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Stochastic density-functional theory (SDFT) has been widely used to study the out-of-equilibrium properties
of electrolyte solutions. Examples include investigations of electrical conductivity—both within and beyond
linear response—and modifications of thermal van der Waals interactions in driven electrolytes. Within the
approximation scheme derived from linearizing SDFT for fluctuations around mean densities, the steady-state
correlation functions between the N ionic species are governed by linear Lyapunov equations of degree
N (N + 1)/2. Consequently, the system’s complexity increases significantly when transitioning from binary to
ternary electrolytes, and few analytical results exist for the latter. In this paper, we demonstrate how—for the
specific case of electrolytes—the Lyapunov equations can be reduced to a system of N linear equations. We
apply this reduction to compute the long-range component of the van der Waals interaction between two slabs
containing a ternary electrolyte under an applied electric field parallel to the slabs. Unlike the binary electrolyte
case, we show that the resulting van der Waals interaction for a ternary electrolyte depends on the ionic species’
diffusion coefficients, highlighting its inherently out-of-equilibrium nature.
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I. INTRODUCTION

In recent years stochastic density-functional theory
(SDFT) [1,2] has been applied to study the out-of-equilibrium
behavior of electrolytes driven by external electric fields
[3–9]. These studies started by generalizing Onsager’s re-
sults [10] on electrolyte conductivity to arbitrary dimensions
and for additional (nonelectrostatic) interactions for a purely
Brownian model of electrolytes. These results were subse-
quently extended to incorporate hydrodynamic interactions
and compute ac conductivities. The starting point in all of
these computations is the formulation of the Brownian dy-
namics of the ionic species in terms of the evolution of
their density fields [1,2]. These stochastic density-functional
equations are analytically intractable due to their nonlinear-
ity and the presence of multiplicative noise. However, if
the equations are expanded about the mean density of each
ionic species in terms of their fluctuations and are then lin-
earized in terms of these density fluctuations, the resulting
equations describe Gaussian fluctuations and belong to the
model B (conserved) form of phase-ordering kinetics [11].
The resulting dynamical approximation then turns out to be
an extension of the Debye-Hückel approximation to out-of-
equilibrium systems. In this approximation scheme one can
derive expressions for the correlation functions of the N
density-fluctuation fields ni(r) (where the index i indicates the
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species type)

Ci j (r, r′) = 〈ni(r)n j (r′)〉 (1)

in the nonequilibrium steady state where the electrolyte is
driven by an applied constant external electric field. From
this correlation function one can compute several objects of
interest for electrolytes driven by electric fields; as mentioned
above these include the electrical conductivity and long-range
thermal van der Waals forces, but also one can compute the
viscosity of electrolyte solutions [12–14] .

The equations obeyed by the correlation functions in
Eq. (1) are known as Lyapunov equations and occur gener-
ically for Gaussian fluctuations out of equilibrium [15].
These Lyapunov equations take a matrix form and, due to
the symmetry of the correlation functions, are composed of
N (N + 1)/2 equations corresponding to the number of in-
dependent terms of the correlation functions Ci j (r, r′). In
Fourier space, the Lyapunov equations decouple in terms of
the individual Fourier modes but still remain rather complex.
They yield complicated and rich expressions, even for simple
binary (N = 2) electrolytes. The extension from binary to
ternary electrolytes represents an increase from a system of
3 equations to 6 equations, meaning that the matrix inversion
required to solve the system is considerably more compli-
cated. The aim of this paper is to show how the systems of
N (N + 1)/2 linear equations arising for N-component elec-
trolytes can be reduced to a system of N equations for the
particular case of electrolytes.

We hope that this formulation will be useful for fu-
ture studies of multicomponent electrolytes within the SDFT
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FIG. 1. Schematic of three-species electrolyte driven by an ex-
ternal electric field.

formalism. As a first application, we consider here the case
of the long-range thermal van der Waals interaction between
parallel semi-infinite poor dielectric (that is to say having very
low dielectric constants compared to the electrolyte solvent
water) interfaces separated by an electrolyte solution which
is driven by an electric field of magnitude E parallel to the
interfaces, see Fig. 1. This problem has been recently studied
[16–18] and is an example of how what are generically called
fluctuation-induced forces [19–23], including Casimir, van
der Waals forces, or critical or thermal Casimir forces, behave
in nonequilibrium settings. Here the system is out of equi-
librium due to the driving which generates a current. Other
nonequilibrium situations due to temperature differences and
quenches in both quantum [24–31] and classical [32–36] sys-
tems have been studied. In the absence of driving, the thermal
component of the van der Waals interaction is well known
and is given at large interface separations H by the screened
interaction [37–41]

fsc(H ) � −kBT κ2

4πH
exp(−2κH ), (2)

where kB is Boltzmann’s constant and T is the temperature.
The term κ is the inverse Debye screening length and is given
by

κ2 =
N∑

i=1

βq2
i ρ̄i

ε
, (3)

where qi is the charge of ionic species i and ρ̄i is its mean
number density. In addition, β = 1/(kBT ) and ε is the dielec-
tric constant of the solvent. In all the cases we will consider
we impose the global constraint of electroneutrality

N∑
i=1

ρ̄iqi = 0. (4)

In the above we have assumed that we are in the limit
where the dielectric constant of the dielectric interfaces ε′ is
much smaller than the dielectric constant of the solvent ε,
i.e., ε′ � ε. The above result is classic and well established

and can be derived in a variety of different manners in the
limit where the Debye-Hückel approximation is valid. This
screened result should be compared with the long-range ther-
mal van der Waals interaction in the case where there is no
electrolyte and just the dielectric solvent. In this particular
dielectric configuration the thermal van der Waals interaction
is given by the universal thermal Casimir form [38]

fvdW(H ) = −kBT ζ (3)

8πH3
, (5)

where ζ (z) denotes the Riemann zeta function. In equilibrium
we therefore see that the presence of electrolyte has a very
strong influence, effectively killing off the long-range thermal
component of the van der Waals interaction between the two
slabs.

In Ref. [18], the results of Ref. [17] were extended to
the case of general binary but nonsymmetric electrolytes. By
this, we mean electrolytes where the mean ionic densities ρ̄i,
charges qi and diffusion constants Di of each species i are
different, while the electroneutrality condition Eq. (4) holds.
The results of Ref. [18] showed that for a binary electrolyte
an applied electric field induces a long-range component to
the thermal van der Waals contribution given by

f lr
t (H ) = ζ (3)

8πβH3

⎡
⎢⎣1 − 1√

1 + βεE2

ρ̄1+ρ̄2

⎤
⎥⎦. (6)

This result is remarkable as it shows that driving by an ex-
ternal electric field parallel to the plates induces a long-range
interaction and effectively disrupts the screening mechanism.
Furthermore, another interesting feature of this result is that
the long-range force is independent of the diffusion constants
Di of the ionic species. We note that this result is in contrast
with the problem studied in Ref. [42] where the interaction
between two parallel plates containing mobile charges on a
uniform neutralizing background was considered. Here, in
equilibrium, the interaction between the plates at long dis-
tance is not screened (as there are no intervening charges)
and takes the universal thermal Casimir form given in Eq. (5).
When an electric field is applied to the charges in one of
the plates along the plate, a current flows and the long-range
interaction between the two plates takes the form [42]

fvdW(H ) = −kBTH
8πH3

, (7)

where H is an effective constant that depends on the magni-
tude of the electric field, the density and charges of the mobile
ions, but also the diffusion constants of the ions. However we
see that Eq. (6) only depends on static quantities, being inde-
pendent of the ionic diffusion coefficients. This observation
leads to the possibility that the driven state in the problem
with intervening electrolyte has some hidden equilibrium na-
ture. The study of Ref. [18] also explored the long-range
interaction for a driven ternary electrolyte, consisting of two
salts having either a common cation or anion (for example
NaCl and KCl). However, due to their complexity, the relevant
Lyapunov equations could only be solved for systems where
all the diffusion constants were assumed to be equal, even
when algebraic computer packages such as Mathematica are
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employed. The resulting long-range force in these special (and
of course physically unrealistic) cases is again independent of
the diffusion constants [18], this fact is, however, also obvious
from dimensional analysis.

The purpose of this paper is therefore to develop a method
to reduce the dimension of the Lyapunov equations from a
linear size of N (N + 1)/2 to N . This allows us to, but still via
computer algebra, solve the resulting Lyapunov equations in
the low wave-number limit necessary to compute the long-
range van der Waals interaction. This solution shows that the
resulting force does in general depend on the individual ionic
diffusion constants for a ternary electrolyte and we give the
resulting, rather complicated, expression for the force and
explore how it depends on the ionic diffusivities.

The paper is organized as follows. In Sec. II we briefly
recall the SDFT formalism and its form in the approximation
where only linear terms in the density fluctuations are taken
into account. We then show in Sec. III how the linearized
SDFT can be rescaled in such a way that the resulting Lya-
punov equations are reducible to a linear system of size N .
In Sec. IV we then employ this reduction to compute the
long-range van der Waals interaction for two dielectric media
separated by a ternary electrolyte solution which is driven by
an electric field parallel to the surfaces of the two media. In
Sec. V we discuss the physical implications of the calcula-
tion in general and for some specific electrolyte mixtures. In
Sec. VI we give our conclusions.

II. STOCHASTIC DENSITY-FUNCTIONAL THEORY

When an external electric field is applied, the system is
driven out of equilibrium, and thus in order to study the system
one must specify the dynamics. Here, we assume that the ions
undergo Brownian motion in an aqueous solvent, and that
forces acting on them arise from both the applied electric field
and their mutual electrostatic interactions. We adopt a SDFT
in which the evolution of ionic densities is described by [2]

∂tρi(x, t ) = Di∇2ρi + Diβqi∇ · [ρi(∇φ − E)]

+ ∇ ·
√

2Diρi ηi(x, t ), (8)

where ηi(x, t ) are spatiotemporal Gaussian white-noise vector
fields

〈ηi,α (x, t )η j,β (x′, t ′)〉 = δi jδαβδ(x − x′)δ(t − t ′), (9)

where i and j denote the species indices, and α and β de-
note the vector component indices, respectively. The term φ

denotes the electrostatic potential computed from Poisson’s
equation

∇ · ε∇φ = −
N∑

j=1

q jρ j . (10)

Equation (8) is nonlinear and hard to solve, but becomes
tractable (as it is a Gaussian theory [43]) after linearization
via expanding the ionic densities ρi = ρ̄i + ni, where ρ̄i is
constant due to the assumption of no charge on the dielectric

interfaces

∂t ni = Di

⎛
⎝∇2ni − βqiρ̄i

ε

N∑
j=1

q jn j − βqiE · ∇ni

⎞
⎠

+ ∇ ·
√

2Diρ̄i ηi. (11)

The presence of the dielectric boundaries in the problem
means that Eq. (11) must be supplemented with the no-flux
boundary conditions for deterministic part of the current

∂zni + βqiρ̄i∂zφ = 0, (12)

and the random part of the current

ηiz(x, t ) = 0, (13)

at each dielectric interface. In the derivation of the SDFT [2]
the noise ηi(x, t ) has the Ito interpretation and is independent
of the state of the density field. As such, the deterministic part
of current in Eq. (11) (the first three terms) and the random
part (the last term) must be independent. This independence
means that both currents must have no-flux boundary condi-
tions and not just the total sum.

For the limit ε � ε′, it is easy to see from the full no-flux
boundary condition in Eq. (12) that boundary conditions for
ni are Neumann because, crucially, our choice of dielectrics
means that those for φ are also Neumann. This means that we
can use the following Fourier expansion

ni(x‖, z, t ) =
∫

dk
(2π )2

∞∑
n=0

1√
Nn

ñi,n(k, t )

× exp(ik · x‖) cos(pnz), (14)

where N0 = H and Nn = H/2 for n � 1, pn = nπ/H enforces
the Neumann boundary conditions. In Fourier space, we
obtain

∂t ñi,n = −Di
(
k2 + p2

n + βqiE ikx
)
ñi,n

− Di
βqiρ̄i

ε

N∑
j=1

q jñ j,n + ξi,n(k, t ), (15)

where the noise term has correlation function

〈ξi,n(k, t )ξ j,m(k′, t ′)〉
= (2π )2δ(t − t ′)δ(k + k′)δi jδnm2Diρ̄i

(
k2 + p2

n

)
. (16)

The equal-time correlation functions in the steady state are
denoted by

〈ñi,n(k)ñ j,n(k′)〉 = (2π )2δ(k + k′)C̃i j,n(k), (17)

where the correlation matrix C̃i j,n(k) obeys the Lyapunov
equation [15]

AC̃n + C̃nA† = 2R, (18)

with

Ai j = Di

[(
k2 + p2

n + βqiE ikx
)
δi j + βqiρ̄i

ε
q j

]
, (19a)

Ri j = (
k2 + p2

n

)
Diρ̄iδi j . (19b)
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We note that in a bulk system, in order to study conduc-
tivity or viscosity, for instance, the equations take the same
form but where k2 + p2

n is replaced by k2, the magnitude of
the three-dimensional wave vector.

III. RESCALED LYAPUNOV EQUATION

To facilitate solving the Lyapunov equation, we observe
that the coefficient matrix A consists of two parts: a diagonal
part and a outer product part. The outer product part can be
made symmetric by rescaling fluctuating density field and the
spatiotemporal noise field

m̃i,n = ñi,n√
Diρ̄i

, �i,n = ξi,n√
Diρ̄i

. (20)

We now define κi = √
βρ̄i/ε qi, Ki = √

Di κi and vi =
DiβqiE is the bare velocity of an ion of type i in the external
field. The rescaled SDFT equation is

∂t m̃i,n = −[
Di

(
k2 + p2

n

) + viikx )
]
m̃i,n −

N∑
j=1

KiKjm̃ j,n + �i,n,

(21)

where

〈�i,n(k, t )� j,m(k′, t ′)〉
= (2π )2δ(t − t ′)δ(k + k′)δi jδnm2

(
k2 + p2

n

)
. (22)

The equal-time correlation functions of the rescaled fluctu-
ating density field in the steady state is

〈ñi,n(k)ñ j,n(k′)〉 = (2π )2δ(k + k′)C̃′
i j,n(k), (23)

where the correlation matrix C̃′
i j,n(k) obeys the modified Lya-

punov equation

A′C′ + C′A′† = 2R′, (24)

where

A′
i j = δi j

[
Di

(
k2 + p2

n

) + ikxvi
]+ KiKj, R′

i j = δi j
(
k2 + p2

n

)
.

(25)

In component form, the Lyapunov equation is[
(Di + Dj )

(
k2 + p2

n

) + ikx(vi − v j )
]
C′

i j

+
N∑

k=1

(KiKkC
′
k j + C′

ikKkKj ) = 2
(
k2 + p2

n

)
δi j . (26)

The original correlation matrix (before rescaling) is then re-
covered as

C̃i j,n = √
Diρ̄iD j ρ̄ j C̃′

i j,n. (27)

We now show the key point of our paper: how we can
reduce the rescaled linear Lyapunov equation, Eq. (26), of
degree N (N + 1)/2 to a system of N linear equations.

By definition, C̃′ is necessarily a Hermitian matrix, i.e.,
C̃′

i j = C̃′∗
ji . We start by defining the vector

Wi ≡
N∑

k=1

C̃′
ikKk (28)

and observe that
N∑

k=1

KkC̃
′
k j =

N∑
k=1

C̃′∗
jkKk = W ∗

j . (29)

Therefore,[
(Di + Dj )

(
k2 + p2

n

) + ikx(vi − v j )
]
C̃′

i j + KiW
∗
j + WiKj

= 2
(
k2 + p2

n

)
δi j . (30)

This can be solved for the matrix C̃′
i j in terms of the vector Wi

to give

C̃′
i j = δi j

Di
− KiW ∗

j + WiKj

(Di + Dj )
(
k2 + p2

n

) + ikx(vi − v j )
. (31)

We can now write a closed equation for Wi by using the
definition in Eq. (28) and contracting the index j in Eq. (31)
with Kj , yielding

Wi = Ki

Di
−

N∑
j=1

KiKjW ∗
j + WiK2

j

(Di + Dj )
(
k2 + p2

n

) + ikx(vi − v j )
. (32)

In vector form this then reads

W = S − V W∗ − UW, (33)

with

Si ≡ Ki

Di
, (34a)

Vi j ≡ KiKj

(Di + Dj )
(
k2 + p2

n

) + ikx(vi − v j )
, (34b)

Ui j ≡ δi j

N∑
k=1

K2
k

(Di + Dk )
(
k2 + p2

n

) + ikx(vi − vk )
. (34c)

Taking the complex conjugate of Eq. (33) then gives

W∗ = S − V ∗W − U ∗W∗, (35)

consequently

W∗ = (I + U ∗)−1(S − V ∗W), (36)

where I denotes the identity matrix. Thus

W = S − V [(I + U ∗)−1(S − V ∗W)] − UW. (37)

Finally we obtain an equation solely for the vector W:

W = [I + U − V (I + U ∗)−1V ∗]−I [I − V (1 + U ∗)−1]S.

(38)

This means that the computation of the correlation function
has been reduced to a problem of N × N matrix inversion
rather than the original Lyapunov form which is a problem
of N2(N + 1)2/4 matrix inversion. The resulting problem is
still rather complex but more palatable for computer algebra.

IV. THERMAL VAN DER WAALS FORCE
FOR ELECTRICALLY DRIVEN TERNARY

ELECTROLYTES

We now apply the above reduction formula to the problem
of calculating the long-range van der Waals interaction in
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driven electrolytes. In Refs. [17,18] it was shown that the total
force (per unit area) is given by

ft = fvdW + fion, (39)

where fvdW is given by Eq. (7) and fion is the ionic contribution
given by [18]

fion = 2kBT

H

∫
dk

(2π )2

∞∑
n=0

′Sn(k), (40)

where the prime on the sum indicates that the term with n = 0
is taken with a factor of 1/2, and

Sn(k) = 1

2

(
N

k2

k2 + p2
n

+ p2
n

k2 + p2
n

N∑
i=1

C̃ii

ρ̄i

)
, (41)

where |k| = k denotes the wave number. We thus see that
one needs to know the diagonal terms of the density-density

correlation function to compute the force. The term necessary
to compute fion can then be written in terms of the vector W
via X defined as

X ≡
N∑

i=1

C̃ii

ρ̄
=

N∑
i=1

DiC̃
′
ii = N −

N∑
i=1

KiW ′
i

k2 + p2
n

, (42)

where W ′
i = (Wi + W ∗

i )/2 is the real part of Wi and we have
used Eq. (31).

For the ternary (three-species) electrolyte case, we can
explicitly calculate W ′

i and extract the long-range part of X
by using the above reduction method (see Appendix for the
detailed derivations)

X lr = 3 − 1 −
k2

x
βεE2∑3

i=1 ρ̄i

k2 + k2
x

βεE2∑3
i=1 ρ̄i

−
k2

x
βεE2∑3

i=1 ρ̄i
g

k2 + k2
x

βεE2∑3
i=1 ρ̄i

g
, (43)

where

g =
(∑3

i=1 ρ̄i
)[∏3

1� j<k�3(Djq j − Dkqk )2
]

(∑3
i=1 Diq2

i ρ̄i
)2{[ ∑3

1� j<k�3
D2

j D
2
k

ρ̄ j ρ̄k

(
q2

j ρ̄ j + q2
k ρ̄k

)] − 2
(∏3

j=1 Djq j
)(∑3

k=1
Dk

ρ̄kqk

)} , (44)

which is a dimensionless variable. Using this to compute the
long-range part of the force via Eqs. (40)–(42) then gives

f lr
t (H ) = ζ (3)

8πβH3

⎡
⎢⎣2 − 1√

1 + βεE2∑3
i=1 ρ̄i

− 1√
1 + g βεE2∑3

i=1 ρ̄i

⎤
⎥⎦.

(45)

This result can be written in terms of an effective constant
H(g, �), where � = βεE2∑3

i=1 ρ̄i
is proportional to the ratio of

the Maxwell pressure to the osmotic pressure. Putting this
together thus gives

f lr
t (H ) = kBT ζ (3)

8πH3
H(g, �), (46)

where

H(g, �) = 2 − 1√
1 + �

− 1√
1 + g�

. (47)

Equations (44) and (47) constitute the main results of this
paper.

V. PHYSICAL DISCUSSION OF RESULTS

We see that the expression for g in Eq. (44) generically de-
pends on the diffusion constants of the ions and consequently
the third term on the right-hand side for the force in Eq. (45)
[or equivalently the third term in the expression for H(�, g)]
does so also (the other terms are however independent of the
diffusion constants). We thus see that in general the result does
indeed depend on the diffusion constants showing conclu-
sively that we are dealing with a nonequilibrium phenomenon.

Another fact to notice is that if there are two values of i
and j such that Diqi = Djq j then g = 0. In this case the bare
velocities of the two species due to the applied electric field

vi = βDiqiE are the same. One should notice that the case of
a binary electrolyte can be recovered by setting ρ̄3 = 0, in this
case we see that g = 0 and we recover the result for a binary
electrolyte given in Eq. (6). We note that even in the case of
g = 0 the system is, of course, still out of equilibrium due to
the existence of current driven by the external field resulting
in a nonzero entropy production rate. When all the Di = D are
equal, the result is independent of D and we find

g = ρ̄1ρ̄2ρ̄3(q1 − q2)2(q2 − q3)2(q3 − q1)2( ∑3
i=1 q2

i ρ̄i
)3 , (48)

where we have used the electroneutrality condition Eq. (4).
This generalizes the results given in Ref. [18] for systems with
uniform diffusivities.

If we consider the case where one of the species, say
species 3, is much less mobile than the other two, so D3 → 0,
we find

g =
( ∑3

i=1 ρ̄i
)
q2

1q2
2(D1q1 − D2q2)2ρ̄1ρ̄2(

q2
1ρ̄1 + q2

2ρ̄2
)(

D1q2
1ρ̄1 + D2q2

2ρ̄2
)2 . (49)

This result appears to be independent of the charge q3, but
there is in fact a dependence on q3 via the electroneutrality
constraint Eq. (4).

In the case where species 3 is much more mobile than the
other two species and hence the limit D3 → ∞ (while keeping
ρ̄3 nonzero) we find

g=
(∑3

i=1 ρ̄i
)
(D1q1 − D2q2)2ρ̄1ρ̄2

ρ̄3
[(

D2
1ρ̄2 + D2

2ρ̄1
)( ∑3

i=1 q2
i ρ̄i

) − (D1q2ρ̄2 + D2q1ρ̄1)2
] .

(50)

As a concrete example let us consider an electrolyte so-
lution composed of NaCl with density ρ̄NaCl and KCl with
density ρ̄KCl. If we define by species 1 Na+, species 2 K+
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FIG. 2. From top to bottom, g as a function of α = ρ̄2/ρ̄1 for
solutions of NaCl/KCl, NaCl/LiCl, and NaCl/CaCl2 computed from
Eq. (44).

and species 3 Cl−, this means that q1 = q2 = −q3 = e, where
e is the charge of the electron, and assuming that they are
strong (fully disassociated electrolytes) we have ρ̄1 = ρ̄NaCl,
ρ̄2 = ρ̄KCl, and ρ̄3 = ρ̄NaCl + ρ̄KCl. For the simple model used
here, there is no difference in the static electrical properties
of Na+ and K+ and so, other than being distinguishable,
the two salts are equivalent. However the respective dif-
fusion constants are given by DK+ = 1.96 × 10−9 m2 s−1,
DNa+ = 1.33 × 10−9 m2 s−1, and DCl− = 2.03 × 10−9 m2 s−1

[44]. One can also consider the case of a mixture of NaCl and
LiCl, where DLi+ = 1.03 × 10−9 m2 s−1 (so here ρ̄2 = ρ̄LiCl).
We can then plot g as a function of α = ρ̄2/ρ̄1. Figure 2
shows this for NaCl and KCl mixtures (solid curve) and NaCl
and LiCl mixtures (dashed curve). Notice that in both cases
g → 0 as α → 0 and α → ∞ which corresponds to a single
salt type in solution (respectively, pure NaCl or pure KCl or
LiCl) because we are effectively in the binary electrolyte case.
Looking at Fig. 2, we see that g is very small in the exam-
ples given. Notice that the diffusion-coefficient dependence is
stronger for the case of KCl, essentially because the difference
between the diffusion constants of K+ and Na+ is larger than
that between Li+ and Na+. Also shown in Fig. 2 is the curve
for mixtures of NaCl and CaCl2 (dot-dashed curve), so in
this case ρ̄1 = ρ̄NaCl, ρ̄2 = ρ̄CaCl2 , and ρ̄3 = ρ̄NaCl + 2ρ̄CaCl2 ,
and as well q2 = 2q1 and q1 = −q3 = e. We also use that
DCa2+ = 0.793 × 10−9 m2 s−1. Interestingly, the effect here is
smaller than the other two cases, despite the difference in the
charge of the cations. The reason for this is that 2eDCa2+ is
close to eDNa+ and the two cationic types have similar bare
velocities, thus reducing the dependence of the long-range
force on the diffusion constants.

The dominant factor in the expression for g which deter-
mines its size is the factor (D1q1 − D2q2)2, where we assume
q1 and q2 have the same sign. In order to maximize this
term, one must maximize D2q2 while minimizing D1q1. One
way to do this is to take the species 2 to be H+, which has
DH+ = 9.31 × 10−9 m2 s−1, while taking the species 1 to be
Li+, which has a relatively small diffusion constant, and again
taking the anion to be Cl

−
. Shown in Fig. 3 is g as a function

of α = ρ̄HCl/ρ̄LiCl. Here the effect is much larger and we see
g can be of order 1.

FIG. 3. g as a function of α = ρ̄2/ρ̄1 for solution of LiCl/HCl
computed from Eq. (44).

In Fig. 4 we show how g varies at fixed charges and den-
sities as D1 and D2 (say the cationic diffusion constants) are
varied in units where (say anionic diffusion constant) D3 = 1
relevant to the NaCl/KCl type system. In Fig. 4(a) we show
the case where ρ̄NaCl = ρ̄KCl. We see that g is symmetric
about the line D1 = D2 where it vanishes, and we see that the
maximal effect is obtained when D1 and D2 are very different
(one large and the other small). In Fig. 4(b) we show the
case for a NaCl/KCl type system when ρ̄KCl = 2ρ̄NaCl; here
the symmetry is broken but g of course still vanishes when
D1 = D2, the maximal effect is achieved when D2 is small

FIG. 4. g as a function of D1 and D2 in units where D3 = 1 for
an NaCl/KCl-type system. (a) ρ̄NaCl = ρ̄KCl. (b) ρ̄KCl = 2ρ̄NaCl.
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(a)

(b)

FIG. 5. H as a function of γ , where � = 0.1 (solid curves), � =
0.5 (dashed curves), and � = 1 (dot-dashed curves). (a) NaCl and
HCl. (b) NaCl and KCl.

and D1 is large, so the species with the largest concentration
has the smaller diffusivity.

We now discuss the modification of thermal van der Waals
force via its dependence on the effective constant H(g, �).
As we are interested in the dynamical dependence of the
force, we consider a situation where the two monovalent salts
have the same anion but differing cations of the same charge
q but different diffusion constants D1 and D2. We take the
concentration of salt 1 to be (1 − γ )ρ and the concentration of
salt 2 to be γ ρ. Electroneutrality means that ρ̄1 = (1 − γ )ρ,
ρ̄2 = γ ρ, and ρ̄3 = ρ. In terms of its static-electrical prop-
erties, the solution is therefore independent of γ . This gives
� = βεE2

2ρ
, which is also independent of γ . Therefore, the only

dependence on γ is through g due to the difference between
D1 and D2. Let us consider a case where a large value of g can
be obtained, for example, where salt 1 is NaCl and salt 2 is
HCl. We plot in Fig. 5 H(�, γ ) as a function of γ (because
g is independent of ρ) for various values of �, which can be
tuned independently. In Fig. 5(a), we see, of course, that the
effect is much larger as � increases from 0.1 to 1. In Refs.
[17,18], it was pointed out that values of � up to 0.5 may
be feasible while avoiding electrolysis. The maximal effect is
observed for γ around 0.25 and minimal values are given for
γ = 0 and γ = 1, which corresponds to binary electrolytes. In
Fig. 5(b), the effect is much smaller due to the fact that Na+

and K+ have similar diffusion constants. In these cases, the
maximal effect occurs at a larger value γ ≈ 0.5.

VI. CONCLUSION

The application of SDFT in the linearized approximation
has emerged as a powerful method to study the physics
of electrolytes out of equilibrium. Despite the fact that the
theory becomes Gaussian in this approximation, the physics
emerging is encoded in Lyapunov equations which are linear
but with a complexity which increases with the number of
electrolyte species. This suggests that multispecies electrolyte
solutions could exhibit new and interesting physics when
driven out of equilibrium compared to binary electrolytes. In
this paper we have presented a considerable algebraic sim-
plification to the analysis of these Lyapunov equations which
allows the linear system size to be reduced from N (N + 1)/2
to N . Using this simplification we have been able to obtain
closed-form expressions for the long-range force induced be-
tween two dielectric surfaces when the intervening electrolyte
is driven by an electric field applied parallel to the surfaces.
It is somewhat surprising, given the out-of-equilibrium na-
ture of the problem, that the force for a binary electrolyte is
independent of the diffusion constants of the ionic species.
Here, by studying the case of ternary electrolytes, we see
that the result for binary electrolytes is somewhat fortuitous
and that for ternary electrolytes there is a dependence on the
ionic diffusion constants. Our analysis has shown that the
dependence of the long-range force on the diffusion constants,
as quantified by the value of g, is maximized when the two
species 1 and 2 of the same charge sign in the electrolyte
have very different values of D1q1 and D2q2. Maximizing this
difference by varying the charge q1 with respect to q2 (for
example, choosing q2 = 2q1) tends to lead to relatively small
differences as cations of valency 2 typically have diffusion
constants which are close to 50% of the diffusion constants of
cations of valency 1. However, if one takes H+ as one of the
cations, its large diffusion constant relative to other cations
of the same charge can lead to large values of g. In general
this leads us to suspect that novel nonequilibrium effects in
electrolyte solutions may be more likely when one of the
electrolyte species is an acid, i.e., contains H+ cations.

Further extensions of this work include generalization to
systems with surface charges, however, one must develop a
version of SDFT that can deal with inhomogeneities. This
presents a significant technical challenge. Another course of
study will be to analyze these systems when ac fields are
applied; this is particularly important, as for ac fields, the
experimental protocols are more established [45].
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APPENDIX: DETAILED DERIVATIONS
OF THE LONG-RANGE THERMAL VAN DER WAALS

FORCE FOR ELECTRICALLY DRIVEN
TERNARY ELECTROLYTES

We here elaborate on the derivations of Eq. (43) for long-
range part of X from Eq. (42) in the main text. To proceed we
split V , U , and W into their real and imaginary parts

V = V ′ + iV ′′, U = U ′ + iU ′′, W = W ′ + iW ′′, (A1)

each of which can be explicitly written as

V ′
i j = KiKj (Di + Dj )

(
k2 + p2

n

)
(Di + Dj )2

(
k2 + p2

n

)2 + k2
x (vi − v j )2

, (A2a)

V ′′
i j = −KiKjkx(vi − v j )

(Di + Dj )2
(
k2 + p2

n

)2 + k2
x (vi − v j )2

, (A2b)

U ′
i j = δi j

N∑
k=1

K2
k (Di + Dk )

(
k2 + p2

n

)
(Di + Dk )2

(
k2 + p2

n

)2 + k2
x (vi − vk )2

, (A2c)

U ′′
i j = δi j

N∑
k=1

−K2
k kx(vi − vk )

(Di + Dk )2
(
k2 + p2

n

)2 + k2
x (vi − vk )2

. (A2d)

The real and imaginary parts of Eq. (33) are then given by

(I + V ′ + U ′)W ′ + (V ′′ − U ′′)W ′′ = S, (A3a)

(V ′′ + U ′′)W ′ + (I − V ′ + U ′)W ′′ = 0. (A3b)

Substituting the second equation into the first one leads to

W ′ = [(I + V ′ + U ′) − (V ′′ − U ′′)

(I − V ′ + U ′)−1(V ′′ + U ′′)]−1S. (A4)

Clearly the above solution only requires the inversion of N ×
N matrices, which is the key simplification.

We are interested in the long-range behavior of the van der
Waals interaction. To extract the long-range limit, we rescale

k → sk, pn → spn, kx → skx, (A5)

and we will consider the limit of small s which governs the
large H behavior of the force. We now extract the term of the
second order of s in W ′ denoted by W ′(2), see Eqs. (40)–(42).
We make the following expansions

V ′ =
∞∑

n=−1

s2nV ′(2n), (A6a)

U ′ =
∞∑

n=−1

s2nU ′(2n), (A6b)

V ′′ =
∞∑

n=−1

s2n+1V ′′(2n+1), (A6c)

U ′′ =
∞∑

n=−1

s2n+1U ′′(2n+1), (A6d)

and list the first few terms that are relevant:

V ′(−2)
i j = U ′(−2)

i j = δi j
K2

i

2Di
(
k2 + p2

n

) , (A7a)

V ′(0)
i j =

{
KiKj (Di+Dj )(k2+p2

n)
k2

x (vi−v j )2 , i �= j
0, i = j

, (A7b)

U ′(0)
i j = δi j

N∑
k=1,k �=i

K2
k (Di + Dk )

(
k2 + p2

n

)
k2

x (vi − vk )2
, (A7c)

V ′′(−1)
i j =

{ −KiKj

kx (vi−v j )
, i �= j

0, i = j
, (A7d)

U ′′(−1)
i j = δi j

N∑
k=1,k �=i

−K2
k

kx(vi − vk )
, (A7e)

where we have assumed vi �= v j for i �= j. Note that in the
case where vi = v j for a given i �= j (which must therefore
have the same charge), the problem actually simplifies, but
we do not consider this particular case in what follows. We
then finally obtain

W ′(2) = [V ′(−2) + U ′(−2) − [V ′′(−1) − U ′′(−1)]

[I − V ′(0) + U ′(0)]−1[V ′′(−1) + U ′′(−1)]]−1S. (A8)

We now extract the factors of k2 + p2
n and kx from Eq. (A8)

and denote

Ṽ ′(−2)
i j = Ũ ′(−2)

i j = δi j
K2

i

2Di
, (A9a)

Ṽ ′(0)
i j =

{KiKj (Di+Dj )
(vi−v j )2 , i �= j

0, i = j
, (A9b)

Ũ ′(0)
i j = δi j

N∑
k=1,k �=i

K2
k (Di + Dk )

(vi − vk )2
, (A9c)

Ṽ ′′(−1)
i j =

{ −KiKj

(vi−v j )
, i �= j

0, i = j
, (A9d)

Ũ ′′(−1)
i j = δi j

N∑
k=1,k �=i

−K2
k

(vi − vk )
. (A9e)

Then Eq. (A8) can be written as

W ′(2)

k2 + p2
n

=
[

Ṽ ′(−2) + Ũ ′(−2) − [Ṽ ′′(−1) − Ũ ′′(−1)]

[
k2

x

k2 + p2
n

I − Ṽ ′(0) + Ũ ′(0)

]−1

[Ṽ ′′(−1) + Ũ ′′(−1)]

]−1

S.

(A10)

For the ternary (three-species) electrolyte case, the reduction
method leads to a tractable solution for W ′(2) using Mathemat-
ica and results in the long-range result Eq. (43) in the main
text.

024141-8



SOLVING LYAPUNOV EQUATIONS FOR ELECTRICALLY … PHYSICAL REVIEW E 112, 024141 (2025)

[1] K. Kawasaki, Stochastic model of slow dynamics in super-
cooled liquids and dense colloidal suspensions, Physica A 208,
35 (1994).

[2] D. S. Dean, Langevin equation for the density of a system
of interacting Langevin processes, J. Phys. A: Math. Gen. 29,
L613 (1996).

[3] V. Démery and D. S. Dean, The conductivity of strong elec-
trolytes from stochastic density functional theory, J. Stat. Mech.
(2016) 023106.

[4] Y. Avni, R. M. Adar, D. Andelman, and H. Orland, Conductiv-
ity of concentrated electrolytes, Phys. Rev. Lett. 128, 098002
(2022).

[5] Y. Avni, D. Andelman, and H. Orland, Conductance of concen-
trated electrolytes: Multivalency and the Wien effect, J. Chem.
Phys. 157, 154502 (2022).

[6] O. Bernard, M. Jardat, B. Rotenberg, and P. Illien, On analyti-
cal theories for conductivity and self-diffusion in concentrated
electrolytes, J. Chem. Phys. 159, 164105 (2023).

[7] H. Bonneau, Y. Avni, D. Andelman, and H. Orland, Frequency-
dependent conductivity of concentrated electrolytes: A stochas-
tic density functional theory, J. Chem. Phys. 161, 244501
(2024).

[8] H. Berthoumieux, V. Démery, and A. Maggs, Nonlinear con-
ductivity of aqueous electrolytes: Beyond the first Wien effect,
J. Chem. Phys. 161, 184504 (2024).

[9] P. Illien, A. Carof, and B. Rotenberg, Stochastic density func-
tional theory for ions in a polar solvent, Phys. Rev. Lett. 133,
268002 (2024).

[10] L. Onsager and S. K. Kim, Wien effect in simple strong elec-
trolytes, J. Phys. Chem. 61, 198 (1957).

[11] A. J. Bray, Theory of phase-ordering kinetics, Adv. Phys. 51,
481 (2002).

[12] H. Wada, Electroviscous effects of simple electrolytes under
shear, J. Stat. Mech. (2005) P01001.

[13] R. Okamoto, Fluctuating hydrodynamics of dilute electrolyte
solutions: Systematic perturbation calculation of effective trans-
port coefficients governing large-scale dynamics, J. Stat. Mech.
(2022) 093203.

[14] P. Robin, Correlation-induced viscous dissipation in concen-
trated electrolytes, J. Chem. Phys. 160, 064503 (2024).

[15] R. Zwanzig, Nonequilibrium Statistical Mechanics (Oxford
University Press, Oxford, New York, 2001).

[16] S. Mahdisoltani and R. Golestanian, Long-range fluctuation-
induced forces in driven electrolytes, Phys. Rev. Lett. 126,
158002 (2021).

[17] G. Du, D. S. Dean, B. Miao, and R. Podgornik, Correla-
tion decoupling of Casimir interaction in an electrolyte driven
by external electric fields, Phys. Rev. Lett. 133, 238002
(2024).

[18] G. Du, D. S. Dean, B. Miao, and R. Podgornik, Repulsive
thermal van der Waals interaction in multispecies asymmetric
electrolytes driven by external electric fields, Phys. Rev. E 111,
044108 (2025).

[19] E. Lifshitz, The theory of molecular attractive forces between
solids, Sov. Phys.-JETP 2, 73 (1956).

[20] L. M. Woods, D. A. R. Dalvit, A. Tkatchenko, P. Rodriguez-
Lopez, A. W. Rodriguez, and R. Podgornik, Materials perspec-
tive on Casimir and van der Waals interactions, Rev. Mod. Phys.
88, 045003 (2016).

[21] G. L. Klimchitskaya, U. Mohideen, and V. M. Mostepanenko,
The Casimir force between real materials: Experiment and the-
ory, Rev. Mod. Phys. 81, 1827 (2009).

[22] L. M. Woods, M. Krüger, and V. V. Dodonov, Perspective on
some recent and future developments in Casimir interactions,
Appl. Sci. 11, 293 (2020).

[23] D. Dantchev and S. Dietrich, Critical Casimir effect: Exact
results, Phys. Rep. 1005, 1 (2023).

[24] M. Antezza, L. P. Pitaevskii, S. Stringari, and V. B. Svetovoy,
Casimir-Lifshitz force out of thermal equilibrium and asymp-
totic nonadditivity, Phys. Rev. Lett. 97, 223203 (2006).

[25] M. Antezza, L. P. Pitaevskii, S. Stringari, and V. B. Svetovoy,
Casimir-Lifshitz force out of thermal equilibrium, Phys. Rev. A
77, 022901 (2008).

[26] M. Antezza, L. P. Pitaevskii, and S. Stringari, New asymptotic
behavior of the surface-atom force out of thermal equilibrium,
Phys. Rev. Lett. 95, 113202 (2005).

[27] G. Bimonte, Scattering approach to Casimir forces and radiative
heat transfer for nanostructured surfaces out of thermal equilib-
rium, Phys. Rev. A 80, 042102 (2009).

[28] I. A. Dorofeyev, The force of attraction between two solids
with different temperatures, J. Phys. A: Math. Gen. 31, 4369
(1998).

[29] M. Krüger, T. Emig, and M. Kardar, Nonequilibrium electro-
magnetic fluctuations: Heat transfer and interactions, Phys. Rev.
Lett. 106, 210404 (2011).

[30] B.-S. Lu, D. S. Dean, and R. Podgornik, Out-of-equilibrium
thermal Casimir effect between Brownian conducting plates,
Europhys. Lett. 112, 20001 (2015).

[31] R. Messina and M. Antezza, Casimir-Lifshitz force out of ther-
mal equilibrium and heat transfer between arbitrary bodies,
Europhys. Lett. 95, 61002 (2011).

[32] A. Gambassi and S. Dietrich, Critical dynamics in thin films,
J. Stat. Phys. 123, 929 (2006).

[33] A. Gambassi, Relaxation phenomena at criticality, Eur. Phys. J.
B 64, 379 (2008).

[34] D. S. Dean and A. Gopinathan, The non-equilibrium behavior
of pseudo-Casimir forces, J. Stat. Mech. (2009) L08001.

[35] D. S. Dean and A. Gopinathan, Out-of-equilibrium behavior of
Casimir-type fluctuation-induced forces for free classical fields,
Phys. Rev. E 81, 041126 (2010).

[36] D. S. Dean and R. Podgornik, Relaxation of the thermal Casimir
force between net neutral plates containing Brownian charges,
Phys. Rev. E 89, 032117 (2014).

[37] J. Mahanty and B. W. Ninham, Dispersion Forces, Colloid
Science No. 1 (Academic Press, London, New York, 1976).

[38] V. A. Parsegian, Van der Waals forces: A Handbook for
Biologists, Chemists, Engineers, and Physicists (Cambridge
University Press, New York, 2006).

[39] R. Netz, Static van der Waals interactions in electrolytes, Eur.
Phys. J. E 5, 189 (2001).

[40] B. Jancovici and L. Amaj, Screening of classical Casimir forces
by electrolytes in semi-infinite geometries, J. Stat. Mech. (2004)
P08006.

[41] D. S. Dean and R. R. Horgan, Electrostatic fluctuations in soap
films, Phys. Rev. E 65, 061603 (2002).

[42] D. S. Dean, B.-S. Lu, A. C. Maggs, and R. Podgornik, Nonequi-
librium tuning of the thermal Casimir effect, Phys. Rev. Lett.
116, 240602 (2016).

024141-9

https://doi.org/10.1016/0378-4371(94)90533-9
https://doi.org/10.1088/0305-4470/29/24/001
https://doi.org/10.1088/1742-5468/2016/02/023106
https://doi.org/10.1103/PhysRevLett.128.098002
https://doi.org/10.1063/5.0111645
https://doi.org/10.1063/5.0165533
https://doi.org/10.1063/5.0236073
https://doi.org/10.1063/5.0226773
https://doi.org/10.1103/PhysRevLett.133.268002
https://doi.org/10.1021/j150548a015
https://doi.org/10.1080/00018730110117433
https://doi.org/10.1088/1742-5468/2005/01/P01001
https://doi.org/10.1088/1742-5468/ac8c8d
https://doi.org/10.1063/5.0188215
https://doi.org/10.1103/PhysRevLett.126.158002
https://doi.org/10.1103/PhysRevLett.133.238002
https://doi.org/10.1103/PhysRevE.111.044108
https://doi.org/10.1016/B978-0-08-036364-6.50031-4
https://doi.org/10.1103/RevModPhys.88.045003
https://doi.org/10.1103/RevModPhys.81.1827
https://doi.org/10.3390/app11010293
https://doi.org/10.1016/j.physrep.2022.12.004
https://doi.org/10.1103/PhysRevLett.97.223203
https://doi.org/10.1103/PhysRevA.77.022901
https://doi.org/10.1103/PhysRevLett.95.113202
https://doi.org/10.1103/PhysRevA.80.042102
https://doi.org/10.1088/0305-4470/31/19/005
https://doi.org/10.1103/PhysRevLett.106.210404
https://doi.org/10.1209/0295-5075/112/20001
https://doi.org/10.1209/0295-5075/95/61002
https://doi.org/10.1007/s10955-006-9089-8
https://doi.org/10.1140/epjb/e2008-00043-y
https://doi.org/10.1088/1742-5468/2009/08/L08001
https://doi.org/10.1103/PhysRevE.81.041126
https://doi.org/10.1103/PhysRevE.89.032117
https://doi.org/10.1007/s101890170075
https://doi.org/10.1088/1742-5468/2004/08/P08006
https://doi.org/10.1103/PhysRevE.65.061603
https://doi.org/10.1103/PhysRevLett.116.240602


GUANGLE DU, BING MIAO, AND DAVID S. DEAN PHYSICAL REVIEW E 112, 024141 (2025)

[43] M. Krüger and D. S. Dean, A Gaussian theory for fluc-
tuations in simple liquids, J. Chem. Phys. 146, 134507
(2017).

[44] Table of diffusion coefficients, https://www.aqion.de/site/
diffusion-coefficients.
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