initialization were removed,
the two clusters of small loops started to move apart from
each other. The small loops of P2 migrated toward the nearest
pole and remained there. However, the small loops of P1 and
the large loop of P2 needed to cross each other to achieve
segregation. This involved surmounting a free energy barrier.
As can be seen from Fig. 12(a), this crossing occurred at time
≈103τ0 after which the segregation proceeded to completion.
As noted previously [47], at equilibrium the clusters of small
loops in Arc-1-5 and Arc-1-10 tended to reside near the poles
of the cylinder. In line with this expectation, the orientation
of P1 flipped by 180◦ at time ≈4 × 105τ0 such that its small
loops were closer to the poles of the cylinder. This rearrange-
ment allowed the more deformable large loops of the two
polymers to remain closer to the center of the cylinder and
even occasionally overlap, thereby increasing configurational
entropy.

In the antiparallel configuration, the COMs of the cluster of
small loops of P1 (or P2) and the large loop of P2 (or P1) were
located close to each other. Upon removal of the constraints
imposed during initialization, the cluster of small loops began
moving toward the closest pole. During the motion of the
small loops of say, P2, the large loop of P1 moved toward the
center of the cylinder and the overlap with the small loops
of P2 was reduced. In a similar fashion, the large loop of
P2 reduced its overlap with the small loops of P1. Such a
reduction of overlap required time and corresponded to the
near plateau seen until time ≈103τ0. Thus, polymers initially
in the antiparallel configuration spent a considerable amount
of time in the overlapped state before significant COM motion
occurred. Beyond time ≈103τ0, the crossing between the two
large loops occurred after which the segregation proceeded to
completion. This was associated with overcoming another free
energy barrier or a smaller free energy gradient at the inter-
mediate stages of segregation, corresponding to the crossing
of the two large loops.

In summary, the results discussed above suggest that two
key factors affected the variability between the different tra-
jectories during the segregation process. The first was the
topology of the polymers. For topologies containing a cluster
of small loops, the two overlapped ToMo polymers experi-
enced stronger entropic repulsion. Hence, both the initiation
and the completion of segregation tended to occur at shorter
times. The second factor was the mutual orientation of the
polymer chains in the initial configuration. This depended
on the particular initialization protocol used. As discussed
above, polymers in a parallel configuration likely encountered
a lower kinetic barrier when compared to those in antiparallel
configurations. Consequently, polymers initialized in a paral-
lel configuration typically began and completed segregation
earlier. For initialization protocols that allowed both parallel
and antiparallel configurations, such as recenter-COM, the
existence of rather distinct segregation pathways for the two
different initial configurations resulted in a broader distribu-
tion of τseg.

D. Effect of topology on τseg: L/D � 1

Motivated by the segregation of daughter chromosomes in
bacterial cells, we had hitherto considered the segregation of
polymers under cylindrical confinement at a fixed monomer
volume fraction. In line with this, the length L of the cylinder
depended on N but was independent of the particular polymer
topology under investigation. However, modifying the topol-
ogy, T , of a polymer chain is likely to change its radius of
gyration, Rg(T ). Thus, if L/D is determined by the monomer
volume fraction, different topologies may experience different
degrees of confinement, δ ≡ 2Rg(T )/D. To elucidate the ef-
fect of cylindrical confinement on the kinetics of segregation,
we also investigated ToMo polymers at fixed δ. To this end,
we fixed δ ≈ 1.34 and determined D for each ToMo polymer,
and used a value of L such that L � D. The resulting values
are tabulated in SM-I [63]. Note that δ ≈ 1.34 used above is
lower than the value for L/D = 5 at fixed monomer volume
fraction discussed earlier. For example, for an unconfined
Arc-0 polymer, 2Rg ≈ 16.74 σ . For L/D = 5 at fixed volume
fraction, we had found that D ≈ 6.24 σ which implied that
δ ≈ 2.68.

The choice of a lower value of δ for L � D was neces-
sitated by the following. As discussed above, for L/D = 5
and D = 6.24 σ , segregation was observed for all of the ToMo
polymers. However, for the same D but L/D � 1, the antipar-
allel configurations of Arc-1-5 and Arc-1-10 did not exhibit
segregation even at times significantly longer than that for
L/D = 5. A plausible reason for the difference could be traced
to the polymer configurations that were observed. For L � D,
at the end of the initialization at t0, Arc-1-5 and Arc-1-10
existed in antiparallel configurations with the monomers in
the large loops extending beyond and overhanging the cluster
of small loops; refer to Fig. 24 in SM-XV [63]. It is therefore
plausible that the free energy barrier for the crossing of the
large loop of P1 (P2) and the cluster of small loops of P2 (P1)
was larger for such configurations and effectively suppressed
the segregation of the two polymers. Lowering δ to the value
mentioned above enabled segregation to be observed.

Having fixed δ, we investigated the segregation of two
polymers in the same manner as before. First, we prepared
overlapped initial configurations using one of the four ini-
tialization protocols. After verifying that the two polymers
exhibited adequate overlap, we simulated segregation and
calculated τseg. The criterion for segregation we used was
similar to that for L/D = 5 but with an effective cylinder
length, Leff(T , D) = 2 × 〈R||(T , D)〉, where 〈R||(T , D)〉 is
the average longitudinal extent of one polymer of topology
T confined in a cylinder of diameter D. Refer to SM-II
[63] for additional details about initialization and SM-I [63]
for the values of 〈R||(T , D)〉 for several T (and D). Using
the Leff defined above, the criterion of segregation discussed
in Sec. II E but with threshold values dF = 0.48Leff and
dS = 0.43Leff was used to determine τseg. It is germane to note
that while Leff was used for the determination of τseg, the actual
length of the cylinder in which the simulation was performed
was significantly longer.

The τseg for the different ToMo polymers prepared using
the four initialization protocols are shown in Fig. 13. For the
glued-monomers and the ladder-like initialization protocols,
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(a)

(b)

(c)

(d)

FIG. 13. Box plot displaying several summary statistics (refer to
Sec. III B) for the variation of τseg with the number of small loops in
each polymer. Each polymer was composed of N = 200 monomers
and the large loop contained N/2 = 100 monomers. The diameter of
the cylinder, D, was chosen such that the degree of confinement, δ ≡
2Rg(T )/D ≈ 1.34 while the length of the cylinder, L, was chosen
to ensure L � D. Results are shown for different initialization pro-
tocols: (a) recenter-COM, (b) glued-monomers, (c) ladder-like, and
(d) mutual-attraction. Each box plot summarizes the data obtained

the τseg were similar when the number of small loops was
either 0 or 1, a clear decrease could be discerned for num-
ber of small loops �2. However, for the recenter-COM and
mutual-attraction protocols, the Arc-1-5 topology showed an
unusually large τseg when compared to the other topologies.
The τseg of Arc-1-10 was either similar to or larger than the
values for topologies with two or fewer loops. This trend was
similar to the case of fixed monomer volume fraction with
500-monomer polymers initialized with the recenter-COM
protocol.

To better understand these observations, we analyzed the
individual trajectories for the various topologies initialized us-
ing the recenter-COM protocol. Time evolution of the squared
separation between the centers of mass, (�zCOM)2, is shown
in Fig. 14. Similar data for L/D = 5 was provided in Fig. 9.
For all of the topologies, (�zCOM)2 appeared to increase with
time while being subject to significant fluctuations. For time
�102τ0, �z2

COM�σ 2, indicating that the polymers exhibited
substantial overlap. The increase in (�zCOM)2 with time indi-
cated the progress of segregation. Nearly all of Arc-0 and most
of Arc-1-2 achieved segregation by time ≈3 × 103τ0. The seg-
regated polymers continued to diffuse away from each other,
as indicated by the gradual increase of (�zCOM)2. Trajectories
of Arc-1-5 and Arc-1-10, and a few of Arc-1-2, exhibited a
longer induction time before initiation of segregation. Arc-1-5
and Arc-1-10 exhibited rapid progression of segregation after
the initial induction period.

For all of the topologies initialized using the glued-
monomers protocol, time evolution of (�zCOM)2 is provided
in SM-XV [63]. From Fig. 25 of the SM [63], it can be
seen that the increase in (�zCOM)2 was closer to monotonic
as the effect of fluctuations was weaker. This suggested that
the delayed segregation for Arc-1-5 and Arc-1-10 initialized
using the recenter-COM and the mutual-attraction protocols
was due to the mutual orientation of the polymers in the ini-
tial configurations at t0 being antiparallel. We have explicitly
confirmed that this was indeed the case.

Note that for L/D = 5, the larger τseg exhibited by Arc-1-5
and Arc-1-10 for two of the initialization protocols (refer to
Fig. 11) can be attributed to the antiparallel configurations at
t0. Clearly, the observations discussed above for L � D are
consistent with that for L/D = 5. As discussed earlier, while
δ ≈ 2.68 was used for L/D = 5, lowering δ to ≈1.34 for L �
D was necessary so that τseg could be determined. This was
essentially due to the antiparallel configurations not exhibiting
segregation within the timescale of the simulations unless δ

was reduced to 1.34.
The aforementioned discussion suggests that the kinetic

barrier for segregation of the antiparallel configurations was

←−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
from 50 independent simulation runs. For details of the summary
statistics and their representation in the box plot, refer to Fig. 6.
Probability distributions of the topologies were compared pairwise
using a t test and the resulting p values are provided in SM-VIII [63].
We have performed t tests and provided p values on comparing a pair
of distributions of segregation times at a time, to have a quantitative
measure of whether the distributions are significantly different, refer
to SM-VIII [63].
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(a)

(b)

(c)

(d)

FIG. 14. Time evolution of the squared separation along the axis
of the cylinder between the centers of mass of two N = 200 poly-
mers, (�zCOM)2, for L/D � 1. For reference, the threshold value for
segregation, d2

F , is indicated by a dashed line. The initialization was
performed using the recenter-COM protocol. For all of the topolo-
gies, an initial period was observed where (�zCOM)2<σ 2 indicating
that the two polymers remained overlapped. Beyond this, (�zCOM)2

increased and the increase was more gradual at longer times. For
Arc-0 and most of the Arc-1-2 trajectories, polymer segregation was
nearly complete by ≈3 × 103 τ0. In contrast, Arc-1-5 and Arc-1-10

larger for L � D than for L/D = 5. This is because in the
antiparallel configurations, the two polymers were overlapped
in such a way that the small loops of one polymer were usually
nested within the large loop of the other polymer. This led to
“overhangs” of the large loops on either side of the span of
the monomers along the axis of the cylinder. For L/D = 5,
spatial constraints imposed severe restrictions on the existence
of such overhangs. However, for L/D � 1, the overhangs
were free to extend further along the longitudinal axis of the
cylinder. Hence, the fraction of monomers in the “overhangs”
was larger. For the initial configurations of two N = 200 Arc-
1-10 polymers, the axial variation of the monomer density of
the large loops and the clusters of small loops is provided in
SM-XV. This can be used to identify overhangs of the large
loops.

It is germane to highlight another difference in the segrega-
tion process that depended on whether the initial configuration
was parallel or antiparallel. The difference can be understood
using the time dependence of zCOM for the large loop and the
cluster of small loops for each of the two polymers as shown
in Fig. 15. In Fig. 15(a), corresponding to the initial configu-
ration of two Arc-1-2 polymers being parallel, the segregation
occurred by the displacement of polymer P1 such that its large
loop was ahead of the small loops while polymer P2 moved in
the opposite direction with the small loops ahead of the large
loop. Unless a parallel to antiparallel flip occurred at the very
early stages of the segregation, this is essentially the only way
the segregation can occur when the starting configuration is
parallel.

In contrast, two distinct scenarios unfolded when the start-
ing configuration was antiparallel. For Arc-1-2 [Fig. 15(b)]
and Arc-1-10 [Fig. 15(d)], the polymers moved away from
each other such that the large loop was ahead and the
small loops trailed behind for majority of the antiparallel
simulations. For Arc-1-5 [Fig. 15(c)], conversely, the small
loops were ahead and the large loop trailed behind for all
of the antiparallel simulations. As the crossings necessary
for the segregation to proceed were rather different in each
of the two cases, the kinetic barriers, and consequently, τseg,
could be rather different. This is discussed further below.

For L/D � 1, Arc-1-5 preferentially exhibited antiparallel
configurations when initialized using the recenter-COM pro-
tocol. We believe that this was a contributing factor to the
large τseg observed. Note that Arc-1-5 initialized using the
Mutual-Attraction protocol also exhibited similarly large τseg.
In this case, however, we found that mutual interpenetration,
i.e., the reciprocal threading of the two polymers similarly
to that in fixed monomer density case, was a contributing
factor. However, for both of the initialization protocols, τseg

of Arc-1-10 was substantially smaller than that of Arc-1-5.
The reason for this could be traced to the following. As the
small loops in Arc-1-10 were smaller than that of Arc-1-5,
they were more compact and hard sphere-like while those
in Arc-1-5 were bulkier. Therefore, segregation starting from

←−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
exhibited longer induction times, i.e., the polymers remained over-
lapped for a longer period of time before undergoing segregation
relatively rapidly.
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(a)

(b)

(c)

(d)

FIG. 15. Time evolution of the z coordinate of the center of mass
of the Large loop and the cluster of Small Loops of each polymer dur-
ing segregation for L/D � 1. The overlapped initial configurations
were generated using the recenter-COM protocol. (a) Segregation
of Arc-1-2 starting from a parallel initial configuration involved the
crossing between the Large Loop of one polymer and the cluster of
Small Loops of the other. (b) Segregation of Arc-1-2 starting from
an antiparallel configuration occurred via the clusters of the Small
Loops of each polymer crossing each other. This is in contrast to that
for L/D = 5 discussed earlier; refer to Fig. 12. (c) Segregation of
Arc-1-5 starting from an antiparallel configuration occurring via the
crossing of the two Large Loops. This resulted in the induction period

an antiparallel configuration might involve overcoming larger
kinetic barriers in the case of Arc-1-5 when compared to
Arc-1-10 and thereby, resulted in the observed difference in
τseg. This, however, is speculation at this stage.

IV. SUMMARY

We have investigated the effect of introducing topological
modifications to polymers under cylindrical confinement on
τseg. For L/D = 5 and fixed N , τseg of Arc-1-1 polymers was
not significantly affected when the size of the two loops was
varied. This can be understood using a blob picture which
suggests that the entropic penalty under cylindrical confine-
ment is weakly dependent on the size of the loops. In contrast,
increasing the number of small loops reduced τseg for glued-
monomers and ladder-like initialization protocols. Note that
the two initialization protocols yielded only parallel configu-
rations at t0. The difference in τseg can be understood in terms
of the relevant free energy differences [47].

Overlap of two polymers under cylindrical confinement
results in a significant entropic penalty. Hence, to maximize
the entropy of the system, two polymers spontaneously tend
to segregate to different halves of the cylinder. In a ToMo
polymer, increasing the number of small loops is expected
to increase the entropic penalty in the overlapped state and
result in a corresponding decrease in τseg. However, τseg did
not continue to decrease indefinitely upon increasing the num-
ber of small loops but appeared to reach saturation when
the number of small loops increased beyond five. This may
be an indication that the entropic penalty does not increase
indefinitely upon increasing the number of small loops.

The situation for the other two initialization protocols,
recenter-COM and mutual-attraction, was markedly different
as both parallel and antiparallel initial configurations were
possible at t0. However, the proportion of parallel and an-
tiparallel initial configurations depended on the particular
topology, refer to tables in SM-XII [63]. As discussed above,
antiparallel configurations resulted in significantly larger τseg

when compared to parallel configurations. As discussed ear-
lier, past work [47] suggests that this was due to the larger
kinetic barriers in the antiparallel case. An additional com-
plication was found in the case of Arc-1-2 initialized using
the mutual-attraction protocol. Here, the two polymers exhib-
ited interpenetration with one polymer threading the region
spanned by the other and resulted in larger τseg.

For L � D, δ ≈ 1.34 was used to ensure that segregation
could be observed during the course of the simulation. Note
that this δ is smaller than that for L/D = 5, where δ ≈ 2.68
was used. Here, both glued-monomers and ladder-like proto-
cols exhibited a decrease in τseg upon increasing the number
of small loops to five beyond which τseg exhibited near sat-
uration. For the recenter-COM protocol, in addition to the
possibility of both parallel and antiparallel initial configura-

←−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
becoming particularly long. (d) Similar to panel (b), segregation of
Arc-1-10 starting from an antiparallel configuration occurred via the
crossing of the clusters of Small Loops of each polymer.
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tions, “overhangs” observed at both ends of the polymers also
contributed to an increase in τseg.

In bacterial chromosomes, small loops are extruded on
the ori-proximal side by MukBEF proteins. Given that the
ori-proximal region is replicated first, small loops exist pri-
marily on one side of the bacterial chromosome. Motivated
by this, we modified the topology of the polymer in spe-
cific ways and investigated the effect on τseg. Our findings
suggest a plausible route by which the cell can control the
speed of segregation through the introduction of small loops
at appropriate locations along the replicating chromosome.
In the biological context, however, segregation proceeds in
parallel to replication. Therefore, two daughter DNAs being
completely overlapped, the situation found at the end of the
initialization protocols, is rather unlikely. Furthermore, the
topological constraints due to entanglements can be elimi-
nated through chain crossings (facilitated by topoisomerses)
which can affect the speed of segregation. We have shown
previously that such topological constraint release leads to
faster segregation [33].
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