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We solve analytically the model of gene expression induction which consists of three steps: gene activation,
gene products synthesis, and product degradation. The solution is given as a time-dependent probability
distribution for gene products. Following the distribution in time from the inactive state of the gene to the
stationary state we observe binary or graded response depending solely on the ratio r of the gene activation rate
to the rate of the gene product degradation. If r�1 the response is binary and the continuous transition from
binary to graded response occurs between r=0.1 and r=1. Therefore, if binary response is observed during
relaxation to steady state, then the activation rate constant must be smaller than the degradation rate constant.
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Single-cell measurements of gene expression �inherently
random� have resulted in establishing experimentally
sources, regulation, and function of noise in gene product
syntheses in both prokaryotic �1–3� and eukaryotic �4–7� or-
ganisms. Moreover, our understanding of nature of stochas-
ticity is strongly supported by theoretical studies �8–15�. In-
triguing effect of the stochasticity in the gene expression on
the phenotypic variability arises upon an induction of gene
expression. A response of cells can be graded or binary
�16–20�. For graded response �homogeneous and rheostatic�
the distribution of gene products alters smoothly to higher
production levels during induction. The binary response �het-
erogeneous, stochastic, and all or none� is manifested by the
bimodal distribution of products with two characteristic
peaks: one for base level of gene expression and another one
for stationary level of gene expression.

Phenotypic diversification, as an effect of noisy gene ex-
pression, plays a key role in the survival of cell population in
a fluctuating environment �21,22�. Cell fraction of maximal
gene product level is larger for binary response than for
graded response. Therefore, for high stress threshold the bi-
nary response is advantageous, because instantly after stress
signal appearance there is a subpopulation adapted to new
conditions. Graded response, on the contrary, is favored for
low stress thresholds.

We present analytically tractable model for the induction
of gene expression. We construct a master equation describ-
ing the evolution of gene products for which we find time-
dependent probability distributions. We show that the gene
products, after induction, reach their stationary state in a
graded or binary evolution. The type of the response depends
on the relationship between degradation rates of gene prod-
ucts and rates of gene activation. The binary response does
not require any additional mechanisms and can appear even
for the most simplified model of the gene expression induc-
tion.

Recently, Iyer-Biswas et al. �15� derived a time-dependent
generating function for probability distribution of gene prod-

ucts, but did not consider the problem of binary and graded
evolution in time. Our Brief Report is complementary to
theirs. Additionally, we find directly the probability distribu-
tion of gene product numbers in time. Peccoud and Ycart
�23� considered the problem of the induction of gene expres-
sion analytically. They considered the possibility of the con-
secutive transitions from active to inactive gene state, but in
the analytical solution they neglected the degradation of gene
products and did not analyze the possible response patterns.
Shahrezaei and Swain �14� derived time-dependent distribu-
tions of the proteins and messenger RNA �mRNA� number
for the two-stage model �synthesis of mRNA and proteins� in
which the gene is always active. In such a case the response
is always graded in the mRNA and protein distributions. The
emergence of bimodality in steady-state gene product distri-
butions for previously analyzed models �14,15,23� is due to
consecutive silencing of genes after activation. Here, the dis-
tribution of gene products is always unimodal in the steady
state, but the response of the system after gene induction
exhibits two modes of response �graded and binary� upon
approach to the steady state.

The model consists of the following steps:

I→
ka

A � →
ks

P→
kd

0” , �1�

where I and A are the inactive and active forms of gene,
respectively. P denotes gene products. A circle arrow � is
used to emphasize that gene product synthesis takes place
continuously after transition to the active form of gene. The
active form is not blocked in the process of product synthe-
sis. Gene activation, gene product synthesis, and degradation
are modeled as first-order processes with probabilities ka, ks,
and kd per unit time, respectively. The activation of gene is
irreversible in this model, i.e., the transition A→ I is forbid-
den. Such a unidirectional transition is a natural choice for
the induction of gene expression.

At any instant of time, the system, described by Eq. �1�, is
in the state specified by the ordered pair �o , p�. o and p are*Corresponding author; holyst@ichf.edu.pl
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copy numbers of the active gene and gene products, respec-
tively. The scheme of reactions in Eq. �1� imposes the fol-
lowing transitions between states and their probabilities per
unit time:

�o,p� →
ka�N−o�

�o + 1,p� ,

�o,p�→
kso

�o,p + 1� ,

�o,p�→
kdp

�o,p − 1� . �2�

Since the probabilities of transitions are constant per unit
time, the waiting time for transitions is exponentially distrib-
uted, and the system satisfies the Markov property �24�. The
probability that the system is in the state �o , p� at time t,
denoted by fo,p�t�, satisfies the master equation

dfo,p�t�
dt

= − fo,p�t��ka�N − o� + kso + kdp� + fo−1,p�t��ka�N − �o

− 1��� + fo,p−1�t��kso� + fo,p+1�t��kd�p + 1�� , �3�

where N is the copy number of the genes and fo−1,p�t�=0 for
o=0. Division of both sites of Eq. �3� by kd simplify signifi-
cantly the notation. Therefore, the following analysis is car-
ried out in terms of the parameters

K =
ks

kd
, r =

ka

kd
, � = kdt . �4�

The variability of the gene products within cell or cell

population is through moments of probability distributions.
We follow also this approach. The probability distribution of
gene products is equal to the Poisson distribution in the sta-
tionary state. The Poisson distribution has its variance equal
to the mean; therefore, a proper measure of variability is
given by the dispersion index. The dispersion index is equal
to the time-dependent variance divided by the time-
dependent mean:

D��� =
�p2���� − �p�2���

�p����
. �5�

We calculate the dispersion index by the following method.
Equation �3� is a linear difference-differential equation.
Therefore, the moments can be calculated strictly by multi-
plying Eq. �3� by o, p, o2, p2, and op and summing over all
values of o and p:

	
o

	
p

fo,p���oxpy = �oxpy���� , �6�

because the hierarchy of equations is closed. The mean level
of gene products is given by

�p���� = 
KN��e−r� − 1� + r�1 − e−���
�r − 1�

if r � 1

KN�1 − e−��1 + ��� if r = 1,
� �7�

and the dispersion index for gene products can be presented
as follows:

D��� = 1 + Kh�r,�� , �8�

where

h�r,�� =

2e−��e−��1 + ��1 + 1

2��� − 1�
e−��1 + �� − 1

if r = 1

e−2��3 − 2� + e−2� − 4e−��
�2e−� − e−2� − 1�

if r = 2

e−r��2�r − 1�2 + �r − 2��e−r� − 2re−��� − re−2�

�r − 1��r − 2��r�e−� − 1� + �1 − e−r���
otherwise.

� �9�

D��� is a linear function of K, and D���=1 since
lim�→� h�r ,��=0.

We find solution of Eq. �3� using the following procedure.
We assume that N=1, i.e., there is one copy of the gene in
the system, and at �=0 the gene is inactive. The probability
density function of times required for activation of the gene
is exponential and given by g���=re−r�. Having the solution
of the master equation for the probability that there are p
gene products at time � �denoted by fp����� for the system in
which the gene is always active, the solution of Eq. �3� is
equivalent to the time convolution

f1,p��� = �g � fp����� = �
0

�

g����fp��� − ���d��, �10�

where fp���� satisfies the following master equation �for the
system of continuous expression of gene�:

dfp����
d�

= fp−1� ���K + fp+1� ����p + 1� − fp�����K + p� . �11�
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The assumption that at time �=0 there are no gene products
in the system leads to the following distribution:

fp���� =
1

p!
eK�e−�−1��K�1 − e−���p. �12�

Equation �12� is the Poisson distribution, for which the mean
is equal to K�1−e−��. By making the substitution x=e−��−���,
Eq. �10� becomes

f1,p��� =
Kp

p!
e−Kre−r�Ip, �13�

where Ip=
e−�
1 x−r−1eKx�1−x�pdx. Using the binomial theorem

for �1−x�p, the integral Ip can be written in terms of the
generalized incomplete gamma function �25�

Ip = 	
j=0

p �p

j
��− 1� j�− K�r−j���j − r,− Ke−�,− K�� . �14�

Total probability, denoted by fp, that there are p gene prod-
ucts present and the gene is in active or inactive state is equal
to

fp��� = f0,p + f1,p��� . �15�

The first term in Eq. �15� is nonzero only for p=0. From Eq.
�3� and under the assumption that the gene is in the inactive
state at �=0, we get f0,p���=�pe−r�, where �p is 1 for p=0
and zero otherwise.

When the gene is always active, the probability distribu-
tion of gene products �Eq. �12�� is given by the Poisson
distribution. Therefore, the dispersion index does not change
with time and the mode of the response is graded. On the
other hand the gene being inactive at the start of the induc-
tion can produce both modes of the response. Using previ-
ously derived probability distribution �Eq. �15�� we charac-
terize the modes of gene expression induction. The graded
and binary responses in time depend solely on r, i.e., on the
ratio of the gene activation rate constant to the gene product
degradation or deactivation rate constant. In fact, in Eq. �13�
the characteristic time does not depend on the constant K.
Therefore, the shape of the probability distribution functions
is the same for various values of K. We will show the range
of r where each response is dominant.

In order to pinpoint the graded versus binary response we
plot the probability distributions for gene product numbers
for various values of the ratio r=ka /kd �see Fig. 1�a�� and
few values of time during the gene induction. In Fig. 1�a� we
show the changes in the dispersion index as a function of
time � �vertical axis� and ratio r �horizontal axis�. We show
also contours corresponding to 0.1 and 0.9 of the steady-state
level of the gene products. These two contours superimposed
on the dispersion index show where actually the changes in
gene product numbers are significant. For cases �c� and �e�
the gene activation rates are higher than the gene product
deactivation rates �r�1; Figs. 1�c� and 1�e��, which results
in the graded response �a single peak in the distribution
which moves from zero toward the peak at the steady state
with almost constant dispersion index�. For cases �d� and �f�
�r�1; Figs. 1�d� and 1�f�� the response is undoubtedly bi-

nary. There are two peaks in the probability distribution: one
at p=0 and another one at the p value corresponding to the
steady state. The bimodal distribution in the binary response
leads to a very large dispersion index. In the binary response
the peak at p=0 decreases in the course of time, and the
second peak grows until the steady state is reached. In the
steady state all distributions are unimodal. The behavior of
the system, during induction for case �b� �i.e., r=1; Fig.
1�b��, reveals the intermediate response, resembling the
graded response. The characteristic feature of the response in
this case is the long-tailed distributions with quite high prob-
abilities of intermediate gene product levels within cell
population. The similar long-tailed distributions are present
also for r�1 at the beginning of the induction �e.g., continu-
ous line in Fig. 1�d��. The most striking feature revealed by
our analysis is that the transition between the graded and
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FIG. 1. The distribution of gene product numbers fp��� during
the induction of gene expression within cell population. The prob-
ability distributions pinpoint to the �c�,�e� graded; �d�,�f� binary; and
�b� intermediate responses. The steady-state level of gene products
is fixed at K=ks /kd=50 and N=1. Initially the cells do not have any
gene products and the gene is inactive. The activation of gene starts
at time �=0 for each cell. �a� Changes in the dispersion index in
time � as a function of the ratio r=ka /kd. The continuous lines
depict the mean level of gene products �p� equal to 0.1 and 0.9 of
the steady-state level. The letters above picture correspond to the
values of r at which the probability distributions of gene product
numbers are calculated and presented in �b�–�f�. �b�–�f� Probability
distributions of gene product numbers at different times after start
of the activation of gene expression. By means of filled circles we
mark the probabilities that no gene products are present.
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binary responses is quite sharp and takes place between r
=1 and r=0.1. It puts a very strong constraint on the more
complex models of the gene induction.

For example, Pirone and Elston �19� considered a biologi-
cally realistic model of the gene expression regulation for the
cytokine interleukin-2 with the lacZ as a reporter gene. They
showed in computer simulations that the response in that
system changes from the binary to graded upon increase in
the transcription factor binding constant. The system inves-
tigated by Pirone and Elston �19� revealed the binary re-
sponse �see Figs. 7�A�–7�C� in �19��. We calculated the fac-
tor r for their system and got r= �0.2,0.4,0.5� for three
studied inducer concentrations, i.e., the range of r recognized
in our analysis as giving the binary response. They noticed
the graded pattern �see Fig. 9 in �19�� for the conditions
which correspond, as we have checked, to r=4.

Kierzek et al. �20� studied by computer simulations a re-
sponse mode of the multiparameter model of a two-
component system. This system is comprised of a
membrane-bound histidine kinase and a partner response
regulator that positively autoregulates its own synthesis and
is an activator for a reporter gene. It appeared that such a
system exhibits binary response for the reporter. However,
modification abolishing autoregulation results in graded re-
sponse. Positive feedback loop extends the regulator re-
sponse time �26�, i.e., the delay from an activation of histi-
dine kinase until the regulator concentration approaches the

activation threshold for the reporter promoter. It explains the
observed change in the response mode since the effective
activation rate and thus r decrease for a positively autoregu-
lated two-component system.

The characteristic time scales for gene activation differ
significantly between prokaryotic and eukaryotic organisms.
In eukaryotes, promoter activation requires remodeling of
the chromatin structure which can take hours or longer �27�.
Moreover, the induction is highly sophisticated and requires
integration of many signals and correlated activations of
many transcriptional modules �28�. The mean half-life of
proteins and mRNAs determined in S. cerevisiae is equal to
43 min �29� and 23 min �30�, respectively. Since r�1, a
binary pattern of gene induction is widely observed in eu-
karyotic organisms �16,18,31�. In prokaryotes, the promoters
are easily accessible for transcription factors, and thus the
activation of genes usually is on time scales of seconds or
minutes �32–34�. Therefore, the presence of the graded in-
duction patterns among prokaryotic cells should be common
since such a case corresponds to r�1.
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2/2 and also by the Human Frontiers Science Program
Organization. R.H. acknowledges the “Mistrz” grant from
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