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In this paper, we use the formalism of finite-temperature quantum field theory to investigate the Casimir
force between flat, ideally conductive surfaces containing confined, but mobile ions. We demonstrate that, in the
Gaussian approximation, the ionic fluctuations contribute separately from the electromagnetic fluctuations that
are responsible for the standard Casimir effect. This is in line with the “separation hypothesis,” which has been
previously applied on a purely intuitive basis. Our analysis demonstrates the significance of calculating the zero
Matsubara frequency component in the electromagnetic contribution, using the formula developed by Schwinger
et al., as opposed to the approach based on Lifshitz theory used by other researchers.

DOI: 10.1103/PhysRevE.111.044130

I. INTRODUCTION

The Casimir effect, named after Hendrik Casimir, who first
predicted it in 1948 [1], is a phenomenon that occurs when
two neutral metal surfaces are brought very close together
in vacuum at zero temperature. The extension of Casimir’s
result to arbitrary temperatures and general dielectric media
was accomplished by Lifshitz er al. [2,3], with subsequent
refinements by Schwinger et al. [4] and others [5—10]. Casimir
effect is caused by the quantum fluctuations of electromag-
netic fields in vacuum that generate a difference in the ground
state energy density between the inside and outside of the
metal surfaces, creating a net attraction between them. Al-
though the Casimir force is very weak, it has been detected
and experimentally quantified, and has been shown to play
a crucial role in nanotechnology, particularly in the develop-
ment of microelectromechanical systems (MEMS) and other
nanodevices [11-13]. Overall, the Casimir effect is a prime
example of the complex and unintuitive nature of quan-
tum physics [5,9]. It demonstrates how electromagnetic field
fluctuations permeate empty space, generating long-range in-
teractions between bodies that have a significant impact on
many everyday phenomena.

Despite the significant progress made in the theoretical
understanding of the Casimir effect [5-7,9], there are still
some unresolved issues that need to be addressed.

One of the unresolved problems in the theory of the
Casimir effect is the Casimir force in the presence of mo-
bile charged particles (ions) between flat perfectly conductive
walls. In early theoretical studies [14-17] it was assumed
that electromagnetic field fluctuations responsible for the at-
tractive Casimir force could be treated separately from the
pure image effects of the metallic slabs, which influence the
behavior of the electrolyte ions. This assumption was referred
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to as the “separation hypothesis” [18]. Following the separa-
tion hypothesis, two long-range forces cancel each other out
exactly [15-17]. This canceling could be referred to as the
“Casimir screening effect” [19]. Despite the plausibility of
this hypothesis, it has not been confirmed by the fundamental
principles of quantum electrodynamics.

We would like to emphasize that the screening of the
Casimir force caused by the presence of ions in the space
between metal walls is different from the screening related
to the presence of mass within the quanta of the vector field
within the framework of the Proca model [20-22]. Unlike
"ionic screening," "mass screening," which is essentially a
quantum effect, occurs for all terms in the Casimir force
expansion in the Matsubara modes [20].

The second issue is related to the behavior of the Casimir
force at high temperatures. When the dielectric function of
the walls material approaches infinity (e (w) — ©0), the zero-
Matsubara frequency term in the Lifshitz formula is not
uniquely defined. Its value depends on the order in which
the limits of the dielectric function and the Matsubara fre-
quency (as w, — 0) are taken. To obtain the ideal-conductor
result based on electrostatic boundary conditions, Schwinger
et al. postulated the following order [4]: €(w) — oo and then
w, — 0. Thus, they obtained twice as high value of the high
temperature limit of the Casimir force than what was obtained
by Lifshitz et al. [3]. Jancovici and §amaj [18,19], and inde-
pendently Buenzli and Martin [23], questioned the result of
Schwinger et al., modeling the Casimir interaction of metal
walls as the interaction of half-spaces containing equilibrium
plasma comprised of classical ions. Using methods based on
the formalism of correlation functions [23] and the theory of
linear response [18], the Casimir force was obtained, found to
be half the value reported by Schwinger ef al., in accordance
with the Lifshitz limiting regime. Later, Buenzli and Mar-
tin [24] reproduced their result assuming that metals consist
of mobile quantum charges in thermal equilibrium with the
photon field at a fixed temperature. Recently, Brandyshev and
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Budkov [25], following the finite-temperature quantum field
theory [26], directly reproduced Schwinger’s result for the
Casimir force. It is important to note that their first-principle
quantum electrodynamics-based approach does not require
the assumption of the order of the aforementioned limits,
which may indicate the correctness of the result obtained by
Schwinger and coworkers. Below we provide more detailed
analysis.

The aim of this study is to conduct an analysis of these
issues, considering their interconnections within the finite-
temperature quantum field theory approach.

II. THEORY

We assume that there are N, positively charged pointlike
ions (cations) and N_ negatively charged pointlike ions (an-
ions) in a slit-like pore (Coulomb gas). The ions have charges
of g4 and g_, respectively, and the walls of the pore are ideally
conductive and electrically neutral. The distance between the
walls is L. We assume that the system, which consists of ions,
conductive walls, and a quantum electromagnetic field, is in
thermodynamic equilibrium at a specific temperature 7. The
total ionic charge is zero, i.e., g+ Ny +g_N_ =0, and the
system is electroneutral.

Thus, we start from the partition function of the described
system with a fixed gauge (see Appendix A)

7 = fDA|D| yg do[{r'™)] 7§ do[{ri}]
/3 A
X exp |:SEM[A] — i/ dr/d3x(f)¢ -] ~A)j|, (1)
0

where A, = (—¢, A) is the four potential of the electromag-
netic field with effective action

B
SenlA] = / dx / &x L, @)
0
1 1l -«
Lar = A4, + — C. 3)

|D| = Det(—[) is the functional determinant and o is
the gauge parameter determining the family of similar
gauges [27]; we have also introduced the integration measures
over the paths, rfa)(r), of ions in the imaginary "time" 7, i.e.,

fda[{rgw}](. )
No Dr;") B ma(l";“)(r))2
:fl_[ C. exp|:—/0 drf (..)ya=4=,

i=1
“)

where m, is the mass of ion a, and C, = 55 Drl(“)

(@) 2
exp[— foﬁ dt M] are the normalization constants; the
symbol § means that functional integration takes into account
periodic boundary conditions for the integration variables,

A,0,x)=A,08,x), n=0,12,3 (5)

r(0) =r"(g), B= % 6)

We would like to point out that the partition function,
which is the trace of the density matrix, can be formally
obtained from the quantum amplitude of a system written in
terms of a functional integral, by performing a Wick rotation
from time to inverse temperature, T — —it [28,29]. Note also
that we use the Euclidean metric for the D’ Alembert operator,
ie., 0= BTZ + A and a unit system, where kg =h =c =1
(kg is the Boltzmann constant, 7 is the Planck constant, and ¢
is the speed of light).

The microscopic charge density and current density of ions
can be determined as follows:

Na
PrX) = g.y s(x—r"(1), (7
a=%

i=1
Na
i) =) g0y Hms(x — (1)) ®)
a=% Jj=1

It is easy to check that the electric charge and current density
obey the conservation law, d;p + V - j = 0. Taking into ac-
count (7) and (8), we can rewrite the partition function (1) in
the form

7_ ?§DA|D| exp [SeulAll

Dr B matg(o) | . - Na
x 1_[ %_“e*fo AT ("D +iqap(T.10(1))—iqata (D) AT 1(D) |
a=% Ca

©)
Now, let us rewrite the "paths" of ions as r,(t) = X, + &,(7),
where x, = 7! foﬁ dtr,(t) is the average position of par-
ticle, and variables &,(7) describe its quantum "smoothing."
Considering the ions as classical particles, that is, neglecting
the terms containing the variables &,(7) and &,(t), we can
obtain

d . Na
Z= f DAID|exp [Seu AN | | [ / Vxe"foﬁ‘“%‘m] :
a==+

(10)
where V is the volume of system and we take into account that

i2
C,=V [DEe I3 4752 The jons can be treated as classical
particles if their thermal wavelengths, A,, are much smaller
than the average interionic distances, which is always the
case [30].

In the thermodynamic limit N, - co, V — oo,
N,/V — n,, where n, are the average ionic concentrations,
we can obtain [31,32]

Z= ygﬂpDAIDI exp [Semle, Al + Sinl@ll, (1)

where we have used that DA = D¢ DA and introduced the
contribution of the ions to the effective action

Sionl@] = Zn“ / dX(eiifoﬁ dtqep(t,X) _ 1). (12)
a==+

As seen from Eqgs. (11) and (12), for pure classical ions, the
vector potential drops out from the ionic part of effective
action. In other words, classical charged particles in equilib-
rium can only affect fluctuations in the electric potential ¢,

044130-2



FIRST-PRINCIPLES THEORY OF THE CASIMIR ...

PHYSICAL REVIEW E 111, 044130 (2025)

which is, of course, in accordance with the Bohr-Van Leeuwen
theorem [33,34].

To proceed with the calculation of the partition func-
tion (11), we need to specify a gauge. The simplest one is
the Feynman gauge, for which o = 1. In this case, the kinetic

J

= %D¢DA|D|€

By calculating the Gaussian functional integral, taking into
account the boundary conditions for an ideal metal (see Ap-
pendix B and Ref. [25]), we can obtain the surface free energy
density

1
f— —,B—AIHZ

where A is the total surface area of the bounding walls. Thus,
we have

(14)

% foﬁ dt fd3XAuDAu_

terms for all the fields A,, are in canonical form, meaning they
are orthogonalized and uncoupled. Let us calculate the parti-
tion function (11) in the Gaussian approximation. Expanding
the ionic part of the effective action (Sj,,) in a power series of
¢ and neglecting terms higher than second order, we get

1 Ziqf,na foﬂ dt foﬁ d7v' [ dxe(t,x)p(t’,x)

(13)
(
h= ﬂ (2;1)22 Zlnx(q,n I, (17)
A(q,n,l)zq —i—q, +wn,
Vg, n 1) =q* + g + o + 52, (18)

where e = rp' = (B, ¢>n4)"/? is the inverse Debye length,
q; = ml/L is the lateral photon momentum, and w, = 27n/B
is the nth Matsubara frequency. A dashed sum means that the
term with the number / = 0 is included with a multiplier 1/2.

Using the same method as in [25], we can sum over [
and differentiate with respect to L to obtain the disjoining
pressure—the excess pressure exerted on the wall of a pore
compared to the pressure that would be exerted in the absence
of walls, i.e., in a bulk system [35,36],

f=h+r, (15)
where
1 !’
fi= 35 (2n)2 (Zm(q,o z)+21nx(q,o 1))

(16)
|

m— (% _f

oL oL

y
——Z/ dq q \/¢* + w2(coth(y/q*> + @2L) — 1).
7 n=1 0

It is not difficult to understand that the disjoining pressure (19)
is equal to the total (Casimir) force acting on the relatively
large parallel metallic plates immersed in a Coulomb gas,
divided by their surface area (see Fig. 1).

I=F,-F

out

uncharged metal plates

FIG. 1. A visual representation of the underlying mechanism of
the Casimir effect.

T [ T [
) =—— / dq v/ + 3*(coth(y/q? + 32L) — 1) — — / dq q*(coth (gL) — 1)
L—o0 4z 0 4 0

19)

(

The first term on the right-hand side of Eq. (19) represents
the contribution from electric field fluctuations. Based on the
Bohr-Van Leeuwen theorem, only the pure electric component
of the disjoining pressure is influenced by the presence of
classical charged particles in a volume between metal walls.
That is why this contribution depends on the inverse Debye
length, ». The second and third terms in the expression for
the electromagnetic pressure arise from fluctuations that are
unaffected by the presence of classical ions. Such a contri-
bution was also obtained by Neto et al. [37] for the case
of an electrolyte solution confined between dielectric plates
using the scattering formalism [38]. Note also that the first
and second zero Matsubara frequency terms on the right-hand
side of Eq. (19) can be derived from Eq. (25) in the paper by
Neto et al. [37], in the limit of metallic walls (i.e., an infinite
dielectric constant), by differentiating the obtained free energy
with respect to the interwall distance. Furthermore, the pres-
ence of the unscreened zero Matsubara frequency term was
confirmed recently by experiments measuring the colloidal
interaction between two silica microspheres in an aqueous
solution at distances ranging from 0.2 to 0.5 microns using
optical tweezers [39].
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Equation (19) can be rewritten as follows. Let us subtract
and add the second term. This results in a purely repulsive ion
contribution to the disjoining pressure,

T o0
Mion = —— | dq gv/q® + s2(coth(v/¢2 + »2L) — 1)

4 0
T [ 2
+ — dq q“(coth (qL) — 1), (20)
4 0

which can be derived within the statistical field theory of the
Coulomb gas [17,36,40] using image-charge concept, and the
negative contribution of the electromagnetic field fluctuations,
which coincides exactly with the result of Schwinger and
coworkers [4]

Mem
T <, [
=—— Z// dq q \/ >+ w2(coth (/¢ + w2L) — 1),
T 0
n=0
21
so that
M= Hion + Hgpm. (22)

Thus, our first-principle calculations justify the separation
hypothesis discussed in the introduction. It should be noted
that recent studies within the framework of scattering for-
malism [37] have shown that ions in electrolyte solutions
have a negligible effect on the electromagnetic component
of the Casimir force. Our findings support this conclusion,
as we have demonstrated that classical ions in Coulomb
gas have no impact on the electromagnetic Casimir force.
To fully understand the complex influence of ions on this
phenomenon, we need to take into account quantum ef-
fects of ions, while not neglecting the terms associated
with the &,(r) and &,(7) in Eq. (9). This is beyond the
scope of the current paper, so we will address it in separate
context.

Note that IT;,, vanishes when sz = 0. Note also that it can
be simplified to

Moo = ——(£3) 1/00 dy y* 23)
on = g3 \¢ 2 oy @ —1)

The ion contribution to the disjoining pressure has the follow-
ing asymptotic behavior

T¢(3)
Mgy {00 2> 4
&T—”L, »L < 1.

The electromagnetic contribution can be also simplified
to [4]

T & ® dyy?
Mgy = —— ! . 25
EM 47TL3 ng(; v/2w,,L ey — 1 ( )

II1. DISCUSSION

Now let us discuss which formula correctly describes the
Casimir disjoining pressure in a high-temperature regime in
the absence of ions—the Schwinger or the Lifshitz formula.
As discussed in the introduction, when applied to the limit of

ideally conductive walls, Lifshitz’s theory encounters an am-
biguity that requires taking the limits w, — 0 and e(w) — o0.
Schwinger et al. postulated the following order: €(w) — oo
and then w, — 0. At first glance, there seem to be no funda-
mental reasons why this particular order should be preferred
over the one discussed in the works of Lifshitz and cowork-
ers [3]. However, two main arguments support Schwinger’s
rule as the correct one.

First, from general physical considerations, in the limit
of an ideal metal [e(w) — o0], the specific properties of
the boundary surfaces become insignificant, and we ob-
tain a pure electromagnetic field decoupled from matter in
equilibrium with perfectly reflecting flat surfaces. This pure
quantum field system, in its dynamics, must obey the sym-
metry of four-dimensional spacetime with respect to the
Poincare group, ISO(3,1). In thermodynamic equilibrium, the
symmetry of four-dimensional spacetime reduces to that of
four-dimensional Euclidean space with respect to the ISO(4)
group, where time is replaced by the imaginary time (inverse
temperature). As we have shown in our previous work [25],
the Schwinger’s formula follows from the Helmholtz free en-
ergy divided by temperature (or partition function) [25] which
is invariant under the ISO(4) group. At the same time, the
expression obtained by Lifshitz ef al. does not correspond to
the partition function that is invariant under ISO(4). Thus, we
conclude that the disjoining pressure obtained by Schwinger
respects the symmetries of four-dimensional space. The same
can be said about the tangential pressure and, therefore,
surface tension that we have recently obtained [25]. It is
important to note that, due to the ISO(4) symmetry of the
partition function, we can obtain the low-temperature expan-
sion of the disjoining pressure, as obtained by Mehra [41],
from a resummation of Schwinger’s high-temperature
expansion [4,25].

The second argument is based on the fundamental princi-
ples of classical electrodynamics and statistical mechanics.
The difference between the results obtained by Schwinger
et al. and those derived from Lifshitz’s theory is due to the
fact that the latter does not account for classical radiation
pressure, which occurs in the high-temperature limit. In con-
trast, Schwinger’s approach does take this into consideration.
Indeed, the zero Matsubara frequency term in the total elec-
tromagnetic disjoining pressure [4,25],

T¢3)
Ar L3’
(26)

=0 _ _r Ood *(coth (qgL) — 1) = —

is simply the disjoining pressure generated by equilibrium
classical radiation. This is demonstrated using classical elec-
trodynamics and statistical mechanics in Appendix C.

It is important to note that recent highly accurate exper-
iments [42] have been conducted to measure the Casimir
force between metal plates. These experiments showed that
the plasma model for metal, which allows neglecting the
imaginary part of the dielectric constant [10,43], is accurate
for short separations up to 4.8 microns. This assumption is
consistent with the evaluation of the electromagnetic part of
the disjoining pressure (21) obtained for the ideal metal case.
However, for separations greater than 4.8 microns, definitive
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conclusions could not be drawn from the experimental data
due to the limitations of the measurement techniques used.
Therefore, further experimental confirmation is needed to ver-
ify the theory at larger distances.

We would like to share some reflections on the current
results and their potential future developments. As noted
in the introduction, approaches based on a purely electro-
static consideration [18,19,23,40] yield absolute values for
the zero Matsubara mode of the Casimir force that are half
of those predicted by quantum electrodynamics in the high-
temperature approximation for an ideal metal walls. This is
not surprising from a physics standpoint, as the electrostatic
approach clearly cannot provide a comprehensive description
of the phenomenon. This is because it ignores the effects
related to the equilibrium electromagnetic field. In fact, as we
have shown above (see also Ref. [34]), in the classical approx-
imation, the total partition function of a system of charges
interacting with an electromagnetic field can be factorized
into the configuration partition function of charges interact-
ing via the Coulomb potential and the partition function of
the electromagnetic field itself. Therefore, these two partition
functions must be calculated separately. Note also that we
have examined only the behavior of the ions in a vacuum
between ideal metal walls. However, it is important to note
that this represents an idealization, as in real-world scenar-
ios, ions are typically surrounded by polar solvent molecules
in electrolyte solutions [37,44]. This simplification allowed
us to illustrate, based on the first principles, how the pres-
ence of charged particles affects the Casimir force at high
temperatures. To incorporate the effects of a solvent’s dielec-
tric medium, we can introduce a phenomenological dielectric
function, in line with standard Lifshitz theory [8,10,45-47]
or scattering formalism [37,38,44]. To accomplish this, it is
necessary to develop a finite-temperature quantum field the-
ory that includes an action for the electromagnetic field in a
dielectric medium with a specific phenomenological dielectric
function. These issues deserve separate consideration in fu-
ture publications, within the framework of finite-temperature
quantum field theory.

IV. CONCLUSIONS

In conclusion, our justification for the separation hypoth-
esis is grounded in the fundamental principles of quantum
electrodynamics and quantum statistical physics. We have
shown that, in the Gaussian approximation, the positive ionic
contribution to the Casimir force, of electrostatic origin, can
be separated from the electromagnetic fluctuations responsi-
ble for the original Casimir effect. It is crucial to highlight the
significance of calculating the zero Matsubara mode term in
the electromagnetic contribution using the formula put forth
by Schwinger et al., rather than that of Lifshitz et al. This
choice is supported by the ISO(4) symmetry of the Helmholtz
free energy, from which Schwinger’s formula can be de-
rived, and by the correspondence between the zero Matsubara
mode in Schwinger’s expansion and the pressure of classi-
cal electromagnetic radiation in equilibrium with conductive
walls, as explained by classical electrodynamics and statistical
physics.
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APPENDIX A: GAUGE INVARIANCE
OF PARTITION FUNCTION

The partition function of the described system can be writ-
ten as follows:

Z= %DA 7§ do[{r™)] 55 do[{r! )%,

where

(AL)

B
S— / dr / Sx Loy — i(pp—§- A (A2)
0

is the total action with the Lagrangian of the electromagnetic
field
XEM = _%FuuFu\u (A3)

where F),, = d,A, — 9,A,, is the electromagnetic tensor. Us-
ing the electric charge conservation law,

3p+V-j=0. (A4)
We can easily check that (A1) is a gauge invariant.
To fix gauge, let us consider the identity
f D6 |D| 8[9,A (x) — B(x)] = 1, (A3)

where |D| is determined by (B5), Az is defined by (B6), and
B(x) is an arbitrary function; §[-] is the functional gener-
alization of Dirac’s §-function. Using the identity (AS5), the
partition function can be rewritten as

Z= ?gm % DA?gda[{rl?*)}]

x jﬁdo[{rﬁf)}nm 89,45 — Ble®. (A6)

Calculation of the functional integral over all possible func-
tions B(x) and dividing by gauge group volume V, = ¢ D9,

B2
z=Y;! DBZexp(—aT), (A7)

results in (1). From (A5) it follows that Z in (A6) does not
depend on B(x); thus the integration over B(x) is equivalent to
multiplying by infinite constant [25].

APPENDIX B: CALCULATION OF PARTITION FUNCTION
The partition function at « = 1 can be written as

1
Z =|D|(AgA1ArA3) 2, (B1)

where A, is the determinant corresponding to the functional
integrations over A,,. Let us consider the eigenfunctions of the
D’ Alembert operator:

—Ov(x,q,n,1)=1q,n, v, q,n,l),

I=1,2..., n=0,+1,42,..., (B2
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satisfying the boundary conditions at x3 = 0 and x3 = L,

v=0, (B3)
with eigenvalues
Ma,n D) =q* +qi + o). (B4)
The determinant |D| can be rewritten as
816
|ID| = Det| — — |, (BS)
860

where O(x) is the parameter of the gauge transforma-
tion [25,26],
Al =A, —d,0. (B6)

It has been shown recently [25] that 6(x) is satisfied by the
same boundary conditions as v, so that

ID| = exp <Zlnxl>, (B7)

=1

where

_ d*q
Ink = ,4/ pErsd > Ini(q.n. 1) (B8)

neZ

and also Ap, A;, and A, are satisfied by the same boundary
conditions. Therefore

/DA, exp (3(A1, 0AD) = A2, (B9)

ol—

Ay = D], (B10)

and for A, one gets the same result as for A}, i.e., A} =
A,. Let us note that v(x, q, 0, /) are eigenfunctions of other
operators,

(2 —0O)v(x,q,0,1) = A (q,0,v(x,q,0,1), (Bll)
with other eigenvalues
2(q,0,1) = q*+ g7 + 5, (B12)
where
(B13)

=8 Z naqi.
a==%

From this, one can get

1
/Dw exp (5(% Up)

B 2 1
—%quna/aﬁx(/o dro(r, x)) ) = A7, (Bl4)
a==+

where
@(x) = ¢(7,X)
o0
=>> / d*q ao(q, n, Dv(x, q,n, 1)+ He.,
=1 nezZ
(B15)

and after integrating ¢(x) with respect to t in the expres-
sion (B14) only one nonzero term with n = 0 remains in

sum (B15) because the integral of the function v(x, q, n, /) ~
e'" is equal to zero at n # 0. Thus, we have

00 42 o0
InAg = AZ/ #(m%(q, 0.)+23 Ini(q, n,l)).
=1 n=1

(B16)
Aj satisfies other boundary conditions at x3 = 0 and x3 = L,
d03A3 = 0, B17)

which gives the zero charge density on the surfaces of plates,
i.e., V- E = 0. Thus, let us consider the eigenfunctions

—Ou(x,q,n,1)=rq,n, Dulx,q,n,l),

1=0,1,2..., n=0,%1,42,... (BIY)
with the boundary conditions at x3 = 0 and x3 = L,
d3u =0, (B19)
then one can get
_1
f DAz exp (5(A3, 043)) = A2, (B20)
where
oo
Az = exp <Zlni,), (B21)
1=0

which can be rewritten as

In As =AZ/ #(muq, 0. +2 Ini(q, n,1)>.
=0

n=1

(B22)

APPENDIX C: DISJOINING PRESSURE
OF ELECTROMAGNETIC RADIATION
IN CLASSICAL PHYSICS

Let us condider the standing electromagnetic waves be-
tween perfectly conducting metal flat walls separated by
distance L. We consider the Coulomb gauge, i.e., that ¢ =
0 and V-A =0. The general solution of the d’Alembert
equation,

A AA =0 ChH
or2 -
with boundary conditions on the walls corresponding to the
ideal metal

03A3(x1, X2, 0,1) = 03A3(x1, x2, L, 1) =0, (C2)

All(xy, x%0,0,1) = All(xy, x2, L, 1) = 0, All = (4;, A,, 0),
(C3)

satisfying the gauge relation V - A = 0, is determined by the
well-known formula [48]

o .
/ . q) .
A= Z Z /<a£111)[e(b e3] Sln(qIXS) + a((lzl) (eqw—ql sm(ql)c3)
q [=0

— €3 M cos(q;x3 )))eiq"’ +c.c., (C4)
13

q/
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where p = (x1, x2,0), ¢;)=nl/L,1=0,1,2,...,q=2nwn,/Ly,
27ny /Ly, 0), ny,ny € Z, oq = Vq* + q7, eq = q/1q|, €3 is
the unit vector along the x3 axis, and [eq, €3] is the vector
product; the double prime on the sum means that there is an
extra factor of 1/+/2 for the term with [ = 0.

Note that the coefficients a(“) (the index a = 1, 2 indicates
the polarization direction) are the functions of time and satisfy
the equations

(Ot) + waa(ﬂll) =0, (C5)

ie.,a® ~ eivat,
The electric and magnetic fields are determined by

relations

E=-A, B=[V,A] (C6)
which yield
o0
E= Z Z (- afllz)iwqi [eq, €3] sin(g;x3)
q [=0

+ aff,)(eqq, sin(gix3) + ies|q| cos(gix3)))e” + c.c.,
(&7))

o0
B=Y >""(-dDiogleq es]cos(qxs)

q [=0

+ afll,)(eqq, cos(qix3) — ies|q| sin(gx3)))e'd” + c.c.

(C8)
The total energy of the electromagnetic field is
1
H=3 / d’r(E* + B?). (C9)
Using Egs. (C4), (C7), and (C8), integration yields
Z ZZ g +q’)ag*aly),  (C10)

ot12q:

where V = L,L,L is the total volume enclosed by the metal
walls.
Then, introducing the canonical variables

4 o)
0y’ = 5 (ay +ag’). (C11)
o . \/‘7 o (a)
PY = —zquT(afﬂ) —al"). (C12)

where the symbol * means the complex conjugation, we can

rewrite the total energy of the electromagnetic field in their

terms as follows:
)2

HIP, Q] = wj,Qfﬂ’ ). (C13)

PHHACIE

a12q=

Note that these variables are canonical because they satisfy
the Hamilton’s equations:
@) oH o O0H

Oy = @ P, = @ (C14)
q anl q Q

For the harmonic oscillators of the electromagnetic field,
which are in equilibrium with metal walls, we have the fol-
lowing Gibbs distribution function:

e PHIP.QL

PIP, Q] = (C15)

The Helmholtz free energy of the electromagnetic field is

F=-ThhZ, (C16)
where the partition function is
= / DPDQ e PHIRC] (C17)

Calculating the Gaussian integrals, we obtain the Helmholtz
free energy up to infinite constant which does not depend
on L:

F = TZZ]n +47). (C18)
q =0
The electromagnetic radiation pressure is
IF/A
P=- (F/ ), (C19)
oL

where A = L,L, is the total area of the metal walls. Therefore,

we obtain
/ q;
(@54 )2 qQ* +q

where we have used the fact that for very large walls we have
d*q

)—> A / ——().

§q ) )

Using the same approach to regularizing divergent sums as
in [25], we obtain

(C20)

(c21)

d*q
_T / (5 24 coth(aL). (C22)

In agreement with (26), the radiation disjoining pressure is
My =P — P|L%o = Ig,,”

T¢(3)
A3

/ ) 2q(coth(qL)—l)—— (C23)
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