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Exact solution of the nonconsensus opinion model on the line
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The nonconsensus opinion model (NCO) introduced recently by Shao et al. [Phys. Rev. Lett. 103, 018701
(2009)] is solved exactly on the line. Although, as expected, the model exhibits no phase transition in one
dimension, its study is interesting because of the possible connection with invasion percolation with trapping.
The system evolves exponentially fast to the steady state, rapidly developing long-range correlations: The average
cluster size in the steady state scales as the square of the initial cluster size, of the (uncorrelated) initial state. We
also discuss briefly the NCO model on Bethe lattices, arguing that its phase transition diagram is different than

that of regular percolation.
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I. INTRODUCTION

A nonconsensus opinion model (NCO) has been introduced
recently [1] where each node in a graph can be in one of two
states (representing opinions). At each time step each node
adopts the state agreeing with the majority of the nodes in
its neighborhood, consisting of the node itself and its nearest
neighbors. In the event of a tie, the node retains its original
state [2]. The NCO model is thus similar to the majority-
voter model, but where self-opinion counts. This difference is
sufficient to ensure the survival of the minority opinion, in the
steady state [1].

In Ref. [1] a conjecture was made that the NCO model
and invasion percolation with trapping (TIP) [3] are in
the same universality class, and this was well supported
by convincing numerical evidence. As opposed to invasion
percolation without trapping, which is known to be in the
same universality class as regular percolation, TIP is much
less well understood [3]. The following exact analysis of the
NCO model, even though limited to the simplest case of
one dimension, is therefore interesting not only on its own
right, but also because of the possible connection with TIP. In
addition, we discuss the phase transition diagram of the NCO
model on Bethe lattices, finding a rich three-phase diagram,
reminiscent of regular percolation in nonamenable one-ended
graphs. Models similar to the NCO have been considered in
the context of social studies [4].

II. NCO MODEL IN ONE DIMENSION

In the following we will specialize to the evolution of
the NCO model on the infinite line. Each lattice site can
be either empty (o) or occupied (e). The initial state is
completely random, with a fraction py = p of occupied sites,
and gg = 1 — p = g empty sites. At each time step all of
the sites get updated simultaneously according to the NCO
rule: The new state of each site agrees with the majority of
the states of the site’s neighborhood, consisting of the site
itself and its rwo nearest neighbors. Thus, an occupied site
remains occupied if at least one of its neighbors is occupied, but
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becomes empty in the next time step if both its neighbors are
empty. An empty site remains empty if at least one neighbor is
empty, and becomes occupied if both neighbors are occupied.
It is easy then to predict the density of occupied and empty
sites after the first step

q1=3q" —2¢°.
()

After this first step, the initially random state of the system
develops correlations and one can no longer apply the same
reasoning to predict the state of the system in subsequent
steps. Indeed, ignoring correlations and iterating the mapping
(1), one arrives at the erroneous conclusion that the final state
of the system consists of either all empty or occupied sites
(depending on whether p is smaller or larger than 1/2).

It is clear from the evolution rules that a cluster of two
or more occupied (or empty) sites remains stable forever. We
denote occupied clusters e e - - - @ with a solid rectangular box
mm , and empty clusters o o - - - o with an empty box —.

The initial configuration can be viewed as a collection of
stable blocks, separated by alternating sequences of occupied-
empty sites. There are only four possibilities:

() —=eo0eo0---eomm(2n intervening sites),

(b) mmo ece---0e—— (2n intervening sites),

(c) ——eoceo---0er—(2n + | intervening sites),

() mmoeoce- - eomm(2n + 1 intervening sites).

In all of these cases all of the sites in the alternating
sequences flip state at each time step. On each step, the two
sites at the edges merge with the bounding blocks. Thus,
cases (a) and (b) cease to evolve after n steps, and the
bounding blocks meet, having each grown by n sites (for
example, ——eoceomm —> ——e omm — ——mm). Cases (c)
and (d) evolve for n + 1 steps, after which the bounding
blocks merge having subsumed all of the intervening sites
(e.g,CDecer I — —Jer— — ).

p1=p( —q»)+qp*=3p* —2p°,

III. STEADY STATE

At the steady state the system crystalizes into alternating
blocks, - - -—mmc—mm - - -, each consisting of at least two
sites. We now compute several characteristics of the steady
state.
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Let us first look at the density of kinks—the boundaries
between clusters. We consider kinks of type —— mmm (kinks of
type mm—— have the same density, by symmetry).

The location of the kinks in the steady state can be predicted
completely from the random initial state, as only case (a),
above, develops into the type of kink in question. Thus the
steady-state density of kinks «; is

Ky = Pr(C—mmm) + Pr(C—ecmm) + Pr(C—ececmm) + - - -

r’q’

=P’ +pg+p*g* +--) = :
1= pq
Notice that just two adjacent occupied (empty) sites are
sufficient to guarantee the existence of a mmm(——) cluster,
accounting for the overall p?g? factor. That k; is smaller than
pq, the density of oe kinks in the initial state, reflects the fact
that the system coarsens over time.

To obtain the steady-state density of occupied sites p;, we
observe that cases (a) and (b) keep the number of occupied and
empty sites constant over time. Case (d) converts n 4+ 1 empty
sites into occupied sites, while case (c) does the opposite,
emptying n + 1 occupied sites. Putting all this together, we
get

2

ps=p+p'q(+2pg+3p°¢° +---)
—q*p(1+2pq +3p°¢* +---)
pa(p’ — ¢°)
(1—pg)?*
Thus, unless p = 1/2, the majority species increases on
expense of the minority species (Fig. 1).

We now compute the probability distribution for clusters
of n occupied sites in the steady state. In the initial state, the
probability of an n cluster is P(n) = ¢>p”, so the expected
length is (n.)o = Y o nP(n)/ > po; P(n) =1/q.

Figure 2 lists all the possible scenarios leading to n clusters
in the steady state. Ultimately, a cluster of occupied sites needs
be bounded by empty clusters on the left and right. A series of
alternating sites in between does not lead to an occupied cluster
[case (c) of Sec. II] and at the least a two-site cluster (ee) needs
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FIG. 1. (Color online) Density of occupied sites: Shown are the
density of occupied sites at the steady state p; (solid curve) and after
one time step p; (broken line), as a function of the initial density p.
The initial density p is plotted as well (straight line) for the sake of
comparison.
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FIG. 2. Cases contributing to the eventual formation of n clusters
of occupied sites (see text).

to be present [Fig. 2(a)]. For the final cluster to attain length
n, the combined lengths of the alternating sequences abutting
the ee seed should be 2(n — 2). Because the seed could be
initially in any of n — 1 locations (including right next to the
—— blocks), the total contribution of this case is

P.(n) = ¢*p*(n — D(pg)"™%, n>2.

The initial seed could be three sites long [Fig. 2(b)], leading
to a contribution

Py(n) = ¢*p*(n — 2)(pg)" >,

All other cases are exemplified by Fig. 2(c). The shaded block
near the center denotes an arbitrary sequence of sites with the
property that it contains no two consecutive empty sites (co).
All of the sites in such a sequence would end up being occupied
in the steady state. Denoting the probability of an m sequence
of this type by v,,,, we can express the contribution of this last
case as

n>=3.

n—4

Pen) = ¢*p* Y (k+ D(pq)Yu-as, n=4.
k=0

To compute ,, denote by &, the probability of an n
sequence that contains no oo’s and ends with e, and let 5,
denote similar sequences, but ending with o. The two quantities
satisfy the recursion equations

EIH-I = (En + T)n)l’; Nn+1 = an

Using v, = &, + n,, this can be recast into

er—l = Plﬂn + quﬁn—l- (4)

The solution is

Jrr+a
rizﬁiu, (5)

Yo =cyrl +crl; 5 5

where cy are determined from the boundary conditions vy =
Y =1

Although it is now straightforward to compute P(n) =
P,(n) + Py(n) + P.(n), the resulting expression is cumber-
some and not particularly instructive. Instead, we observe that,
for large n, P(n) ~ r}. Since ry > p (Fig. 3), the probability
for large clusters in the steady state is exponentially larger
than in the initial state (for example, for small p, r, ~ /p,
and P(n) ~ p"/?, compared to ~p" of the initial state).
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FIG. 3. (Color online) Probability of large occupied clusters: The
probability of n clusters of occupied sites scales as r’}, in the steady
state, as opposed to ~p", of the initial configuration. Plotted are r
(curve) and p (straight line) as a function of the initial density p.

Despite the cumbersome form of P(n), the average cluster
size in the steady state yields a surprisingly simple expression

P 2-
- XZ:HP((nn)) N qu =Q2=ps. ©

where for the last equality we are using (n,)o = 1/¢, for the
sake of comparison with the initial state.

As a simple test of our results one can compute p; =
(ne)/({ne) + (n,)), where the average length of clusters of
empty sites (n.) = (2 —q)/p? is obtained from (n,) by
exchanging p <> g.Itiseasy to confirm that this agrees with p;
of Eq. (3). Also, 1/({n,) + (n.)) = «k, of Eq. (2), suggesting
that there is no correlation between the lengths of adjacent
occupied and empty clusters. This seems remarkable, when
contrasted with the correlations observed in P(n) for large n.

(na)s

IV. DYNAMICS

To analyze the transient behavior of the one-dimensional
NCO model, consider the probability s, that an initially
occupied site flips exactly ¢ times before settling down for
good. my = 2p? — p? is simply the probability that the initially
occupied site is stable (i.e., it is the central site in one of the
configurations: e e @, 0 @ @ , @ o). To 77| contribute the e sites
right next to the blocks == in cases (a), (b), and (c) of Sec. II,
resulting in

1+ pg
1—pq’

pq
’q* +4q'*p

=20 1 —pg

To 7, contribute the o’s two sites away from the blocks mmm in
cases (a), (b), and (d), and so on. The general result is

(pq) 11+ pg
e =2p%q "+ w(pg) ' ——, (7)
1= pq 1= pq
where w = p*q or g*p for even and odd n, respectively. The
analogous probabilities o, for a o site to flip exactly ¢ times
before stopping are obtained, as usual, by interchanging p <
q in ;.
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Armed with 7, and o, one can compute various quantities
of interest. For example, the steady-state density is

o0
Ps = Z(ﬂzz + 02:41),
=0

and it is easy to confirm the agreement of this formula with
Eq. (3). More importantly, the probability that a site, of any
kind, is still active at time ¢ (persistence), is

oo

S =Y (e +00)~ (pq). ®)

=t

The rapid exponential decay of S, is typical of other dynam-
ical quantities. In practical terms, the system settles almost
instantly to the steady state. An example of this effect can be
seen in Fig. 1, where the density of occupied sites after merely
one step, pj, is compared to the density p; of the steady state.
An exception is the probability P,(n) for finding n clusters
of occupied sites after ¢ steps. For small p (and large n), it
converges slowly to the steady state, as P,(n) ~ p*", with
o=@+ 1)/Q2t+1).

V. NCO ON THE BETHE LATTICE

We now consider the NCO model on the Bethe lattice with
coordination number z > 3 (the line can actually be viewed
as a Bethe lattice with z = 2). The Bethe lattice with z > 3
is far richer than the line, in that it sustains phase transitions:
being infinite-dimensional, its phase transitions are mean field
in character, as expected above the critical dimension. For
percolation, for example, a phase transition occurs at p =
pe = 1/(z — 1). For p > p, there exist an infinite number of
infinitely large connected clusters of occupied sites, which are
characterized by mean-field critical exponents. This is known
as the critical phase. In regular lattices there is no critical
phase, and instead there is only one infinite cluster at p > p,,
known as the percolative phase [5].

For z = 3 the neighborhood of each node consists of four
sites (including the site itself) and according to the NCO rules
a site retains its own state in the event of a tie. It follows
that, just as for the line, a two-site cluster is forever stable.
At p > 1/2 the initial configuration possesses infinitely many
infinite percolation clusters. Those clusters will remain stable
indefinitely, in the NCO model, perhaps accreting even more
of the neighboring sites as the updates take place. Indeed, the
threshold p, for the emergence of infinite clusters, in the NCO
model, is actually smaller than 1/2 (of regular percolation).

We consider a “root” node at £ = 0 and define layer ¢ as
the set of nodes ¢ links away from the root. Let N, denote the
number of paths, from the root to layer ¢, that never encounter
an initially stable empty site, that is, none of the empty sites
on a path have an empty neighbor (either on or branching
away from the path). All of the nodes on the N, paths end up
occupied in the steady state. Following a similar reasoning to
the one we applied for i, on the line, we find

Nes1 = 2pNe +4p*qNe_y,

leading to N, ~ r*, with r = p(1 + /T +4q). The critical
point for the emergence of infinite clusters in the NCO occurs
therefore for p. & 0.344 446—the root of r = 1.
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To sum up, the NCO model on the z = 3 Bethe lattice is
very much like percolation in that there is a critical phase
of infinitely many infinite clusters at p > p., and only finite
clusters at p < p.. That there is no transition to a percolative
phase is clear from the fact that stable oo clusters are seeded,
initially, for all p (other than at the extremum, p = 1),
preventing the coalescence of all the infinite clusters into a
single one.

The situation is even more interesting for 7 = 4. In this case,
the neighborhood consists of five sites and a minimum of two
occupied neighbors are required to stabilize a e site. It is easy
to see that under this condition the z = 4 Bethe lattice does not
support finite stable clusters. However, the infinite percolation
clusters are stable also in the NCO model, so it follows that the
existence of infinitely many infinite clusters of occupied sites
is guaranteed for p > 1/(z — 1) = 1/3, and may occur some-
what sooner, at p = p.; < 1/3. At p < p.1, infinite clusters
fail to form and the steady state is uniformly empty since finite
occupied clusters are unstable and vanish as the NCO updates
evolve. The lattice becomes uniformly occupied, at the steady
state, for p > p.» = 1 — p,| because of the symmetry between
the empty and occupied sites under p <> ¢. In other words,
the NCO model has now three phases: no infinite clusters, for
p < p.1; infinitely many infinite clusters for p.; < p < pe2;
and a single infinite cluster (consisting of the whole lattice)
for p > p. Unlike regular percolation, there are no finite
clusters in the noncritical phases. The situation is similar
for z > 4.
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VI. DISCUSSION

In conclusion, we have presented an exact solution of the
NCO model on the line. This analysis is particularly interesting
in view of the suspected connection between the NCO model
and TIP [1]. It should be noted that while invasion percolation
on the line is trivially defined and solved, it is not at all clear
how to implement the trapping condition—that is, superficially,
there seems to be no difference between invasion percolation
and TIP on the line, and neither displays the richness of results
found for the NCO model in this Rapid Communication.

The situation is even more interesting for Bethe lattices. Just
as in one dimension, there is no obvious way to distinguish
between invasion percolation and TIP. For z = 3, the two-
phase diagram of the NCO model is the same as that of
regular percolation (for any z). The three phases found for
the NCO model on the Bethe lattice with z > 4 can be found
in regular percolation, but only on hyperbolic lattices and
other nonamenable one-ended graphs [6]. Solving the NCO
model on Bethe lattices is an appealing open problem. It
remains ultimately unclear, however, how to connect the rich
behavior of the NCO model on the line and on Bethe lattices to
TIP.
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