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A two-fluid model for dispersed two-phase flows based on the lattice Boltzmann equationsLBEd is pro-
posed. Two sets of LBEs are used to describe the two phases. The continuity and Navier-Stokes equations for
the continuum-based two-fluid model are obtained from the LBEs by adding a pressure term. The phase holdup
is readily calculated from the partial pressure of each phase because the two phases are described by the ideal
gas equation of state. A simulated laminar gas-liquid two-phase flow gave good agreement with the results
calculated by the conventional continuum-based two-fluid model.
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Two-phase flows are widely used in many industrial pro-
cesses, and computational fluid dynamicssCFDd simulations
of two-phase flows are useful for both practical and aca-
demic interests. CFD approaches for two-phase flows gener-
ally fall into two categories, namely the Euler-Euler ap-
proach f1–4g and the Euler-Lagrange approachf5,6g. The
Euler-Euler approach, also called the two-fluid model, has
much lower computational demands and is the only practical
method for simulating large-scale systems. All the two-fluid
models reported in the literature are based on the Navier-
Stokes equations. In the last decade, the lattice Boltzmann
model sLBM d has been rapidly developed as an attractive
method for computational fluid dynamicsf7–12g. The imple-
mentation of a LBM procedure is much easier than that of
continuum-based CFD methods. Parallelization of the LBM
is natural since the relaxation is local and the communication
pattern in propagation is one way, and the performance in-
creases nearly linearly with the number of CPUs. The pres-
sure can be usually derived from a simple equation of state,
instead of solving a Poisson or a Poisson-like equation. Re-
cently, Chenet al. f13g showed that the LBM coupled with a
turbulence model is likely to offer significant advantages
over the conventional continuum-based model. Due to these
advantages, the LBM has been successfully used to simulate
many problems, including multiphase flows and multicom-
ponent flowsf14–19g.

Házi et al. f20g have reviewed multiphase models based
on the lattice Boltzmann equationsLBEd. Typical LBE-based
multiphase models are the color modelf14g, the pseudopo-
tential modelf15,16g, and the free-energy modelf17g. All
these models focus on the details of flow at the level of
individual bubbles or droplets and cannot be used to simulate
large-scale systems such as a chemical reactor. In this paper,
we propose a LBE-based two-fluid model by adding a modi-
fication term to the pressure gradient in the LBE, and vali-
date this model by comparing it with the continuum-based
two-fluid model.

The underlying assumption of a continuum approach is

that a medium may be divided indefinitely without losing
any of its defining properties. Even though each phase in a
gas-liquid or liquid-liquid two-phase flow is intrinsically dis-
crete, various averaging techniques can be applied to de-
scribe it by a continuum model. The equations that govern
the dynamics of a two-phase flow have been well discussed
in the literaturef1–4g. They are two sets of mass and mo-
mentum conservation equations for an isothermal flow. Here
we take a gas-liquid flow without an interfacial mass transfer
as an example for illustration. The dimensionless form of the
continuum-based two-fluid model for the isothermal gas-
liquid flow is as follows:

]

]t̂
sakr̂kd + ¹x̂ · sakr̂kv̂kd = 0, s1d

]

]t̂
sakr̂kv̂kd + ¹x̂ · sakr̂kv̂kv̂kd = − ak¹x̂p̂ + n̂k ¹ · fâkr̂ks¹x̂v̂k

+ s¹x̂v̂kdTdg + F̂k, s2d

where the subscriptk is l andg, for the continuous liquid and
dispersed gas phase, respectively.al and ag are the liquid
and gas holdups, and satisfy the constraintal +ag=1. The
force termFk includes the body force, e.g., gravity force, and
the interphase forces.

The lattice Boltzmann equation with the Bhatnagar-
Gross-KrooksBGKd f21g approximation can be expressed as

f isx + eiDt,t + Dtd − f isx,td = −
1

t
ff isx,td − f i

seqdsx,tdg + DtFi ,

s3d

where f isx ,td is the distribution function for particles with
velocity ei at positionx and timet, andDt is the time incre-
ment. f i

seqd is the equilibrium distribution function, andt is
the dimensionless relaxation time.

For simplicity and without losing generality, we use the
2-D-9-velocity sD2Q9d model f22g to develop the LBE-
based two-fluid model. In the D2Q9 model, the particle ve-
locities are defined by e0=s0,0d, ei =(cosfpsi
−1d /2g ,sinfpsi −1d /2g)c for i =1–4 and ei =(cosfpsi
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−9/2d /2g ,sinfpsi −9/2d /2g)c for i =5–8. Here c=Dx/Dt,
andDx is the lattice spacing. We consider the following two
sets of LBEs with the same time incrementDt and lattice
spacingDx for the two phases

fk,isx + eiDt,t + Dtd − fk,isx,td = −
1

tk
ffk,isx,td − fk,i

seqdsx,tdg

+ DtFk,i k = l,g, s4d

where the force termFk,i is calculated by the method pro-
posed by Guoet al. f23g

fk,i
seqd = wirkH1 +

3sei ·ukd
c2 +

9sei ·ukd2

2c4 +
3suk

2d
2c2 J , s5d

uk =
1

rk
So

i

ei fk,i +
1

2
FkDtD , s6d

Fk,i = S1 −
1

2tk
DwiS3sei − ukd

c2 +
9sei ·ukd

c4 eiD ·Fk, s7d

where the weightsw0=4/9, wi =1/9 for i =1–4, andwi
=1/36 for i =5–8.

The fluid densityrk and velocityuk are determined by the
distribution functionfk,isx ,td and the force termFk

rk = o
i

fk,i , s8d

rkuk = o
i

fk,iei +
1

2
FkDt. s9d

By defining the dimensionless quantitiesx̂=x/Dx, t̂

= t /Dt, êi =ei /c, ûk=uk/c, r̂k=rk/rk,0, f̂ k,i = f̂ k,i /rk,0, F̂k,i

=Fk,i / srk,0cd, F̂k=FkDt / srk,0cd, we get the dimensionless
form of Eqs.s4d–s9d

f̂ k,isx̂ + êi, t̂ + 1d − f̂ k,isx̂, t̂d = −
1

tk
f f̂ k,isx̂, t̂d − f̂ k,i

seqdsx̂, t̂dg + F̂k,i ,

s10d

f̂ k,i
seqd = wir̂kh1 + 3sêi · ûkd + 9

2sêi · ûkd2 + 3
2ûkj , s11d

ûk =
1

r̂k
So

i

êi f̂ k,i +
F̂k

2
D , s12d

F̂k,i = S1 −
1

2tk
Dwif3sêi − ûkd + 9sêi · ûkdêig · F̂k, s13d

r̂k = o
i

f̂ k,i , s14d

r̂kûk = o
i

f̂ k,iêi + 1
2F̂k. s15d

By the Chapman-Enskog expansionf23,24g, Eq. s10d

leads to the following continuity equation and Navier-Stokes
equation:

]r̂k

]t̂
+ ¹x̂ · sr̂kûkd = 0, s16d

]

]t̂
sr̂kûkd + ¹x̂ · sr̂kûkûkd = − ¹x̂p̂k + n̂k¹x̂ · hr̂kf¹x̂ûk

+ s¹x̂ûkdTgj + F̂k. s17d

Defining r̂T= r̂g+ r̂l, ak= r̂k/ r̂T, p̂k=pk/ srk,0c
2d, p̂T= p̂g

+ p̂l, we havep̂k= 1
3r̂k andak= p̂k/ p̂T. Equationss16d ands17d

can be also expressed as

]akr̂T

]t̂
+ ¹x̂ · sakr̂Tûkd = 0, s18d

]

]t̂
sakr̂Tûkd + ¹x̂ · sakr̂Tûkûkd = − ¹x̂sakp̂Td

+ n̂k¹x̂ · fakr̂Tf¹x̂û

+ s¹x̂ûkdTgg + F̂k. s19d

If we set r̂k in Eqs.s1d and s2d to be r̂T in Eqs.s18d and
s19d, then Eq. s18d is the same as Eq.s1d, and the only
difference between Eqs.s19d ands2d is the pressure gradient
term, which is −ak¹x̂sp̂kd in Eq. s2d and −¹x̂sakp̂Td in Eq.
s19d. Since ¹x̂sakp̂Td=ak¹x̂sp̂Td+ p̂T¹x̂sakd, the two-fluid
model can be recovered from the LBE with approximation to
the second order by adding a force termp̂T¹x̂sakd to the
right-hand side of Eq.s19d. The final LBE for the two-fluid
model is

f̂ k,isx̂ + êi, t̂ + 1d − f̂ k,isx̂, t̂d = −
1

tk
f f̂ k,isx̂, t̂d − f̂ k,i

seqdsx̂, t̂dg

+ p̂T¹x̂,isakd + F̂k,i s20d

where f̂ k,i
seqd and F̂k,id are the same as in Eqs.s11d–s13d.

Thus, we have constructed a LBE-based two-fluid model
for large-scale two-phase flows. The treatment of the force
term in Eq. s20d needs some further discussion. In a gas-
liquid flow, the forces on the gas phase include the virtual
mass forceFg,VM, gravity forceFg,G, buoyancy forceFg,BU,
drag forceFg,DR, lift force Fg,L, and dispersion forceFg,DP
f4g. The virtual mass forceFg,VM describes the physics that a
part of a liquid near a bubble is accelerated together with the
bubblef25g. The lift forceFg,L is induced by the interaction
between the bubble and liquid shear flowf26g. The disper-
sion forceFg,DP in a laminar bubbly flow is caused by bubble
fluctuating motion due to deformation, and has a larger value
for bubbles of larger sizef27g. These interface forces are
expressed as

Fg,VM = agrlCVM
D

Dt
sug − uld, s21d

Fg,G = agrgg, s22d
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Fg,BUsx,td = agrlg, s23d

Fg,DR = agrl
3CD

4db
sug − ulduug − ulu, s24d

Fg,L = − CLagrlsug − uld 3 ¹ 3 ul , s25d

Fg,DP = − CDPrl ¹ ag. s26d

The total force on the gas phase is zero, that is,

Fg,VM + Fg,G + Fg,BU + Fg,DR + Fg,L + Fg,DP = 0. s27d

After the liquid phase velocity is determined, the velocity of
the gas phase can be determined from Eq.s27d. The distri-
bution function fg,i is then obtained by changing the post-
propagated distribution to get the desired velocity, that is, set
the force term in the LBE of the gas phase as

F̂g,i = 50 i = 0
1
3r̂gêi · sûg,bl − ûgd i = 1 – 4
1
12r̂gêi · sûg,bl − ûgd i = 5 – 8,

6 s28d

whereûg,bl is the dimensionless gas velocity that satisfies the
force balance of Eq.s27d and ûg is the dimensionless gas
velocity after the propagation step.

For the liquid phase, the force term is much simpler. As
discussed above, the total force, including the virtual mass
force, buoyancy force, drag force, lift force, and dispersion
force, exerted by the liquid phase on the gas phase balances
the gravity force of the gas phase. Because the gas density is
negligible compared with that of the liquid, the total force
exerted by the liquid phase on the gas phase is approximately
zero. According to Newton’s third law, the total force exerted
by the gas phase on the liquid phase is also zero. So the main
force on the liquid phase is the buoyancy force that is caused
by a nonuniform profile of the gas holdup. This can be cal-
culated in a straightforward manner based on the density
variation, which is due to the profile of the gas holdup

F̂l,BUsx,td = fr̂lsx,td − r̂l,refsx,tdgĝ, s29d

wherer̂lsx̂ ,td is calculated by Eq.s14d, andĝ=gDt2/Dx. The
buoyancy force that needs to be in the LBE of the liquid
phase is calculated with Eqs.s11d–s13d.

To validate the proposed model, we compare the simula-
tions of a two-dimensional laminar gas-liquid bubbly flow of
the continuum-based two-fluid model and our LBE-based
two-fluid model. The physical properties of the simulated
two-phase system are:rl =1000 kg/m3, rg=1 kg/m3, nl =ng
=10−3 Pa s. The virtual mass force coefficientCVM depends
on the bubble shape and is set to be 0.25 in this paper, refer-
ring to Cook and Harlowf25g. Actually, the virtual mass
force only affects the flow evolution with time and has no
influence on the final steady flow behavior. The lift force
coefficientCL and dispersion force coefficientCDP are de-
pendent on the bubble sizef26,27g. Tomiyamaf26g found
thatCL varies in the range from 0.288 to −0.29 for gas-liquid
systems with liquid of high viscosity. For small bubbles, the
direction of the lift force is towards the lower liquid velocity
side, while for large bubbles the direction of the lift forces is
opposite. Therefore the lateral profile of the gas holdup,
which is determined by the lateral forces, is different for
bubbles of different sizes. To simulate the different profiles,
two sets of parameters are used according tof26,27g: Case 1
is for small bubbles withCL=0.05 andCDP=0.0015 m2/s2;
case 2 is for relatively larger bubbles withCL=−0.1 and
CDP=0.003 m2/s2. For the purpose of comparison, the drag
force coefficient is set so that the slip velocity is 0.1 m/s in
both cases. We compare the hydrodynamic behavior in the
fully developed flow region. The computational domain is
0.095 m in width. The inlet and outlet conditions are set to
be periodic boundary conditions for the fully developed flow.
The continuum-based two-fluid model is solved with the
CFD package CFX4.4. In both simulations using the CFX4.4
package and LBM, the number of lattices used is 20 in width
with Dx=5 mm, and the time stepDt=1 ms. In LBM simu-
lations,t is set to be 0.62 to accord with the dynamic vis-
cosity.

The gas holdup and liquid velocity are the two most im-
portant parameters in the gas-liquid flow. Figure 1 shows the
lateral profiles of the gas holdup and liquid velocity. In case

FIG. 1. Comparison between
the continuum-based and LBE-
based two-fluid models. Ul

=0.1 m/s, Ug=0.012 m/s. x/L
is the dimensionless lateral posi-
tion. Case 1: CL=0.05, CDP

=0.0015 m2/s2. Case 2:CL=−0.1,
CDP=0.003 m2/s2.
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1, for small bubbles, the lift force is towards the wall, so the
gas holdup has a smaller value in the center than in the
near-wall region. In case 2, for large bubbles, the lift force is
towards the center, so the gas holdup has a larger value in the
center. Due to the gas-liquid interaction, the nonuniform ra-
dial profile of the liquid velocity in case 2 is more remark-
able than in case 1. As can be seen in Fig. 1, the results
calculated by the LBE-based model are in good agreement
with those calculated by the continuum-based model. This
verifies the validity of the LBE-based two-fluid model pro-
posed in this paper. The advantages of the LBE-based two-
fluid model are remarkable. Besides the common advantages
of the LBM, there are several other attractive characteristics:
First, the LBE-based model is explicit, and does not need
iteration to solve the coupled continuity and momentum
equations for the two phases. Second, the phase holdups are
naturally solved from the partial pressures in the LBE-based
model and need no additional computational cost. Third,
there is no need to solve the Poisson equation because the
pressure field can be readily solved from a simple equation
of state. These characteristics make the LBE-based model
much simpler in code development and more efficient in

computation. In the testing problem of this work, the LBE-
based model takes less than half of the CPU cost of the
continuum-based model for the same number of iterations.
Further comparison is needed for parallel computation or
when a turbulence model is coupled.

Continuum-based models for a gas-liquid flow average
over the details of the flow at the level of the individual
bubbles. These details affect the overall behavior through
phase interaction terms and the effective stress tensors in the
final model equations. In recent years, the multiscale method
has been an effective approach to study multiphase flow that
involves a wide range of temporal and spatial scalesf28,29g.
Methods such as direct numerical simulationsDNSd, LBM,
and volume of fluidsVOFd f30g can be used to simulate the
details of the flow. Sankaranarayananet al. f18g and van der
Hoef et al. f29g explored the use of the LBM as a technique
to provide closures for the two-fluid model. Using the LBE-
based two-fluid model of this paper, the simulations of dif-
ferent scales can be carried out on the same LBM platform.

The authors are grateful to Professor D.Z. Wang for his
helpful discussions.
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