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Influence of orientation on the evolution of small perturbations in compressible
shear layers with inflection points
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We investigate the influence of orientation on the evolution of small perturbations in compressible shear layers
with inflection points. By using linear analysis, we demonstrate that perturbations along the shear plane are most
affected by compressibility. The influence of compressibility gradually diminishes with increasing obliqueness of
the perturbations with respect to the shear plane. It is demonstrated that the effective gradient Mach number is an
appropriate compressibility parameter. We establish that spanwise perturbations, orthogonal to the shear plane,
are impervious to compressibility effects. Direct numerical simulations of compressible mixing layers subject to
the perturbations at various obliqueness angles verify the analytical findings.
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I. INTRODUCTION

The Rayleigh inflection point criterion is one the
hallmarks of incompressible shear layer instability [1]. The
Kelvin–Helmholtz instability (KHI) is the principal cause of
small perturbation growth and transition to turbulence in
general low-speed shear layers with the inflection point.
Chandrasekhar was among the first investigators to study
the effect of compressibility on KHI [2]. The connection
between mixing inhibition in compressible shear layers and
KHI suppression has been established in various astrophysical
phenomena involving sheared plasma flow [3–5]. The
stabilizing effect of compressibility in high-speed turbulent
mixing layers is known from numerous experimental
investigations [6–9] and numerical simulations [10–13].
Numerical and experimental data indicate a steady decline in
mixing layer thickness as the Mach number increases.

In recent work, Karimi and Girimaji [14] formulated a
linear initial value problem to investigate the compressibility
effect on early behavior of KHI in planar shear flows with a
velocity field inflection point. The authors establish that the
main physical distinction between high-speed and low-speed
mixing layers lies in the flow surrounding the inflection point.
In high-speed flows, the inflection-point region is dominated
by wave-like dilatational motion due to the action of pressure.
The wave-like motion shakes, rather than stirs, the fluid in the
inflection-point region. The reversible shaking action inhibits
mixing. On the other hand, the inflection-point region in
incompressible mixing layers features a vorticity-dominated
roll-up motion which leads to entrainment, the onset of
instability, and ultimately mixing.

While many of the mixing layer instability studies focus
on streamwise perturbations, some studies indicate that the
perturbations oblique to the shear plane are also important
[15,16]. The degree of perturbation obliqueness plays a
critical role in the growth of the perturbation kinetic energy
[10,17]. Employing direct numerical simulation (DNS) of the
temporally evolving compressible mixing layer, it has been
demonstrated that oblique disturbances are more unstable
than planar or streamwise disturbances [10]. There is a
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pronounced difference of structure as the obliqueness angle of
the initial perturbation varies in a compressible mixing layer.
To elucidate understanding of the effect of compressibility
on free shear-layer stability, the influence of perturbation
obliqueness on the early growth of instability is investigated.

The objectives of the present work are (i) to perform
a linear analysis to establish the influence of perturbation
obliqueness on shear layer evolution and (ii) to employ direct
numerical simulation (DNS) of full equations to verify the
outcomes of the linear analysis. The focus is on the changing
character of perturbation pressure field, velocity field, and
pressure-velocity interactions as a function of Mach number
and obliqueness angle.

The outline of the paper is as follows: The governing
equations and linear analysis are presented in Sec. II. Nu-
merical approach including simulation parameters, the initial
conditions and boundary conditions is presented in Sec. III.
The influence of obliqueness on early time evolution of a com-
pressible mixing layers are investigated in detail in Sec. IV.
We conclude with a brief summary of findings in Sec. V.

II. GOVERNING EQUATIONS AND LINEAR ANALYSIS

The three-dimensional, unsteady, compressible Navier–
Stokes equations form the basis of analysis and simulation
of this study. The conservation equations of mass, momentum,
and energy are as follows:

∂ρ

∂t
+ ∂

∂xj

(ρuj ) = 0, (1)

∂

∂t
(ρuj ) + ∂

∂xk

(ρujuk) = −∂(pδjk)

∂xk

+ 1

Rel

∂σjk

∂xk

, (2)

∂p

∂t
+ uj

∂p

∂xj

= −γp
∂uk

∂xk

+ γ (γ − 1)

Rel

∂(σjkuk)

∂xj

+ γ

PrRe
∇2

(
p

ρ

)
, (3)

where xi are the Cartesian coordinates, ui are the velocity
components for i = 1–3, ρ is density, and time is denoted by
t . The specific-heat ratio is γ = cp/cv . The coefficient of the
dynamic viscosity (μ) is assumed to follow Sutherland’s law,
and λ is the second viscosity coefficient. The thermodynamic
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pressure p is given by the ideal-gas law: p = ρRT . The
viscous stress tensor σij is given by the constitutive relation
σij = 2μSij + 2

3 (λ − μ)Skkδij where Sij is the rate of strain
tensor given by Sij = 1

2 (∂ui/∂xj + ∂uj/∂xi).
The relevant nondimensional parameters are the Reynolds

number Re and the Prandtl number Pr. It is important to
point out that the energy equation (3) is expressed in terms
of pressure because highlighting the character of pressure-
velocity interactions is one of the main objectives of the present
study. The full set of equations (1)–(3) for an ideal gas are
solved in the numerical simulations and the linearized version
is employed in the analysis.

We perform linear analysis for a general parallel streamline
shear flow in which the flow of specific interest is a planar
mixing layer. The inflectional instability of a mixing layer is
inviscid in character and the only effect of viscosity is to damp
disturbance amplitudes [18]. Thus the analysis is restricted to
inviscid flow equations. Rather than eigenvalue analysis, we
formulate an initial value problem [19] to identify the effect of
perturbation obliqueness on the evolution of perturbation. The
instantaneous field is decomposed into base and perturbation
components:

q = q̄ + q ′, q = q(ρ,u1,u2,u3,p), (4)

where ¯(.) denotes a background or base quantity and (.)′ repre-
sents disturbance or perturbation. Applying the decomposition
(4) to Eqs. (1)–(3) renders the evolution equation of the base
quantities as follows:

∂ρ̄

∂t
+ ūj

∂ρ̄

∂xj

= ρ̄
∂ūj

∂xj

, (5)

∂ūj

∂t
+ ūk

∂ūj

∂xk

= − 1

ρ̄

∂p̄

∂xj

, (6)

∂p̄

∂t
+ ūk

∂p̄

∂xk

= −γ p̄
∂ūk

∂xk

. (7)

A hyperbolic tangent profile is considered as the planar parallel
shear base velocity:

ūi = (U1(x2),0,0) = (
(�U/2) tanh

(−x2/2δ0
m

)
,0,0

)
, (8)

where δ0
m is half of the initial mixing layer thickness and

(�U/2) is the base velocity difference between the upper
and lower streams of a mixing layer where x2 → ±∞. Here,
x1 is defined as the streamwise direction, x2 is the normal
direction, and x3 is the spanwise direction. The initial pressure
and density fields are taken to be spatially uniform [2,20]:

ρ̄(x1,x2,x3,0) ≈ ρ̄0, p̄(x1,x2,x3,0) ≈ p̄0. (9)

By subtracting the base flow from the instantaneous flow
equations, the perturbation field evolution equations are
obtained:

∂ρ ′

∂t
+ U1

∂ρ ′

∂x1
= −∂(ρ̄u′

k)

∂xk

, (10)

∂u′
1

∂t
+ U1

∂u′
1

∂x1
= −u′

2
∂U1

∂x2
− 1

ρ̄

∂p′

∂x1
, (11)

∂u′
2

∂t
+ U1

∂u′
2

∂x1
= − 1

ρ̄

∂p′

∂x2
, (12)

∂u′
3

∂t
+ U1

∂u′
3

∂x1
= − 1

ρ̄

∂p′

∂x3
, (13)

∂p′

∂t
+ U1

∂p′

∂x1
= −γ

∂(p̄u′
k)

∂xk

. (14)

From Eqs. (11)–(13), the perturbation dilatation equation can
be derived as

∂

∂t

(
∂u′

i

∂xi

)
+ U1

∂

∂x1

(
∂u′

i

∂xi

)
= − 1

ρ̄

∂2p′

∂x2
i

− 2S
∂u′

2

∂x1
, (15)

where the background shear in the normal direction (S) is
given by

S = ∂U1

∂x2
. (16)

The right-hand side of Eq. (15) is obtained from the energy
equation (3). To express the left-hand side of Eq. (15)
exclusively in terms of pressure, the momentum equations
(11)–(13) are differentiated with respect to t and the energy
equation (14) is differentiated with respect to t and x1:

∂

∂t

(
∂u′

i

∂xi

)
= − 1

γ p̄

(
∂2p′

∂t2
+ U1

∂2p′

∂t∂x1

)
, (17)

U1
∂

∂x1

(
∂u′

i

∂xi

)
= − U1

γ p̄

(
∂2p′

∂t∂x1
+ U1

∂2p′

∂x2
1

)
. (18)

Substituting Eqs. (17) and (18) into Eq. (15), the evolution
of the pressure perturbation can be expressed in a hyperbolic
form of

∂2p′

∂x2
i

+ 2ρ̄S
∂u′

2

∂x1
= 1

ā2

(
∂2p′

∂t2
+ 2U1

∂2p′

∂t∂x1
+ U 2

1
∂2p′

∂x2
1

)
,

(19)

where ā = √
γ p̄/ρ̄ is the speed of sound in the base or

background flow. Equation (19) is the evolution of the
pressure perturbation in a general planar shear flow. In the
incompressible limit ā → ∞, reducing Eq. (19) to the familiar
Poisson equation:

∇2p′ ≡ ∂2p′

∂x2
i

= −2Sρ̄
∂u′

2

∂x1
. (20)

In this case, pressure has no thermodynamic significance and is
merely a Lagrange multiplier imposing the incompressibility
condition.

To facilitate further analysis, we apply the Howarth–
Dorodnitsyn transformation [21]. The flow evolution is de-
scribed in a coordinate moving with the background convective
velocity:

X1 = x1 −
∫ t

0
U1(x2) dξ, X2 = x2, X3 = x3, t = t.

(21)
The perturbation equations (10)–(14) can be rewritten in the
new coordinate frame as follows:

∂ρ ′

∂t
= −ρ̄

[
∂u′

1

∂X1
+ ∂u′

2

∂X2
− ∂u′

2

∂X1
S∗ + ∂u′

3

∂X3

]
, (22)

∂u′
1

∂t
= − 1

ρ̄

∂p′

∂X1
− u′

2S, (23)
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∂u′
2

∂t
= − 1

ρ̄

∂p′

∂X2
+ 1

ρ̄

∂p′

∂X1
S∗, (24)

∂u′
3

∂t
= − 1

ρ̄

∂p′

∂X3
, (25)

∂p′

∂t
= −γ p̄

[
∂u′

1

∂X1
+ ∂u′

2

∂X2
− ∂u′

2

∂X1
S∗ + ∂u′

3

∂X3

]
, (26)

where

S∗ =
∫ t

0
S(X2)dξ. (27)

Starting from Eq. (19), the pressure equation in the new
coordinates can be written as

1

ā2

∂2p′

∂t2
− ∂2p′

∂X2
i

= −2ρ̄S
∂u′

2

∂X1
. (28)

A. Initial value analysis

Initial value analysis entails the examination of the temporal
development of small perturbations [22] imposed on the
background velocity field. It is most convenient to consider
simple Fourier perturbation modes [23,24].

Given the flow field homogeneity in the streamwise X1 and
spanwise X3 directions, we seek to examine the evolution
of disturbance modes of different degrees of obliqueness
represented by

q ′ = q̂(X2,t)e
i(κ1X1+κ3X3), (29)

where i = √−1 is the unit imaginary number, and (.̂) repre-
sents the Fourier amplitude of a perturbation mode. The wave
number of the perturbation mode is given by 
κ = κ1
e1 + κ3
e3,
and κ1 and κ3 are the wave-number components in the
streamwise and spanwise directions. The relative sizes of κ1

and κ3 determine the degree of disturbance obliqueness.
Considering the perturbation array of q ′ = (ρ ′,u′

i ,p
′) and

inserting the proposed ansatz of Eq. (29), the evolution
equations of the Fourier amplitude of the perturbation field
equations can be obtained from Eqs. (10)–(14):

∂ρ̂

∂t
= −ρ̄

[
iκ1û1 + ∂û2

∂X2
− iκ1û2S

∗ + iκ3û3

]
, (30)

∂û1

∂t
= − i

ρ̄
κ1p̂ − û2S, (31)

∂û2

∂t
= − 1

ρ̄

∂p̂

∂X2
− i

ρ̄
κ1p̂S∗, (32)

∂û3

∂t
= −i

κ3

ρ̄
p̂, (33)

∂p̂

∂t
= −γ p̄

[
iκ1û1 + ∂û2

∂X2
− iκ1û2S

∗ + iκ3û3

]
. (34)

It is evident from the above equations that the production rate
perturbation kinetic energy is proportional to û2S. Perturbation
vorticity equation (not given here) also shows that û2 is critical
in the generation of vorticity at all speed regimes. It is seen
that û2 evolution hinges on that of perturbation pressure p̂.
Hence, the pressure-velocity (p̂-û2) interaction holds the key
to perturbation growth in all speed regimes [14]. Thus, this
work proceed to examine how this interaction is influenced by
compressibility and obliqueness.

FIG. 1. A typical perturbation wave vector of obliqueness angle
β. Here x1, x2, and x3 are the streamwise, normal, and spanwise
directions.

B. Pressure-velocity perturbation

To examine the obliqueness effect manifesting via the
change in character of pressure, we return to the hyperbolic
equation (19). Using Eqs. (31)–(34), we can obtain the
evolution equation of the pressure amplitude:

1

ā2

∂2p̂

∂t2
= ∂2p̂

∂X2
2

− (
κ2

1 + κ2
3

)
p̂ + 2iκ1ρ̄û2S

+
(

iκ1
∂S∗

∂X2
+ κ2

1 S∗2
)

p̂. (35)

Equation (35) describes the evolution of pressure perturbation
amplitude in an inhomogeneous form of wave equation where
the first two terms of the right-hand side are the outcome of
Laplace operator on p̂ in the Fourier space and the remaining
terms correspond to the source term.

To nondimensionalize Eq. (35), we introduce dimensionless
time with shear as t∗ = St and space with the wave-number
magnitude as x∗

i = κxi . Equation (35) in the nondimensional-
izing temporal and spatial coordinates can be rewritten as

S2

ā2κ2

∂2p̂

∂t∗2 = ∂2p̂

∂x∗
2

− p̂ + 2i

(
κ1

κ

)
ρ̄

κ
û2S

+
[
i

(
κ1

κ

)
∂S∗

∂x∗
2

+
(

κ1

κ

)2

S∗2
]
p̂. (36)

To identify the role of perturbation orientation in the evolution
pressure in a compressible mixing layer, we recognize the
obliqueness angle β as the appropriate measure:

β ≡ cos−1

(
κ1

κ

)
, (37)

where κ1 is the initial value of the streamwise component
of the wave vector and κ = |
κ| = (κ2

1 + κ2
3 )1/2 is the initial

value of the wave-number magnitude. A typical oblique wave
mode with its components on the shear plane are depicted in
Fig. 1. Next, we identify the gradient Mach number Mg as
the appropriate parameter to locally characterize the effect of
compressibility on shear layer stability:

Mg ≡ Sl

ā
= S

āκ
, (38)

where l can be any relevant length scale of the flow that we
associate it with 1/κ of a wave-mode perturbation. The other
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widely used Mach number in the compressible mixing layers
studies is the convective Mach number Mc which is defined
as Mc ≡ �U/2ā. Mc is a global measure of the mixing layer
compressibility, while Mg is a local measure of the effect of
compressibility on the perturbation of wave number κ . The
wave-like nature of pressure (36) can be written in a form
wherein the effects of Mach number and obliqueness can be
easily identified:

M2
g

∂2p̂

∂t∗2 = ∂2p̂

∂x∗
2

− p̂ + 2i
ρ̄

κ
û2S cos β

+
[
i
∂S∗

∂x∗
2

cos β + S∗2 cos2 β

]
p̂. (39)

Next, we nondimensionalize the velocity amplitude as û∗
i =

ûi/ā and the pressure amplitude as p̂∗ = p̂/p̄0, where
p̄0 is the initial background pressure. û∗

i can be inter-
preted as the perturbation Mach number. Hence, the fi-
nal nondimensional form of Eq. (39) can be rewritten
as

M2
g

∂2p̂∗

∂t∗2 = ∂2p̂∗

∂x∗
2

− p̂∗ + 2iγ û∗
2Mg cos β

+
[
i
∂S∗

∂x∗
2

cos β + S∗2 cos2 β

]
p̂∗. (40)

Similarly, the velocity perturbation evolution can be described
by an inhomogeneous wave equation. Differentiating Eq. (32)
twice with respect to time yields

M2
g

∂2û∗
2

∂t∗2 = ∂2û∗
2

∂x∗
2

2 − i
p̂∗

γ
Mg cos β −

[
(û∗

1 − û∗
2S

∗) cos2 β

+
(

û∗
3 sin β + i

∂û∗
2

∂x∗
2

)
cos β

]
S∗. (41)

Equations (40) and (41) clearly identify and isolate the
effect of Mach number, perturbation wave number, and
obliqueness on the evolution of small disturbances in
general planar compressible shear flows. We now uti-
lize the linearized equations to examine the influence of
obliqueness on perturbation evolution and low and high
speeds.

1. Pressure-velocity behavior at extreme β

Streamwise perturbations (β = 0) at low Mg . In the
incompressible limit, the evolution of streamwise pertur-
bations (β = 0) leads to the familiar KHI behavior. It
has been demonstrated that p′ and u′

2 experience a pos-
itive feedback interaction [14]. As a result, the p′ and
u′

2 evolution are nearly monotonic. The positive feedback
causes an increasingly rapid overturning motion of the fluid
in the interface region leading to mixing and instability
growth.

Streamwise perturbations (β = 0) at large Mg . At
compressible Mach numbers, the pressure-amplitude (40)
and normal-velocity amplitude (41) equations for stream-
wise perturbations take the form of inhomogeneous wave

equations:

M2
g

∂2p̂∗

∂t∗2 − ∂2p̂∗

∂x∗
2

=
(

1 + S∗2 + i
∂S∗

∂x∗
2

)
p̂∗ + 2iγMgû

∗
2,

(42)

M2
g

∂2û∗
2

∂t∗2 − ∂2û∗
2

∂x∗
2

2 = −i
p̂∗

γ
− û∗

1S
∗ +

(
û∗

2S
∗ − i

∂û∗
2

∂x∗
2

)
S∗.

(43)

This planar or zero obliqueness-angle perturbation has been
investigated in detail by Karimi and Girimaji [14]. With
increasing Mach number, the source term becomes weaker
and the perturbations behave progressively like travelling
waves. Closer inspection reveals that the source terms in
the p̂ and û2 equations (42) and (43) are out of phase. The
resulting interactions between pressure p′ and velocity u′

2
represent negative, rather than positive, feedback. This leads to
suppression of u′

2 growth by compressibility effects and, more
importantly, there is no overturning motion in the inflection-
point region. In essence, the interface region experiences
shaking, rather than stirring, motion. Such interface motion
prohibits mixing and inhibits the growth of disturbance.

Spanwise perturbations (β = π/2) at arbitrary Mg . For
this case, since cos β = 0, the pressure and normal velocity
equations (40) and (41) reduce to

M2
g

∂2p̂∗

∂t∗2 = ∂2p̂∗

∂x∗
2

− p̂∗, M2
g

∂2û∗
2

∂t∗2 = ∂2û∗
2

∂x∗
2

2 . (44)

This implies that p̂ and û2 fields are decoupled and each one is
governed by a simple wave equation. Because κ1 = 0, p̂ and û1

fields are also decoupled. For spanwise perturbations, the ther-
modynamic and flow fields evolve independently. Thus, the
perturbation velocity field will evolve nearly independent of
Mach number. This is similar to the pressure-released limit of
flow evolution described by Simone et al. [12]. In incompress-
ible mixing layers, Arratia et al. identify this as the lift-up insta-
bility (LUI) [25]. The pressure-released lift-up mechanism was
first recognized in the context of boundary layers [26,27]. Our
analysis clearly indicates that this lift-up mechanism is also im-
portant in compressible mixing layers as the evolution of span-
wise perturbations is completely impervious to Mach number.

2. Behavior of oblique perturbations at 0 < β < π/2

Having established flow perturbation behavior at extreme
obliqueness angles in both high and low speeds, we next
examine the behavior at intermediate angles. First we establish
the effect of obliqueness in incompressible mixing layers
and then proceed to examine the compressibility effects as
a function of obliqueness.

Incompressible mixing layer. At the incompressible limit,
pressure and normal velocity perturbation equations can be
written as

∂2p̂∗

∂x∗
2

− p̂∗ = −
[
i
∂S∗

∂x∗
2

cos β + S∗2 cos2 β

]
p̂∗, (45)

∂2û∗
2

∂x∗
2

2 =
[

(û∗
1 − û∗

2S
∗) cos2 β+

(
û∗

3 sin β+i
∂û∗

2

∂x∗
2

)
cos β

]
S∗.

(46)
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First we identify two distinct contributions to the source term in
Poisson pressure equation, the right-hand-side of Eq. (45). The
shear gradient term represents the inhomogeneous shear effect
and the second term indicates the homogeneous shear contri-
bution. Both source terms diminish with increasing oblique-
ness angle. Thus, the magnitude of pressure fluctuations
decrease with increasing obliqueness. Indeed, in the limit of
spanwise fluctuations, the source term vanishes, indicating that
there are no pressure fluctuations. The effect of obliqueness
angle of u′

2 is less evident. Due to the fact that u′
2 evolution

is exclusively by pressure, it can be surmised that diminishing
pressure results in u′

2 reduction with increasing obliqueness.
At the spanwise limit, as previously established, there will
be no growth in u′

2 field. In the next sections, we use direct
numerical simulations to establish the influence of obliqueness
in incompressible mixing layers.

Compressible mixing layer. For arbitrary perturbation
obliqueness β ∈ (0,π/2), the pressure-velocity interaction is
described by equations (40) and (41). In compressible flows,
both shear and acoustic timescales influence the flow dynamics
[28]. Therefore, temporal evolution of the perturbation via
the pressure-velocity interaction can be more conveniently
described with a geometric average of shear and acoustic times.
Following homogeneous shear analysis of Kumar et al. [28],
we also recognize that the effective shear experienced by an
oblique perturbation is different from that of a streamwise
or planar perturbation. We define effective shear Se and new
nondimensional time (τ ) as follows:

Se = S cos β, τ = t
√

κāSe = Set
√

cos β/Me
g, (47)

where the effective gradient Mach number Me
g is defined as

Me
g = Se/(āκ) = Mg cos β. (48)

In a new normalized time τ , the pressure and normal velocity
equations (40) and (41) can be expressed as

Me
g

∂2p̂∗

∂τ 2
= ∂2p̂∗

∂x∗
2

2 − p̂∗ +
[
i
∂S∗

e

∂x∗
2

+ S∗
e

2
]
p̂∗ + 2iγ û∗

2M
e
g,

(49)

Me
g

∂2û∗
2

∂τ 2
= ∂2û∗

2

∂x∗
2

2 − i
p̂∗

γ
Me

g

[
û∗

1S
∗
e cos β − û∗

2S
∗
e

2

+
(

û∗
3 sin β + i

∂û∗
2

∂x∗
2

)
S∗

e

]
. (50)

It is immediately evident that the oblique perturbation
pressure equation (49) expressed in terms of equivalent shear
and gradient Mach number is identical to that of the streamwise
equation (42). The u′

2 equations (50) and (43) are similar
but not identical. Nevertheless, it is evident that the effective
Mach number experienced by a perturbation diminishes as β

increases from 0 to π/2. It is reasonable to conclude that
the smaller the effective Mach number experienced by a
perturbation, the lesser will be the influence of compressibility.

Inferences from linear analysis. In a high-Mach-number
mixing layer, we now summarize the extent to which com-
pressibility modifies the perturbation evolution (with respect
to the incompressible baseline) as a function of obliqueness

FIG. 2. Classification of oblique modes on the κ1-κ3 plane. βc is
the critical obliqueness angle where Me

g = 1.

angle β. (i) Streamwise modes (β = 0) experience the largest
effective Mach number and hence are most affected by com-
pressibility. (ii) The influence of compressibility diminishes
with increasing β as the effective Mach number decreases
monotonically. (iii) There exists an obliqueness angle at which
the effective Mach number is unity: βc = cos−1(āκ/S). The
critical angle βc delineates subsonic and supersonic modes.
(iv) At higher degrees of obliqueness (β > βc), p′-u′

2 interac-
tions can be expected to be more similar to that of the incom-
pressible case. Hence, the compressibility influence is likely
to be small. (v) Spanwise modes (β = π/2) clearly evolve
independent of Mach number as pressure and velocity fields
are decoupled. The influence of obliqueness on suppression
of energy growth and the existence of the critical obliqueness
angle on the κ1-κ3 plane are depicted in Fig. 2. In the following
sections, results from numerical simulations will be employed
to examine the findings of linear analysis.

III. NUMERICAL APPROACH

The direct numerical simulation of small perturbation
evolution in a compressible mixing layer is performed using
the gas-kinetic method (GKM) [29]. This approach employs
a hybrid kinetic scheme to effectively solve the full transport
equations with all nonlinear and viscous physics completely
intact. The GKM has gained popularity over the last decade,
particularly in the context of compressible flow simulations as
thermodynamic nonequilibrium effects can be handled with
relative ease. The GKM scheme has been well validated
for linear and nonlinear processes in high-speed shear flows
[14,30,31].

Initial conditions. Due to the nature of the flow instability
under consideration, it is reasonable to consider perturbations
that are periodic in streamwise (x1) and spanwise (x3)
directions. The perturbation velocity component responsible
for instability is the normal (u2) component. Therefore, only
normal velocity perturbations are considered. Nonzero initial
velocities in the other two directions do not modify the stability
characteristics of the perturbations. The initial turbulence
intensity can be set by adjusting the amplitude of the initial
perturbation, u0

2. To examine the effect of obliqueness, we
identify three main types of perturbation modes: streamwise,
spanwise, and oblique modes. This classification depends
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FIG. 3. Classification of perturbation modes based on their initial obliqueness angles β: (a) streamwise (β = 0), (b) spanwise (β = π/2),
and (c) oblique (0 < β < π/2).

upon the direction of the modal wave vector. Figure 3
shows the schematic of the three different classes of initial
condition perturbation fields used in the current DNS. The
most general mode is an oblique mode. Oblique modes
initially reside on the x1-x3 plane (0 < β < π/2). They
combine characteristics of both spanwise and streamwise
modes:

(u′
1,u

′
2,u

′
3) = (

0,u0
2 sin(κ1x1 + κ3x3 + φ),0

)
, (51)

where κ(0) is the initial wave vector and ûj is the corre-
sponding Fourier coefficient. The phase angle φ represents
an arbitrary phase shift. Streamwise wave number (κ1) and
spanwise wave numbers (κ3) set the value of the obliqueness
angle of the perturbation mode. Since streamwise modes
are initially aligned along the streamwise direction (β = 0),
then κ3 = 0 in Eq. (51). For spanwise modes that are are
initially aligned normal to the shear plane (β = π/2), κ1 = 0
in Eq. (51). The initial base velocity field has the form of
Eq. (8).

Boundary conditions. In both the streamwise and spanwise
directions periodic boundary conditions are used. The fluctuat-
ing field is taken to be periodic in normal direction. Following
Thompson (1987), the nonreflective boundary condition is
used in the normal direction for mean flow.

Simulation parameters. For all simulations presented here,
û0

2 is set to 0.05�U and φ = 0 in Eq. (51). The initial
density ratio between two streams is specified to unity. The
initial background pressure is set to a uniform value. The
initial temperature for all the cases is T0 = 300. The initial
momentum thickness Reynolds number is fixed to Re0

δm
= 400

for all cases at different initial convective Mach numbers. The
Prandtl number is set to Pr = 0.7. In the current simulations,
air is used as the working fluid, thus, the gas constant is
R = 287 J kg−1 K−1 and the specific-heat ratio is γ = 1.4.

Having carefully verified and validated the numerical
scheme and also performing exhaustive time-step and grid-
size sensitivity studies [32,33], we now proceed with new
simulations to highlight obliqueness effects on the small
perturbation evolution in compressible mixing layers.

IV. SIMULATIONS, RESULTS, AND INFERENCES

Simulations are performed to assess the effect of oblique-
ness on instability in low- and high-Mach-number mixing
layers. The findings are explained by using the results from
the linear analysis. Each simulation is performed with single
initial perturbation of a specific degree of obliqueness and its

evolution is examined. The extent of perturbation evolution is
characterized in terms of mixing metrics. The mixing metrics
employed to assess instability evolution in a compressible
mixing layer are (a) momentum thickness δm, (b) vorticity
thickness δω, (c) the perturbation kinetic energy, (d) the normal
component of the perturbation kinetic energy, R22 = u′

2u
′
2. The

definition of each mixing indicator and a brief discussion are
presented in Appendix. All quantities are nondimensionalized
with their initial value except the R22 which is normalized
by the initial kinetic energy k0. The temporal evolution
of perturbations is examined in the shear time, which is
the time normalized by the maximum initial shear rate:
ts = (�U/δ0

m)t .

A. Quasi-incompressible case

We first establish the behavior of perturbations at different
obliqueness angles in incompressible flows. By using the
incompressible behavior at different obliqueness angles as
the benchmark, we will then assess the compressibility
effect at different perturbation orientations. The parameters
of various simulations are given in Table I, where the cases are
labeled according to their initial convective Mach number and
obliqueness angles in degrees; e.g., case M7B30 is of Mc = 0.7
and β = π/6.

The evolution of various mixing metrics and energy compo-
nents for the low-Mach-number case of Mc = 0.3 are shown
in Fig. 4. It is important to recall that streamwise (β = 0)
perturbations exhibit the well-known Kelvin–Helmholtz in-
stability (KHI) and spanwise (β = π/2) perturbations display

TABLE I. Simulation parameters.

Case Mc β κ δ0
m Nx1 × Nx2 × Nx3

M3B0 0.3 0 1 0.25 256 × 1024 × 128
M3B30 0.3 30 1 0.25 256 × 512 × 128
M3B60 0.3 60 1 0.25 256 × 512 × 128
M3B90 0.3 90 1 0.25 256 × 256 × 128
M7B0 0.7 0 1 0.25 256 × 1024 × 128
M7B30 0.7 30 1 0.25 256 × 512 × 128
M7B60 0.7 60 1 0.25 256 × 512 × 128
M7B90 0.7 90 1 0.25 256 × 256 × 128
M12B0 1.2 0 1 0.25 256 × 512 × 128
M12B30 1.2 30 1 0.25 256 × 512 × 128
M12B60 1.2 60 1 0.25 256 × 512 × 128
M12B90 1.2 90 1 0.25 256 × 256 × 128
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FIG. 4. Temporal evolution of (a) the normalized momentum
thickness, (b) vorticity thickness, (c) the perturbation kinetic energy,
and (d) R22 = u′

2u
′
2/2. Effect of obliqueness angle at Mc = 0.3.

lift-up instability (LUI). The nature of the instability also
gradually changes with increasing obliqueness angle from
KHI in the streamwise case toward LUI in the spanwise

case. In the literature it is established that KHI is a modal
instability whereas LUI is algebraic. This is evident from the
early kinetic-energy growth. Figures 4(a) and 4(b) reveal that
momentum and vorticity thickness growth slow down at early
times (linear regime) with increasing obliqueness.

As indicated by the linear analysis, the normal fluctuations
do not exhibit much change in the case of LUI (β = π/2),
but grow rapidly with KHI (β = 0). This is depicted in
Fig. 4(d). At intermediate obliqueness angles, the velocity
evolution is not monotonic [see Figs. 4(c) and 4(d)] as
the character of the instability gradually changes from KHI
to LUI. The perturbation kinetic energy also exhibits a
nonmonotonic transition from the slow growth of LUI to
the rapid growth of KHI. Two useful inferences from the
results exhibited in Fig. 4 are that (i) the KHI is better at
mixing momentum and generating vorticity than LUI, and
(ii) the growth of the perturbation kinetic energy is not directly
proportional to growth of momentum or vorticity thickness.
Having established the baseline incompressible behavior, we
now investigate how compressibility modifies this behavior at
different obliqueness angles.

B. Streamwise modes (β = 0)

The temporal evolution of streamwise perturbation (51)
when κ3 = 0 is now examined in detail [14]. To establish the
role of the obliqueness angle, results from this case are shown
in Fig. 5. The effect of Mach number is immediately evident. At
low Mach number, vorticity thickness grows rapidly through
the linear stage and saturates (at ts ≈ 23) within the shown time
duration. At this time, the first roll-up occurs in the evolution
of KHI.

The growth of each mixing metric is suppressed progres-
sively with increasing Mach number. At higher Mach numbers,
the growth is slow and all metrics are still in the initial regime
of development in the time duration shown. Linear analysis
indicates that change in character of pressure from a simple
Lagrange multiplier in incompressible flow to a wave at high
Mach numbers results in inhibition of u′

2. The simulation
results clearly indicate reduction in normal velocity magnitude
confirming the findings of linear analysis; see Fig. 5(d).
This reduction in turn results in decreased kinetic-energy
production, vorticity generation, and mixing. Clearly the
effect of compressibility on streamwise fluctuations is very
pronounced.

C. Spanwise modes (β = π/2)

The temporal evolution of the mixing indicators at different
Mc for the spanwise modes (51) when κ1 = 0 is shown in
Fig. 6. Regardless of the initial convective Mach number,
momentum and vorticity thickness shown in Figs. 6(a) and
6(b), respectively, grow at nearly the same rate under the
influence of the lift-up instability. The same trend can be
observed in the evolution of the normalized kinetic energy,
as shown in Fig. 6(c). Most notably, u′

2 remains at its initial
value at all Mach numbers, as demonstrated in Fig. 6(d).

As anticipated from linear analysis, the growth of the
spanwise perturbations is impervious to compressibility. All
these findings are consistent with the principal findings of
linear analysis (44): (i) u′

2 does not grow due to the fact that
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FIG. 5. Temporal evolution of (a) the normalized momentum
thickness, (b) vorticity thickness, (c) the perturbation kinetic energy,
and (d) R22 = u′

2u
′
2/2. Effect of convective Mach number at β = 0.

it is entirely decoupled from the pressure field, and (ii) this
decoupling occurs at all Mach numbers and, therefore, the
evolution of perturbation is independent of Mach number.

FIG. 6. Temporal evolution of (a) the normalized momentum
thickness, (b) vorticity thickness, (c) the perturbation kinetic energy,
and (d) R22 = u′

2u
′
2/2. Effect of convective Mach number at β = π/2.

D. Oblique modes, β ∈ (0,π/2)

We now examine the perturbation evolution at intermediate
obliqueness angles of π/6 and π/3. The initial velocity
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perturbation is of the form of Eq. (51) where the values of
κ1 and κ3 are chosen to yield the required value of β. Clearly,
these modes can be expected to display features of both KHI
and LUI to varying degrees. The temporal evolution of the
mixing indicators for two obliqueness angles of β = π/3 and
β = π/6 are shown in Figs. 7 and 8, respectively. For a given
obliqueness angle, we compare the evolution of various metrics
at different Mach numbers. The larger the deviation from the
incompressible behavior, the stronger is the compressibility
effect.

It is immediately evident that β = π/6 case exhibits KHI-
type behavior at lower Mach numbers. Close examination
of the early evolution (ts < 10) of momentum thickness and
vorticity thickness at these two oblique angles of β = 0 and
π/6 clearly indicates an important trend: the thickness growth
rates at different Mach numbers get progressively closer to the
baseline incompressible behavior with increasing obliqueness
angle. Correspondingly, the evolution of kinetic energy and
normal-velocity amplitude also exhibit increasingly similar
behavior. Modes aligned closer with streamwise direction are
clearly more suppressed by compressibility. The implication
is that the suppressive influence of compressibility diminishes
with with increasing obliqueness. Equally evident is the fact
that the nature of early growth of the various metrics goes from
exponential at low obliqueness angles to algebraic at higher an-
gles. While KHI tendencies are suppressed by compressibility,
the LUI-type behavior is reasonably unaffected.

In summation, (i) for a given Mc, perturbation suppression
diminishes with increasing of β and, (ii) for a given β,
perturbation suppression intensifies with increase of Mc. These
findings are entirely consistent with linear analysis which
stipulates decreasing effective Mach number with increasing
obliqueness.

The results shown offer further interesting insights into
early time behavior at different obliqueness angles. At each
obliqueness angle, the various thicknesses and energy com-
ponents display identical evolution at higher Mach numbers.
It is demonstrated that, for high-Mach-number shear flows,
perturbation evolution occurs in three stages demarcated on
the basis of the timescale ratio of pressure and shear fields [28].
Initially, pressure field evolves slowly in comparison to shear
timescale. With time, it is shown that the pressure timescale
decreases monotonically. At intermediate times, pressure and
shear timescales are comparable. Ultimately, the pressure
timescale becomes smaller than that of shear. At early times,
slowly evolving pressure field does not influence the perturba-
tion growth. This time regime is called the “pressure-released”
regime. During this period, the perturbation experiences a
lift-up type growth which is independent of Mach number.
This behavior is clearly seen in the early times of perturbation
evolution at all obliqueness angles. Beyond this time, pressure
effects manifest and the behavior at different Mach numbers
begins to deviate.

Next we examine gradient Mach number equivalence
(Me

g) at different obliqueness angles. In homogeneous shear
flows, it is established that perturbation evolution of different
obliqueness angles and Mach numbers are identical in the
linear regime provided that the equivalent Mach numbers
are the same [28]. In a mixing layer such a demonstration
is not possible because the shear is not uniform in the flow

FIG. 7. Temporal evolution of (a) the normalized momentum
thickness, (b) vorticity thickness, (c) the perturbation kinetic energy,
and (d) R22 = u′

2u
′
2/2. Effect of convective Mach number at β = π/6.

domain. For mixing layers we define equivalent convective
Mach number:

Me
c = Mc cos β. (52)

033112-9



MONA KARIMI AND SHARATH S. GIRIMAJI PHYSICAL REVIEW E 95, 033112 (2017)

FIG. 8. The temporal evolution of (a) the normalized momentum
thickness, (b) vorticity thickness, (c) the perturbation kinetic energy,
and (d) R22 = u′

2u
′
2/2. Effect of convective Mach number at β = π/3.

While Me
c does not lead to precise self-similarity, we in-

vestigate if qualitative similarities exist in the evolution of
two perturbations at different obliqueness and Mach numbers,
but the same Me

c . Comparison of the dashed lines in Fig. 7

(β = π/6, Mc = 0.7, Me
c ≈ 0.61) with the solid lines in Fig. 8

(β = π/3,Mc = 1.2,Me
c ≈ 0.6) show nearly similar behavior

at early times (ts < 10).
It should be pointed out that simulations with perturbations

of higher initial wave numbers were also performed. The
results were similar to those presented here (with κ = 1),
except viscous effects manifested sooner than in the lower-
wave-number cases.

V. CONCLUSION

Compressibility has a profound effect on the stability of
shear layers with inflection point. In this article, we examine
the critical influence of perturbation orientation—with respect
to the shear plane—that affects stability characteristics of
high-speed planar shears layers with an inflection point. The
effect of obliqueness is established by analyzing an initial
value problem of the linearized perturbation equations. The
inferences of the analysis are then validated by performing
direct numerical simulations (DNS) of a compressible mixing
layer with a single initial perturbation.

Linear analysis clearly shows that the stabilizing influence
of compressibility diminishes with increasing obliqueness
angle of the perturbation. Perturbations on the shear plane
are stabilized by compressibility (increasing Mach number),
whereas spanwise perturbations are exhibit the same degree
and type (LUI) of instability at all Mach numbers. This
outcome of linear analysis is confirmed by performing DNS
of compressible mixing layer with a single perturbation mode.
The findings from this work are expected to contribute toward
improved insight into high-speed shear layer instability.

ACKNOWLEDGMENTS

This work was partially supported by the National Center
for Hypersonic Laminar-Turbulent Transition Research at
Texas A&M University.

APPENDIX: MIXING INDICATORS

Mixing layer growth can be characterized by the following
metrics.

1. Momentum thickness (δm)

Momentum thickness, which is used as a measure of the
spreading rate in mixing layers, is defined by

δm(t) = 1

ρ̄0�U 2

∫ ∞

−∞
ρ̄

(
1

4
�U 2 − u2

1

)
dx2, (A1)

where �U is a velocity difference between two streams of
mixing layer flows.

2. Vorticity thickness (δω)

Vorticity thickness, as another measure of the spreading
rate in mixing layers, is defined by

δω(t) = �U

(∂ū1/∂x2)max
, (A2)

where (∂ū1/∂x2)max occurs at the inflection point of the mean
velocity profile. Momentum thickness and vorticity thickness
can be related to each other. The correlation between them
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depends on the initial values of the convective Mach number
and the velocity ratio between two streams [13].

The vorticity thickness is found to be a more sensitive
measure of shear-layer thickness than the momentum thickness
[10].

3. Perturbation kinetic energy (k)

Besides using momentum thickness and vorticity thickness,
the growth of instability in mixing layers can be examined by
monitoring the temporal evolution of the perturbation kinetic
energy k, which is defined by

k = 1

2
u′

iu
′
i = 1

V

∫
V

u′
iu

′
idxi, (A3)

where V is the total volume of the computational domain and
over-line represents the volume-averaged of the quantity.

4. Normal Reynolds stress R22

Due to the presence of the inhomogeneity in the x2 direction
in mixing layers, the evolution of the normal Reynolds stress

R22 = 1
2u′

2u
′
2 (A4)

is also extremely valuable in examining the growth of
instability.
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