PHYSICAL REVIEW E 111, 045309 (2025)

Dynamical system response under Gaussian and Poisson white noises solved by deep neural network

method with adaptive task decomposition and progressive learning strategy

Wantao Jia®,"? Xiaotong Feng ®,"? Yifan Zhao,"?> and Wanrong Zan ®>"

1School of Mathematics and Statistics, Northwestern Polytechnical University, Xi’an 710072, China

2 MOE Key Laboratory for Complexity Science in Aerospace, Northwestern Polytechnical University, Xi’an 710072, China

3School of Mathematics, Northwest University, Xi’an 710127, China
® (Received 6 January 2025; accepted 31 March 2025; published 28 April 2025)

The forward Kolmogorov equation corresponding to a system under the combined excitation of Gaussian and
Poisson white noises is an integrodifferential equation (IDE). In our recent study, we introduced GL-PINNs,
which integrates the Gauss-Legendre (GL) quadrature with the physics-informed neural networks (PINNs)
framework for solving time-dependent IDEs. However, we observed that in scenarios such as insufficient learning
of initial conditions or dynamical systems with strong temporal dependencies, GL-PINNs produced inaccurate
solutions despite achieving low training loss values. This issue primarily stems from the GL-PINNs framework’s
failure to account for temporal causality. To address this limitation, we develop a deep neural network method
called ATD-GLPINNSs, which integrates adaptive task decomposition and progressive learning strategy. This
approach decomposes the complex task along the time axis into an initial subtask and several extra tasks, which
enable progressive learning through adaptive adjustment of task parameters. As an extension of the GL-PINNs,
this algorithm adheres to temporal causality by prioritizing the training of early subtasks and dynamically
allocating additional computational resources to subsequent ones. Numerical experiments demonstrate that our
suggested method converges with significantly fewer training epochs compared to GL-PINNs, making it not only
more efficient and robust, but also capable of reducing computational costs while improving prediction accuracy.
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I. INTRODUCTION

The forward Kolmogorov equation describes the time
evolution of the probability density function (PDF) for the
solution of a stochastic differential equation (SDE), which has
gained broad applications in the field of mathematics [1-4],
engineering [5], physics [6,7], chemistry [8], optics [9], and
economy [10]. However, finding an exact stationary solution
of such an equation is generally challenging. Currently, tra-
ditional approaches [11] like the stochastic averaging method
[12—14], finite difference method [15], finite element method
[16], generalized cell mapping method [17], path integral
method (PI) [18,19], and Galerkin method [20,21] are primar-
ily used to solve it. However, these methods often encounter
challenges such as grid discretization, high computational
complexity, and the curse of dimensionality. Consequently,
new approaches are urgently needed.

In recent years, deep neural network (DNN) methods have
played a significant role in solving the forward Kolmogorov
equation, with particular attention given to physics-informed
neural networks (PINNs) [22]. In the classical PINNs frame-
work, a fully connected feed-forward neural network is
employed as the core of the surrogate model to approx-
imate the solution of partial differential equations (PDEs)
[23-25]. As a meshless method, PINNs leverages automatic
differentiation [26] within neural networks to compute partial
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derivatives and directly solve PDEs by embedding physical
constraints into the loss function. This approach provides an
effective solution for analyzing dynamic system responses and
identifying parameters under stochastic excitations. For solv-
ing the forward Kolmogorov equation, Xu [27] utilized the
DL-FP algorithm to analyze the response of time-independent
dynamical systems under the excitation of Gaussian white
noise. Jiang proposed the trapz-PINNs [28] to solve the time-
dependent forward Kolmogorov equation driven by «-stable
Lévy noise. For the parameter identification problem, Zhang
[29] introduced improved PINNs to solve the critical pa-
rameter identification problem in aircraft systems under the
excitation of Gaussian white noise. Chen [30] developed a
general framework based on PINNs for solving inverse prob-
lem involving discrete particle observations, encompassing
Gaussian noise, Lévy noise, or a combination of both.

The presence of Poisson white noise makes the forward
Kolmogorov equation corresponding to the dynamical system
into an integrodifferential equation (IDE), which contributes
to the difficulty of solving such an equation. Currently, the
study of system response under Poisson white noise excita-
tion [31] using DNNs method has also garnered considerable
attention. In our latest research [32], to address the tran-
sient response of systems excited by combined Gaussian and
Poisson white noises, we integrated PINNs with the Gaussian-
Legendre (GL) quadrature formula, referring to this approach
as GL-PINNSs. Nevertheless, during the computational pro-
cess, we observed that GL-PINNs face certain challenges
in simulating complex dynamical system behaviors, such as

©2025 American Physical Society
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FIG. 1. The loss history of the residual term for ATD-GLPINNSs (red curve) and GL-PINNs (blue curve) atr =0 and ¢ = 1.

insufficient learning of initial conditions and difficulties in
handling systems with strong temporal dependencies. These
issues suggest that GL-PINNs still have room for improve-
ment when dealing with complex dynamical systems that
exhibit significant time-dependent characteristics. In Fig. 1,
the residual loss history for Example I is presented. In the
left panel, the residual loss of GL-PINNSs (blue curve) grad-
ually increases in the later stages of training and eventually
fluctuates within the range of 10! to 10°. This highlights the
difficulty of the GL-PINNS in effectively learning the initial
conditions. In the right panel, the loss of GL-PINNs drops
rapidly in the beginning but remains at a higher value in later
stages. This suggests that GL-PINNSs prioritizes learning at a
later time point (t = 1) before properly capturing the solution
at an earlier time (r = 0). This behavior clearly demonstrates
that GL-PINNs do not adhere to temporal causality.

To address time-dependent problems, researchers have
drawn inspiration from domain decomposition techniques
and successfully applied them for the improvement of the
PINNs algorithm (such as parareal PINN (PPINN) [33],
extended PINNs(XPINNs) [34], and backward compatible
PINN (bc-PINN) [35]). Building upon the concepts of adap-
tive task decomposition and progressive learning strategy
[36], we extend the GL-PINNs algorithm and introduce
our enhanced approach, termed ATD-GLPINNs, which is
designed to handle time-dependent forward Kolmogorov
equations. The ATD-GLPINNSs divides the full-time domain
into nonoverlapping sub-intervals. By adaptively adjusting the
task parameters, we control the training process transitions
gradually from a small time domain near the initial condi-
tions to the full-time domain. As illustrated in Fig. 1, the
left panel illustrates that ATD-GLPINNS initially exhibits a
higher loss value, which gradually decreases and eventually
fluctuates within the range of 10° to 10'. In the right panel,
ATD-GLPINNs converge faster than GL-PINNs and achieve a
lower final loss history. Evidently, ATD-GLPINNS prioritizes
the optimization of the solution at # = 0 and progressively
optimizes the solutions at subsequent time instants along the
time axis. The experimental results demonstrate that our pro-
gressive learning strategy not only preserves the temporal
causality of the problem but also significantly enhances com-
putational efficiency through synchronized progression and
dynamic resource allocation.

The rest of this paper is organized as follows. Specifically,
the system with combined Gaussian and Poisson white noises
is introduced in Sec. II. In Sec. III, we review the GL-PINNs
framework for solving IDE and display the ATD-GLPINNs
scheme with task decomposition and adaptive progressive
training strategy. In Sec. IV, several numerical results are
presented to demonstrate the effectiveness of our method.
Conclusions and perspectives are summarized in Sec. V.

II. SYSTEM WITH COMBINED GAUSSIAN
AND POISSON WHITE NOISES

Let X(¢) = [Xi(t)]n, x1 denotes the vector state process that
satisfies the following multidimensional Itd SDE [37]

dX(2) = £(X(2), t)dr +g(X(), 1 )dW() +h(X(#), t, R)dP(2),
X(0) = Xo, ()

in which the coefficient functions are specified in terms of
their dimensionality as follows

£(X(@), 1) = [fiX(@), Dln, 1
g(X(), 1) = [8i;(X (), ), xn, »

h(X(), 1, R) = [h; j(X(®), 1, R)]n,xn,- 2

W(t) = [W;(t)],, x1 represents an n,,-dimensional standard
Wiener process. dW(t) = [dW;(t)],, 1 denotes the increment
of Wiener process. The covariance between dW;(t) and dW;(t)
is given by

Cov[dW;(r), dW;(1)] = pi ;dt, 3

where p; ; is the correlation coefficient between components
iand j. P(t) = [P ()], x1 is an n,-dimensional independent
Poisson process. R = [R;],,x1 and R; represents the i-th jump
amplitude with probability density ¢g,(r;). The coefficient
h(X(#), t, R) represents the jump amplitude operator that de-
pends on the mark R.

The forward Kolmogorov equation [37] satisfied by the
multidimensional transient probability density ¢x (X, ¢) can be
derived as

a
5 Px(x 1) = ZL(Px(x,1)), “
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in which

1
Lpx(x,1)) = EVX[

+Zx,»/ dx (X — (X, 1, 7)), 1)
=t R

the symbol Vy represents the gradient operator with respect
to the state variable x, commonly used for calculating partial
derivatives. VI denotes the transpose of the state space gra-
dient. V' is a correlation matrix defined as V' = [p; ;1n, xn, -
A : B is the double-dot product of two n x n matrices defined

as follows:
n n

A:B= Z ZA,,A,.B,, = Trace[AB'], (6)
i=1 j=1

in which the trace operation Trace [AB”] refers to the sum
of the diagonal elements of the matrix product of A and the
transpose of B.

In Eq. (5), the function 7;(x,t,r;) is the inverse trans-
formation function. The transformation from backward to
forward for the j’-th jump process can be described as follows:

X —Xo = n_i,(x,t,rj/):hjr(xo,t, i), (7)

where x¢ represents the system’s state before jump, and
fzj(x,t,rj) = [ j(x,2,7)]n,x1 1s the j-th jump amplitude
vector corresponding to the j-th Poisson process for j =
1:n, given in Eq. (1). It’s associated Jacobian matrix is
computed by

o (x,t,rj)) _ Det Bn_jr,i(x, t, rj/)
9(x) 0x;

= Det[(Vs[]])"]. ®)

III. METHODOLOGY

A. GL-PINNs algorithm for solving IDE

The GL-PINNs method, as introduced by [32], provides a
more effective approach for solving the forward Kolmogorov
equation corresponding to dynamical systems under the com-
bined excitation of Gaussian and Poisson white noises. To
facilitate the numerical computation, the infinite integral in
Eq. (5) is approximated by a finite integral over a limited
interval [ry, 1], Which can be discretized as follows:

np

Dok
j=1

Tub

dx(x —n;(x,1,7)),1)|1

o 9(x)
X ¢Rj(rj)drj
~ ZM|}D1 O] ‘1 - W‘ QQRi X @,
j=1

€))

where © denotes the Hadamard product. The specific expres-
sion of matrix in Eq. (9) is provided in Appendix.

I’LI,

VI gV g ox1](x, 1) — VI Epx1(x, 1) = D A (%, 1)

j=1

a(’?j(X,tv rj))‘
d(x)

1 — X ¢Rj (rj)drj, (5)

In GL-PINNs framework, the training points include
the following four parts: the initial training points T

{x,C, 0} j=1» the boundary training points T, = {xpe, the ) e

the residual points Ty = {x’ t f} and the normalized train-

=0
ing points 7, = {xn,tn} . We assume that the predicted
solutions are the output of the neural networks, represented
as &X (x,1) = ¢yn(x, t;0), which approximates the reference
solutions ¢x (x, t). The parameter 6 in this neural networks
denotes the weights and bias. Training GL-PINNs algorithm
aims to minimize the following loss function (10) and find the
optimal parameters 6,

MSE(9) = w,MSE, + @,MSE;, + 0;MSE; + &,MSE,,

(10)
where
N, ,
MSE, = Z x (X7 0) = dx (xjc. 0) [, {xjc. 0} € 7o,
(11)
Nb . . 2 . .
MSE, = — Z | ( XBC’ tBC’) Ox (Xpes t3e) |5 {Xpes e )
e Ty, (12)
1 3¢x ) U ? )
MSEy = - 30| S = L@ )| (o)
€T, (13)
2
MSE, = f(ﬁx(x,t)dx—l.O , (14)
Q

where MSE,,, MSE,;,, MSE;, and MSE,, are the mean square
errors(MSE) from initial conditions(IC), boundary condi-
tions(BC), governing equations, and normalizing conditions,
respectively. w,, w,, @y, and w, are the corresponding
weights. The integral in MSE,, is computed by Monte Carlo
(MC) integration method.

B. ATD-GLPINNs

Owing to the convergence difficulties of GL-PINNs when
solving the response of dynamical systems with strong tempo-
ral dependencies or insufficient learning of initial conditions,
we extended GL-PINNs to ATD-GLPINNS, which is inspired
by the adaptive task decomposition strategy in [36]. For
simply describing this strategy, the task decomposition is
conducted evenly along the temporal axis. We decompose
the full computational domain into M subtasks labeled as
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FIG. 2. The schematic diagram of the adaptive task decomposition (ATD) mechanism.

Suby, Sub,,..., Suby;, where Sub; denotes the initial subtask,
and Sub; (i =2,---,M) denotes the extra tasks. For con-
venience, we use Sub; to denote each subtask along with
its corresponding set of training points. Likewise, we evenly
partition the collection of residual points, boundary points,
and normalizing points into M sub-sets, where the training
point sets corresponding to the i-th subtask are denoted as 77,
Ty, and T,,, respectively. The schematic diagram of adaptive
task decomposition mechanism for M =5 is shown in Fig. 2.

Figure 3 illustrates the framework of ATD-GLPINNS,
in which the corresponding loss function is divided into
an initial subtask and multiple extra tasks, as illustrated
below

M
1
W Z w; (MSEﬁ + CUbMSEbi
i=1"1 =1

+w,MSE,), i=1,2,-

MSE(0)arp = @, MSE,, +

M, 5)

| Zl{‘lo
=
|

Minimization of Loss

Automatic Differentiation

ofn (s

r Al

in which MSE;,, MSE;. and MSE,, correspond to the loss
function for the boundary conditions, governing equations,
and normalization conditions of the i-th subtask, respectively.
During each training epoch, the update gradient is calculated
as a weighted sum of the gradients from each individual parti-
tioned loss term. The task parameter corresponding to the i-th
subtask, denoted by w;, which governs the dynamic allocation
of computational resources for the extra tasks throughout the
training process

i—1

w; = exp ( ~ M<quSEu + Y (MSE/, + 0MSE,,
j=1

b M?

+wnMSEn/) >7 i=2537”‘ (16)

where w; stands for the weight assigned to the mean square
error of the initial subtask, with its default value set to 1. The

Loss Function

1)

:
om,} o,

Lr,
ax)

FIG. 3. Basic structure of ATD-GLPINNS to solve time-dependent problems.
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Suby,
sample Njc,Npi, N, Ny from
the IC,BC and governing
equations.

Give priority to training the
initial task Sub;

Default set w =1

Keep training with reduced
loss contribution and allocate
more resources to subsequent

sub-tasks

( Start )

Pre-train for 10 epochs and
compute p, with Eq.(17)

Subi,
sample Nyp;,Ng,Ny,; points
from the BC and governing
equations.

Suby,
sample Ny, Npvi,Nyw points
from the BC and governing
equations.

Simultaneously train the
sub-task Sub;

Simultaneously train the
last task Suby

Keep training with reduced
loss contribution and allocate
more resources to subsequent

sub-tasks

Keep training until the total
epochs are reached

End

FIG. 4. Flowchart of the ATD-GLPINNSs.

parameter u determines the speed of task marching, where
larger values of w imply higher computing resource require-
ments. To select an appropriate value for u, we pretrain for 10
epochs to calculate the average total loss LOSSioa1, Which is
then used to determine the initial value of w, denoted as g

1
10 (ceil (logll“(?ss“"al ) + 1) ’

po = a7)

in which the ceil denotes ceiling rounding function. The val-
ues of the u can range from 1 to 10,000 times the initial value
Wo. It is worth noting that a larger p significantly accelerates
subtask progression, speeds up algorithm convergence, and
optimizes simpler tasks more quickly. However, this setting
may lead to insufficient learning for more challenging tasks.
Conversely, a smaller ¢ ensures a more balanced training pro-
cess, which allows all subtasks to be sufficiently optimized,
but at the cost of a slower algorithm convergence rate. In order
to achieve proper tuning between training efficiency and task
equilibrium, we recommend incrementally increasing this pa-
rameter to progressively enhance the task demands, enabling
ATD-GLPINNS to accurately predict the system’s response.
In our work, the training process of ATD-GLPINNSs algo-
rithm involves multitask progressive learning strategy, where
the task weights w;, (i = 2, - -+ , M) are dynamically adjusted
based on the total loss of the preceding subtask. Once the
preceding subtask is sufficiently trained, the decline in its loss
history will cause the task parameter of the current subtask
to gradually approach one. It is worth mentioning that the
preceding subtask continues to be trained, even though its

optimization intensity has decreased and its contribution to
the total loss has diminished. This approach ensures that the
training of each subtask is influenced by the training state of
the preceding subtask, prioritizing earlier stages before pro-
gressively allocating more resources to subsequent subtasks.
Consequently, this method adheres to temporal causality.
When all the task parameters w; take values close to 1, it
indicates that the entire training process sufficiently covers the
full task domain, resulting in a more comprehensive and bal-
anced learning of the model. At this stage, the training process
continues until the completion of all predefined epochs. The
flowchart of ATD-GLPINNSs approach is given in Fig. 4.

IV. RESULTS

Throughout this part, we systematically compare the per-
formance of ATD-GLPINNs with the GL-PINNs algorithm.
The accuracy of the predicted solutions ¢y (x, t) generated by
the DNN methods is evaluated using the following error
+00

(Bx (x, 1) — dx (x, 1)) dx,
(18)

n@mn—@mwﬁzf

—0Q

where ¢x(x,t) is defined as the reference solutions. In this
study, as the exact solutions are unavailable, we use the MC
simulations as the reference solutions.

In all numerical experiments, we consider a fully con-
nected feed-forward neural network, which includes an input
layer, an output layer, and 4 hidden layers with 20 neurons
per layer. The numerical implementation of our algorithms
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FIG. 5. The variations in errors across the entire time domain under different intensities of Gaussian and Poisson white noises. The k
represents the intensity of Gaussian white noise, while A x E[R?] represents the intensity of Poisson white noise.

is based on TensorFlow. The activation function and opti- the associated forward Kolmogorov equation can be rebuilt as
mizer for updating parameters adopted within this paper are

th?: hyperbolic tangent function and the 'Adam optlrplzer: In 2 by, 1) = —(a+ 3bx% + My (x, 1)
this research, we present the results obtained at specific time ot

instants or across the entire time domain. To evaluate the N k 32y (x, 1)
accuracy of our methods, we use the MC method with 100,000 — (ax + bx )aqﬁx (x, 1)+ 3 o
trajectories as reference solutions. Our initial condition fol- ~ )

lows a normal Qistribution With.the mean .Vector I;.and t.he + A / éx(x — 1, 1)exp <_ r_z >dr.
covariance matrix X. The Gaussian and Poisson white noise [omo2 J—o0 205
considered in this paper are mutually independent. Unless oth- R 21
erwise stated, we consider the amplitude R of Poisson white 2D
noise follows a normal distribution. And we set N, = 40 as the We set N, = 100, N, = 100, Ny = 1000, N, = 2000, and

number of GL quadrature nodes to approximate the integral M = 5. Thus, with each subtask, the number of training points
part, where the GL quadrature interval Ny, = 10 and specify N, = éO N _ 200. and N _ 400 is assigned. The learning
four quadrature nodes in each sub-interval. The default value ratie i ﬁ;(e df as 0 061 Thgicomputational dor;lain is set as
of u =100 = 0.1. The weights of the loss function are T

chosen: w, = 100, w, = 1, and w, = 1. The notations of all

examples and algorithm parameters are summarized in Table I TABLE L. The list of key symbols.

for quick reference.

Notation Stands for

A. Example 1 i The number of subtasks

. Ny The total number of residual points
. As .the first e).(ample, we stu.dy ,a non]mear., one- N, The total number of initial training points
dlrpensmna} case driven by the combination of Gaussian and N, The total number of boundary training points
Poisson white noises N, The total number of normalization points
N, The total number of GL quadrature nodes
X(t) — (aX @)+ bX(t)*) = Wg(t) + Wp(t), (19) Naub The number of GL quadrature intervals
A The mean arrival rate of Poisson white noise
the system Eq. (19) can be expressed as the following SDE k The noise intensity of Gaussian white noise
Wes The Gaussian white noise

The Poisson white noise

dX (1) = (aX (t) + bX (t)*)dt + VkdW (t) + RAP(1), (20)
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FIG. 6. The variations in errors across the entire time domain for different mean arrival rates A.

Q=1[0,T] x [x1p, x.p] = [0, 1] x [—3, 3]. Unless otherwise
noted, we consider a = —0.1, b = 0.5. The initial condition
values follow a normal distribution with the mean ¢ = 0 and
the variance o> = 0.01. The training process is conducted
5,000 epochs. More details about the hyperparameters and
noise settings are provided in the relevant parts for each
result.

Figure 5 meticulously illustrates the impact of different
noise intensities on the effectiveness of our algorithm. The
mean arrival rate A of Poisson white noise is set as 0.5. The
red solid line in the figure represents the errors of ATD-
GLPINNSs, while the black solid line corresponds to the error
of GL-PINNs. The noise intensities used in the experiment
are randomly selected from the range of 0.01 to 0.5. It can
be seen that, even under high noise intensities, the error of
the ATD-GLPINNSs algorithm remains at least at the order of
1073. In contrast, the error of GL-PINNs shows considerable
fluctuations, whereas ATD-GLPINNSs remains stable. These
observations imply that our suggested strategy significantly
enhances the robustness of the ATD-GLPINNS.

The errors associated with different values of equation pa-
rameters a and b are presented in Table II across the
entire time domain. We set the noise intensity to k = 0.1,

A x E[R?’] = 0.4 and the mean arrival rate A = 0.01. Tt is
clear that the GL-PINNSs still fails to converge or achieves
sufficient accuracy after multiple attempts, whereas ATD-
GLPINNs demonstrates superior performance with lower
error and higher accuracy across various parameter settings.
Notably, the error of ATD-GLPINNs can reach at least the
order of 1073,

Figure 6 illustrates the effect of varying A with fixed Pois-
son white noise intensity. The intensities of both Gaussian
and Poisson white noises are set as 0.01. As A increases
from 0.01 to 1.0, the error of GL-PINNs (black solid line)
remains generally higher, while ATD-GLPINNs (red solid
line) maintains a relatively lower error. The results show that
the ATD-GLPINNs method consistently exhibits lower errors
across different mean arrival rates X, significantly outperform-
ing the GL-PINNs method.

Figure 7 examines the impact of different numbers of
training epochs on the errors with A = 0.1. The noise pa-
rameter settings are the same as in Fig. 6. As the number
of epochs decreases, the errors of both algorithms increase
significantly. However, ATD-GLPINNSs still achieves lower
error with fewer epochs. It is evident that combining adap-
tive task decomposition with the GL-PINNs algorithm can

TABLE II. The accuracy of the ATD-GLPINNs and GL-PINNSs in different values of equation parameters a and b.

Parameter Methods a=-0.5 a=-0.3 a=—0.1 a=03 a=0.5
b=-03 ATD-GLPINNs 1.61 x 1073 6.10 x 107 1.72 x 1073 8.96 x 107* 7.76 x 1074
GL-PINNs 1.13 x 107° 1.78 x 1072 1.21 x 107° 2.46 x 107! 7.71 x 107!
b=0.3 ATD-GLPINNs 1.32 x 1073 1.50 x 10~* 5.82 x 1073 1.22 x 107* 2.09 x 1073
GL-PINNs 1.49 x 107! 2.64 x 1072 1.07 x 107 2.29 x 1072 491 x 107!
b=0.5 ATD-GLPINNSs 1.43 x 1073 573 x 107* 9.93 x 107* 541 x 1074 5.70 x 107*
GL-PINNs 2.89 x 1072 2.36 x 1072 2.90 x 1072 1.68 x 1072 1.88 x 1072
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FIG. 7. The variations in errors across the entire time domain for different numbers of training epochs.

significantly reduce computational costs and enhance calcu- to 0.1. The first row of the figure compares the predicted
lation accuracy. solutions of ATD-GLPINNs with the MC reference solutions,
Next, we demonstrate the algorithm’s accuracy for ini- while the second row presents the comparative results of

tial conditions corresponding to four different values of =~ GL-PINNs. Here, the mean arrival rate 1 of Poisson white
variance o2 in Fig. 8, where the variance ranges from 0.005 noise is fixed to be 0.5. The intensity of Gaussian and Poisson

(a1) ATD-GLPINNs o2 = 0.1 (az) ATD-GLPINNs o2 = 0.05 (a3) ATD-GLPINNs o2 = 0.01 (as) ATD-GLPINNs o2 = 0.005
*  MCt=03 J  MCt=03 4 MCt=03 %  MCt=03
2 ATD-GLPINNs,t=0.3 2 ATD-GLPINNs t=0.3 2 ATD-GLPINNs,t=0.3 2 e ATD-GLPINNs t=03
O MCt=06 O MCi=06 ’ O MCt=06 O MCi=06
ATD-GLPINNs t=0.6 ATD-GLPINNs t=0.6 2 ATD-GLPINN t=0.6 ATD-GLPINNS t=0.6
O MCt=10 O  MCt=10 k O MCi=10 O MCt=10
ATD-GLPINNSs,t=1.0 ATD-GLPINNs t=1.0 ATD-GLPINNs,t=1.0 ATD-GLPINNs,t=1.0

0.5 0 05 1
t

(b1) GL-PINNs o2 = 0.1 (b2) GL-PINNs o? = 0.05 (b3) GL-PINNs o2 = 0.01 (bs) GL-PINNs o = 0.005
MC,t=0.3 MCt=0.3 MC,t=0.3 MCt=0.3

2 2 GL-PINNs,t=0.3 2 GL-PINNs,t=0.3 2 GL-PINNs,t=0.3
(o] O MCit=0.6 (o] MC,t=0.6 O  MCit=0.6

GL-PINNs,t=0.6 GL-PINNs,t=0.6 GL-PINNs.t=0.6 GL-PINNs t=0.6
O MCt=10 O MCt=10 O MCt=10 O MCit=10

GL-PINNs,t=1.0 GL-PINNs,t=1.0 GL-PINNs,t=1.0 GL-PINNs t=1.0

t t

FIG. 8. The PDFs predicted by the ATD-GLPINNS (the first row) and GL-PINNs (the second row) algorithms correspond to the different
initial conditions at ¢ = 0.3s, 0.6s, and 1.0s. The colored lines are the predicted solutions from ATD-GLPINNs and GL-PINNs, while the
colored symbols denote the MC reference solutions. The symbol o? represents the variance value of the initial conditions.
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FIG. 9. The variations in errors across the entire time domain for
different numbers of residual points Ny.

white noises are both set as 0.1. The results indicate that
ATD-GLPINNs demonstrates superior stability and higher
predictive accuracy across a range of initial settings, par-
ticularly in cases with sharp initial conditions. In contrast,
GL-PINNs exhibits greater sensitivity to changes in the initial
conditions.

Figure 9 displays the errors corresponding to the different
values of Ny in the whole time domain, where Ny ranges from
300 to 2000. The noise parameter settings are the same as in
Fig. 8. In all subplots, the prediction errors of the red solid
line (ATD-GLPINNS) consistently remain lower than those of
the black solid line (GL-PINNSs). Moreover, as the number of
residual points N increases, the error of GL-PINNs decreases

(a1) ATD-GLPINNs N, = 1 (az) ATD-GLPINNs N, =5

but still remains higher than that of ATD-GLPINNs. The
results demonstrate that ATD-GLPINNSs achieves superior ac-
curacy using fewer residual points, demonstrating its capacity
to markedly reduce computational costs.

As described in Fig. 10, the impact of Ny, on algorithm ac-
curacy is analyzed. We set the noise intensity to k = 0.1, A x
E[R?] = 0.2, and the mean arrival rate A = 0.2. The colored
lines represent the predicted solutions from ATD-GLPINNSs in
the first row and GL-PINNSs in the second row, while the col-
ored symbols indicate the MC reference solutions. In order to
approximate the integral term, we partition the GL quadrature
interval into 1, 5, 10, and 20 sub-intervals, with four quadra-
ture nodes specified for each sub-interval. It is evident that
the predicted profile of the ATD-GLPINNS algorithm closely
matches the MC reference solutions. The training results re-
main satisfactory even with fewer GL quadrature nodes.

The sensitivity of the ATD-GLPINNS to varying u values
is further explored in Fig. 11, where the value of u ranges
from 0.001 to 10. The noise parameter settings are the same
as in Fig. 10. Each subplot shows the error on the vertical axis
and time ¢ on the horizontal axis. The outcomes highlight that
ATD-GLPINNS are sensitive to the parameter u, and selecting
an appropriate p value significantly reduces the errors and
enhances model performance. Unless otherwise specified, we
choose u = 100w by default.

In Fig. 12, subfigures (a;) — (a3) present the loss his-
tory for both ATD-GLPINNs and GL-PINNs. Ssubfigure
(ag) illustrates the evolution of the task parameter w;, (i =
2,---,M) over epochs, where w; is fixed at 1 by default,
and w, to ws corresponds to the task parameter values of
Sub, to Subs. The noise parameter settings are the same

(as) ATD-GLPINNs N, = 10 (as) ATD-GLPINNs N,,; = 20

25 25
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25 25
% MCi=02
ATD-GLPINNs,t=0.2
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0.5 0 0.5 1 0.5 0 0.5 1 0.5 0 0.5 1 -0.5 0 0.5 1
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(b1) GL-PINNs Ny, = 1 (bs) GL-PINNs N, = 10 (bs) GL-PINNs N,y = 20
25 25
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O MC=08
GL-PINNs t=0.8

GL-PINNs,t=0.8

GL-PINNs,t=0.2

MC,t=0.8
GL-PINNs,t=0.8

FIG. 10. The PDFs predicted by the ATD-GLPINNS (the first row) and GL-PINNs (the second row) algorithms correspond to the different

numbers of GL quadrature sub-intervals Ny, at t = 0.2, 0.5, 0.8.
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FIG. 11. The sensitivity test of the value of parameter ; with ATD-GLPINNS.

as in Fig. 10. As shown in the figure, the loss history of
ATD-GLPINNs (red dashed line) decreases rapidly in the
initial stages and reaches a low stable value with fewer
epochs, whereas the loss history of GL-PINNs (blue dashed
line) decreases more slowly and eventually stabilizes at a
higher loss value. It is evident from the results that ATD-
GLPINNS not only converges faster but also maintains lower
loss values across all loss terms, demonstrating superior per-
formance and convergence efficiency. Additionally, subfigure
(a4) shows that the ATD-GLPINNs algorithm trains multiple
subtasks simultaneously while prioritizing the optimization
of those closer to the initial condition. This demonstrates

d[Xl (t)]
Xo(1)

J

Xo(t)

0 0
[‘”—1 + X107 + X)X (0) = xl(n]dt ' [x/l?]dw(t) ! [R}dpu).

that the ATD-GLPINNSs adheres to the principle of temporal
causality.

B. Example 2

Consider the following nonlinear van der Pol oscillator
with combined Gaussian and Poisson white noises

X0+ y (14X + X)X ) +X () = We(t)+Wp(1),
(22)

let X,(t) =X (@), Xp(t) = X (1), the system Eq. (22) can be
expressed as the following SDE

Then, the forward Kolmogorov equation excited by Gaussian and Poisson white noises is as follows:

0
Eﬁbx(xl,xz, 1) = [)’(—1 +x3 4 3x§) — )»]¢X(X1,X2, 1) —x2

+ [y (1427 +x3)x +x1]

A

\J2mop

We set N, = 1000, N, = 1000, Ny = 3000, N, = 6000,
and M = 5. Therefore, with each subtask allocated the
number of training points Ny, = 200, Ny = 600, and N,
1200. The learning rate is fixed as 0.005. © is given
as [0, T] x [xy,,x1,,] % [x2,,, x2,,] = [0, 1] x [=2.5,2.5] x
[—2.5,2.5]. Unless noted, we consider y = 0.2. The initial
condition values follow a multivariate normal distribution,

+

(23)
0x (x1, X2, 1)
8)61
0¢x (x1,x2,1) /iazfﬁx(xl,xz,l)
3)62 2 8)(%
[e'e] ’,.2
/ Ox (x1, x2 — 1, t)exp (——2>dr. (24)
o 2073

(

where ¢ = [¢1, &]7 and ¥ = diaglo?, 07]. We set ¢ = 0.0,
& = 0.0, 012 = 0.1, and 0’22 = 0.1. The training process is
conducted 20,000 epochs. More details on the hyperparam-
eters and noise settings are available in the associated parts of
each results.

To further evaluate the performance of the ATD-GLPINNS,
we obtain the errors for various p and the equation parameter
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TABLE III. The accuracy of the ATD-GLPINNs and GL-PINNS in different values of hyperparameter p« and equation parameter y .

Parameter  State Variables o =0.001 10 =0.01 100 =0.1  1000uo = 1.0  10000uo = 10.0  GL-PINNs
y =-02 X 588 x 1073  2.03x 107 276 x 10~ 2.00 x 1073 1.01 x 1072 4.96 x 1073
X 322x 100 228 x 1073 6.14 x 1075 8.19 x 10~ 539 x 1073 2.12 x 1073
y =—0.1 X 7.11x 1073 220 x 1073 1.12 x 1073 1.08 x 1072 1.86 x 1073 1.73 x 1073
X 521x 107 1.89x 102 434 x 10~ 5.18 x 1073 8.16 x 10~ 9.50 x 10~
y =0.1 X 383 x 107°  453x 1073 2.54x 1074 5.46 x 10~ 3.83 x 10~ 2.04 x 1073
X 339 x 107 2.49 x 1073 111 x 1074 3.74 x 10~ 8.81 x 10~ 9.32 x 10~
y =02 X 130 x 1072 224x 1073 223 x 10~ 6.61 x 10~ 1.96 x 1073 1.43 x 1073
X 9.19x 107 331 x 1073 133 x 1074 6.88 x 10~ 2.13 x 1073 6.66 x 10~

y, as shown in Table III. Columns 3 to 7 correspond to
various p values, ranging from 0.001 to 10, while the last
column represents the error of the GL-PINNs. We set the
noise intensity to k = 0.2, A X E [R?] = 0.4, and the mean
arrival rate A = 0.5. As indicated in Table III, the performance
of ATD-GLPINNS is sensitive to the hyperparameter p, and
the model with 100, achieves the best results among the
tested p values. Moreover, ATD-GLPINNs maintains high
computational accuracy under different values of y.

The impact of the mean arrival rate A on the ATD-
GLPINNS algorithm is highlighted in Fig. 13, where the value
of X ranges from 0.1 to 2.0. The noise intensities for both
Gaussian and Poisson noises are set to 0.02. As seen in this
figure, the error of the ATD-GLPINNSs algorithm (red and
orange solid lines) are relatively lower and exhibit better sta-
bility across different mean arrival rates.

The marginal PDF corresponding to different numbers of
residual points Ny is shown in Fig. 14, where the number
of Ny ranges from 2000 to 10000. The two noise intensities
are set as k = 0.1, A x E[R*] = 0.4, and the mean arrival
rate A = 0.5. The PDF predicted by ATD-GLPINNs demon-
strates a higher degree of agreement with the MC reference
solutions, particularly when using fewer residual points. In
comparison, the PDF predicted by GL-PINNs exhibits some
deviation under the same conditions. These results indicate
that ATD-GLPINNSs achieves greater accuracy and consis-
tency even with fewer residual points, whereas GL-PINNs
needs significantly more residual points to attain similar levels
of accuracy.

(a1) Total Loss (a2) Loss of initial term

Figure 15 displays the results for different training epochs
with A = 0.5, where the number of epochs ranges from 5000
to 30000. Both Gaussian and Poisson noise have the same
intensity, set to 0.02. The first row shows the error of vari-
able X;, while the second row shows the error of variable
X5. As the number of training epochs increases, the error of
ATD-GLPINNSs gradually decreases. In contrast, GL-PINNs
shows poorer performance under the same training epoch
setting. This demonstrates the effectiveness of our strategy
for time-dependent problems, exhibiting lower computational
cost.

Figure 16 illustrates the loss history of ATD-GLPINNs and
GL-PINNSs in subfigures (a;) — (a3), while subfigure (a4) de-
picts the evolution of task parameter w;, (i =2, --- , M) over
epochs. The noise intensity is set to k = 0.1, A x E[R?] =
0.2, and the mean arrival rate A = 0.5. The loss history of
ATD-GLPINNSs decreases more rapidly after training begins
and converges to smaller values in the later stages of training,
which demonstrates that ATD-GLPINNS can achieve stronger
stability and better optimization performance during the train-
ing process. Additionally, the subfigure (a4) shows that the
ATD-GLPINNSs terminates training when all task parameters
approach one and the total epochs are completed.

The comparison of joint PDFs corresponding to differ-
ent variances of the initial conditions is shown in Fig. 17,
where the variance ranges from 0.005 to 1.0. The intensi-
ties of Gaussian and Poisson white noises are both set as
0.05, and the mean arrival rate A = 0.1. The first to third
columns correspond to the PDF of the MC reference solutions,

(a3) Loss of residual term (as4) Evolution of w; over epochs

Loss
Loss

Loss
Task weights

—
~
e
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10°
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4000 1000 2000 3000
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4000 5000

0® 108
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FIG. 12. The loss history of ATD-GLPINNs (red dashed line) and GL-PINNs (blue dashed line), in which subfigures (a;) — (a3)
correspond to the total loss, the loss of initial term, and the loss of residual term, respectively. The subfigure (a4) shows a log-log plot for
the evolution of task parameter w;, (i = 2, - -- , M) over epochs, where w is fixed at 1 by default.
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FIG. 15. The variations in errors across the entire time domain for different numbers of training epochs. The first row shows the error of

variable X, and the second row shows the error of X,.

the ATD-GLPINNSs predicted solutions, and the GL-PINNs
predicted solutions, respectively. As the variance decreases,
the corresponding joint PDF peak in the figure becomes
sharper. The outcome demonstrates that even under sharp
initial conditions, ATD-GLPINNs can accurately predict the
solution of the forward Kolmogorov equation (24), which
further demonstrates the effectiveness of our approach.
Figure 18 presents a comparison of the capability between
ATD-GLPINNs and GL-PINNs under different noise inten-
sities with A = 0.5. The intensity of Gaussian white noise is
randomly selected within the range of 0.02 to 0.3, while the
intensity of Poisson white noise is randomly chosen within
the range of 0.02 to 0.5. As the noise intensities change,

(a1) Total Loss (ay) Loss of initial term

ATD-GLPINNs consistently maintains a lower error around
1073, which demonstrates superior robustness and stability.
This highlights the exceptional capability of our method to
precisely capture the dynamic behaviors of the system and
maintain high accuracy.

Figure 19 evaluates the prediction accuracy of our method
under different values of Ny, where the value of Ny, ranges
from 1 to 20. The noise intensity is set to k = 0.1, A X
E[R*] = 0.2, and the mean arrival rate A = 0.5. As indicated
by the color bar, it can be seen that dividing the sub-intervals
into too few sections significantly reduces the accuracy of
GL-PINNs, whereas ATD-GLPINNs maintains high accuracy
even with fewer integration points.

(a3) Loss of residual term (ayq) Evolution of w; over epochs
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FIG. 16. The loss history of ATD-GLPINNs (red dashed line) and GL-PINNs (blue dashed line), in which subfigures (a;) — (as)
correspond to the total loss, the loss of initial term, and the loss of residual term, respectively. The subfigure (a4) shows a log-log plot for
the evolution of task parameter w;, (i = 2, - - - , M) over epochs, where w; is fixed at 1 by default.
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FIG. 17. The joint PDFs predicted by the ATD-GLPINNS (the second column) and GL-PINNSs (the third column) algorithms correspond
to the different initial conditions at t = 0.5, where the symbols o7 and o represent the variance value of the initial conditions.

C. Example 3

Consider the following Duffing oscillator driven by both Gaussian and Poisson white noises
X (1) + BX (1) — aX (1) + 8X (1)’ = X (OOW5 (1) + eX 0)Wa (1), (25)

let X,(r) = X (1), Xo(t) = X, (1), the system Eq. (25) can be rewritten in the following SDE

X\ _ X(1) 0 0
L) = -+ o — s+ [cﬁxl (z)] WO+ 070 2o
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FIG. 18. The variations in errors across the entire time domain under different intensities of Gaussian and Poisson white noise. The k

represents the intensity of Gaussian white noise, while A x E[R?] represents the intensity of Poisson white noise. The first and third rows show
the error of variable X; and the second and fourth row of X,.

the forward Kolmogorov equation corresponding to Eq. (26) as follows

d 0
a—fﬁx(xl,xz, 1) = (B — Mox(x1,x2,1) — Xxo—Px (X1, X2, 1)
t 0x

k
+ —c x12

82
ﬁd))((xl,xbt)“‘
2

a
+ (Bxa — ox; + 5x13)§¢x(x1,xz, 1)
2

A /-+oo
\2mop J -
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FIG. 19. The joint PDFs predicted by the ATD-GLPINNSs (the first row) and GL-PINNs (the second row) algorithms correspond to the

different numbers of GL sub-intervals Ny, at ¢t = 0.5.

We set N, = 1000, N, = 1000, Ny = 5000, N,, = 10000,
and M = 5. Thus, with each subtask allocated the number
of training points N, = 200, Ny = 1000, N,, = 2000. The
learning rate is fixed as 0.005. The €2 is given as [0, T] x
[x1,, x1,,1 X [x2,,,%2,,1 = [0, 1] x [=2,2] x [-2,2]. Unless
stated, we consider 8 = 0.1, « = 1.0, § = 2.0, a = 1.0 and
b = 1.0. The initial condition values follow a multivariate nor-
mal distribution, where ¢ = [¢1, 217 and ¥ = diaglo?, 07].
We set ¢; = 0.0, & = 0.0, 012 = 0.05, 022 = 0.05. The train-
ing process is conducted 20,000 epochs. More details on the
hyperparameters and noise settings are available in the asso-
ciated parts of each results.

In Table IV, we investigate the effect of the nonlinear
stiffness coefficient § on the accuracy of the ATD-GLPINNs
and GL-PINNs when § takes values of 0.5, 1.0, 2.0, 3.0, and
4.0, with results provided att = 0.3 and ¢ = 0.7. Both the two
noise intensities and the mean arrival rate of the Poisson white
noise are set to 0.1. The results demonstrate that regardless
of the variations in the nonlinear stiffness coefficient §, the

ATD-GLPINNs maintains a high level of predictive accuracy,
with the errors at least on the order of 1074, indicating the
stability and high accuracy of our approach.

The joint PDFs predicted by ATD-GLPINNs and GL-
PINNs under the influence of different numbers of GL
sub-intervals Ny, are presented in Fig. 20, with A = 0.2.
The intensity of Gaussian white noise is set to k = 0.2 and
the intensity of Poisson white noise is set to 0.4. As can
be seen from the color bar on the right, the change in
the number of Ny, has a noticeable effect on the peak of
the joint PDF predicted by GL-PINNs. The results show
that ATD-GLPINNSs provides more accurate joint PDF pre-
dictions with a smaller number of Ny, while GL-PINNs
requires a greater number of Ny, to achieve similar predictive
accuracy.

In Fig. 21, we illustrate the effect of varying the mean
arrival rate A on the predictive accuracy of ATD-GLPINNs
and GL-PINNs, with A ranging from 0.01 to 2.0. The inten-
sity of two noises are set as 0.2. The red and black solid

TABLE IV. The accuracy of the ATD-GLPINNs and GL-PINNSs in different values of equation parameter §.

Method State Variables §=0.5 §=1.0 §=2.0 §=3.0 §=4.0
ATD-GLPINNs-t = 0.3 X 5.90 x 10~ 1.50 x 10~* 3.40 x 1074 571 x 10~ 4.13 x 107*
X 5.30 x 1074 1.60 x 10~* 1.89 x 10~* 6.46 x 107 4.15x 107*
GL-PINNs-t = 0.3 X 2.92 x 1073 4.18 x 1073 1.39 x 103 1.43 x 1072 3.11 x 1073
X 2.44 x 1073 3.62 x 1073 2.46 x 1073 1.52 x 1072 2.74 x 1073
ATD-GLPINNs-t = 0.7 X 433 x 1074 5.83 x 107 5.04 x 1074 9.49 x 10~ 9.66 x 107*
X 4.61 x 10~ 5.61 x 1074 443 x 1074 1.53 x 1073 9.37 x 107
GL-PINNs-t = 0.7 X 1.09 x 1073 5.44 x 1073 1.40 x 1073 1.80 x 1072 1.53 x 1073
X 1.21 x 1073 5.67 x 1073 1.93 x 1073 2.12 x 1072 2.70 x 1073
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FIG. 20. The joint PDFs predicted by the ATD-GLPINNs (the first row) and GL-PINNSs (the second row) correspond to the different

numbers of GL sub-intervals Ny, att = 0.5.

lines represent the errors between the ATD-GLPINNs and
GL-PINNs predicted solutions and the MC reference solu-
tions for variable X|, respectively, while the orange and blue
solid lines represent the errors for variable X;. It can be seen
that ATD-GLPINNs maintains high prediction accuracy re-
gardless of changes in the mean arrival rate, when the intensity
of Poisson white noise is fixed.

In Fig. 22, we present the variations in errors under dif-
ferent training epoch settings, with the number of epochs
ranging from 5,000 to 30,000. The noise parameter set-
tings are the same as in Fig. 21. The results show that
the suggested adaptive decomposition strategy significantly
improves the computational efficiency and maintains high
accuracy with fewer epochs. To ensure the best performance
of the two algorithms, we set the total epochs E = 20000 for
training.

Figure 23 shows the trends in total loss, initial term loss,
and residual term loss for ATD-GLPINNs (red dashed line)
and GL-PINNs (blue dashed line) in subfigures (a;) — (a3).
subfigure (a4) illustrates the progression of the task parameter
w;, (i =2,---, M) throughout the training epochs. The noise
parameters are setting as k = 0.01, A x E[R*] = 0.1 and A =
0.2. It can be observed that, as training epochs increase, each
loss component in ATD-GLPINNSs converges to lower values
more rapidly than in GL-PINNS. The rapid decrease in the loss
history suggests that ATD-GLPINNs can quickly fit the target
function and capture key features when handling complex
problems, allowing the model to reach the optimal solution
sooner and improving overall computational efficiency. Ad-
ditionally, the last subfigure shows that the ATD-GLPINNs
follows temporal causality and stops training when all task
parameters approach one and the total epochs have been
completed.

As indicated in Fig. 24, we demonstrate the error between
the ATD-GLPINNs and GL-PINNs compared to the MC
reference solutions across the whole time domain under dif-
ferent intensities of two noises. Here, the mean arrival rate
A = 0.2. The noise intensities in this example are randomly
selected from the range of 0.01 to 1.0. As noise intensity in-
creases, the prediction errors of ATD-GLPINNSs for X; and X,
(shown in red and orange solid line, respectively) remain con-
sistently low. In contrast, the errors of GL-PINNs (shown in
black and blue solid line) show a clear upward trend as noise
intensity rises, with significantly larger increases at higher
noise levels. These results confirm the superior capability and
robustness of ATD-GLPINNS in capturing complex dynamic
behaviors under challenging conditions.

In Fig. 25, we show the joint PDF of ATD-GLPINNs and
GL-PINNs with the number of residual points Ny = 3000,
5000, and 8000 and the hyperparameters © = o, 100, and
100004t. The details of error using different values of x and
Ny att = 0.5 are listed in Table V. The two noise intensities
are set as k = 1.0, A x E[R?] = 1.0, and the mean arrival rate
A = 0.2. The results reveal that even with relatively fewer
residual points, the ATD-GLPINNs with . = 1004 can still
maintain prediction accuracy very close to the MC refer-
ence solutions. In contrast, GL-PINNs shows relatively lower
predictive accuracy when the number of residual points is
limited.

The marginal PDFs predicted by the two approaches under
different initial conditions are shown in Fig. 26, with variances
set to 0.05, 0.1, and 0.5, and the mean arrival rate A set to 0.2.
The two noise intensities are set as k = 0.2, A x E[R?] = 0.4.
As the initial variance decreases, the peaks of the predicted
marginal PDFs become sharper. Under various initial con-
ditions, the PDF predicted by ATD-GLPINNs are in high
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FIG. 21. The variations in errors across the entire time domain for different mean arrival rates A. The first and third rows show the error of
variable X;, while the second and fourth rows show the error of X,.

TABLE V. The accuracy of ATD-GLPINNs and GL-PINNs is influenced by the number of residual points Ny and the initial value of the
task hyperparameter p, atr = 0.5.

Ny State Variables o = 0.001 10po = 0.01 100pp = 0.1 1000y = 1.0 1000049 = 10.0 GL-PINNs
3000 X 3.36 x 1072 3.98 x 1072 6.40 x 107* 2.24 x 1073 1.71 x 1072 5.07 x 1073
X> 1.00 x 1072 3.64 x 1072 8.23 x 1073 3.01 x 1073 1.54 x 1072 1.53 x 1073
5000 X 1.34 x 1072 2.38 x 1073 3.92 x 1074 9.52 x 1074 7.87 x 1073 1.56 x 1072
X, 1.04 x 1072 1.32 x 1073 1.15 x 107 1.40 x 1073 6.00 x 1073 7.79 x 1073
8000 X 1.12 x 1072 1.37 x 1072 8.52 x 107 5.10 x 1073 7.64 x 1073 3.55 x 1073
X, 8.00 x 1073 1.06 x 1072 4.99 x 107* 4.49 x 1073 5.36 x 1073 2.51 x 1073
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FIG. 22. The variations in errors across the entire time domain for different numbers of training epochs. The first row shows the error of

variable X; and the second row of X;.

agreement with the MC reference solutions, whereas those of
GL-PINNs exhibits slight deviations. These results indicate
that ATD-GLPINNSs is more accurate and stable than GL-
PINNs when handling different initial conditions.

V. CONCLUSIONS

In this study, we have developed a new approach referred
to as ATD-GLPINNS, designed to address the issues of con-
vergence difficulties and low accuracy caused by GL-PINNs
not adhering to time causality. For time-dependent issues,
the entire computational domain is evenly divided into an
initial subtask and several extra tasks along the time axis.
By adaptively adjusting task parameters w;, i =2,--- , M),
the training progress of each subtask is ensured to be based
on the state of the preceding one, while keeping the weight
of the initial subtask fixed. This dynamic weight adjustment
mechanism ensures efficient use of training resources while
maintaining temporal causality between subtasks, enabling ef-
fective multitask model training. Several numerical examples

(a1) Total Loss (ay) Loss of initial term

have demonstrated the effectiveness and robustness of our
method, especially in scenarios with fewer residual points,
fewer epochs, or sharp initial conditions. Additionally, we
observed that ATD-GLPINNSs exhibits strong convergence
stability during the model optimization process. In contrast,
the GL-PINNs method shows weaker generalization ability
and unstable optimization performance when dealing with
complex problems, which often requiring multiple runs to
achieve a satisfactory convergence result.

In addition, compared to traditional approaches such as the
finite difference method, path integral method, and others,
the ATD-GLPINNs demonstrates significant advantages. It
adopts a mesh-free structure, which enables efficient solu-
tions for complex geometric domain problems. Additionally,
the ATD-GLPINNSs is highly adaptable and can be further
extended to solve inverse problems in data-driven stochastic
dynamical systems, which traditional approaches struggle to
address.

It is worth noting that while the ATD-GLPINNs method
demonstrates effectiveness in the numerical examples, it still
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FIG. 23. The loss history of ATD-GLPINNs (red dashed line) and GL-PINNs (blue dashed line), in which subfigures (a;) — (a3)
correspond to the total loss, the loss of initial term, and the loss of residual term, respectively. The subfigure (a4) shows a log-log plot for
the evolution of task parameter w;, (i = 2, - -- , M) over epochs, where w is fixed at 1 by default.
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FIG. 24. The variations in errors across the entire time domain under different intensities of Gaussian and Poisson white noise. The k
represents the intensity of Gaussian white noise, while A x E[R?] represents the intensity of Poisson white noise. The first and third row show

the error of variable X; and the second and fourth row of X,.

has certain limitations: (1) For the integrodifferential form
of the forward Kolmogorov equation considered in this pa-
per, the GL quadrature formula is employed for numerical
integration, which significantly increases the computational
complexity and cost in high-dimensional problems. (2) The
ATD-GLPINNS is specifically designed for systems driven
by Gaussian and Poisson white noises. Nevertheless, it
is not well-suited for fractional-order dynamical systems
with significant non-Markovian properties, dynamical sys-
tems driven by Lévy noise, and so on. (3) The performance of
ATD-GLPINNSs heavily depends on the selection of optimal
hyperparameters. A reasonable hyperparameter configura-
tion can significantly enhance the algorithm’s convergence
and optimization. However, identifying suitable hyperparam-
eters for complex problems remains challenging. Therefore,
future research can explore alternative numerical integra-
tion methods to improve the efficiency and accuracy of

computations in high-dimensional problems. Moreover, the
ATD-GLPINNSs algorithm could be extended to stochastic
dynamical systems driven by non-Gaussian noise to enhance
its applicability to a broader range of stochastic excitations.
In addition, we can further investigate adaptive hyperparam-
eter optimization strategies [38—40] to reduce manual tuning
efforts and enhance the model’s adaptability and robustness
under various conditions.
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APPENDIX: THE SPECIFIC EXPRESSION OF MATRIX IN Eq. (9)
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