
PHYSICAL REVIEW E 114, 014313 (2026)

Nonmonotonic percolation threshold in correlated networks and hypergraphs
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We study the effect of assortative and disassortative mixing on the robustness of networks under random node
failures. For ordinary (dyadic) networks, by using the generating function technique and stochastic simulations,
we show that the relationship between the Pearson assortativity coefficient r and the percolation threshold pc

is not always monotonic. More specifically, in certain regions of the parameter space of our model, moderately
disassortative networks can be more fragile than either strongly disassortative or uncorrelated networks. We
observe this nonmonotonic behavior for trimodal networks as well as for networks with Poisson and power-law
degree distributions. We then extend our analysis to hypergraphs with correlations between node hyperdegree
and hyperedge cardinality. For this case, we find that positively correlated hypergraphs tend to be more fragile
than negatively correlated ones. Additionally, as in the dyadic case, the relationship between r and pc is
nonmonotonic, and the most fragile configuration does not correspond to the most assortative hypergraph.
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I. INTRODUCTION

Over the last 25 years, research on real-world networks
has shown that many systems have structures that differ sub-
stantially from the homogeneous and uncorrelated network
models used in classical random graph theory. For instance,
pioneering work by Barabási and Albert revealed that many
real networks have a scale-free degree (or connectivity) dis-
tribution, in which the vast majority of nodes have a small
degree, while a small but significant number of nodes (called
hubs) have a very large number of connections [1,2]. Addi-
tionally, multiple studies have shown that real networks are
also characterized by nontrivial degree-degree correlations
between neighboring nodes [3,4]. For instance, some online
social networks tend to exhibit assortative mixing, which
means that nodes are more likely to connect to others with
a similar number of connections [4,5]. In contrast, biological
systems and technological infrastructures usually show dis-
assortative mixing, where highly connected nodes are more
likely to connect to low-degree nodes [4,5]. These structural
patterns have been found to strongly influence a wide range
of processes, including spreading dynamics [6,7], synchro-
nization [8–10], and traffic [11]. In this work, we specifically
investigate how assortative and disassortative mixing affect
the robustness of complex networks under random node
failures.

To describe how nodes tend to connect with others based
on their degree, researchers have used two main tools: the joint
excess-degree distribution and the Pearson assortativity coef-
ficient [12,13]. The joint excess-degree distribution P1(̃k, k̃′)
gives the probability that, following a randomly selected link,
the two end points have k̃ and k̃′ outgoing links (excluding
the link under consideration). This bivariate distribution gives
a detailed description of degree-degree correlations between
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neighboring nodes, and it has been used in some theoreti-
cal studies [14–16]. However, due to its high dimensionality,
direct comparison of networks using P1(̃k, k̃′) is often imprac-
tical. On the other hand, the Pearson assortativity coefficient,
usually denoted as r, is a scalar quantity derived from P1(̃k, k̃′)
that ranges between −1 and 1. Networks with assortative
mixing tend to have a positive value of r, while those with
r < 0 indicate disassortative mixing, and r ≈ 0 suggests weak
or no correlation. Of course, as has been pointed out in numer-
ous studies, the Pearson coefficient is an imperfect measure
because it captures only part of the information contained in
P1(̃k, k̃′) and may miss important structural details [17–19].
Nevertheless, this coefficient still remains widely used be-
cause it is a single number that allows researchers to quickly
compare different networks.

More recently, the concept of degree-degree correlations
has been extended beyond ordinary networks to hypergraphs
and other higher-order networks [20–25]. Unlike ordinary (or
dyadic) networks, where edges connect pairs of nodes, hy-
pergraphs allow interactions among groups of nodes through
hyperedges. Numerous studies have shown that hypergraphs
are useful for describing social interaction networks, chemical
structures, and 5G wireless networks, among others [26–29].
However, as recently discussed in Ref. [30], hypergraphs are
not the only representation capable of capturing group or
higher-order interactions. In a hypergraph, the hyperdegree of
a node is defined as the number of hyperedges it participates
in, and the cardinality (or size) of a hyperedge is defined as
the number of nodes it connects. Several approaches have
been explored to introduce and analyze correlations in hy-
pergraphs. For instance, Sampson et al. [21] proposed an
opinion dynamics model on hypergraphs in which nodes in-
teract via both pairwise links and higher-order hyperedges,
and investigated how correlations between these two types
of interactions affect the emergence of oscillatory and ex-
citable opinion dynamics. In a different direction, Ha et al.
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[23] showed that theoretical models that ignore correlations
between node hyperdegree and hyperedge cardinality can, in
some cases, overestimate the fraction of nodes belonging to
the giant component (GC) in real hypergraphs.

As mentioned above, degree-degree correlations have been
shown to influence a wide range of static and dynamical
processes on networks [3,9,31,32]. One of the earliest studies
addressing their impact on network robustness was conducted
by Newman [14,15]. Specifically, he investigated a node per-
colation process on ordinary networks with varying levels of
degree-degree correlation. In this process, each node is inde-
pendently removed (i.e., fails) with probability 1 − p, and the
critical threshold p = pc is defined as the point below which
the GC is destroyed. Newman found that assortative networks
exhibit a lower percolation threshold pc than disassortative
networks, which suggests that networks become more fragile
under random failures when r decreases. However, it is im-
portant to note that Newman’s work only explored a limited
number of networks with specific correlation values, such as
r = −0.20, r = 0, and r = 0.20. A more systematic explo-
ration of the role of degree correlations was later introduced
by Mizutaka and Tanizawa [33]. Specifically, they studied
a node percolation process on “bimodal networks” that al-
lowed them to explore the full range of degree correlations,
from r = −1 to r = 1. Here, the term "bimodal networks"
refers to networks in which nodes can take only two possible
degree values, denoted by k1 and k2, and no other degrees
are allowed. For example, if k1 = 3 and k2 = 5, each node
is connected to either three or five neighbors. Their results
demonstrated that the percolation threshold in bimodal net-
works increases monotonically as the assortativity coefficient
decreases.

However, more recently, Wang et al. [34] showed that the
monotonic relation between network robustness and the Pear-
son assortativity coefficient is not always valid. Although their
work focused on epidemic spreading, their conclusions also
apply to node and link percolation processes. In particular,
they found that disassortative networks can, in some cases,
be more robust than networks generated by the configuration
model [35] (with r = 0). Previous work by Hasegawa et al.
[6] has also shown via stochastic simulations that the GC of
susceptible nodes can display nonmonotonic behavior, but the
transition point for the final outbreak size (which corresponds
to the GC in a percolation process) remains monotonic with
respect to r. To the best of our knowledge, the study by Wang
et al. is the only one challenging the notion that disassortative
dyadic networks are necessarily more fragile. On the other
hand, while node percolation has been investigated in un-
correlated hypergraphs, extensions to correlated hypergraphs
remain largely unexplored.

In this article, we explore a random node percolation pro-
cess in both ordinary (or dyadic) networks and hypergraphs
with assortative and disassortative mixing. For dyadic net-
works, extending the original work of Mizutaka and Tanizawa,
we study a node percolation process in trimodal networks,
which are defined as networks where nodes can have one
of three possible degree values. Using stochastic simulations
and the generating function technique, we find that assorta-
tive networks are more robust than disassortative networks,
in agreement with previous findings in the literature. Addi-

tionally, our results show that, within a certain region of the
parameter space of our model, disassortative networks can
be more robust than uncorrelated networks, in line with the
results reported by Wang et al. However, we also find that,
for disassortative networks, the percolation threshold pc can
exhibit a nonmonotonic behavior, especially as the correlation
approaches r = −1, which indicates that the robustness of
disassortative networks is far from trivial. We also observe
the same behavior in networks with Poisson and power-law
degree distributions. On the other hand, for hypergraphs with
hyperdegree-cardinality correlations, we find that positively
correlated hypergraphs are more fragile than those with neg-
ative correlations. Moreover, we show that the percolation
threshold pc exhibits a nonmonotonic behavior for positively
correlated networks, particularly in the region where r is close
to 1.

This article is organized as follows. In Sec. II, we briefly
review the theoretical framework for node percolation in
correlated networks. In Sec. III, we present our results for
trimodal networks and for networks with Poisson and power-
law degree distributions. In Sec. IV, we extend the analysis to
hypergraphs with degree-cardinality correlations, and derive
the corresponding self-consistent equations and percolation
threshold. Finally, in Sec. V, we summarize our main findings.

II. BACKGROUND

Among all percolation processes, random node percolation
is one of the simplest and has been widely used to study how
robust a network is against random failures [36–38]. Consider
a network where a macroscopic fraction P∞ of nodes belongs
to the GC; that is, they are part of a globally connected cluster.
In a node percolation process, each node is randomly removed
(along with its links) with probability 1 − p. At the extreme
case of p = 1, the original network remains intact, and we
will say that the network is in a fully functional phase. On
the other hand, at the opposite extreme, p = 0, all nodes have
been removed and clearly P∞ = 0.

As we decrease p from p = 1, the network becomes
progressively “diluted” and the relative size of the giant com-
ponent, P∞, decreases. For networks with an infinite number
of nodes, it has been shown that there exists a threshold
p = pc below which P∞ = 0.

Callaway et al. [39] showed that for uncorrelated random
networks (generated with the configuration model [35]), both
P∞(p) and the threshold pc can be calculated exactly using
percolation and branching theory. In particular, it was shown
that the critical threshold is given by pc = 1/(〈k2〉/〈k〉 − 1),
where 〈k〉 denotes the average degree of the network and 〈k2〉
is the second moment of the degree distribution. This work
was later generalized in Refs. [14–16] to study node perco-
lation in networks with degree-degree correlations, which we
will briefly review below.

Consider a random network where P(k) is the proba-
bility that a node has k connections (with 1 � kmin � k �
kmax). The excess degree distribution P1(̃k) = (̃k + 1)P(̃k +
1)/〈k〉 gives the probability of selecting a node (through an
edge) with k̃ = k − 1 outgoing connections. We further define
P1(̃k, k̃′) as the joint probability that a randomly selected edge
connects two nodes with outgoing degrees k̃ and k̃′. For the
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typical uncorrelated case, the degrees at the two ends of an
edge are independent, and therefore P1(̃k, k̃′) = P1(̃k)P1(k̃′).

For a node percolation process on random networks with
an infinite number of nodes, the relative size of the GC can
be obtained by first solving the following system of self-
consistent equations:

f∞,̃k = p
∑

k̃′

P1(k̃′ |̃k)(1 − (1 − f∞,k̃′ )k̃′
), (1)

with k̃ ∈ [kmin − 1, kmax − 1]. Here, f∞,̃k denotes the proba-
bility that a node with k̃ outgoing links is connected to the
GC, and P1(̃k|k̃′) is the conditional probability P1(̃k|k̃′) =
P1(̃k, k̃′)/

∑
k̃ P1(̃k, k̃′). With this system solved, the relative

size of the GC is given by

P∞ = p

(
1 −

∑
k

P(k)(1 − f∞,k−1)k

)
. (2)

On the other hand, the critical point pc is determined by the
condition that the largest eigenvalue λ of the branching matrix
is equal to 1. That is, by setting p = pc, the critical threshold
is obtained from the equation

λ(B) = 1, (3)

where the branching matrix B is defined as

Bk̃,k̃′ = p(̃kP1(̃k|k̃′)). (4)

Additional discussion of percolation in uncorrelated and cor-
related networks can be found in Refs. [14–16,39,40].

III. PERCOLATION IN CORRELATED
DYADIC NETWORKS

In this section, we present our results on node percolation
in correlated networks with dyadic interactions.

As mentioned in the Introduction, several studies have
explored random node percolation in networks with assorta-
tive and disassortative mixing. In order to study the effect of
degree correlations, a common approach is to keep the degree
distribution P(k) fixed while varying the joint degree distribu-
tion P1(̃k, k̃′), so that any observed effects can be attributed
to degree correlations only. This same strategy of isolating
correlations from degree effects has also been used in clus-
tered configuration model networks, where the intersubgraph
mixing is varied while the joint degree distribution and the
clustering coefficient are held fixed [25].

Here, we will show that for some networks with the same
degree distribution P(k), increasing disassortativity can ac-
tually make the network more robust. We will illustrate this
behavior using trimodal networks, which we describe below,
and then we will study the case of correlated networks whose
degree distribution follows a truncated Poisson and power-law
function.

A. Degree-degree correlation in trimodal networks

1. Mathematical formulation

We consider a network in which nodes can take only three
possible degrees: k1, k2, or k3, where 1 � k1 < k2 < k3. Such

a network will be referred to as a trimodal network, and its
degree distribution is given by

P(k) = P(k1)δk,k1 + P(k2)δk,k2 + P(k3)δk,k3 , (5)

where δ is the Kronecker delta. From this distribution, the
excess-degree distribution follows as

P1(k̃i ) = (k̃i + 1)P(k̃i + 1)

〈k〉 ≡ πi, (6)

with

〈k〉 = k1P(k1) + k2P(k2) + k3P(k3), (7)

and k̃i = ki − 1 for i = 1, 2, 3.
Since the present trimodal network contains no isolated

nodes (as k1 � 1), there exists a one-to-one correspondence
between the excess-degree distribution P1(k̃i ) and the original
degree distribution P(ki ) through the inverse relation P(ki ) =
πi〈k〉/ki [see Eq. (6)]. As a consequence, fixing the excess-
degree distribution P1(k̃i ) = πi automatically fixes the degree
distribution P(ki ). This differs from the general case discussed
in Ref. [14], where the presence of degree-zero nodes prevents
the complete reconstruction of P(k) from the excess-degree
distribution alone.

We will now introduce the joint excess-degree distribution
P1(̃k, k̃′). For a trimodal network, this probability can be writ-
ten as

P1(̃k, k̃′) =
3∑

i=1

3∑
j=1

P1(k̃i, k̃ j )δ̃k,k̃i
δk̃′,k̃ j

. (8)

This joint probability can be conveniently represented as a 3 ×
3 matrix:

P1(̃k, k̃′) =
⎛⎝P1(k̃1, k̃1) P1(k̃1, k̃2) P1(k̃1, k̃3)

P1(k̃2, k̃1) P1(k̃2, k̃2) P1(k̃2, k̃3)
P1(k̃3, k̃1) P1(k̃3, k̃2) P1(k̃3, k̃3)

⎞⎠. (9)

We assume this matrix to be symmetric and impose the con-
straint that the sum over each row (or column) yields the
corresponding excess-degree probability πi:

3∑
j=1

P1(k̃i, k̃ j ) = πi. (10)

The Pearson assortativity coefficient r can be computed from
the joint excess-degree distribution as

r =
∑

k̃,k̃′ k̃ k̃′[P1(̃k, k̃′) − P1(̃k)P1(k̃′)]
σ 2

k̃

, (11)

where σ 2
k̃

= ∑
k̃ k̃2P1(̃k) − [

∑
k̃ k̃P1(̃k)]2 is the variance of the

excess-degree distribution.
In order to explore networks with different degree-degree

correlations while keeping the degree distribution fixed, we
now introduce the following parametrization:

P1(̃k, k̃′) =
⎛⎝π1 − α1 − α2 α1 α2

α1 π2 − 2α1 α1

α2 α1 π3 − α1 − α2

⎞⎠,

(12)
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where π1, π2, and π3 are known and α1 and α2 are two
free parameters subject to positivity and normalization con-
straints. By construction, this parametrization ensures that
the matrix P1(̃k, k̃′) is symmetric and preserves the marginal
distributions P1(k̃i ) = πi, which is independent of α1 and α2.
Consequently, the excess-degree distribution (and therefore
the degree distribution P(k)) remains fixed as we vary α1 and
α2, which will allow us to systematically study networks with
different degree-degree correlations while keeping the degree
distribution constant. This construction, which preserves the
marginals, is similar in spirit to the mixing-matrix approach
used by Mann et al. [25] for intersubgraph correlations in
clustered configuration model networks.

For the particular parametrization given in Eq. (12), the
Pearson correlation coefficient is given [after some algebra
using Eqs. (11) and (12)] by

r = 1 − α1

⎛⎜⎝ (k1 − k2)2 + (k2 − k3)2

〈k(k−1)2〉
〈k〉 −

(
〈k(k−1)〉

〈k〉
)2

⎞⎟⎠

−α2

⎛⎜⎝ (k1 − k3)2

〈k(k−1)2〉
〈k〉 −

(
〈k(k−1)〉

〈k〉
)2

⎞⎟⎠. (13)

2. Numerical results

Consider a trimodal network where k1 = 2, k2 = 10, and
k3 = 19, and π1 = 0.25, π2 = 0.50, and π3 = 0.25. The de-
gree distribution P(ki ) is obtained from the probabilities πi

through the relation P(ki ) = 〈k〉πi/ki, leading to P(k1) =
0.66, P(k2) = 0.27, and P(k3) = 0.07. On the other hand, for
this network, the joint probability matrix becomes

P1(̃k, k̃′)

=
⎛⎝0.25 − α1 − α2 α1 α2

α1 0.50 − 2α1 α1

α2 α1 0.25 − α1 − α2

⎞⎠.

(14)

In Fig. 1(a), we show the Pearson assortativity coefficient
[computed using Eq. (13)] in the α1-α2 plane for the joint
probability matrix given above. From this figure, we can
observe that curves of constant correlation are straight lines.
This is a direct consequence of Eq. (13), which establishes a
linear dependence between α1 and α2 when r is held constant.
As the figure illustrates, this parametrization allows us to
model a wide range of degree correlations r. The extreme
positive correlation, r = 1, is achieved when α1 = α2 = 0,
which corresponds to an entirely diagonal correlation matrix
P1(̃k, k̃′), meaning that in this scenario, nodes connect exclu-
sively with nodes of equal degree. An example of a highly
assortative network is displayed in Fig. 1(b), where we can
see that three clearly defined communities emerge (each as-
sociated with nodes of degree ki), which is in agreement with
the well-known connection between assortativity and modular
structure explored in detail in Ref. [41]. On the other hand, the
most negative correlation accessible to this trimodal network
is r ≈ −0.99, corresponding to α1 = 0 and α2 = 0.25. Simi-
lar to the assortative case, in Fig. 1(b) we show an example of

FIG. 1. (a) Heat map of the Pearson assortativity coefficient r
in the α1-α2 plane for the trimodal network with correlation matrix
given by Eq. (14). Straight lines correspond to constant values of
r. The white cross marks the point of maximum fragility (α1 =
0.088, α2 = 0.162, r = −0.65), whose critical threshold is shown in
Fig. 2(b). (b) Network visualizations generated using gephi for two
different correlation values: r = −0.97 and r = 0.98. Networks were
generated through numerical simulations with N = 1000 nodes.
Light blue circles correspond to nodes with intermediate degree
k2 = 10, small black circles represent nodes with low degree k1 = 2,
and large red circles represent nodes with degree k3 = 19. In the
highly assortative case (r = 0.98), three well-defined communities
emerge, each composed of nodes with the same degree. In the highly
disassortative case (r = −0.97), two communities are observed: one
formed exclusively by intermediate-degree nodes, and another with
a bipartite structure connecting nodes with low and high degree.

a network with correlation r = −0.98, where we observe two
groups or communities. One is composed exclusively of nodes
with intermediate degree k2 = 10, which can be regarded as a
random regular graph of degree 10. The other has a bipartite
structure, and connects nodes of connectivity k1 = 2 with
k3 = 19 (i.e., those with the lowest and highest degree). These
results are in agreement with those previously found by Jing
et al. [42].

Since the trimodal network can span nearly the full possi-
ble correlation range [−1, 1], we will now explore in detail
how different levels of correlation affect network robustness.

In Fig. 2(a) we plot P∞ as a function of p for several
values of r. As clearly shown in the inset, positively correlated
networks display the smallest values of pc, as expected, and
as r decreases from r = 1, the critical threshold increases,
meaning that the system becomes more fragile. However, pc

exhibits a nonmonotonic behavior as r approaches r = −1.
To fully visualize how the value of pc depends on the pa-

rameters α1 and α2, in Fig. 2(b) we show pc in the α1-α2 plane.
First, motivated by the work of Wang et al. [34], we explore
how the percolation threshold pc of correlated networks com-
pares with the value pc = 1/(〈k2〉/〈k〉 − 1) corresponding to
an uncorrelated network generated by the configuration model
(see Sec. II). In Fig. 2(b), we highlight in light blue the region
where disassortative networks are more robust than the fully
uncorrelated case. This result, in agreement with Wang et al.
[34], indicates that the relation between degree correlations
and pc is not trivial. It is worth emphasizing that this behavior
is observed close to the region of the plane where r = 0.
However, as we will show below, our model also exhibits non-
monotonic robustness in the strongly disassortative regime.

Another point that emerges from Fig. 2(b) is that near
the origin (that is, α1 = α2 = 0) the isolines of constant pc

are approximately linear, which corresponds to the region
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FIG. 2. (a) Relative size of the giant component, P∞, as a func-
tion of p for several correlation values. The curves correspond to
r = 0.98 (α1 = 0.003, α2 = 0.001, red), r = 0.75 (α1 = 0.02, α2 =
0.0213, orange), r = 0 (α1 = 0.0503, α2 = 0.10, black), r = −0.2
(α1 = 0.2001, α2 = 0.0498, light blue), r = −0.65 (α1 = 0.088,
α2 = 0.162, green), and r = −0.99 (α1 = 0.0016, α2 = 0.2484,
blue). Solid lines correspond to theoretical predictions from Eq. (2),
while symbols represent numerical simulations on networks with
N = 106 nodes averaged over 100 stochastic realizations. The inset
shows a magnification of the main plot near the transition point. (b)
Heat map of the critical percolation threshold pc in the α1-α2 plane
predicted by Eq. (3). Near the origin (α1 = α2 = 0), pc approaches
1/(k3 − 1) = 1/18 ≈ 0.0555 (for example, pc = 0.056 for α1 =
0.001, α2 = 0.001), which indicates that the high-degree subnetwork
sustains the GC in strongly assortative networks. Near the point
(α1, α2) = (0, 0.25), pc approaches 1/(k2 − 1) = 1/9 ≈ 0.1111 (for
example, pc = 0.1115 for α1 = 0.001, α2 = 0.249), showing that
the intermediate-degree community controls robustness in highly
disassortative networks. The red cross marks the point of maximum
fragility (α1 = 0.088, α2 = 0.162, r = −0.65).

where networks are assortative. Furthermore, as we approach
the origin, the value of pc decreases and approaches pc =
1/(19 − 1), which corresponds to the critical point of a ran-
dom regular network with connectivity k = 19. This shows
that, in strongly assortative configurations, the subnetwork or
community formed by the highest-degree nodes constitutes
the core sustaining the GC.

On the other hand, from Fig. 2(b), near the upper boundary
α2 = 0.25 − α1, the isolines bend sharply and become almost
vertical close to the point (α1, α2) = (0, 0.25). Consequently,
under strongly disassortative mixing, pc becomes mainly sen-
sitive to α1, which is the parameter controlling how nodes of
intermediate degree k2 = 10 are connected [see second row
in the matrix given in Eq. (14)]. Analogous to the assortative
case, we obtain that in the limit r → −0.99, the value of
pc approaches pc = 1/(10 − 1), which corresponds to the
critical point of a random regular network with connectiv-
ity k = 10. Therefore, in highly disassortative networks, the
intermediate-degree community is the one that sustains the
GC and sets the value of pc.

Finally, in Fig. 2(b), we mark the point of maximum
fragility (highest value of pc), which corresponds to the
point with coordinates (α1 ≈ 0.088, α2 ≈ 0.162), which has
a correlation of r = −0.65. Our results, therefore, indicate
that although disassortative networks are more fragile than
assortative ones, the most fragile configuration does not coin-
cide with the maximally negative Pearson coefficient. Similar
results for other trimodal dyadic networks are presented in
Appendix B.

To gain intuition about why networks with r ≈ −1 are
less fragile than moderately disassortative networks, consider

FIG. 3. Snapshots of networks illustrating that networks with
r = −1 are not always the most fragile configuration. Both networks
have N = 1900 nodes and the same degree distribution (k1 = 1,
k2 = 3, k3 = 5) with P(k1) = 15/19, P(k2) = 1/19, and P(k3) =
3/19. Nodes are colored according to their degree: black (k = 1),
light blue (k = 3), and red (k = 5). Top: Maximally disassortative
configuration (r = −1). A magnified view of the area within the
black rectangle is provided on the right. High-degree nodes (k = 5)
connect exclusively to low-degree nodes (k = 1), forming many
small clusters, while intermediate-degree nodes (k = 3) connect
only among themselves, generating a GC. Bottom: Slightly weaker
disassortative mixing (r ≈ −0.90). Intermediate-degree nodes now
connect to both high- and low-degree nodes, which disrupts the
connected k2 = 3 subnetwork. As a result, the GC disappears, and
the network decomposes into small treelike clusters. Network visu-
alizations were generated using gephi [43].

a trimodal network with k1 = 1, k2 = 3, and k3 = 5, and
P(k1) = 15/19, P(k2) = 1/19, and P(k3) = 3/19. We also
assume that the joint distribution P1(̃k, k̃′) follows the form
given in Eq. (14). For α1 = 0 and α2 = 5/11 ≈ 0.4545, the
network has a maximally negative correlation r = −1, which
is illustrated in the upper panel of Fig. 3. As we can see, nodes
with the highest degree (k = 5) connect exclusively with the
lowest-degree nodes (k = 1), forming a large number of small
clusters. At the same time, the network possesses a GC formed
exclusively by intermediate-degree nodes (k = 3), so the
value of pc corresponds to the critical threshold of a random
regular network of degree 3, namely, pc = 1/(3 − 1) = 1/2.

We now consider a slightly less disassortative network
with the same degree distribution but correlation r ≈ −0.90,
corresponding to α1 = 0.0454 and α2 = 0.409 (lower panel
of Fig. 3). In this configuration, intermediate-degree nodes
no longer connect exclusively among themselves, but instead
connect to both high- and low-degree nodes, which makes
the network less disassortative. In addition, we also observe
that intermediate-degree nodes no longer link to each other
and, as a result, the GC that existed at r = −1 disappears
entirely. One might expect that, as we move from r = −1
to r = −0.90, the newly formed connections between high-
and intermediate-degree nodes would create a denser core,
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making the network more robust. However, the opposite oc-
curs. This can be verified theoretically from Eq. (3), which
yields pc = 1.6 > 1, indicating that no GC exists for r =
−0.90 even before any nodes are removed. This is also ap-
parent from the figure, where clusters are small and treelike.

In other words, although intermediate-degree nodes start
connecting to high-degree nodes when the correlation in-
creases from r = −1 to r ≈ −0.90, this does not lead to the
formation of a robust core. Instead, these new connections
destroy the GC of intermediate-degree nodes. Moreover, the
high-degree nodes remain predominantly attached to many
low-degree nodes (k = 1), which prevents them from forming
a new GC, or at least a sufficiently connected backbone. The
network therefore becomes more fragile, as the correlation
increases from r = −1.

B. Percolation in networks with Poisson and power-law
degree distributions

In this section, we present our results for node percolation
on random networks whose degree distribution follows either
a Poisson or a power-law form. Similar to the trimodal net-
work case, we will modify the joint excess-degree distribution
P1(̃k, k̃′) while keeping the excess-degree distribution P1(̃k)
fixed, so that any observed effects on network robustness can
be attributed to degree-degree correlations only. As mentioned
previously, if P1(̃k) is fixed and the network does not contain
nodes with degree zero (i.e., kmin � 1), then the mapping
between P1(̃k) and P(k) is invertible, and therefore the degree
distribution P(k) is also fixed.

Specifically, we will study networks with a truncated Pois-
son distribution given by

Pois(γ , kmin, kmax) =
{

c γ k exp(−γ )
k! if kmin � k � kmax

0 otherwise,

(15)

where c is a normalization constant, and networks with a
truncated power-law distribution PL(γ , kmin, kmax), defined as

PL(γ , kmin, kmax) =
{

ck−γ if kmin � k � kmax

0 otherwise,
(16)

where c is also a normalization constant.
For trimodal networks, it was relatively easy to find

a parametrization of P1(̃k, k̃′) compatible with a given
excess-degree distribution. This parametrization, presented in
Eq. (14), depends on two variables, α1 and α2, and allowed us
to explore a wide range of correlation values r while keeping
P1(̃k) fixed. However, for networks with more general degree
distributions, finding a compatible parametrization is more
challenging, as it would require introducing a larger number of
parameters αi. Therefore, we will employ a different approach
based on the iterative proportional fitting (IPF) algorithm
[44,45].

The IPF algorithm has been widely used in statistics and,
in general, allows one to estimate a bivariate probability
distribution p(x, y) given the following marginal constraints:∑

y p(x, y) = p(x) and
∑

x p(x, y) = p(y), where x and y are
discrete variables. As explained in Ref. [45], the algorithm
proceeds as follows:

(1) Step 1: An initial seed matrix p(0)(x, y) is proposed.

(2) Step 2: The rows of the matrix are rescaled so that the
row sums match the target marginal distribution p(x).

(3) Step 3: The columns of the matrix are rescaled so that
the column sums match the target marginal distribution p(y).

Steps 2 and 3 are repeated iteratively until the error be-
tween the current marginals and the target marginals falls
below a specified threshold.

In order to introduce a tunable level of correlation in a
controlled manner, we will use a copula-based construction
to create the initial seed matrix. In particular, we employ the
Clayton copula [46], defined as

Cθ (u, v) = max{(u−θ + v−θ − 1)−1/θ , 0}
with θ ∈ [−1,∞) \ {0}, (17)

which has the advantage of depending on a single parameter θ

and will allow us to smoothly interpolate between assortative
and disassortative structures. This choice is convenient but not
unique and other copulas could be used as well.

To implement this construction, let F (̃k) denote the cumu-
lative distribution function associated with the excess-degree
distribution P1(̃k), defined as

F (̃k) =
∑
j̃�k̃

P1( j̃). (18)

We then construct the initial seed matrix P(0)
1 (̃k, k̃′) using a

standard copula-based discretization [47,48] as follows:

P(0)
1 (̃k, k̃′) = Cθ (F (̃k), F (k̃′)) − Cθ (F (̃k − 1), F (k̃′))

−Cθ (F (̃k), F (k̃′ − 1))

+Cθ (F (̃k − 1), F (k̃′ − 1)). (19)

After defining the seed matrix, steps 2 and 3 of the IPF
algorithm are applied iteratively until the prescribed marginal
distributions P1(̃k) are recovered within a tolerance of 10−10.

Once the final matrix P1(̃k, k̃′) is obtained through this
procedure, we solve the equations presented in the previous
sections in order to compute P∞(p) and pc.

In Figs. 4(a) and 4(b) we present our results from the theory
together with those obtained from stochastic simulations (see
Appendix A for details on how correlated networks are gener-
ated in the simulations). As can be observed, both approaches
reveal a nonmonotonic behavior as the degree-degree correla-
tion is decreased, for both the truncated Poisson network and
the scale-free network. The insets in the figures show more
clearly the behavior of pc on r. We find that the maximum
value of pc occurs for disassortative networks. However, as in
the case of trimodal networks, this point of maximum fragility
does not coincide with the limit of maximum disassortativity,
showing that, in the thermodynamic limit, extreme negative
correlations can have a nontrivial impact on the robustness of
networks against random failures.

IV. NODE PERCOLATION IN HYPERGRAPHS WITH
DEGREE-CARDINALITY CORRELATIONS

In this section, we will study how correlations affect the ro-
bustness of hypergraphs under a node percolation process. It is
important to note that our goal is not to analyze every possible
type of correlated hypergraph, but rather to provide a clear
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FIG. 4. (a) In the main panel, we plot P∞ as a function of p
for networks with a truncated Poisson distribution Pois(4, 1, 20).
Solid lines correspond to the theoretical solution of Eq. (2); symbols
represent numerical simulations on networks with N = 106 nodes
averaged over 100 stochastic realizations. Colors indicate different
values of the degree-degree correlation coefficient r: red, r = −0.93
(obtained with θ = −0.99 in the Clayton copula); orange, r = −0.75
(θ = −0.81); black, r = −0.04 (θ = −0.05); and light blue, r =
0.43 (θ = 1.00). The inset shows pc versus r obtained from Eq. (3).
(b) Same as in panel (a) but for a scale-free network with degree
distribution PL(1.5, 2, 50). Colors indicate different values of the
degree-degree correlation coefficient r: red, r = −0.92 (θ = −0.99);
orange, r = −0.73 (θ = −0.82); black, r = −0.03 (θ = −0.05);
and light blue, r = 0.41 (θ = 1.00).

and concrete example showing that the relationship between
the percolation threshold pc and the correlation coefficient r
can be, in some cases, nonmonotonic.

As mentioned in the Introduction, in a hypergraph, interac-
tions do not occur exclusively between pairs of nodes, but can
also involve groups of nodes. In dyadic networks, pairwise
interactions are represented by links, whereas in hypergraphs
they are described by hyperedges [49]. As discussed in several
previous works, a hypergraph can be represented as a factor
graph or, equivalently, as a bipartite network composed of two
sets: one set contains the nodes of the original network, while
the other contains factor nodes representing hyperedges. In
this bipartite representation, a link between a node “i” and a
factor node “ j” indicates that node “i” belongs to group “ j”
(or, in other words, “i” is a member of “ j”). Consequently, all
nodes connected to the same factor node “ j” interact collec-
tively in the hypergraph.

The hyperdegree k of a node is the number of groups it
belongs to, or equivalently, the number of factor nodes it is
connected to in the bipartite representation. The probability
that a node has hyperdegree k is denoted by P(k). Analo-
gously, the cardinality m of a hyperedge is the number of
nodes participating in that hyperedge, which corresponds in
the bipartite representation to the number of nodes connected
to a factor node. The probability that a hyperedge has cardi-
nality m is denoted by Q(m).

Following the same approach used for dyadic networks, we
define the excess-hyperdegree and excess-cardinality distribu-
tions in the bipartite representation as

P1(̃k) = (̃k + 1)P(̃k + 1)

〈k〉 , (20)

Q1(m̃) = (m̃ + 1)Q(m̃ + 1)

〈m〉 , (21)

where 〈k〉 = ∑
kP(k) and 〈m〉 = ∑

mQ(m).

We now consider a percolation process in which a fraction
1 − p of nodes is removed, along with all the hyperedges they
belong to. In the bipartite representation, this implies that after
removing a fraction 1 − p of the nodes, any factor node that
loses at least one of its neighbors is also removed.

Before we generalize this process to correlated hyper-
graphs, it is useful to first review how it behaves in the simpler
uncorrelated case, which was studied by Bianconi and Doro-
govtsev [50]. In that work, node hyperdegree and hyperedge
cardinality are independent of each other, and the fraction
of nodes belonging to the GC can be found by solving the
following pair of self-consistent equations:

W =
∑

k̃

P1(̃k)[1 − (1 − V )̃k], (22)

V =
∑

m̃

Q1(m̃)pm̃[1 − (1 − W )m̃]. (23)

Here, W denotes the probability that a node reached by fol-
lowing a randomly chosen link in the bipartite representation
belongs to the GC, and V is the probability that a factor node
reached in the same way is connected to the GC.

Once we solve this system, the total fraction of nodes in
the GC is

P∞ = p
∑

k

P(k)[1 − (1 − V )k]. (24)

In addition, for the uncorrelated case, it was shown that the
critical point satisfies the following equation:

〈k(k − 1)〉
〈k〉

∑
m

m(m − 1)Q(m)

〈m〉 pm−1
c = 1. (25)

To build some intuition before tackling the general cor-
related case, it is instructive to look at a particularly simple
example. Consider a hypergraph where every node has exactly
the same hyperdegree z and every hyperedge has exactly the
same cardinality z, namely, P(k) = δk,z and Q(m) = δm,z. In
other words, every node participates in exactly z hyperedges,
and each hyperedge contains exactly z nodes. We will refer to
this class of networks as random regular hypergraphs. For this
particular case, the percolation threshold formula [predicted
by Eq. (25)] simplifies to a clean closed-form expression:

pc = 1

(z − 1)2/(z−1)
. (26)

In Fig. 5, we plot pc as a function of z. Interestingly, the
robustness of the hypergraph does not vary monotonically
with z, but instead displays an optimal value around z = 4,
where pc ≈ 0.48. To understand why, consider what happens
at the two extremes. For large z, each hyperedge contains
many nodes, which means that removing just one node is
enough to destroy the entire hyperedge. This makes high-z
hypergraphs particularly vulnerable. On the other hand, for
small values of z (such as z = 2 or z = 3), the network is also
relatively fragile because nodes participate in only a few hy-
peredges, which makes the formation of a GC more difficult.
As a consequence, the competition between these two effects
leads to a maximum robustness at an intermediate value of z,
which corresponds to z = 4.

In what follows, we will generalize the equations proposed
by Bianconi and Dorogovtsev to account for the effect of
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FIG. 5. Critical percolation threshold pc as a function of z for
random regular hypergraphs in which all nodes have hyperdegree
z and all hyperedges have cardinality z. Even though z only takes
integer values, we show the analytical prediction as a dashed line by
extending the expression pc = 1/(z − 1)2/(z−1) to real values of z in
order to better visualize the trend. The red dots indicate the actual
values of pc for integer z. The threshold exhibits a nonmonotonic
dependence on z, with a minimum at z = 4, indicating that the most
robust configuration is achieved at this value. For z > 4, pc increases
(or, in other words, the robustness decreases) as hyperedges become
larger and are therefore more easily destroyed by the removal of a
single member node. On the other hand, for z < 4, nodes participate
in only a few hyperedges, which also limits the formation of a GC.

correlations between node hyperdegree and hyperedge cardi-
nality, and study how such correlations modify the percolation
threshold pc.

A. Theory for correlated hypergraphs

Let us consider a factor graph (or hypergraph) character-
ized by a hyperdegree distribution P(k) and a cardinality dis-
tribution Q(m), with corresponding excess-hyperdegree and
excess-cardinality distributions P1(̃k) and Q1(m̃), respectively.
We define P1(̃k, m̃) as the joint excess hyperdegree-cardinality
distribution, which represents the probability that a node with
excess hyperdegree k̃ is connected to a factor node with excess
cardinality m̃.

We assume that k ∈ [kmin, kmax], where kmin and kmax de-
note the minimum and maximum hyperdegree, respectively,
and m ∈ [mmin, mmax], where mmin and mmax denote the min-
imum and maximum hyperedge cardinality, respectively. The
correlation between hyperdegree and cardinality is measured
by the usual Pearson coefficient given by

r =
∑

k̃,m̃ k̃m̃[P1(̃k, m̃) − P1(̃k)Q1(m̃)]

σk̃σm̃
, (27)

where σk̃ =
√∑

k̃ (̃k)2P1(̃k) − [
∑

k̃ k̃P1(̃k)]2 and σm̃ =√∑
m̃ m̃2Q1(m̃) − [

∑
m̃ m̃Q1(m̃)]2.

The case r > 0 (assortative) describes a topology where
nodes belonging to many groups (high k) tend to partici-
pate in groups with large cardinality, while nodes with few
connections prefer smaller groups. This could, for example,
represent a scenario in which sociable people interact with
each other in many and large groups, while more reserved
individuals prefer to interact with each other in fewer and

smaller groups. Conversely, the case r < 0, corresponding to
disassortative mixing, describes a scenario in which nodes
with large hyperdegree tend to belong to small groups, while
nodes with small hyperdegree participate in groups with large
cardinality.

We now consider the same percolation process as before,
in which a fraction 1 − p of nodes is removed, along with
all their hyperedges, but now in the presence of these corre-
lations. Extending the self-consistent equations proposed by
Bianconi and Dorogovtsev [50] to the case in which node hy-
perdegree and hyperedge cardinality are correlated, we obtain
the following system:

Wm̃ =
∑

k̃

P1(̃k|m̃)(1 − (1 − Ṽk )̃k ), (28)

Ṽk =
∑

m̃

P1(m̃|̃k)pm̃(1 − (1 − Wm̃)m̃), (29)

where k̃ ∈ [kmin − 1, kmax − 1], m̃ ∈ [mmin − 1, mmax − 1],
and Wm̃ is the probability that a randomly chosen node,
reached by following a link emanating from a factor node
of cardinality m = m̃ + 1, belongs to the GC. Similarly, Ṽk
is the probability that a randomly chosen factor node, reached
by following a link emanating from a node of hyperdegree
k = k̃ + 1, is connected to the GC.

The fraction of nodes belonging to the GC is then given by

P∞ = p
∑

k

P(k)(1 − (1 − Vk−1)k ). (30)

On the other hand, the critical point corresponds to the value
of p such that the branching matrix,

Bk̃k̃′ =
∑

m̃

pm̃k̃′P1(k̃′|m̃) · m̃P1(m̃|̃k), (31)

has its largest eigenvalue equal to 1.
In what follows, we will consider a simple but illustrative

example in order to understand how these correlations affect
the robustness of the system.

B. Trimodal hypergraphs with degree-cardinality correlations

To investigate the effect of degree-cardinality correlations
in hypergraphs, we begin with a simplified model in which
both the excess-hyperdegree distribution P1(̃k) and the excess-
cardinality distribution Q1(m̃) take only three possible values:

P1(̃k) = P1(̃k1)δ̃k,̃k1
+ P1(̃k2)δ̃k,̃k2

+ P1(̃k3)δ̃k,̃k3
, (32)

Q1(m̃) = Q1(m̃1)δm̃,m̃1 + Q1(m̃2)δm̃,m̃2 + Q1(m̃3)δm̃,m̃3 .(33)

Due to the large number of degrees of freedom in the general
case, we restrict our analysis to the symmetric case k̃i = m̃i

and P1(̃ki ) = Q1(m̃i ) = πi with i = 1, 2, 3. This means that
the hyperdegree and cardinality distributions have the same
shape.

For this hypergraph, we consider that the degree-
cardinality correlations are described by the matrix

P1(̃k, m̃) =
⎛⎝π1 − α1 − α2 α1 α2

α1 π2 − 2α1 α1

α2 α1 π3 − α1 − α2

⎞⎠,

(34)
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FIG. 6. (a) Heat map of the degree-cardinality correlation co-
efficient r in the α1-α2 plane for the trimodal hypergraph defined
in Sec. IV B. The correlation is computed from Eq. (27). Straight
lines correspond to constant values of r. (b) Heat map of the crit-
ical percolation threshold pc in the α1-α2 plane obtained from the
condition that the largest eigenvalue of the branching matrix [see
Eq. (31)] is equal to 1. The cross in both panels indicates the point
of maximum fragility (largest value of pc), which occurs at an in-
termediate positive correlation. The dashed white line corresponds
to the uncorrelated case (r = 0). The light blue region indicates the
values of α1 and α2 for which assortative hypergraphs exhibit a lower
percolation threshold than the fully uncorrelated case, defined by the
factorized distribution P1 (̃k, m̃) = P1 (̃k)Q1(m̃).

which satisfies the marginal constraints
∑

m̃ P1(̃ki, m̃) = πi

and
∑

k̃ P1(̃k, m̃i ) = πi. Just as in the dyadic trimodal case,
the two free parameters α1 and α2 allow us to explore a
wide range of correlations while keeping both P(k) and Q(m)
fixed. In what follows, we will present our results for the
specific trimodal hypergraph with k1 = m1 = 2, k2 = m2 = 4,
and k3 = m3 = 7, and π1 = 0.25, π2 = 0.5, and π3 = 0.25.
Additional results for other trimodal hypergraphs are pre-
sented in Appendix C.

In Fig. 6(a), we show the degree-cardinality correlation
predicted by Eq. (27). From this figure, we observe that the
behavior of the correlation coefficient is qualitatively similar
to what we found for trimodal dyadic networks [see Fig. 1(a)],
which is expected since the joint probability matrix has the
same functional form in both cases. Additionally, as in the
dyadic case, this parametrization allows us to explore a wide
range of correlations (−0.96 � r � 1). However, despite this
similarity in the correlation structure, the effect of those cor-
relations on network robustness turns out to be markedly
different from the dyadic case, as we will discuss below.

In Fig. 6(b), we show the critical percolation threshold pc

in the α1-α2 plane. Unlike ordinary dyadic networks, where
assortative mixing tends to increase robustness, we find that
positively correlated hypergraphs are significantly more frag-
ile than disassortative hypergraphs. For example, in the most
disassortative configuration (α1 = 0 and α2 = 0.25) we obtain
pc ≈ 0.166, which corresponds to the lowest value in the
parameter space. On the other hand, for the maximum positive
correlation (α1 = α2 = 0), we get pc ≈ 0.4807, which is close
to the threshold of a random regular hypergraph with z = 4
(see Fig. 5).

The reason why hypergraphs with r > 0 are more fragile
than those with r < 0 can be understood from the structural
role played by hyperedges. In assortative hypergraphs, nodes
with large hyperdegree tend to belong to hyperedges with
large cardinality. Such hyperedges are particularly vulnerable,

since removing a single node is sufficient to destroy the entire
hyperedge. As a result, high-hyperdegree nodes are likely to
lose many of their group memberships, weakening the overall
connectivity.

In disassortative hypergraphs, by contrast, nodes with large
hyperdegree tend to participate in many hyperedges of small
cardinality. This configuration is structurally more robust be-
cause smaller hyperedges are less vulnerable to node removal,
and as a consequence, high-hyperdegree nodes are unlikely to
lose all their hyperedges simultaneously, preserving the GC
under random failures.

Although these results clearly show that assortativity tends
to make hypergraphs more fragile, this does not imply a
monotonic relationship between r and pc. Indeed, as shown
in Fig. 6(b), the point of maximum fragility corresponds to
a positive but intermediate correlation r ≈ 0.68 (α1 = 0.079,
α2 = 0), where pc ≈ 0.52. Thus, similarly to what was ob-
served in dyadic networks, the most fragile configuration does
not coincide with the extreme correlation limit.

In order to understand the origin of the nonmonotonic
behavior, it is useful to compare two particular paths in param-
eter space α1-α2: (i) the case α1 = 0 with increasing α2, and
(ii) the case α2 = 0 with increasing α1. In both cases, the cor-
relation decreases, but the effect on the percolation threshold
pc is qualitatively different, as illustrated in Figs. 7(a)–7(d).

In Fig. 7(b), we show the maximally assortative case
α1 = α2 = 0, where the hypergraph is fully segregated into
three disconnected communities, each characterized by a
single value of z = k = m. In this configuration, each commu-
nity behaves as an independent random regular hypergraph.
Among these three communities, the one with z = 4 has the
lowest percolation threshold, and therefore sets the global
value of pc. On the other hand, in Fig. 7(c), we show
the case α1 = 0 and α2 = 0.15. Compared with Fig. 7(b),
the intermediate-degree community with k = m = 4 remains
fully segregated from the rest of the system, so its internal per-
colation properties are essentially unchanged. More generally,
this community remains isolated as α2 increases while α1 = 0
[see the second row of Eq. (34)]. At the same time, the low-
and high-degree sectors are no longer completely separated as
α2 increases: nodes with large hyperdegree (k = 7) begin to
connect preferentially to factor nodes with small cardinality
(m = 2). Since smaller hyperedges are less vulnerable to node
removal, these new connections tend to make that part of the
structure more robust.

Therefore, by comparing Figs. 7(b) and 7(c), we see that
increasing α2 while keeping α1 = 0 does not make the hy-
pergraph more fragile. The robust k = m = 4 community is
preserved, while the rest of the structure becomes, if anything,
more stable. This helps us understand why the critical thresh-
old pc does not increase along this path, as shown in Fig. 7(a).

In contrast, along the second path (i.e., α2 = 0 and increas-
ing α1), the k = m = 4 substructure becomes progressively
mixed with both the k = m = 2 and k = m = 7 components,
as can be seen in Fig. 7(d), which corresponds to α2 = 0
and α1 = 0.079. As α1 increases, nodes with hyperdegree
k = 4 start connecting to factor nodes of small cardinality,
m = 2, which tends to increase robustness. However, these
same nodes also begin connecting to factor nodes of large car-
dinality, m = 7, which are more vulnerable to node removal.
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FIG. 7. (a) Critical threshold pc along two different paths in
the α1-α2 plane for the trimodal hypergraph defined in Sec. IV B.
The solid line corresponds to the path α1 = 0 with increasing α2,
while the dashed line corresponds to the path α2 = 0 with increas-
ing α1. Both curves represent theoretical predictions obtained from
Eq. (31). [(b)–(d)] Visualizations of the trimodal hypergraph gen-
erated using gephi [43] for three different parameter choices: (b)
α1 = α2 = 0, (c) α1 = 0 and α2 = 0.15, and (d) α1 = 0.079 and
α2 = 0. Circles represent nodes and squares represent factor nodes,
both colored according to their hyperdegree or cardinality: black
(k = m = 2), light blue (k = m = 4), and red (k = m = 7). In panel
(c), the intermediate-degree community (k = m = 4) remains com-
pletely segregated from the rest of the network, consistent with the
fact that α1 = 0 prevents any mixing between the k = m = 4 nodes
and the other degree classes. In panel (d), intermediate-degree nodes
begin to mix with both low- and high-degree nodes and factor nodes,
disrupting the isolated community structure observed in panel (b).

These two opposing tendencies may therefore contribute to
the nonmonotonic dependence of pc on α1 along this path, as
shown in Fig. 7(a).

Finally, another result of the nontrivial relationship be-
tween correlations and robustness is illustrated in Fig. 6(b).
In analogy with the results reported by Wang et al. [34] for
dyadic networks, we observe that there exists a broad region
of the parameter space in which assortative hypergraphs are
more robust than the uncorrelated case, whose critical thresh-
old is given by Eq. (25). Combined with the results discussed
above for disassortative hypergraphs, this suggests that, in a
region around r = 0, both assortative and disassortative hy-
pergraphs can be more robust than the uncorrelated case, in a
way reminiscent of the behavior reported by Hasegawa et al.
[6] for the GC of susceptible nodes. Similar results are shown
in Figs. 10(a)–10(d) for other hypergraphs in Appendix C.

C. Percolation in correlated hypergraphs with general degree
distributions

In the previous section, we saw that degree-cardinality cor-
relations can have a strong effect on the robustness of trimodal
hypergraphs. Here, we will extend our analysis to hypergraphs
with more general hyperdegree and cardinality distributions.
To generate correlated structures while keeping both P(k) and

Q(m) fixed, we use the IPF procedure introduced earlier for
dyadic networks.

Recall that we denote by P1(̃k) and Q1(m̃) the excess-
hyperdegree and excess-cardinality distributions, respectively.
We first define the cumulative distributions

Fk (̃k) =
∑
j̃�k̃

P1( j̃), (35)

Fm(m̃) =
∑
j̃�m̃

Q1( j̃), (36)

which correspond to the cumulative distribution functions as-
sociated with P1(̃k) and Q1(m̃), respectively.

Following the same copula-based construction used in the
dyadic case, we define an initial seed matrix P(0)

1 (̃k, m̃) as

P(0)
1 (̃k, m̃) = Cθ (Fk (̃k), Fm(m̃)) − Cθ (Fk (̃k − 1), Fm(m̃))

−Cθ (Fk (̃k), Fm(m̃ − 1))

+Cθ (Fk (̃k − 1), Fm(m̃ − 1)). (37)

It is important to note that, in contrast with the dyadic case,
this matrix is not necessarily symmetric because the distribu-
tions P(k) and Q(m) can be different. Moreover, the matrix
does not need to be square, since the number of possible
values of k̃ and m̃ may also differ.

Starting from this initial matrix, we apply steps 2 and 3
of the IPF algorithm iteratively until the error between the
current marginals and the target distributions P1(̃k) and Q1(m̃)
falls below 10−10. Once the final joint distribution P1(̃k, m̃) is
obtained, we compute the percolation threshold pc from the
condition that the largest eigenvalue of the branching matrix
equals 1 [see Eq. (31)].

We consider the following five cases:
(1) Case I (symmetric): P(k) and Q(m) follow a truncated

Poisson distribution Pois(4, 1, 20).
(2) Case II (symmetric): P(k) and Q(m) follow a truncated

scale-free distribution PL(1.5, 2, 20).
(3) Case III (symmetric): P(k) and Q(m) follow a trun-

cated scale-free distribution PL(2.5, 2, 50).
(4) Case IV (asymmetric): P(k) follows Pois(4, 1, 20)

while Q(m) follows Pois(7, 1, 20).
(5) Case V (asymmetric): P(k) follows Pois(6, 1, 20)

while Q(m) follows Pois(2, 1, 20).
The results are shown in Fig. 8. Across all five cases,

we observe that the most negatively correlated configuration
corresponds to the most robust hypergraph, i.e., the one with
the smallest value of the critical threshold pc. In contrast,
assortative hypergraphs exhibit considerably larger values of
pc. In particular, for the symmetric cases (cases I, II, and III),
the correlation can approach r 
 1, and in this limit the critical
threshold tends to pc ≈ 0.48. This value coincides with the
critical threshold of a random regular hypergraph with z = 4,
as predicted by Eq. (26). Notably, this behavior appears inde-
pendently of whether P(k) and Q(m) follow a Poisson form or
a truncated power law. This suggests that, in the limit r → 1,
the hypergraph decomposes into communities where nodes
and factor nodes have matching hyperdegree and cardinality,
each behaving as a random regular hypergraph. The overall
robustness is then dominated by the z = 4 community, which
is the most robust configuration, as shown in Fig. 5.
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FIG. 8. Critical percolation threshold pc as a function of the
correlation coefficient r for the five hypergraph configurations de-
scribed in the text. The arrow indicates the value of pc ≈ 0.48, which
corresponds to the critical point for a random regular hypergraph
with z = 4 [see Eq. (26)].

Finally, looking more closely at how pc varies with the
correlation coefficient r, we observe that pc initially increases
monotonically with r. However, for sufficiently large positive
correlations, pc starts to decrease. This behavior is observed
across all cases, although it is less pronounced in case IV,
suggesting that pc can exhibit a nonmonotonic dependence on
r in the assortative regime of hypergraphs only.

V. CONCLUSIONS

In this work, we have studied how correlations affect the
robustness of complex systems under node percolation, con-
sidering both dyadic networks and hypergraphs.

For dyadic trimodal networks, our results show that
the relationship between assortativity and robustness is not
straightforward. Although assortative networks are generally
more robust, we found that disassortative mixing can also
enhance robustness in certain regimes. In particular, the per-
colation threshold exhibits a nonmonotonic dependence on the
correlation coefficient, and the most fragile configurations do
not necessarily correspond to the most negatively correlated
networks. For networks with more general degree distribu-
tions, such as truncated Poisson and power-law forms, we
observe the same qualitative behavior.

On the other hand, for hypergraphs, we found that the
role of correlations is qualitatively different from the dyadic
case. Here, assortative correlations tend to increase fragility,
while disassortative configurations can significantly improve
robustness. Additionally, in the regime of strongly positive
correlations, we showed that hypergraphs tend to decompose
into communities where nodes and factor nodes have match-
ing hyperdegree and cardinality, each behaving as a random
regular hypergraph. In this limit, the overall robustness is
dominated by the z = 4 community, which corresponds to
the most robust configuration among random regular hyper-
graphs, with a critical threshold pc ≈ 0.48. Finally, we found
that the critical threshold pc exhibits a nonmonotonic de-
pendence on the correlation coefficient. However, unlike the
dyadic case, this nonmonotonic behavior occurs in the assor-
tative regime, where intermediate positive correlation values
can lead to the most fragile configurations.

Overall, our results indicate that correlations play a subtle
and nontrivial role in determining the resilience of complex
systems. The correlation coefficient by itself is not sufficient
to predict robustness under random failures, and more detailed
characterizations of the correlation structure are required,
such as the full joint distribution P1(̃k, k̃′) and P1(̃k, m̃), or
the average nearest-neighbor degree knn(k) [3,17]. We hope
that the theoretical tools and results developed here will be
useful for future studies on the resilience of systems with
higher-order interactions and may also find applications in the
design of more robust networks.
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APPENDIX A: CONSTRUCTION OF CORRELATED
NETWORKS

One of the algorithms commonly used to construct cor-
related networks with a prescribed joint degree distribution
P1(̃k, k̃′) was proposed by Newman in Ref. [15]. This method
is based on the Metropolis-Hastings algorithm. It starts from
an uncorrelated network generated using the configuration
model [35]. Then, pairs of links are selected and rewired with
a probability that depends on the target distribution P1(̃k, k̃′).
This procedure is iterated until the empirical joint degree dis-
tribution converges sufficiently close to the target distribution.

Although this algorithm can, in principle, generate net-
works with a wide range of correlations, our numerical
simulations indicate that its convergence becomes pro-
hibitively slow for strongly disassortative networks. For this
reason, we employ a variant of the configuration model, sim-
ilar to the one proposed in Ref. [48], to directly construct
correlated random networks.

The procedure is as follows:
(1) Assign to each node a degree k (i.e., number of stubs)

drawn from the distribution P(k), with kmin � k � kmax.
(2) Randomly generate a pair (̃k, k̃′) according to the

joint excess-degree distribution P1(̃k, k̃′), where k̃ = k − 1
and k̃′ = k′ − 1 represent outgoing degrees.

(3) Select one stub from a node of degree k = k̃ + 1 and
another stub from a node of degree k′ = k̃′ + 1, and connect
them to form a link, avoiding self-loops and multiple connec-
tions.

(4) Repeat steps 2 and 3 until no free stubs remain. If, after
a large number of attempts, the remaining stubs cannot be suc-
cessfully connected, we proceed as follows. If the fraction of
unmatched stubs is smaller than 0.01% of the total number of
stubs, they are discarded. Otherwise, the construction process
is aborted and restarted from step 1.

This algorithm can be straightforwardly extended to
construct correlated hypergraphs (or, equivalently, bipartite
networks) with a prescribed joint distribution P1(̃k, m̃). The
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FIG. 9. Heat map of the critical percolation threshold pc in the
α1-α2 plane. Panels (a)–(d) correspond to cases I–IV described in
the text, respectively. In all panels, each cross indicates the point
of maximum fragility (largest value of pc). The dashed white line
corresponds to the uncorrelated case (r = 0). The light blue region
indicates the values of α1 and α2 for which disassortative networks
are more robust than the fully uncorrelated case, defined by the
factorized distribution P1 (̃k, k̃′) = P1 (̃k)P1(k̃′).

implementations of these algorithms are available in our pub-
lic GitHub repository [51].

While the algorithm described above can in principle
generate networks for any joint distribution P1(̃k, k̃′), it is
important to note that the range of achievable Pearson coef-
ficients r is not arbitrary. In particular, it has been shown that
the degree distribution itself constrains the possible values of
r, especially in heterogeneous scale-free networks [52].

APPENDIX B: ADDITIONAL RESULTS FOR DYADIC
NETWORKS

In Fig. 9, we present the critical percolation threshold pc

in the α1-α2 plane for four additional trimodal networks with
different degree parameters. Specifically, we consider the fol-
lowing:

(1) Case I: k1 = 8, k2 = 10, and k3 = 12 with π1 = 0.25,
π2 = 0.50, and π3 = 0.25.

(2) Case II: k1 = 2, k2 = 3, and k3 = 4 with π1 = π2 =
π3 = 1/3.

(3) Case III: k1 = 4, k2 = 8, and k3 = 10 with π1 = 0.25,
π2 = 0.50, and π3 = 0.25.

(4) Case IV: k1 = 6, k2 = 8, and k3 = 10 with π1 = π2 =
π3 = 1/3.

In all cases, we observe that the point of maximum fragility
(the largest value of pc) does not coincide with the most
disassortative configuration.

APPENDIX C: ADDITIONAL RESULTS FOR
HYPERGRAPHS

In Fig. 10, we present the critical percolation threshold pc

in the α1-α2 plane for four additional trimodal hypergraphs, all

FIG. 10. Heat map of the critical percolation threshold pc in
the α1-α2 plane. Panels (a)–(d) correspond to cases I–IV described
in the text, respectively. Each cross indicates the point of maxi-
mum fragility (largest value of pc), which occurs at an intermediate
positive correlation. The dashed white line corresponds to the uncor-
related case (r = 0). The light blue region indicates the values of α1

and α2 for which assortative hypergraphs exhibit a lower percolation
threshold than the fully uncorrelated case, defined by the factorized
distribution P1 (̃k, m̃) = P1 (̃k)Q1(m̃).

satisfying the symmetric condition P(k) = Q(m). The specific
parameters for each case are as follows:

(1) Case I: k1 = m1 = 6, k2 = m2 = 8, k3 = m3 = 10,
π1 = 0.25, π2 = 0.50, and π3 = 0.25.

(2) Case II: k1 = m1 = 4, k2 = m2 = 8, k3 = m3 = 10,
π1 = 0.25, π2 = 0.50, and π3 = 0.25.

(3) Case III: k1 = m1 = 6, k2 = m2 = 8, k3 = m3 = 10,
and π1 = π2 = π3 = 1/3.

(4) Case IV: k1 = m1 = 2, k2 = m2 = 4, k3 = m3 = 6,
and π1 = π2 = π3 = 1/3.

FIG. 11. (a) In the main panel, we plot P∞ as a function of p
for hypergraphs in which P(k) and Q(m) follow a truncated Poisson
distribution Pois(4, 1, 20). Solid lines correspond to the theoretical
solution of Eq. (30), while symbols represent stochastic simulations
for networks of size N = 106. Colors indicate different values of
the hyperdegree-cardinality correlation coefficient r: red, r = −0.34
(obtained with θ = −0.4 in the Clayton copula); orange, r = 0.72
(θ = 3.04); and black, r = 0.89 (θ = 9). The inset shows pc versus
r obtained from Eq. (31). (b) Same as in (a) but for hypergraphs in
which P(k) and Q(m) follow a power-law distribution PL(1.5, 2, 20).
Colors indicate different values of the hyperdegree-cardinality corre-
lation coefficient r: red, r = −0.31 (θ = −0.40); orange, r = 0.64
(θ = 2.16); and black, r = 0.93 (θ = 9).
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In all cases, we observe that the most fragile configuration
corresponds to an assortative hypergraph, and that the point
of maximum fragility does not coincide with the most assor-
tative configuration. This is consistent with the nonmonotonic
behavior reported in Sec. IV B.

In Fig. 11, we present additional results for hypergraphs
with more general degree distributions. Figure 11(a) shows
P∞ as a function of p for hypergraphs in which both P(k) and

Q(m) follow a truncated Poisson distribution Pois(4, 1, 20),
for several values of the correlation coefficient r generated
using the Clayton copula (see Sec. IV). The inset shows pc

as a function of r. Both the main panel and the inset reveal a
nonmonotonic dependence of pc on r. Figure 11(b) shows the
same analysis for hypergraphs whose degree and cardinality
distributions follow a truncated power law PL(1.5, 2, 20), and
the same nonmonotonic behavior is observed.
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