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Imprecise Maxwell’s demon with feedback delay: An exactly solvable information engine model
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A finite cycle time information engine based on a two-level system in contact with a thermal bath is studied
analytically. The model for the engine incorporates an error in measuring the system’s state and time delay
between the measurement and the feedback process. The efficiency and power of the engine in steady state are
derived as a function of level spacing, feedback delay time, engine cycle time, and measurement error. For a fixed
value of level spacing and feedback delay, there is an upper bound on measurement error such that the engine can
extract positive work. This threshold value of error is found to be independent of the cycle time. For a range of
values of level spacing, feedback delay time and cycle time, efficiency has a non-monotonic dependence on the
measurement error, implying that there is an optimal measurement error for the information engine to operate
efficiently. The range of feedback delays within which the system functions as an engine, extracting positive
work, depends on the measurement error and the level spacing.
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Maxwell’s demon-like setups facilitate heat extraction
from a thermal bath and its conversion into useful work
through feedback control [1]. In the Szilard engine implemen-
tation of the Maxwell demon concept, the feedback control
operates as follows: the demon measures whether a single
molecule within a vessel, in contact with the thermal bath, is
located on the left or right half of the vessel. This information
is then utilized to extract work by inserting a partition into
the box and a subsequent isothermal expansion of the volume
containing the particle [2]. In the first analysis, this engine
seems to violate the second law of thermodynamics. However,
after nearly half a century of debates and discussions, it is now
agreed that work can be extracted from such a system with-
out contravening the second law of thermodynamics as long
as the energy cost of the information processing performed
by the demon is duly considered [1,3-6]. (For alternative
perspectives on this debate, refer to the following sources
[7-11].) Commonly referred to as information engines, they
have been experimentally realized in various classical [12—15]
and quantum [16-21] systems.

Two modifications can be considered for a practical engine
assessment: (i) introducing a delay between measurement
and feedback, and (ii) addressing errors in the measurement
process. Regarding the Szilard engine version of Maxwell’s
demon, a feedback delay time implies a time lag between
measuring the particle’s position in the box and inserting the
partition. In any experimental implementation of Maxwell’s
demon, it is a challenging task to achieve instantaneous
feedback following the measurement [14]. Therefore, ac-
counting for the delay between measurement and feedback
in a practical information engine context is essential. Given
this experimental constraint, it becomes imperative to in-
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vestigate how the engine’s capacity for work extraction and
efficiency depends on the feedback delay. In the context of an
information engine, efficiency quantifies the degree to which
information is converted into work. Such an analysis helps
determine the permissible range of feedback delay for the
system to effectively utilize the information and operate as an
engine [12,16]. As with feedback delay, measurement errors
are unavoidable in practice [22-24]. Moreover, there is a cost
associated with running more precise engines, which has to be
kept in mind while optimizing the efficiency of the engine as
a whole. Thus, it is essential to consider how the accuracy of
the measurement influences the information engine’s perfor-
mance parameters.

Many recent works, both in experiments [14,25,26] and
in theories [22,27,28], have looked at ways to improve the
efficiency and power of information engines. Information
engines based on colloidal particles moving through a har-
monic potential [15,29,30] and periodic potentials [12,31]
have been studied. These studies consider the possibility of
extracting work or converting the information about the parti-
cle’s position into work with the help of a feedback scheme.
The simplest model that can be studied to investigate the
nonequilibrium dynamics of an information engine is based
on a two-level system. The efficiency and power of such a
two-level information engine without feedback delay have
been studied analytically in the limit of infinite cycles and
relaxation time [23]. An analytical study of a similar engine
based on a two-level system incorporating feedback delay
but without error has recently been done [32]. The present
work is an analytic study of the most general information
engine of this type, which incorporates both feedback delay
and measurement error. Further, the results are derived for
the engine working with a finite cycle time, rather than as-
suming equilibrium at the beginning of each cycle. Under
the assumption of a nonequilibrium steady state, the engine’s
power and efficiency are derived, and their dependence on
cycle time, feedback delay time, measurement error, and the
energy difference between the levels is studied.
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The model. The information engine consists of a system
of two states, with energies +U) (the up-state) and —Uj (the
down-state). The system is in contact with a thermal bath at
temperature 7'. In addition, a demon measures the system’s
state at regular intervals of time, = no (n an integer), where
« is the cycle time. The demon initiates feedback depending
on the outcome of the measurement. The feedback protocol
follows: If the system is measured in the up-state, the de-
mon switches the system’s state to the down-state at a time
t = na + €, extracting work equal to 2Uj in the process. € is
the feedback delay time and is less than the cycle time «. If
the system is determined to be in the down-state during the
measurement, the demon carries out no feedback process.

The measurement carried out by the demon is prone to
error—i.e., there is a chance that during the measurement
process, the demon measures the state to be down when the
actual state of the system is up, and vice versa. We assume
that the demon’s error is such that the conditional probabilities
are PIM =d|X =u) =6,and PIM = u|X = d) = §,, where
the variable X represents the actual state of the system, and
the variable M represents the measurement outcome. u and d
denote the up- and down-states, respectively. It is assumed that
84 = 8p = 6 for simplicity. It follows that P(M = d|X =d) =
P(M = u|X = u) =1 — 4. It should be noted that the demon
will initiate the feedback depending on the measurement out-
come and not on the actual state of the system. Also, even with
no measurement error and no feedback delay, this information
engine does not yield 100% efficiency. This is because, for
finite Uy, the post-feedback distribution of the system is not
the equilibrium distribution [3,33].

The master equation for the process is given by

dpu
dt

where p, is the probability of finding the system in the up-
state. k; is the transition rate from up-state to down-state,
and k; is the transition rate from down-state to up-state. The
probability of the system being in the down-state is given
by ps = 1 — p,. A detailed balance in equilibrium stipulates
& = ¢ The relaxation time for the system to reach equi-
librium starting from an arbitrary initial state is given by T =
ﬁ. When the measurement outcome is up-state, the master
equation must be integrated in two time segments: from ¢ =
na tot = na + €, and then fromt = na +etot = (n+ 1)a.
This is because the state will be switched after a delay time
of € for this measurement outcome. The information engine
will reach a steady state after many cycles of operation. The
steady-state probability is derived below. From this, one can
obtain the average work extracted and the average informa-
tion processed during measurement, which are then used to
determine the efficiency and power of the information engine.

The steady state solution. Let p}’(t) be the steady-state
probability of the system to be in the up-state at time ¢. Then,
fore <t < a,

= —(ki + k2)pu + k2 (D

Py =Y [Pa(u: 11X ":0)Py(X', d)]

X’

+ Y [P X" eHPX XX W], (2)
X' X"

where Py(X, M) is the joint probability for X (state) and M
(measurement outcome) at the time of measurement (r = 0).
Pi(X"|X") is the probability for the state to be X” at t = €™
(i.e., right after feedback), given that the state was X’ att = 0
and the measurement outcome was M = u. P,(X ;5 |X' ;t1)
is the probability of finding the system in state X at t = 1,
given that it was in X’ at t = #; with no interference from the
demon in the interval between ¢, and #, and is given by

Py(X; 121X 510) = p X )1 — e BT Sy e BT

3)

Here, 3y is the Kronecker delta function and pX’) is
the equilibrium distribution without feedback. For X = u,

e Pl
2 cosh (BUp)

and p*(X =d) = 1 — p,! = p}!. Table I in the Supplemental
Material [34] gives the set of various joint and conditional
probabilities appearing in Eq. (2), where pj, = p’(t = 0) and
Pao =1 = Pip-

Since p}’(t) is a periodic function with period «, pfj, must
be the same as p{’(cr). Using this fact in Eq. (2), one gets a
self-consistent relation for pj (see the Supplement). Solving

SS

for piy,

PIX =u)= =, “4)
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The units are chosen such that kg7 = 1 and the relaxation

time scale of the system is T = 1. Once pfy, is known, one

can use Eq. (2) to find pj’(t) for e <t < a. For 0 <t < ¢,

p.’(t) can be found using the relation p’(t) = sz ubPX =
u, t|X';t = 0) Py(X', M).

The average work extracted in the steady state by the infor-
mation engine is given by

—(W) = puo(1 = $)[2Upp — 2Uo(1 — p)]
+ Paod[2Uo(1 — p) — 2Uo '], (6)
where
p=e (1 ) + ™
is the conditional probability, P,(X = u;t = ¢ |X' = u;t =
0). That is, given that the system’s state is up at the beginning
of the cycle, p is the probability that it is in up-state just before
t = €. Similarly,
P=epd +(1- i) ®)

is the conditional probability (X =d,t =€ |X =d,t =
0). The two terms on the right-hand side of Eq. (6) correspond
to X = u at the beginning of the cycle with measurement
being correct and X = d at the beginning of the cycle with
the measurement being incorrect, respectively.

The power of the information engine is the average rate of
work extracted and is given by

—W) _ 2Uopip(1 = $)2p — 1) — 2Uppyd(2p" — 1)

o o

®

)
where the numerator is the simplified form of Eq. (6). The
other important performance parameter of an engine is its
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efficiency. Although the demon succeeds in rectifying thermal
fluctuations to do work, it comes at the cost of information
processing. The thermodynamic cost of the erasure of memory
bits associated with the measurement is given by kg7 I, where
I is the quantity of information obtained. In the context of
an information engine, efficiency is defined as the ratio of
average work extracted to the average information processing
cost. That is,

_—w)

kgT (I)
where (I) is the average information gathered during a cycle.
If the states of the system at the beginning and end of the
cycle were not correlated (which would be the case if @ — € >

1), the information cost would be determined by the average
mutual information [35]

n ; (10)

P(M|X)
P(M)

(L) ="y Po(X,M)In : (1)
M. X

where P(M|X) is the probability that the measured state of the
system is M, given that the actual state of the system is X, and
P(M) is the probability for the measurement giving M. One
can use the probabilities given in Table II in the Supplement
to evaluate (I,), found to be

—A 51 1-346 41 1-46
8 1—A)

12)

1
(L) = Aln(

where A = piy + 8 — 2pyy & (see the Supplement).

Since the information engine’s cycle time is finite, the
states at the beginning and end of the cycle will be correlated.
This implies that the mutual information between the state
of the system at time # = no and the measurement outcome
of the system’s state at t = (n — 1) will generally be non-
zero [36]. This mutual information is given by I,(X, M,.) =
1 %, where X and M), denote the state of the system
in the current cycle and the measurement outcome in the
previous cycle, respectively. P(X|M,.) is the probability that
the state of the system in the current cycle is X, given that
the measurement outcome of the previous cycle was M.
Averaging I, over the joint distribution P(X, M) gives us

P(X|M,.)

() =Y P(X,Mp)In 50

Mpe, X

13)

The details of this calculation, as well as the final form of (),
are given in the Supplement. The minimum average cost of
running the information engine would be proportional to the
difference between (I,) and (I,). Assuming (/,) to be larger
than (I), the minimal cost is given by

ksT (I} = kgT ((La) — (Ip)) - (14)

Using the definition of efficiency given in Eq. (10) and
substituting for the average work extracted, as well as the
information cost found above,

_ 2Up pip(1 = 8)(2p — 1) = 2Up pjhy 629 — 1)
= ks T (1) '

Thus, the power and efficiency of the information engine in
the steady state have been found in terms of the four key

5)

engine parameters: cycle time (o), measurement error (3),
the energy difference between levels (2U)), and the feedback
delay time (¢). There is ample parameter space to explore, and
some of the most interesting results are presented in the rest of
the paper. Since the dependence of efficiency and work done
per cycle on Uy and € (for infinite cycle time and zero error in
measurement) has been discussed in a recent work [32]. The
focus here is on the other two design parameters: o and §.
Working regimes of the engine. The work extracted,
(—(W})), should be positive for the demon to function as
an engine. —(W) = 0 gives us the boundary surface in the
four-dimensional parameter space that defines the working
regime of the engine. Since § is a parameter that affects work
extraction adversely, —(W) will decrease as § increases. The
maximum possible § that the demon can tolerate and still
extract positive work (see the Supplement) is given by

eq n ~
S = 2P =D (16)

1 —4p,(1—p)
which is independent of the cycle time «. For Uy — oo,
pi' = 0and 8max — 0. When Uy — 0, pi' — 1 and Spax —
%. This suggests that, with a fixed value of Uy, precise
measurement is crucial for extracting positive work at low
temperatures, while it becomes less critical at high temper-
atures. The values of Uj and € for which §,,.x < O correspond
to the situation where the demon cannot extract positive work
even without measurement error.

Power and efficiency behavior. The dependence of power
and efficiency on various engine design parameters is shown
in Figs. 1 and 2. We list below some of the key observations
(amore detailed study of the parameter space with discussions
will be presented in a long paper):

(i) For the cases where the device works as an engine
(® > 0), the power decreases with increasing cycle time [see
Fig. 1(a)]. Even though the work extracted per cycle increases
with cycle time, the engine’s power is compromised for longer
cycle times because the increase in work grows sub-linearly
with cycle time.

(i1) Unlike power, efficiency increases with cycle time [see
Fig. 2(a)].

(iii) For large values of Uy (or an equivalent at low tempera-
tures), even a small error in the measurement leads to negative
values for power. As seen in Fig. 1(b), zero crossing of power
happens at smaller § values for larger Uy. This behavior is
true of efficiency as well, as is seen by the abrupt shift of 1 to
negative values when § is increased from 0 to 0.1 with € = 0.1
and Uy = 1.1 [see Fig. 2(a)].

(iv) The power exhibits a non-monotonic dependence on
Uy. This behavior is evident from the variation of ® along the
line AB in Fig. 1(c), which represents the values of power in
the Uy — € plane for ¢ = 3 and § = 0.05.

(v) The range of € over which the engine extracts positive
work decreases with increasing Uy. This is seen in Fig. 1(c),
where the ® = 0 curve in Uy — € has negative slopes every-
where. This feature has also been observed in an error-free
information engine with a cycle time much larger than the
relaxation time [32]. This property of the engine is due to the
reduced resident time in the up-state with larger U, values.
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FIG. 1. Variations of power (®) and efficiency (1) with various engine design parameters are shown. (a) ® decreases monotonically with
cycle time (o) in the regimes where the system works as an engine. (b) As expected, ® reduces with increasing measurement error (). At low
values of level spacing (2U)), the engine can function with more significant errors. (c) Variations of ® in the ¢ — U, plane for the case when
8 = 0.05 and @ = 3. For fixed €, there is a particular value of Uy at which power is a maximum. (d) Dependence of 7 on « and ¢ for Uy = 0.5
and € = 0. For large enough values of «, n is maximum at an intermediate value of 6.

(vi) For low values of Uy, efficiency has a non-monotonic
dependence on 4, as can be seen in the cases Uy = 0.1,
Up = 0.2, and Uy = 0.5 [solid blue curve, thin purple curve,
and dashed red curve, respectively, in Fig. 2(b)]. This means
the measurement should have a non-zero error for optimal
performance.

(vii) The non-monotonic variation of 1 in § depends also
on the cycle time, as seen in Fig. 1(d), where 1 is given in
the @ — § plane for Uy = 0.5 and € = 0. For example, when
o = 3 (line CD), n has a maximum at an intermediate § value.
But for « = 0.5 (line EF’), n decreases with &.

In an experimental setup, there is bound to be a limit
on the minimum value possible for delay time dictated by
the implementation of the feedback process. Similarly, some
errors would be unavoidable in the measurement process. In
Fig. 3, a comparison is made of the power and efficiency in
the @ — Uy plane between an ideal scenario, where € = 0 and
6 = 0, and a more practical situation, where € = 0.5 and § =
0.1 are assumed. As expected, both performance parameters
decrease with non-zero € and §. The parameters for maximal
power with efficiency being at least 20% of the maximum
efficiency for both cases are highlighted (blue diamonds in
Fig. 3). Similarly, the parameters for maximal efficiency with
power being at least 20% of the maximum power available

SOf e T T T T g 80 ——y]
- a=1,e=01 —r-o03
25t -~ 60 e een Up =05
K__ S~ Uy=1
S e =400, T, b=z
= 25 P = [N s
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[ logyg (9)
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FIG. 2. Dependence of efficiency (1) on various engine design
parameters is shown. (a) n shows a monotonic increase with cycle
time («) in the regimes where the system works as an engine. (b) 1
has a non-monotonic dependence on the measurement error (§) at
low values of level spacing (2Up), implying that at high tempera-
tures, maximal efficiency is obtained by working with an imprecise
measurement.

for both cases are marked (violet squares in Fig. 3). Addition-
ally, parameter values for which the power and efficiency are
not significantly compromised are indicated (green circles in
Fig. 3), with both power and efficiency being at least 50% of
their maximum values for the corresponding € and § values.
With the introduction of error and delay times, one observes
appreciable changes in the operating points of the information
engine.

Summary. In this work, Maxwell’s demon based on a two-
level system has been studied. To the best of our knowledge,
this is the first time that the performance parameters of an

€ =0, =0, Nmar = 100% 1(%)

70

\ s
. (1.6,2,73%)
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(© ¢!

FIG. 3. Contour plots for power (®) and efficiency (1) in the
Uy — o plane for the case of no feedback delay time (¢) and no
measurement error () [(a) & (b), respectively] and with € = 0.5
and § = 0.1 [(c) & (d) respectively]. The locations marked by violet
squares (blue diamonds) give us the choice of & and Uy for maximum
efficiency (power) with power (efficiency) being at least 20% of its
maximum value. The green circle indicates the choice of o and U
for performance that does not compromise either efficiency or power.
The values given in brackets are the locations of the points and the
corresponding power (efficiency) value (Uy, o, ®[n]).
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information engine that incorporates feedback delay time and
measurement error and operates in finite cycle time have been
solved analytically. The closed-form expression for power
and efficiency allows for complete engine characterization.
Note that the model does not employ a reversible protocol,
which implies heat dissipation between the system and the
bath [3]. Some of the interesting consequences have been
highlighted, including the non-monotonic dependence of ef-
ficiency on the error in measurement at high temperatures
and the independence of cycle time on the engine’s error
tolerance. The efficiency calculation assumes the optimal
use of information, accounting for the correlation between
the measurement and the state across consecutive cycles.
However, the method to achieve this is not explicitly dis-
cussed. One possible approach is to use Bayesian inference

methods, as described in [37]. The predictions of this study
are verifiable in various experimental systems already im-
plemented. Specifically, this work provides a framework for
a class of experimental realizations of information engines,
such as those based on colloidal particles [12], single-electron
boxes (SEBs) [16,38], and quantum Maxwell’s demons us-
ing superconducting qubits [39]. These experimental systems
inherently operate on principles similar to the two-level
model studied here, making them candidates for both vali-
dating the predictions and exploring broader applications of
the framework.
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