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Forced swarmalators that move in higher-dimensional spaces

Md Sayeed Anwar®,!>" Dibakar Ghosh®,"" and Kevin O’Keeffe ©%3:*
! Physics and Applied Mathematics Unit, Indian Statistical Institute, 203 B. T. Road, Kolkata 700108, India
2Senseable City Lab, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA
3Sl‘arling Research Institute, Seattle, Washington 98109, USA

M (Received 22 November 2024; accepted 21 March 2025; published 8 April 2025)

We study the collective dynamics of swarmalators subjected to periodic (sinusoidal) forcing. Although
previous research focused on the simplified case of motion in a one-dimensional (1D) periodic domain, we
extend this analysis to the more realistic scenario of motion in two and three spatial dimensions with periodic
boundary conditions. In doing so, we identify analogues of the 1D states and characterize their dynamics and
stability boundaries analytically. Additionally, we investigate the forced swarmalators model with power-law
interaction kernels, finding that the analytically tractable model with periodic boundary conditions can reproduce
the observed dynamic behaviors of this more complex model.
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I. INTRODUCTION

Swarmalators are mobile oscillators that serve as mod-
els for a great diversity of systems that simultaneously
self-assemble in space and self-synchronize internal phase
variables in time. Examples include sperm [1,2], vine-
gar eels [3,4], Japanese tree frogs [5], magnetic domain
walls [6], embryonic cells [7], active spheres [8,9], active
spinners [10], Janus particles [11], Quincke rollers [12], and
robotic swarms [13-15].

The study of swarmalators began a decade or so
ago [16,17] and since then has received growing interest.
The first studies considered the simplest possible models,
such as those with interactions of uniform strength. Sev-
eral collective states were found here whose analysis is
an open problem [18]. Later studies modified this baseline
model in various ways. The effects of more realistic cou-
pling structures [19-21], random pinning [22-24], thermal
noise [25], distributed natural frequencies [26], higher-order
interactions [27], and others [21,28] have been studied.

This paper is about swarmalators subject to external forc-
ing, an effect which occurs in many real-world systems.
Magnetic colloids are a prime example. If you shine the
colloids with external fields, then the units’ dipole begin to
oscillate and self-synchronize. This couple to the unit’s move-
ment, and in that sense allows for a kind of sync-mediated
control. This control has marvelous use-cases. It has been used
to degrade pollutants [29-32], repair the cracks in electrical
circuits [33], and to break down blood clots [34,35].

A theoretical understanding of forced swarmalators like
the above systems is lacking. Lizarraga et al. [36] took the
first step with a numerical study of the two-dimensional (2D)
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swarmalator model modified with sinusoidal forcing. They
found diverse dynamics, but, due to the complexity of the 2D
model [37], were unable to analyze them. In an effort to make
some analytic progress on this class of problems, we recently
studied the simpler 1D swarmalator model which confines the
swarmalators’ motion to a 1D periodic domain [38]. We found
rich collective dynamics which, in this simpler 1D setting,
were tractable.

This paper continues this effort. We scale up from one to
two and then to three spatial dimensions, and study a model
that imitates the behavior of the original swarmalator while
remaining tractable. Specifically, we enforce periodic bound-
ary conditions and omit excluded volume interactions. These
simplifications let us derive stability curves and bifurcations
of several of the model’s collective states analytically.

To our knowledge, these are the first analytical results
about swarmalator with forcing in two and three spatial di-
mensions, and in that sense they contribute to the field.

II. MATHEMATICAL MODELS

Below, we enumerate the different models and the phenom-
ena they generate.

A. Two-dimensional swarmalator model

N

1 Xj— Xi X; —X;
;= v+ — I (14 Jcos(0; — 6;))— ——— |,
X v+NZ|:|Xj—X,'|p(+ cos(6; — 6,)) |Xj_Xi|q:|

J#i

K < sin@d; —6))
=0+ =Y ——= 4 Fsin(Q — 6)),

Nj;ﬁi |Xj—X,'|r
i=1,2,...,N. (1)

Here x; = (x;, y;) € R? represents the position, while 6; € S'
(S' is the unit circle) is the phase of the internal dynamics of
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FIG. 1. Scatter plots of the collective states of the 2D swarmalator model in the (x, y) plane. All the states are obtained for spatial coupling
J = 1. The swarmalators are colored according to their phases of internal dynamics and where colorbar indicates the variation of the phases.
(a) Pinned state for (K, F) = (=3, 8.1), (b) multiple cluster state for (K, F') = (—0.2,0.1), (c) two cluster state for (K, F) = (0.2, 0.15),
(d) state with two coherent phase group for (K, F') = (-3, 2.5). Inset shows the corresponding scatter plot in (¢, 6) plane, (e) phase-locked
state for (K, F) = (-3, 6.5), and (f) unsteady incoherence state for (K, F) = (-3, 0.5).

the ith swarmalator, which evolves according to a Kuramoto-
like model. (v, w) are the free velocity and intrinsic frequency.
The spatial dynamics model aggregation which depends on
phase similarity. The power-law kernels model long-range at-
traction and short-range repulsion (we require g > p for this)
and the J cos() term couples the space and phase dynamics.
The phase dynamics are a generalized Kuramoto model with
a sinusoidal forcing term added in. The parameters J, K are
the associated coupling strengths, and F, 2 are the strength
and frequency of the forcing. For our study we consider a
particular instance of this model with p = 0,g =2andr =1,
which leaves the system with linear attraction kernel [17].
Figure 1 shows some of its collective states.

One-dimensional swarmalator model. This considers swar-
malators which are confined to move on a 1D periodic domain
(ring):

N
J
si=vt ; sin(x; — x;) cos(6; — 6),

: K | .
b=+ ; sin(@; — 6;) cos(x; — x;) + F sin(Qt — 6;).

2)

Here, x;, 6; € S' denote the position over a ring and the phase
of internal dynamics of the ith swarmalator. The parame-
ters J, K are as usual the coupling parameters associated
with space and phase interactions and (v, w) are natural fre-
quencies. The spatial dynamics, governed by X, represents
phase-dependent aggregation. The term sin(x; — x;) drives

the swarmalators to minimize their pairwise distance, pro-
moting spatial cohesion. Meanwhile, the cos(0; — 6;) term
modifies the the strength of the attraction between swarmala-
tors depending on their phase difference. Similarly, the phase
dynamics, described by 6, models distance-dependent syn-
chronization, further influenced by periodic external forcing.
The simplicity of the model makes it one of the few tractable
models of forced swarmalators [38—41]. It can be derived from
the 2D swarmalator model and one can think of it as this
captures the rotational piece of the swarming motion [39].
Figure 2 shows the collective states of this 1D swarmalator
model with external periodic forcing. The details analysis of
this model is presented in Ref. [38]. We revisit this model in
the present study to demonstrate its generalizability to higher-
spatial-dimensional while maintaining analytical tractability.
Additionally, we highlight the similarity in the collective
states emerging across different models.

B. Two-dimensional swarmalator model with periodic
boundary conditions

Xi=u+ ]iV Z sin(x; — x;) cos(0; — 6;),
J
Yi=v+ 7 ZSin(Yj —yi)cos(6; —6;),
N J
. . K .
b= 0+ Fsin(Qt = 0) + Z sin(6; — 6,)[cos(x; — x;)
J

+cos(y; —yi)l. 3
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FIG. 2. Scatter plots of the collective states of the 1D swarmalator model in the (x, #) plane for J = 1 (reproduced from Ref. [38]).
(a) Pinned (blue dot) and split-pinned (red dots) state for (K, F') = (1, 0.5), (b) sync dots for (K, F) = (=2, 1), (c) phase-locked state for
(K, F) = (-2, 1.8), (d) chimera state for (K, F') = (—2, 0.7), and (e) unsteady coherence state for (K, F') = (-2, 0.2).

This is a generalization of the 1D model above, where now C. Three-dimensional swarmalator model with periodic
the swarmalators run in the plane with periodic boundary boundary conditions

conditions (x;,y; € §'). Tt is important to note that here

we have expanded the two-dimensional spatial coordinates ;

X; = (x;,y;) of the original 2D model [Eq. (1)] into their S < s _n

components. Thus, x; and y; are still the spatial positions of fi=ut N Z sin(x; — %) cos(9; — 6,

the swarmalators but now the swarmalators are confined to !
move on a periodic domain, i.e., x;, y; € S', S'. Furthermore,
the model does not include hard shell repulsion, like the orig-
inal 2D swarmalator model. This convenient feature makes it
one of the few—to our knowledge the only—model of swar- . J .

malators that is tractable [18]. Similar to the original model, G=w+ N Z sin(z; — z) cos(6; — 6;),
the spatial equations here capture phase-dependent attrac- J
tion, while the phase equation describes distance-dependent
synchronization in the presence of external periodic forcing.
Here, we replace the power-law distance kernel in the phase
dynamics of the original model with cos(x; — x;) 4 cos(y; —
v;). Alternatively, one could define the distance metric as 2 +
cos(x; — x;) + cos(y; — y;), ensuring a monotonic decrease  This is a generalization of the 2D model with periodic bound-
over [0,2] to capture the desired spatial decay. However,  ary conditions to three-dimensional (3D) space, and thus
numerical studies indicate that the former choice preserves the does not include the hard shell repulsion among the swar-
essential physics of the model while being significantly more malators. Here x;,y;,z; € S' denotes the position satisfying
tractable analytically [18]. Therefore, in this study, we adopt periodic boundary condition and 6; € S' is the phase of in-
cos(x; — x;) + cos(y; — y;) as the distance metric. When the  ternal dynamics of ith swarmalator. Similar to all the other
forcing is turned off, its phase diagram and order parame- models, the spatial equations here capture phase-dependent
ters may be derived exactly [18]. Generalizing these results swarming, while the phase equation describes position-
when the forcing is turned on is the subject of this paper.  dependent synchrony in the presence of periodic external
Figure 3 shows its collective states in presence of the periodic forcing. Analogous to the 2D model with periodic bound-

) J .
yi=v+ N Z‘Sln(yj —y;)cos(6; —6;),
J

D

. K .
i = w + Fsin(Q2t — 6;) + N 2}: sin(0; — 0;)[cos(x; — x;)

+ cos(y; — yi) +cos(z; — z)]. 4)
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FIG. 3. Scatter plots of the collective states of the 2D swarmalator model with periodic boundary conditions in (x,y) plane. The
swarmalators are colored according to their phases of internal dynamics. (a) Pinned (right green dot) and split-pinned (blue and left green
dots) state for (K, F') = (1, 0.3), (b) sync dots for (K, F) = (—2,2.5), (c) phase-locked state for (K, F) = (-2, 3.5), (d) chimera state for
(K, F)=(—2,2.1), pink dots are the sync populations of the chimera state, and (e) unsteady coherence state for (K, F) = (—2,0.3). The
states are obtained for spatial coupling J = 1.
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TABLE I. Summary of states realized in different forced swar-
malator models. Here, a v' indicates the emergence of a particular
state in the corresponding model, while question marks (??) denote
its absence. It is observed that the simplified models with peri-
odic boundary conditions do not restrict the diversity of collective
behaviors. Instead, they retain the essential mechanisms that drive
swarmalator interactions, showing that the tractable models with
periodic boundaries are sufficient to capture and study the dynamics
of the forced swarmalator systems.

2D 1D 2D Model 3D Model
State Model Model Periodic BC Periodic BC
Pinned Vv v v N
Incoherence Vv i J i
Phase-locked VA i i i
Two cluster/sync dots ./ J J J
Multicluster Vv 27 27 27
Split-pinned 7 i i i
Chimera 7 Vv Vv Vv

metric, cos(x; — x;) + cos(y; — ¥;) + cos(z; — z;) instead of
3 + cos(xj — x;) + cos(y; — yi) + cos(z; — z;) which decays
monotonically over [0, 3]. This choice is motivated by the
fact that the simplified metric preserves the essential collective
dynamics while being more easier to tackle analytically. As a
result, the 3D model exhibits collective states similar to those
observed in the 2D case with periodic boundary conditions.

Before proceeding further, to simplify our analysis, we
focus exclusively on the case of resonant forcing, where the
driving frequency matches the natural frequency, i.e., 2 = .
Then by selecting an appropriate reference frame, we set
the natural frequencies u = v = w = w = 0 without loss of
generality. Additionally, by rescaling time, we fix J = 1. With
these assumptions, our models reduce to systems governed
by two parameters, F and K, through which a rich array of
collective dynamics can be explored. The external forcing
wants to pin the phases of the swarmalators at 6; = 0 and the
phase coupling tend to minimize (for K > 0) or maximize
(for K < 0) the phase differences between them. However,
the overall dynamics become more complex due to the influ-
ence of spatial interactions, which modulate the strength of
phase interactions among oscillators.

Table I summarizes the possible states that emerge in these
forced swarmalator models. Notably, all these models exhibit
nearly identical dynamics under external forcing (see Figs. 1—
3). However, models with periodic boundary conditions offer
analytical tractability, as we will demonstrate later.

III. NUMERICS

Here, we present our numerical investigations for the
forced swarmalator models. Unless otherwise specified, sim-
ulations are conducted by integrating the equations of motion
over a time period of 7 = 1500 units using Julia’s adap-
tive ODE solver with an integration tolerance of 10~'2. For
the 2D swarmalator model, a population of N = 200 swar-
malators are initially positioned randomly within a square
of length 2 and their phases are randomly drawn from the
interval [—z, r]. For all other models (i.e., the models with
periodic boundary conditions), we consider a population of

N = 1000 swarmalators with both their positions and phases
being uniformly sampled from [—, 7 ]. In the following, we
will discuss the various collective states that emerge in these
forced swarmalator models.

A. Two-dimensional swarmalator model

Numerical results reveal that the model converges to six
distinct long-term states, each determined by the initial con-
figurations and specific parameter values, as illustrated in
Fig. 1. Of these six states, only one is stationary, while the
remaining five exhibit nonstationary dynamics.

Pinned [Fig. 1(a)]. This is the only stationary state ob-
served in the model. In this state, the swarmalators arrange
themselves in a circularly symmetric spatial distribution, with
their phases pinned to the driving field, 6; = 0. This state
occurs for F > 0 when K > 0. For K < 0, the system also
settles in this state provided that the external forcing is suffi-
ciently strong.

Multiple cluster [Fig. 1(b)]. As we move from K = 0 into
the K < 0 region, we observe the first unsteady state for small
|K| and low forcing strength. In this parameter range, the
swarmalators typically form phase wave states when no forc-
ing is applied (F = 0). With F turned on, the swarmalators
still split into multiple clusters, each characterized by distinct
phases. Within each cluster, the swarmalators exhibit small
amplitude oscillations in both position and phase. Unlike the
splintered phase wave state, these clusters do not consistently
organize into a circular configuration and swarmalators oc-
casionally move from one cluster to a neighboring one. The
number of clusters that emerge in this state depends on the
initial conditions and parameter values.

Two cluster [Fig. 1(c)]. As F is further increased, these
clusters merge into two distinct clusters with their phases
being 6; ~ 7 and 6, ~ —7.

State with two coherent phase group [Fig. 1(d)]. As K
becomes more negative, the swarmalators transition into an-
other unsteady state. Here, they form a roughly circular spatial
configuration, within which they experience simultaneous at-
traction and repulsion. Their phases are predominantly locked
around two opposing values, 6; & % and 6, ~ —%. However,
a subset of the swarmalators exhibit phase drift away from
these two primary values. Thus, while most phases are an-
chored around 6, and 6, there is still some phase variability
within the system. This state can be observed more clearly
through the scatter plot in (¢, #) plane (shown in the in-
set), where ¢ = tan~!(y/x) represents the spatial angle of the
swarmalators.

Phase-locked [Fig. 1(e)]. In the negative K regime, when
the external forcing F is adjusted to a value slightly greater
than the phase coupling K, most of the swarmalators tend to
align their phases with the driving field, 6; = 0. However, a
subset of the swarmalators experiences phase drift, preventing
full phase locking and resulting in a nonstationary phase-
locked state.

Unsteady incoherence [Fig. 1(f)]. The swarmalators form
an unsteady incoherence state achieving nearly all possible
phase and spatial configurations, leading to a disordered pat-
tern in both position and phase. This state is observed in
the negative K regime when the external forcing is relatively
smaller than the phase coupling K.
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FIG. 4. Variation of order parameters S = max{S,, S_}, Ry and
mean velocity (V') as functions of F for three distinct phase coupling
strength in 2D swarmalator model: (a) K = —3, (b) K = —0.5, and
(¢) K =0.5. The vertical dashed lines in panels (a) and (b) corre-
spond to the approximate critical forcing strength at which the pinned
state emerges. Panel (d) presents a phase diagram in the (K, F') plane
for the 2D swarmalator model, where different regions correspond
to distinct collective states. Each region is color-coded based on the
behavior of the order parameters in the respective states, providing a
visual summary of how the model transitions across various collec-
tive states as K and F are varied.

Now, to characterize the collective states, we use the fol-
lowing order parameters,

N
W:l: = S:l:é'“/j:E = ]V E 61(9/i¢1),
j=1

N N
. 1 . 1 } . .
Ryl = N§ (V) = ¥ Y JE 2+ 6
j=1 Jj=1

S+, known as the rainbow order parameters [17], quantify
the correlation between spatial positions and phases. These
parameters reach a maximum value of 1 when space and
phase are fully correlated and a minimum of O when they
are uncorrelated. The Kuramoto order parameter Ry measures
the degree of phase synchronization, achieving its maximal
value under complete phase synchrony. Last, (V) represents
the mean velocity of the swarmalator population, allowing us
to distinguish between stationary ((V) = 0) and nonstationary
states ((V) > 0).

Figures 4(a)-4(c) illustrates the system’s transitions be-
tween different states as F is varied. We categorize the results
into three cases based on the values of the phase coupling K.
These values of K are selected to allow the system to display
all possible states as F' changes.

In Fig. 4(a), we examine the case of relatively large repul-
sive phase coupling, K = —3. For small F, the system exhibits
an unsteady incoherent state. Here, the strong repulsive phase
coupling drives the swarmalators to maximize phase differ-
ences, while the forcing term attempts to align their phases
with the driving field. This competition results in unsteady
dynamics. As F' increases, the forcing gradually dominates,
driving the system to higher speeds, reflected in a monotonic
increase in average velocity. However, beyond a critical

forcing value F,, the mean velocity begins to decrease, while
the phase order parameter Ry rises, signaling the emergence
of a state with two coherent phase groups. With further
increments in F, the mean velocity continues to decline,
leading to a phase-locked state that ultimately transitions into
a stationary pinned state, where Ry = 1 and the mean velocity
becomes zero.

In Fig. 4(b), we explore the system’s behavior under a
smaller repulsive phase coupling, K = —0.5. When F =0,
the spatial and phase distributions of the swarmalators exhibit
a strong correlation, yielding phase wave state and rainbow
order parameter S = max{Sy, S_} close to 1. As F increases,
a multi-cluster state begins to form, and S declines, indicating
a reduction in space-phase correlation. Meanwhile, both the
phase order parameter Ry and mean velocity (V) show an
upward trend. Upon reaching a critical forcing strength F, the
system transitions into a two-cluster state. Here, S approaches
a minimum, Ry stabilizes around 0.7, and mean velocity starts
to decrease. With further increases in F', the two-cluster state
shifts into a phase-locked state, where Ry again rises while
mean velocity continues to decrease. At sufficiently high forc-
ing, this phase-locked state ultimately transitions into a pinned
state, where Ry = 1 and (V) = 0.

For K > 0, the system consistently reaches the pinned state
for any F > 0. Figure 4(c) illustrates the behavior of the order
parameters as F' varies, with K fixed at 0.5. In this regime,
the phases of the swarmalators are effectively pinned to the
driving field, resulting in a stationary state characterized by
maximal phase synchronization.

Based on the behavior of the order parameters across
different states, we outline the approximate regions where
each state occurs in the (K, F') parameter plane, as shown
in Fig. 4(d). However, due to the model’s inherent complexi-
ties, analytically deriving stability or existence boundaries for
these states remains challenging. Next, we turn our attention
to a relatively simplified 2D swarmalator model with periodic
boundary conditions. This simplified form allows for greater
theoretical tractability, offering insights into the system’s be-
havior under more controlled assumptions.

B. Two-dimensional swarmalator model with periodic
boundary conditions

Numerical results indicate that this simplified model, de-
spite lacking the hard-shell repulsion present in the full 2D
model, is still able to reproduce similar dynamics. For varying
K and F, this model exhibits six distinct long-term states, four
of which are static and two nonstationary (see Fig. 3). Figure 5
shows where these states emerge in the (K, F') parameter
plane.

Pinned [Fig. 3(a), the right most green dot]. As in the
2D model, the phases of the swarmalators in this simplified
version are pinned to the driving field, ; = 0. However, due
to the absence of hard-shell repulsion, the swarmalators fully
aggregate in space, such that x; = C; and y; = C, for some
constants Cy and Cy. These constants arise from the rotational
symmetry in the spatial equations.

Split-pinned [Fig. 3(a), blue and left green dots]. The swar-
malator population divides into two groups: in one group,
phases are pinned at ; = 0, while in the other, they are pinned
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2 3

FIG. 5. Phase diagram in the (K, F') plane for the 2D swarmala-
tor model with periodic boundary condition. The regions of different
states are color-coded according to the behavior of different order
parameters in those states by integrating the equation of motions
Eq. (3). The dashed black lines are the analytical boundaries of the
static states obtained from Egs. (12), (16), (19), and (24).

at §; = m. The number of swarmalators in each group varies
depending on the initial conditions.

Sync dots [Fig. 3(b)]. Here, the swarmalators settles into
two sync dots with coordinates (xi, y, 0;) = (Cx, Cy, 6*) and
(x2,¥2,61) = (Cy + Ax, Gy, + Ay, —0%). The number of swar-
malators within each dots varies depending on the initial
conditions. The value of 6* can be found by substituting the
fixed point condition as 6* = /4.

Phase-locked [Fig. 3(c)]. In this state, the swarmalators
converge to a single spatial position (x;, y;) = (C, C;) but
exhibit phase locking, characterized by constant phase dif-
ferences 6; — 0; = C;;. This configuration is best visualized
through scatter plots in the (x, #) and (y, ) plane [like the
one in Fig. 2(c)], where the distinct phase differences become
evident.

Chimera [Fig. 3(d)]. In this dynamic state, the swarmalator
population divides into three groups: two coherent groups
and one incoherent group. The swarmalators in the coherent
groups oscillate slowly with small amplitudes, while those in
the incoherent group move more rapidly with larger ampli-
tudes, creating a messy region around the coherent clusters.
For certain parameter values, the swarmalators within the
coherent groups merge into two synchronized clusters, ap-
pearing as two distinct sync dots (shown in magenta). We
refer to this state as a chimera state, as it generalizes the
chimera behavior observed in traditional oscillator systems,
where coherent and incoherent dynamics coexist within the
same population.

Unsteady incoherence [Fig. 3(e)]. In this state, the swar-
malators form a disordered, nonstationary configuration
resembling a gas cloud. Their positions and phases lack co-
herence, resulting in a structure with no discernible spatial or
phase order.

To characterize the collective states of this model, we use
the following order parameters:

(Wi, Zy) = (S, Tye™*)

(1 N 1
— (=3 e, Ly eimieo)’
N & N

(a)

I====== 1
> i
o :
@ i
0 H

0 ) 1 2

i Pinned

D 1
0.5 i
@ Split-pinned E
1
0 I

0 © 1 2
0.01 i
|
< i
~ i
i
0 1

0 1 2
F

FIG. 6. Order parameters R,, R,, Ry and mean velocity V as
functions of F for attractive phase coupling K = 0.5 in the 2D model
with periodic boundary conditions. The variations of rainbow order
parameters are not depicted as they do not provide any additional
information. The dashed vertical line [obtained from Eq. (16)] to
the critical coupling below which both pinned and split-pinned states
exist and beyond which the system only achieves the stable pinned
state.

i iy, i
X 9 T !
(R.e"s, Rye', Rge')

1 J ix; 1 Y iy 1 Y i6;
Ny )

Jj=1 j=1 Jj=1

‘/(xf. +yi+29), (6)

1
where S1 and T4 are the usual rainbow order parameters that
measure space-phase order, R, /s quantifies the spatial and
phase synchrony and V is the mean velocity.

Figures 6 and 7 illustrate how the system transitions
through various states as measured by order parameters.

For positive phase coupling, the system can reach either
the pinned or split-pinned state, depending on the initial con-
figuration, as long as F < K (Fig. 6). These two states are
distinguishable by the space and phase coherence order pa-
rameters. In the pinned state, all coherence parameters are
maximal, i.e., Ry = R, = Ry = 1. In the split-pinned state,
however, Ry, R,, Ry <1 indicating reduced coherence. For
F > K, only the pinned state remains stable, with all swar-
malators aligning in both space and phase.

For sufficiently large negative phase coupling, the system
transitions through all states except the split-pinned state as
the external forcing strength F increases (Fig. 7). With strong
repulsive phase coupling, the swarmalators attempt to max-
imize phase differences, leading to a uniform distribution in
X, y, 6, which results in S+ = T, ~ 0. However, the external
forcing simultaneously tries to pin the phases to the driving

V)=

=z =

N
j=
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FIG. 7. Varaition of different order parameters as functions of
forcing strength F for repulsive phase coupling K = —3 in the 2D
model with periodic boundary conditions. The vertical lines in each
panel correspond to the analytically predicted threshold for the three
static states (pinned, phase-locked, and sync dots), obtained from
Eqgs. (12), (19), and (24).

field, creating a tension that produces an unsteady incoherent
state. As F increases, the external driving accelerates the sys-
tem, causing a monotonic rise in both the mean velocity and
order parameters. Upon reaching a critical forcing threshold
F., the mean velocity begins to decrease, while other order
parameters continue to increase, marking the emergence of
the chimera state. With further increases in F, the chimera
state transitions to a sync dots state, where the mean velocity
drops to zero and the phase coherence parameter Ry stabilizes
at 1/+/2. As F continues to grow, the sync dots state bifurcates
into a phase-locked state, where S. =Ty = Ry < 1 while
R, = R, = 1, indicating phase locking with spatial coherence.
Finally, for sufficiently large F', this phase-locked state tran-
sitions into the pinned state, where all coherence parameters
reach their maximal values.

C. Three-dimensional swarmalator model with periodic
boundary conditions

We now shift focus to a more realistic model where
swarmalators move in three-dimensional space. To maintain
analytical tractability, we continue to omit the hard-shell re-
pulsion term, similar to the approach used in the 2D model
with periodic boundary conditions. The governing equa-
tions of motion for this simplified 3D case are given by
Eq. (4).

Numerical investigations indicate that this 3D model gen-
erates the same long-term collective states as observed in the

10
/4
8 A
/
,/
6 Pinned /,/
= 7/
,/
4 ’
4
,/
Pinned

2 // _;_nne

,/ Split-pinned

4
-3 -2 -1 0 1 2 3

FIG. 8. Phase diagram in the (K, F') plane for the 3D swarmala-
tor model with periodic boundary condition. The regions of different
states are color-coded according to the behavior of different order
parameters in those states by integrating the equation of motions
Eq. (4). The dashed black lines are the analytical boundaries of the
static states obtained from Egs. (27), (29), (32), and (35).

2D model with periodic boundary conditions. Figure 8 maps
out the regions in the (K, F') parameter plane where each
of these states emerges. Since the scatter plots for the 3D
model closely resemble those of the 2D model [Fig. 3], we
do not show them here. Instead, we will focus on analyzing
the collective states that emerge in the 3D model.

IV. ANALYSIS

In this section, we analyze the static states that emerge in
the 2D and 3D models with periodic boundary conditions,
deriving the stability boundaries, represented by dashed black
lines in the phase diagrams (Figs. 5 and 8). Given the un-
steady nature of the nonstationary states, analytical treatment
remains challenging; hence, we are unable to derive stability
conditions for these states. We hope future research can pro-
vide analytic insights, particularly regarding the swarmalator
chimera state, which remains an intriguing and complex be-
havior to understand.

A. Analysis of the states of the 2D model with periodic
boundary conditions

1. Analysis of pinned state

In the pinned state, the fixed points are
x=C, yi=GC, 6;=0 (N

for some constants C,, C,. The Jacobian Mpiyneq evaluated at
this point has a simple block structure

My O 0
Mpinned = 0 MO 0 s (8)
0 0 M

where My and M, are N x N blocks. Here,

o Nl fori=, ©)
0;; — 1 . .
! 5 for i # j,
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and

o (10)
1£v for i #£ j.

2AN=1) .
My, = {_KT —F fori=j,
The eigenvalues of Mpinneq are the sum of the eigenvalues of
M, and M,. My has one zero eigenvalue Ay, = 0 stemming
from the rotational symmetry of the model and N — 1 stable
eigennvalues Ay, = —1. M, has eigenvalues —F with multi-
plicity 1 and —F — 2K with multiplicity N — 1.
Putting these altogether give the eigenvalues of Mpinneq as
M=0 A=-1, Mm=-F, M=-F-2K, (1)
with multiplicities 2, (2N — 2), 1, N — 1, respectively. This
tells us that the pinned state dies via zero eigenvalue bifurca-
tion at

F, = 2K, 12)

which is plotted in the Fig. 5.

2. Analysis of split-pinned state

Here, the swarmalators form two clusters with fixed point
(x17yl59])=(CX7CyaO) and (x2,y2,92)=(cx+7[acy+
7, ). The Jacobian evaluated at the fixed points has a block
structure similar to that of the pinned state, i.e.,

My O 0
Mspilt pinned = 0 MO 0 ) ( 13)
0 0 M

where M is given as previously by Eq. (9), and the elements
of the block M are given by

where [x] is the greatest integer less than or equal to x. The
eigenvalues of M| are

M=-F—2K A =F —2K, A3y =—K+F2+K2,
(15)
with multiplicities § — 1, § — 1 and 1, respectively. The

eigenvalues of M, and M, altogether tells that the split-pinned
state exists for

F < 2K for K > 0. (16)

The corresponding critical curve is plotted in Fig. 5.

3. Analysis of sync dots

In the sync dots, swarmalators form two groups, and the
number of swarmalators in each group depends on the ini-
tial conditions. The first group is defined by (x1,y1,60;) =
(Cy, Cy.0%), while the second is defined by (x2,y,6,) =
(Cy + Ax, Cy + Ay, —0%). The constant C) is arbitrary and
stems from the rotational symmetry in the x and y equa-
tions. Here, we analyze the scenario where the swarmalator
population splits evenly into two clusters, each containing
the same number of swarmalators, without loss of generality.
Numerical simulations suggest that when the clusters contain
unequal numbers of swarmalators, similar stability properties
are observed, indicating that the stability characteristics are
likely independent of the precise distribution of swarmalators
between the clusters. The values (Ax, Ay, 6*) can be found
by substitution into the equation of motions (3) as

V2F

cos Ax + cos Ay = %

To proceed further, we consider any one of the Ax or Ay
to be 0, which leaves the other as cos™!(—1 — %) [this is
one of the possible fixed point conditions for the sync dots
obtained from equation of motions (3)]. Numerics suggests
that the acquired stability condition due to the consideration

A—y (17)

K . .
N Vot 1], of these fixed points provides the exact stability boundary for
My, ={-F -2k i=j and 1 <i<[Y] the sync dots state.
F — 20-Dg i=j, and [1!] +1<i<N With all these prerequisites, the eigenvalues of the Jacobian
N ) 2 ~ ~X ’ . h . .
Migync dots can be obtained by following the similar procedure
(14) as in Ref. [38]. The eigenvalues are then given by
|
0 F —Fﬁi\/F(F(K— 16) — 16+/2K)
)\. =V, )\. = -, )\. R = )
1 2 NG 3,4 2 /AVK
—K(W2F +2K + 1)+ \/K(ZFZ(K —4) 4+ 2V2FKQ2K — 5) + (1 — 2K)?K)
dsg = . (18)
4K
[
Using this eigenvalues, we can conclude that the state be- 4. Analysis of phase-locked state
comes stable when The fixed points here take the form
1
—KV2— — ) <F < —K+2 for K <0, (19)
V2
which is plotted in Fig. 5. xi=Cy, yi=0C, 6 €(-a,a), (20)
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where C(y and a are constants. Plugging these expressions into
the equation of motions (3) gives us

2KRy sin (Yy — 6;) — F sin6; = 0, (21)
Assuming ¥y = 0 without loss of generality, we have
2KRy = —F. (22)

The state bifurcates from the sync dots configuration,
where swarmalators in one group have phases 6; = —7 and
those in the other have 6; = 7. Applying the fixed-point con-

dition for sync dots yields Ry = 1/+/2. Thus, the phase-locked
state bifurcates from the sync dots along the critical curve:

F =—Kv2,

which aligns with the previously derived stability boundary
for the sync dots. The pinned state, defined by 6; = 0 (imply-
ing Ry = 1), bifurcates from the phase-locked state along the
critical curve F' = —2K, matching its stability boundary.
Therefore, the phase-locked state exists within the range

(23)

—KN2 <F < —2K forK < 0. (24)

This critical boundary is shown in Fig. 5. This completes our
analysis. Figure 5 sums up out results in a phase diagram in
the (K, F') plane.

B. Analysis of the states of the 3D model with periodic
boundary conditions

1. Analysis of pinned state

In the pinned state, the fixed points are

xi = CX? )’i = CV’ Zi = CZ5 ei = 0 (25)

for some constant C. Proceeding similarly to the analysis
of the 2D model, we can obtain the eigenvalues of Jacobian
M inneq €valuated at the fixed points as

with multiplicities 3, 3N — 3), 1, N — 1, respectively. This
tells us that the pinned state dies via zero eigenvalue bifurca-

tion at
F. = -3K, 27

which is plotted in Fig. 8.

2. Analysis of split-pinned state

Here, the swarmalators form two clusters with fixed
point (xi, yi, z1,61) = (Cy, Cy, C;,0) and (x2,y2,22,60) =
(Cc+m,Cy+ 7, C, + 7, ). The Jacobian evaluated at the
fixed points has the eigenvalues

AM=0,A =—1,=F -3K,As = —F - 3K,

Ase = 2(—3K £ VAF? + 9K?),
with multiplicities 3, 3N —3, ¥ — 1, § — 1, and 1, respec-
tively. The eigenvalues altogether imply that the split-pinned
state exists for

(28)

F < 3K for K > 0. 29)

The corresponding critical curve is plotted in Fig. 8.

3. Analysis of sync dots

Here, as in the 2D system, swarmalators form two groups,
and the number of swarmalators in each group depends
on the initial conditions. The first group is defined by
(x1,y1, 21, 61) = (Cy, Gy, C;, 6%), while the second is defined
by (x2, ¥2, 22, 62) = (Cy + Ax, Cy + Ay, C, + Az, —6*). The
values (Ax, Ay, %) can be found by substitution into the
equation of motions as

0* = —m /4,
V2F
cos Ax + cos Ay + cos Az = —x 30)

Considering any two of Ax, Ay, Az to be zero and pro-
ceeding similarly as the 2D model, we obtain the eigenvalues

M=0, AM=-1, IM=-F, I=-F-3K, (26) of the Jacobian Mgync gots as follows:
J
F —FJVK + \/FZ(K —16) — 324/2FK — 24K?
M=0, h=——x, la= :
1 R/ 2V2VK

—K(V2F 43K + 1) + \/K(2F2(K —4)+ 65/2FK(K — 3) + 9K2(K — 2) + K)

As6 =

Thus, the state becomes stable when

3K +1 3K
—g < F < —— for

K <0, (32)
NG V2
which is plotted in Fig. 8.
4. Analysis of phase-locked state
The fixed points here take the form
x=C, yi=C, z=C, 6 €(—a,a), (33)

4K <D

(

where C() and a are constants. Plugging these expressions into
the equation of motions (4) gives us

3KRgsin (g —6;) — F sin6; = 0. (34)

Assuming ¥y = 0 without loss of generality, and proceeding
similarly to the analysis of the 2D model we obtain that the
phase-locked state exists when

3K
—— < F < —-3K for

V2

The corresponding critical curve is delineated in Fig. 8.

K < 0. (35)
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TABLE II. Summary of theoretical boundaries of the static states realized in the forced swarmalator models.

State 1D Model (p = 1) 2D Model Periodic BC (p =2) 3D Model Periodic BC (p = 3) pD Model Periodic BC
Pinned F>—-K F > -2K F > -3K F > —pK
Split-pinned F <K, K>0 F <2K,K>0 F <3K,K>0 F <pK,K >0

Sync dots —(K}Z”<F<—LZ,K<O —%<F<—2—’;,K<O —%<F<—3—’;,K<O —LJJ%”<F<—”—'§,K<O
Phase-locked —%<F<—K,K<O —27’%<F<—2K,K<0 —%<F<—3K,K<O —”7';<F<—pK,K<0

This completes our analysis. Table II summarizes the theo-
retical stability boundaries for the static states observed in the
forced swarmalator models.

V. DISCUSSION

The main contribution of this study is the development
of simplified forced swarmalator models that effectively
capture the complex dynamics found in higher-dimensional
forced swarmalator systems, while also maintaining analytical
tractability. These models display a variety of collective states,
and we derive existence boundaries for all states except one.
This approach advances us toward the broader objective of
solving swarmalator models with power-law kernels, which
exhibit more realistic dynamics.

The proposed framework with periodic boundary condi-
tions provides a systematic approach for investigating and
analyzing collective states in higher-dimensional models. By
adopting a Kuramoto-like phase model with periodic forcing
and incorporating spatial-phase coupling, we construct a sim-
plified model based on sines and cosines, which facilitates

analytical exploration. For instance, extending the model to a
p-dimensional spatial framework, as in the 2D and 3D cases,
allows us to predict analytical phase boundaries for static
states, as summarized in Table II. This framework offers a
solid foundation for future studies on swarmalator systems in
multiple dimensions.

However, many unexplored avenues for further investiga-
tion remain. One key question remains about the analysis of
the swarmalator chimera states. We were unable to analyze
this state even in the 1D model, where the incoherent sub-
population moves in a peanut-shaped pattern [38]. As spatial
dimensions increase here, the motion of the incoherent subset
becomes more complex, making analysis more challenging.
We hope that future studies could uncover methods to analyze
this intriguing state.

In addition, we have focused here on a highly simplified
model of forced swarmalators, with identical agents, resonant
external forcing, and fixed spatial coupling. To better reflect
the complexity of real-world forced swarmalator systems, fu-
ture work could explore the impact of nonresonant forcing,
environmental noise, and nonidentical natural frequencies.
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