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Spin dephasing in a magnetic dipole field
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Transverse relaxation by dephasing in an inhomogeneous field is a general mechanism in physics, for example,
in semiconductor physics, muon spectroscopy, or nuclear magnetic resonance. In magnetic resonance imaging
the transverse relaxation provides information on the properties of several biological tissues. Since the dipole
field is the most important part of the multipole expansion of the local inhomogeneous field, dephasing in a dipole
field is highly important in relaxation theory. However, there have been no analytical solutions which describe
the dephasing in a magnetic dipole field. In this work we give a complete analytical solution for the dephasing in
a magnetic dipole field which is valid over the whole dynamic range.
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I. INTRODUCTION

The effects of diffusion on free induction decay were first
studied by Carr and Purcell by applying a linear gradient G
additionally to the external magnetic field [1]. Thus, the local
Larmor frequency is depending on the position in the form
o(x) = Gx. The generalization to arbitrary inhomogeneous
local magnetic fields was given by Torrey [2]. Formally,
the Bloch-Torrey equation is equivalent to the Schrodinger
equation in quantum mechanics, which has been analyzed for
various kinds of potentials.

In the theory of spin dephasing, one-dimensional local
magnetic fields are widely analyzed. However, only the one-
dimensional linear gradient has been completely understood
[3], while the analysis of dephasing in two-dimensional
fields has been restricted to numerical solutions or approxim-
ations [4,5].

The field perturbation caused by magnetized objects can
be expressed as a multipole expansion. In these expansions
the lowest order is of main interest. For magnetic fields this
is the dipole field. Often the magnetic field inhomogeneity
varies the local field only in two directions, rendering the
problem essentially two dimensional. Therefore, the lowest
order multipole expansion is given by the two-dimensional
dipole field. Thus, finding an analytical solution for the
dephasing in this local field inhomogeneity is important as it
serves as a generic model for understanding the basic physics
of spin dephasing in two dimensions.

There are many situations where a two-dimensional dipole
field provides a first-order model for the magnetic field inho-
mogeneity which, together with diffusion, governs the signal
evolution, for example, in functional magnetic resonance
[6,7]. In this case the blood-filled capillary has a different
magnetic susceptibility than the surrounding tissue, leading
to an inhomogeneous magnetic field around the capillary.
Each capillary can be modeled by a cylinder and the local
inhomogeneous magnetic field is a dipole field. Alterations
of the measured signal can be used to monitor and quantify
different parameters as blood oxygenation or blood supply of
tissue. Furthermore, for susceptibility weighted imaging [8]
the magnitude as well as the phase of the signal has to be
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known to analyze the images in terms of phase masks [9]. Thus,
a profound knowledge of the signal evolution is mandatory.

In the following analysis we present an analytical solu-
tion of the Bloch-Torrey equation for dephasing in a two-
dimensional magnetic dipole field in terms of an eigenfunction
expansion. This solution is valid over the whole dynamic range
and can be used to study and predict the time evolution of the
transverse magnetization in experiments.

II. DIPOLE FIELD AND THE TIME EVOLUTION
OF THE MAGNETIZATION

We consider a single cylindrical object with the radius R¢
which has a tilt angle 6 to the external magnetic field By
(see the left-hand side of Fig. 1). Due to the difference of the
magnetic susceptibilities between the inside of the cylinder
x; and the surrounding medium ., the cylindrical object
generates the local Larmor frequency which has the form of a
two-dimensional dipole field [9]:

cos(2¢)

w(r,¢) = Sa)Ré e

(1)

where r and ¢ are polar coordinates in a plane perpendicular
to the axis of the cylinder (see the middle of Fig. 1). The
shape of the dipole field is depicted in the right-hand side of
Fig. 1. The characteristic frequency shift on the surface of
the cylinder is given by dw = w(r = Rc,¢ = 0) =2ny|x. —
xi|Bo sin®(#), where y is the gyromagnetic ratio of the proton
[10]. The frequency shift §w characterizes the strength of the
susceptibility effects, while the diffusion of the spins around
the cylinder is characterized by the diffusion coefficient D of
the surrounding medium.

The transverse components m . (r,¢,t) and m(r,¢,t) of the
magnetization in the rotating frame can be combined to the
complex magnetization m(r,$,t) = m,(r,¢,t) +1im(r,p,1).
The time evolution of this complex magnetization is described
by the Bloch-Torrey equation [2]

am(r.¢.1) = [DA —iw(r.¢) — 1/ Tolm(r.¢.1), (2

where 75 is the intrinsic spin-spin-relaxation time of the
surrounding medium and A is the Laplace operator, which

©2012 American Physical Society


http://dx.doi.org/10.1103/PhysRevE.85.051908

ZIENER, KAMPF, REENTS, SCHLEMMER, AND BAUER

FIG. 1. (Color online) Cylindrical object and the surrounding
dephasing cylinder in which the diffusion of the spin occurs (left).
Cross section of the coaxial cylinders and coordinate system (middle).
Two-dimensional dipole field around the cylinder (right) according
to Eq. (1).

reads in two-dimensional polar coordinates A = r~'9,(rd,) +
r _23¢¢.

Initially the total magnetization is orientated in parallel to
the external field in the z direction; that is, the transverse
magnetization m(r,¢,t) vanishes. At the time t =0, the
application of a high-frequency pulse generates the transverse
components m,(r,¢,0) and m(r,¢,0), which can be combined
to

m(r,,0) = m,(r,,0) + i m(r,¢,0) = mg = const. (3)

At this time the transverse magnetization m(r,¢,t) takes its
maximal value and decreases in the course of time due to the
spin dephasing.

To determine the boundary conditions we consider a
cylindrical dephasing volume with radius Rp coaxial to the
cylindrical object; that is, the spins can diffuse in the interval
Rc < r < Rp. At the surface of the cylindrical object as
well as on the surface of the dephasing cylinder, we assume
reflecting boundary conditions:

arm(rv(p’t)'r:Rc = O - 8rm(rv¢’t)|r=Rr)a (4)

which is explained in detail in [11,12]. The considered
geometry as well as a scheme of the local magnetic dipole
field is depicted in Fig. 1. While for impermeable objects
the boundary condition at » = R is strictly fulfilled, it also
provides a good approximation if the water exchange between
the magnetization of the inner cylinder and the dephasing
volume is slow compared to the dephasing of the magnetization
in the dephasing volume [13]. Furthermore the volume fraction
of the inner cylinder should be small. The last condition
ensures that the dominating part of the signal comes from
the dephasing volume. Examples are blood-filled capillaries
in the myocardium [11,14]. The reflecting boundary condition
at the outer surface of the dephasing volume at » = Rp is
based on the model of Krogh [15]. Here the complete tissue is
divided into similar cylindrical subvolumes that contain only
one concentric inner capillary. These subvolumes are called
supply volumes. When a diffusing spin leaves one of the
subvolumes, it enters a neighboring one. This process can
be replaced by reflecting the spin on the outer surface.
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Furthermore, it is useful to introduce for abbreviation the
characteristic time 7 and the volume fraction #:

and n=—. (5)

Many approximative solutions are based on considering
the limiting cases tdw < 1 (motional-narrowing regime) or
Tdw > 1 (slow-diffusion regime) [16]. In the myocardium
the typical capillary radius is Rc = 2.75 um and the radius
of the concentric supply cylinder is Rp = 9.5 um. In the
supply cylinder the diffusion coefficient is D = 1 um?/ms
and the intrinsic spin-spin-relaxation time is 7, = 57 ms.
At an external magnetic field strength of By = 1.5T, the
characteristic frequency is 8w = 151s~! and the parameter
Tdw takes the value tdw = 1.14. Thus, neither the motional-
narrowing nor the slow-diffusion regime is the underlaying
dephasing regime. In the following analysis no approxima-
tions are necessary, and the result is valid over the whole
dynamic range for all values of the ranging parameter
Téw.

III. SOLUTION OF THE BLOCH-TORREY EQUATION

To find a solution of the Bloch-Torrey equation (2) for the
local Larmor frequency (1) we use the ansatz

m(r,¢,t) = T()R(r)P (), (6)

which is justified by the linearity of Eq. (2). Separation of
the angle-dependent part leads to the Mathieu differential
equation [17]

D9 P(®) + [ — i T80 cO52¢)|Pu(@) =0 (7)

with the angular eigenvalues k,. Due to the symmetry
of the two-dimensional dipole field the appropriate eigen-
functions are the m periodic, even Mathieu functions ce;,,
[18]:

q>m(¢) = CeZm(¢vi 7:8&)/2)7 (8)
which obey the orthogonality relation

2
/ dp ceyy(¢,i Téw/2)ce,, (¢,i Téw/2) = s, . ()
0

The square of the angular eigenvalue k2 is given by the
characteristic value ay,, of the corresponding Mathieu function
cey,, with the required periodic behavior [17]:

k2 = ax,(i T8w/2). (10)

In Appendix A we give a detailed description of the Mathieu
functions and corresponding angular eigenvalues. In Fig. 2 the
real and imaginary parts of k,, are visualized in dependence
on the parameter téw. Further properties and relations con-
cerning the angular eigenvalues and angular eigenfunctions
as well as details on their computation can be found in
Appendix A.

For the radial function we obtain from the separation ansatz
(6) the Bessel differential equation

O R+ L LRy [P~ K Ry = 0
arz nm r r ar nm r R(Z: r2 nm r -
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FIG. 2. (Color) Real part (solid lines) and imaginary part (dashed
lines) of k, obtained from Eq. (10). Beyond a branching point
the corresponding two adjacent angular eigenvalues form complex
conjugated pairs, e.g., k; = kj for Téw > 2.94. The first branching
point is denoted as py & 2.94. The positions of the first few branching
points are given in Table I.

with the radial eigenvalues A2, . Regarding the reflecting
boundary condition 0, Ry, (r)|,=r. = 0 on the surface of the
cylinder [see the left-hand side of Eq. (4)] the solution is a
linear combination of the Bessel function and the Neumann
function:

’ )Vnm ’ )Vnm
an(r) = Y/(m()"nm)Jk,,,( RC I") - ka()&nm)ykm (R_Cr)’
(11)
which obeys the orthogonality relation (see 11.4.2 in [19])
Rp

R_(ZZ Rc
2 rp g2 2 K2

N, = Jm [_ — o } — T[1 - T’”} and (13)
2 )7 A'}’H'f’l T )‘nm A"’ll’f'l

, Aum ’ Anm
qnm = Y, O‘nm)-]k,,, (_) —J ()‘-nm)Ykm< ) (14)
& NoV V1

To obtain this result it is necessary to use Abel’s identity for
the Wronskian in the form

dr rR,w(r)R,,,(r) = Nuypwé,,y with  (12)

Yo Q) iy Cenm) — i, Qo) Yioy i) = (15)

nm

(see 6.58 in [20]). With the help of this relation, from Eq. (11)
it directly follows that R,,,,(Rc) = 2/[7 A, ]. Furthermore, by
comparison of Egs. (11) and (14) one finds R,,,(Rp) = qum-
The normalization constants N, are dimensionless quantities
and depend on the volume fraction 1 and the parameter
Téw only. A detailed analysis of the properties of the radial
eigenfunctions is given in Appendix B.

The radial eigenvalues A, are determined by the bound-
ary condition 9, Ry, (r)l,=g, =0 at the surface of the
concentric dephasing cylinder [see the right-hand side of

PHYSICAL REVIEW E 85, 051908 (2012)

Im())

o8}
S
ok
S
%)

—~
(2
-

Im())

FIG. 3. (Color) Determination of the radial eigenvalues 2,,, as the
crossing point of Re[ fi,, (A)] = 0 (blue line) and Im[ fi, ()] = O (red
line) in the complex A plane (exemplarily for m = 0 and n = 0.1).
For 76w =2 (a) the angular eigenvalue k,, = 0.76 is purely real
and the crossing points lie on the real axis. For téw = 4 (b) the
angular eigenvalue k,, = 1.58 — 0.59i is complex and therefore also
the radial eigenvalues A,, are complex. For higher values of the
parameter [i.e., Téw = 10 (¢), k,, = 2.27 — 1.51i] the contour plots
are more complicated.

Eq. (4)]:

0= fk,(Aum) where (16)

S A A
S W) =Y, 0V, (ﬁ) —J DY, (ﬁ) (17)

To determine these radial eigenvalues, the contour plot of
the implicit function f; (1) =0 in the complex A plane
is considered (see Fig. 3). For téw < 2.94 the angular
eigenvalues k,, are purely real, and in Fig. 3(a) the real and
imaginary parts of the function f; (1) = 0 are shown in the
complex plane. In this case (tdw < po ~ 2.94) also the radial
eigenvalues A,, are purely real. The spectrum of the radial
eigenvalues is visualized in Fig. 4. Further details concerning
the calculation and properties of the radial eigenvalues and
eigenfunctions are given in Appendix B.
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FIG. 4. (Color) Real part (top) and imaginary part (bottom) of the
radial eigenvalues A,,, as the solution of Eq. (16) for n = 0.1.

The ansatz (6) finally leads to a differential equation for the
time-dependent part:

+ 1/ To] Ty (t) = =22 T (1), (18)
which has the solution
To(t) = ¢ Tt 7], (19)

By introducing the three parts (8), (11), and (19) into the
ansatz (6), the final solution of the Bloch-Torrey equation
can be written as the sum over all eigenvalues in the
form

m(r,t)

mo

= e_%z Z Z CnmCC2m (¢>,zr8a)/2)R,m, (r)e_)\%mf s

m=0 n=1

(20)

where the function R,,,,,(r) is given in Eq. (11). The coefficients
cnm can be determined using the initial value (3) and the
orthogonality relations (9) and (12) (see Appendix C for a
more detailed discussion):

25;]( (Aum) — nQnm\}mslk (}:;ﬁ)

=AM ) QD
0 kz/)‘nm_nqnm[ nm/n_ m]/4
with the Fourier coefficient
1 2
AP = — / dep ceam(,i T8w/2) (22)
2 0
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FIG. 5. (Color) Real part (top) and imaginary part (bottom) of the
expansion coefficients c,,, obtained from Eq. (21) for n = 0.1.

which can be obtained either by integration over the according
Mathieu function [see Eq. (A7)] or by solving the matrix
equation (A6), since Af)zm) is proportional to the first element
of the eigenvector corresponding to the angular eigenvalue k,, .
The first derivative of the Lommel function [21] is

ko ky  x2
F 2;2__12 55—
1 2( 5 + ) 4>

e =T
where s1 1, 18 given in terms of the generalized hypergeometric
function. In Fig. 5 the expansion coefficients are visualized
in dependence on the parameter Tdw. A detailed derivation
and discussion of the properties of the expansion coefficients
cnm 1s given in Appendix C. Interestingly, for téw < 2.94
the radial eigenvalues A,, are purely real (see Fig. 4)
and thus the magnetization decay is a linear combination
of monoexponential decays without oscillations, since the
temporal oscillating behavior is related to the imaginary part
of the angular eigenvalues [see Eq. (19)]. For téw > 2.94
the eigenvalues become complex and the imaginary part
of the eigenvalues leads to an oscillating behavior of the
magnetization. In Fig. 6 the transverse components m, (r,t) =
Re[m(r,t)] and m(r,t) = Im[m(r,t)] are shown for# = 20 ms
after the excitation pulse.

IV. SUMMARY AND CONCLUSIONS

In summary, for spin dephasing in a two-dimensional
magnetic dipole field the transverse components of the
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FIG. 6. (Color online) Transverse components of the magne-
tization around a capillary of the myocardium obtained from
Eq. (20) using the parameters Rc =2.75um, Rp =9.5um,
D =1pm?/ms, T, =57ms, By=1.5T, and thus dw = 151s~!
with tdw = 1.14.

magnetization are analyzed. In analogy to the Schrodinger
equation for a dipole potential, we give an analytical solution
of the Bloch-Torrey equation in terms of an eigenfunction
expansion. The analysis of the transverse magnetization is
complicated by the fact that the inhomogeneity term is purely
imaginary, in contradiction to quantum mechanics, where the
potential is purely real. Thus, the eigenvalues are not purely
real but complex. In the final solution the real part of the
eigenvalues leads to exponential decay while the imaginary
part causes an oscillatory behavior of the time evolution of the
magnetization. The obtained result is highly relevant for spin
dephasing in two-dimensional geometries, since the dipole
component is the most important part of a multipole expansion
of the inhomogeneous field. Furthermore, the validity of
approximative solutions as well as random walk or Monte
Carlo simulations can be tested by comparison with the
analytical solution.

ACKNOWLEDGMENTS

This work was supported by grants from the Deutsche
Forschungsgemeinschaft (SFB 688) and the Bundesminis-
terium fir Bildung und Forschung (BMBF01 EO1004).

PHYSICAL REVIEW E 85, 051908 (2012)

APPENDIX A: PROPERTIES OF THE ANGULAR
EIGENFUNCTIONS

Usually the Mathieu differential equation for the even -
periodic Mathieu functions is written in the form

dppceom(@.q) + [azm — 2q cos(2p)]cern(9.q) = (AL)

With ¢ =i t8w/2 and a,, = k2, we obtain the differential
equation

dpgCerm(p,i T8w/2) + [k, — i Téw cos(29)]

X ceyn(@,i Téw/2) =0, (A2)

which coincides with the differential equation (7) obtained
from the separation ansatz. The Mathieu functions can be
written in a Fourier series,

Ceom(p,i Téw/2) = Z AS™ cos2ug), (A3)

which  reflects the  symmetry cey,(¢,i Téw/2) =

ceryu(—¢,i Téw/2). Due to the orthogonality relation
(9), the Fourier coefficients have to obey the normalization

A(2m) +Z A<2’") (Ad)

The eigenfunctions cey,,(¢,i Téw/2) exhibit only for certain
angular eigenvalues k,, the required periodicity. For a given
parameter téw the angular eigenvalues k, and the Fourier
coefficients A(zim) of the Mathieu functions can be determined
by solving the recurrence relation (see 20.2.5-20.2.7 in [19]
with ¢ = itéw/2 and k2 = azy):

2k2 A(Zm) itSw A(2m)
Z[krzn — ]A(2m) = l‘L’Sa)[ZA(Z’”) + A(2m)] (AS)
2[k2 — 4uP)AS" = itSw[ AT, + AS)] for w2

For numerical evaluation it is convenient to write the recur-
rence relation in terms of a matrix equation:

itdo 4 iTdw A@m
2 2 2
itdw itdw (2m)
16 =2 A
2 2 4
o iso @m)
5o 36 5 Ag
itso 4.2 ithw >
52 du 5 A(2MM)
(2m)
V2A§
(2m)
A
(2m)
Ay
(2m)
AR (A6)
(2m)
A2u
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TABLE I. Positions of the branching points.

[ 0 1 2 3
Di 2.94 32.94 95.62 190.96
ko = ko1 1.45 5.23 8.98 12.73

Therefore, the determination of the angular eigenvalues trans-
lates in an eigenvalue problem of the resulting tridiagonal
infinite matrix.

The Fourier coefficients of the Fourier series in Eq. (A3)
are important in the following analysis (see (5.3.4) in [22]):

@m) 1 /2” .Téw
Ay = —[1 5ol Jo d¢ cosQuae)ces,, ¢>,z—2 .
(AT)

These first Fourier coefficients obey the Parseval relation

[ee}

amp2 _ 1

m=0

(see Eq. (20) in [18] and Eq. (18.4.1) in [22]). This relation
can be used to estimate the number of coefficients necessary
to obtain the required accuracy in numerical calculations.

The angular eigenvalues k, are purely real until they
reach their branching point. Behind the branching point two
adjacent angular eigenvalues become complex conjugated. For
example, the lowest angular eigenvalues k( and k; are purely
real for tdw < py. Atthe branching point tdw = p( both these
angular eigenvalues coincide (ko = k; = 1.45). Behind the
branching point Téw > py yields ko = k}. This is visualized
in Fig. 2, and the positions of the lowest branching points are
given in Table L.

Approximately the branching points are located at the
positions p; = 16.3361> + 13.64] + 2.94. In general one finds
for the complex conjugated pairs of the angular eigenvalues

(A8)

k2]+] = k;l for 16w > Di- (A9)
Similar relations are valid for the Mathieu functions
ces2(¢,itdw/2)=cey (/2 — ¢ itéw/2) for éw > py,
(A10)
and their Fourier coefficients
AP = [—11A8* for téw > pr. (AlD)
Furthermore, the angular eigenvalues obey the relation
> ki —4m*] =0, (A12)
m=0

which directly follows from Eq. 28.7.1 in [23].

APPENDIX B: PROPERTIES OF THE RADIAL
EIGENFUNCTIONS

For calculation of the radial eigenvalues A,,,, as a solution of
S, Qum) = 0 [see Eq. (16)] it is useful to know the properties
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of the function f; (A) defined in Eq. (17):

m

S, ) = fi,(=2), (BI)
S, A) = foi,(A), and (B2)
Jie, W) = fg (W5). (B3)

According to Eq. (A9) the angular eigenvalues are complex
conjugated behind their branching point, for example, k; = k;
for tédw > po =~ 2.94 (see Fig. 2). From Eq. (B3) it follows that
the eigenvalues of the radial eigenfunctions are also complex
conjugated: A,; = A%, for tdw > po ~ 2.94. In general it
follows from Eq. (A9) that the relation

An2s1 = Al for Tdw > pp, (B4)

which translates to the eigenfunctions

Ryoi41(r) = R (r) for 18w > p;. (B5)
All angular eigenvalues k, are purely real for tdw < py.
In Fig. 3(a) the real and imaginary parts of the function
S, (&) = 0 are shown. One can see that for 7éw < po the
radial eigenvalues A, are solely real too.

Behind the first branching point (i.e., for téw > pg) the
angular eigenvalues k, can become complex. In Figs. 3(b)
and 3(c) the real and imaginary parts of the implicit function
Jx, (1) = 0 for a complex angular eigenvalue k,, are shown.
Obviously, the radial eigenvalues A, are complex too.

The first radial eigenvalue which is determined by the
eigenvalue equation (16) can be obtained by the Taylor
expansion of the function f}, (1) for small arguments:

2o~ Ankn[1 — ko |l — 1] '
" R A K — 2] 11 = LA ] — 2k — 1]
(B6)

For small values of the angular eigenvalue k,, this expression
can be simplified further. Finally one obtains the approxima-
tions of the desired radial eigenvalues:

1
)\lmwkm"n("]) for n=1 and (B7)
—
n—1 1 — /n4k: +3
Anm 2 2 f > 2,
nﬂl—ﬁ+ n—1 8 or
(B8)

where (B7) is derived from the Taylor expansion (B6), while
the relation (B8) is described in paragraph 10.21.49 of [23].
Approximations for the first and further radial eigenvalues in
the case of large volume fractions are described in Eqs. (A.4)
and (A.5) of [24]. In general the radial eigenvalues A, can
be determined numerically from Eq. (16). To improve the
stability and convergence of the numerical root search, the
approximations given in relations (B7) and (B8) can be used
as initial values. The spectrum of the lowest radial eigenvalues
is shown in Fig. 4.
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APPENDIX C: PROPERTIES OF THE EXPANSION
COEFFICIENTS

The expansion coefficients c,,, can be determined by
exploiting the initial condition m(r,¢,t = 0) = m( and the
orthogonality relations (9) and (12):

245™
Nyum RE

Cnm =

/ dr r Rum(r) 1)
Rc

where the Fourier coefficient Agzm) can be obtained from
matrix equation (A6) or from the integral given in Eq. (A7).
The normalization factor N,, is given in Eq. (13). To
determine the expansion coefficients the integral in Eq. (C1)
has to be solved. Using the volume fraction n = Ré/R%)
we obtain with the help of Eq. (5) in paragraph 10.74 in
[21]

Rp
My, = R_é drr Ry, (r)
Qnm A'}‘ll’l’l 2 !
\/_ 1 km \/_ - JTTSl’km ()"nm)a (C2)
where g, is given in Eq. (14) and
x//.+1
) = LR
3 —km 34kn X
) p( 1 AT BTE T T (o3
2 2 4

is the Lommel function [25,26], with | F, as the generalized
hypergeometric function. An equivalent definition of the
Lommel function can be found in 11.9.3 in [23]. Instead
of the Lommel function s it is possible to use the second
Lommel function S too (see 11.9.5 in [23]). With the help of
relation sy 4, (x) = 1 4+ k2,5_1 4, (x) (see [26], p. 112) it follows
that

’ 2x km km x2
sl,km(x)=m 1F2(2§2—7,2+72—Z>- (C4

Finally one obtains for the expansion coefficients

Com = 2400 M
nm 0 Ny
251 1 ) — T Gm 2225, (P
Y T S— ok () .
4"[)‘%"1 - krzn] - 2)”%mqnm[ nm nkrzn]
(C5)

The expansion coefficients c,, depend on the volume frac-
tion n and the parameter Tdw only. The properties of the
radial eigenvalues in Eq. (B4) translate to the expansion
coefficients

Cpoir1 =Chy for téw > p;. (C6)

In Fig. 5 the expansion coefficients c,,, in dependence on the
parameter téw are shown. Considering the magnetization on
the surface of the capillary one finds by substituting Eq. (15)
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in Eq. (20)

m(r = Re.¢.1) = % Z Z - cean(@e” G

m=0 n=1

(€7

Since at r = 0 the magnetization takes the constant initial
value m(r = Rc,¢,t = 0) = m the orthogonality relation (9)
in combination with the first Fourier coefficients from Eq. (A7)
yields the relation

o0

Z or

: nm nm

i 2Sl . ()\nm) TTGnm \;'ﬁ Ik,,l(}:;ﬂ) A _ 1
&2, Bl -m a2, 0, -] "

(C8)

This relation can be used to check if a sufficient number of
coefficients is used in numerical calculations. An analogous
treatment is possible if the magnetization on the surface of
the dephasing cylinder at » = Rp is considered. Applying the
definition (14) to Eq. (20) yields

0o 00 2 ]
m(r = RDa¢’t) = my Z Z CnmqnmceZm(d))e ™ Tz]'

m=0 n=1

(€9)

As the magnetization at ¢ = ( takes the value m(r = Rp,¢.,t =
0) = mg too, one similarly obtains with the orthogonality
relation (9) and the first Fourier coefficients (A7) the relation

i qannm 1
—_— = or
=1 Num

Aum

<28, Com) = Tqun 225y, (P2) , 1
=1 477[)\%”, - k%] zkﬁmqnm[)‘% - nkm] o = 2”” .
(C10)

Integrating Eq. (20) at r = 0 over the dephasing volume
(Rc £ r < Rpand 0 < ¢ < 2m) one finds with Eq. (A7) and
Eq. (C1) the Parseval relation

ZchmNnm = ——1.

m=0 n=1

(C11)

This relation can also be used to check if the summa-
tion over n covers a sufficient number of coefficients for
a desired numerical accuracy. An analogous relation for
the second summation index m can be found with the
relation (AS).

The result for the magnetization m(r,¢,t) in Eq. (20) is
valid for any value of the parameter téw. However, the
individual quantities in Eq. (20) exhibit specific symmetry
relations for tdw > py. Using the symmetry properties of the
Mathieu functions [see Eq. (A10)], the radial eigenvalues [see
Eq. (B4)], the radial eigenfunctions [see Eq. (B5)], as well
as the properties of the expansion coefficients [see Eq. (C6)],
the final result for the magnetization given in Eq. (20) can be
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written in the form

mo

PHYSICAL REVIEW E 85, 051908 (2012)

2

[e°] 2 2%
m(r,d),t) —t[@-‘ri] T _t[M_‘_L]
— =3y [cn onCeum(@) Ruom(re 0 TR cr) cel, (S — ¢ Ry, (e T

=0 n=1

3

00 o) _t['\%im_‘_L]
3> cumcern(@Run(re T B for py < 8w < pryi.

+ (C12)
m=2[+42 n=1
Similarly to relation (C11) one finds by integrating m(r,¢,t) over the dephasing volume the relation
I oo oo 0o 1
ZZZRe(cﬁZmNngm) + Z Zc,zlmNnm =——1 for p<téw < piy1. (C13)
n

m=0 n=1 m=2l+2 n=1
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