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Non-Markovianity and a generalized Landauer bound for a minimal quantum
autonomous thermal machine with a work qubit
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We investigate the validity of the Landauer principle in the context of a non-Markovian environment,
employing a quantum autonomous thermal machine (QATM) comprised of two qubits, attached to different
Markovian thermal reservoirs coupled to a single qubit acting as a quantum coherence reservoir, interpreted as a
working qubit. We numerically demonstrate that the non-Markovianity, arising from the exchange of correlations
between the QATM qubits and the work qubit, influences the Landauer bound. We analyze two distinct reservoir
types: fermionic and bosonic, and show that the QATM, operating as a single entity, interacts with the work qubit
at an effective virtual temperature, leading to a violation of the conventional Landauer bound. Consequently,
we derive a lower bound for the minimal dissipation energy required to erase information during the energy
exchange between the QATM and the work qubit. The QATM’s information engine character and impact on the
work qubit is further characterized by monitoring its information content, including coherence and population
dynamics. Our analysis reveals that the work qubit’s populations oscillate in time, while the coherence dissipates
nonmonotonically.
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I. INTRODUCTION

Quantum autonomous thermal machines (QATMs) have at-
tracted much attention for investigating fundamental problems
in quantum thermodynamics and making quantum technolo-
gies less reliant on external control [1–4]. In addition to
more conventional studies, such as quıantum Brownian au-
tonomous heat engines and refrigerators [5–8], QATMs have
been studied from the perspective of quantum information
thermodynamics as well, including quantum entanglement
generators [9–11] and energetic coherence managers [12].
In machine learning, QATMs are proposed to optimize
finite-time thermodynamic processes [13]. Heat engines with
quantum systems subject to external control have been real-
ized with a single-ion [14], nitrogen-vacancy center [15], and
spin systems [16,17]; and promising routes to realize QATM’s
experimentally have been proposed recently, too [18]. Another
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critical aspect explored is the impact of non-Markovian ther-
mal operations on the performance of these machines, where
non-Markovianity has been shown to enhance the efficiency
of Otto engines and refrigeration cycles [8,9,19–21].

In the context of open quantum systems, one cannot always
describe the dynamics of the open quantum systems using
Markov approximation [22]. In general, the interaction be-
tween the open system and its environment for a time scale
gives rise to more information loss about the memory effect
of the open system evolution. It has been shown that one
can study the evolution of an open quantum system using
many techniques. Among them: are the Lindblad master equa-
tion [23], Heisenberg evolution, pseudomod evolution, and
also stochastic methods [22]. Moreover, the non-Markovian
dynamics can be created according to an ancillary qubit that
filters the interaction of the open system with its surroundings
to describe a structured non-Markovian environment strongly
coupled to the system. In this inspiration, the memory effect
is based on the correlations exchanged between the ancilla
and the open system [24]. This paves the way for extending
these concepts into the thermodynamic framework; includ-
ing the effect of entropy exchange between the system and
its environment, the relationship between the second law of
thermodynamics and the concepts of Maxwell’s demon to
increase the control of the open quantum system [25]. This
boosts the energy limits, fluctuations and non-Markovianity,
to understand the fluctuations and the entropy production in a
nanometer scale in the presence of multiple baths coupled to
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an open system via auxiliary qubits [26]. Importantly, it has
been highlighted that non-Markovianity plays an important
role in the evolution of quantum thermal machines by ana-
lyzing the Otto and Carnot cycles [27].

Non-Markovianity in open quantum systems is generally
attributed to memory effects in the system-environment in-
teractions [28], characterized by the backflow of information
from the environment to the system [29]. Particularly, the
connection between thermodynamics and non-Markovian dy-
namics has been investigated. Indeed, the entropy production
in non-Markovian quantum systems using the mesoscopic
leads approach, as well as entropy production in strongly
coupled systems with a Markovian embedding have been
investigated [30]. Furthermore, the quantum Landauer prin-
ciple [31] emerges from the intersection of thermodynamics
and information theory, traditionally defining the minimum
energy dissipation required to erase one bit of information
through an irreversible transformation. The quantum Lan-
dauer bound extends this concept to the realm of quantum
information erasure and thermodynamics [32]. Some studies
have focused on how non-Markovian dynamics influence the
Landauer limit [33–35]. While a QATM operates without
external intervention, relying solely on its subsystems [1],
it must be connected to a work or information reservoir for
its usefulness. This raises several pertinent questions: How
does non-Markovianity affect the dynamics of a QATM in the
presence of an information reservoir? What is the relationship
between the Landauer principle and non-Markovianity in the
context of producing quantum coherence in a working qubit?
How do quantum correlations in the system of QATM-work
qubit and non-Markovianity influence the violation of the
Landauer principle?

To address these questions, we propose a model of a QATM
with a pair of qubits attached to their Markovian thermal
reservoirs and both are coupled to a work qubit for storing
quantum coherence. Our model relies on the exchange of
excitations between machine qubits and the work qubit [36].
We consider two types of reservoirs: bosonic and fermionic
[37,38]. Specifically, the time evolution of each qubit can be
determined by solving the quantum master equation, which is
based on the probabilistic interaction of the reservoirs with
the machine-work qubit total system [39–41]. The pair of
qubits of the QATM and their reservoirs can be envisioned as a
single virtual machine qubit in contact with a single composite
thermal bath of virtual qubits at a virtual temperature [47].
We shall use this interpretation to give physical insight into
some of our results. The impact of QATM parameters on non-
Markovianity is quantified using the trace distance [45], where
nonmonotonic variations over time indicate non-Markovian
dynamics, highlighting the prominence of memory effects.
Our results suggest that the effect of QATM on the dynamics
of the work qubit is more pronounced in fermionic than in
bosonic reservoirs. To elucidate the backflow of information,
we analyze correlations between the QATM and the work
qubit using quantum mutual information [46], demonstrating
that these correlations enhance information flow between the
QATM and the work qubit. We find that the non-Markovian
effect can violate the traditional Landauer bound, but a new,

FIG. 1. Diagram of the two-qubit QATM S1S2 interacts with a
working qubit S0 that stores the quantum coherence produced by
the machine. Moreover, the qubits S1 and S2 are attached to the
Markovian reservoirs, namely R1 and R2, respectively. In contrast,
the work qubit S0 remains isolated from the environment and in-
teracts directly with the QATM qubits via a coupling strength k.
However, the interaction between qubit S1 (S2) and reservoirs R1 (R2)
modes is governed via the coupling strengths g1 (g2).

lower Landauer bound is confirmed across both Markovian
and non-Markovian regimes.

The rest of the paper is structured as follows. In Sec. II,
we introduced our theoretical model, where the Hamiltonian
of the QATM-work qubit, i.e., the open system, including
the master equation describing this open quantum system
dynamics of the total system is presented. In Sec. III, we
discuss our results, where we covered the QATM opera-
tion and work qubit dynamics in Sec. III A. In Sec. III B,
we address the question of non-Markovianity and informa-
tion exchange between the open system and the QATM,
in terms of trace distance and mutual information analy-
sis in Secs. III B 1 and III B 2, respectively. Section III C
includes our findings on the relationship between the Lan-
dauer bound and non-Markovianity within the proposed au-
tonomous quantum thermal machine. A conclusion is given in
Sec. IV.

II. QATM-WORK QUBIT MODEL

We consider a total system, denoted by T = S1 ⊗ S2 ⊗ S0,
composed of three two-level systems (qubits), labeled S0, S1,
and S2. In this model, S0 is isolated from the environment via
the two qubits S1 and S2, where each of them is coupled to two
Markovian reservoirs, R1 and R2, respectively, (see Fig. 1).
Moreover, the composite system S12 = S1 ⊗ S2 denotes the
QATM, which generates and stores quantum coherence in S0,

044124-2



NON-MARKOVIANITY AND A GENERALIZED LANDAUER … PHYSICAL REVIEW E 111, 044124 (2025)

referred to as the work qubit—a concept that will be further
discussed in subsequent sections.

Model Hamiltonian and the master equation
for QATM-work qubit system

The total Hamiltonian of our model, denoted by Ĥ , is
given by

Ĥ = ĤT +
2∑

m=1

ĤRm + ĤS12R, (1)

where

ĤT =
2∑

i=0

ĤSi + ĤS12S0 (2)

is the Hamiltonian of the total qubit system T , where (h̄ = 1),

ĤSi = ESi σ̂
+
Si

σ̂−
Si

, (3)

is the free Hamiltonian of the qubit Si with energy gap
ESi , where i ∈ {0, 1, 2}. We assume that ES2 = ES1 + ES0 .
Here, σ+

Si
= (σ−

Si
)† = |1Si〉 〈0Si |, where the operators act as

σ+
Si

|0Si〉 = |1Si〉 and σ−
Si

|1Si〉 = |0Si〉. The states |0Si〉 and |1Si〉
represent the ground and excited states, respectively, of the
qubit Si, with i ∈ {0, 1, 2}.

The term ĤS12S0 represents the interaction Hamiltonian
among the qubits. It is given by [12,36]

ĤS12S0 = k
( ∣∣1S1 0S2 1S0

〉 〈
0S1 1S2 0S0

∣∣
+ ∣∣0S1 1S2 0S0

〉 〈
1S1 0S2 1S0

∣∣ ), (4)

where k is the coupling coefficient between systems S12

and S0. This interaction describes a minimal QATM [36],
representing the excitation exchange among S1, S2, and S0.
Physically, the Hamiltonian in Eq. (4) drives the transition
from |0S1 1S2 0S0〉 to |1S1 0S2 1S0〉 and its reverse, from |1S1 0S2 1S0〉
to |0S1 1S2 0S0〉. The transition from |0S1 1S2 0S0〉 to |1S1 0S2 1S0〉
corresponds to an increased probability of the excited states
for systems S1 and S0, accompanied by a decreased probability
of the excited state for system S2. This indicates that the heat
is transferred from qubit S2 to qubit S1 via S0. Conversely, the
transition from |1S1 0S2 1S0〉 to |0S1 1S2 0S0〉 represents the heat
transfer from qubit S1 to qubit S2 through S0. As we will see in
the next sections, during these heat transfers, the populations
of the work qubit S0 evolve in oscillatory patterns over time,
where quantum coherence is generated and temporarily stored
in qubit S0. Indeed, this can be interpreted as a result of the
operation of the QATM [36].

The reservoirs are modeled as large ensembles of quan-
tum harmonic oscillators, which can be either bosonic or
fermionic, described by the free Hamiltonians

ĤRm =
∑

k

Emkâ†
mkâmk, (5)

where âmk and â†
mk are the annihilation and creation oper-

ators of the reservoir modes, respectively, obeying bosonic
or fermionic commutation relations. Each reservoir Rm is
assumed to be in a thermal Gibbs state represented by the

density matrix

ρ̂Rm = 1

ZRm

e−βRm ĤRm , (6)

where ZRm = TrRm [exp(−βRm ĤRm )] is the partition function,
and βRm = 1/Tm (m ∈ {1, 2}) is the inverse temperature (with
the Boltzmann constant kB = 1). We assume that R2 is the hot
bath, while R1 is the cold bath, with βR2 =: β2 � βR1 =: β1.

The interaction Hamiltonian between the working qubits
and their respective thermal reservoirs, denoted by ĤS12R, is
given by

ĤS12R =
2∑

m=1

∑
k

gmk (σ̂+
m ⊗ âmk + σ̂−

m ⊗ â†
mk ). (7)

In our analysis, we assume weak coupling between the baths
and the working qubits and employ the standard local Born-
Markov master equation in Lindblad form [39–41]

d

dt
ρ̂T (t ) = −i[ĤT , ρ̂T (t )] + L[ρ̂T (t )], (8)

where the first term is for the Liouville-von Neumann evolu-
tion and L[ρ̂T (t )] accounts for the Lindbladian evolution.

The quantum master equation in Eq. (8) describes the dy-
namics for any type of Markovian reservoir, whether bosonic
or fermionic. The dissipator D[ρ̂T (t )] for the bosonic reser-
voirs is expressed as

L[ρ̂T (t )] =
2∑

m=1

μm(n̄mD[σ+
m ]ρ̂T (t ) + (n̄m + 1)D[σ−

m ]ρ̂T (t )),

(9)

where μm is the dissipation rate, and the Lindblad dissipa-
tor superoperator, acting on a density matrix ρ̂, for a jump
operator ô is defined as D[ô]ρ̂ := ôρ̂ô† − {ô†ô, ρ̂}/2, with
the second term representing the anticommutator. The mean
number of quanta n̄m in each reservoir Rm with m = {1, 2}, on
resonance with the corresponding qubit, is given by

n̄±
m = 1

eβmESm ± 1
, (10)

with the superscript + and − distinguishing the fermionic and
bosonic character of the reservoirs.

The total initial state of the entire system including the
reservoirs is assumed to be factorized as

ρ̂(0) = ρ̂R1S1 (0) ⊗ ρ̂R2S2 (0) ⊗ ρ0(0), (11)

where ρ̂0(0) represents the initial density matrix of the work
qubit S0. Moreover, ρ̂R1S1 (0) = ρ̂R1 (0) ⊗ ρ̂1(0) and ρ̂R2S2 (0) =
ρ̂R2 (0) ⊗ ρ̂2(0), where ρ̂1(0) and ρ̂2(0) are the initial density
matrices of the qubits S1 and S2, respectively.

Based on the structure of the Hamiltonian and the master
equation, we can anticipate how the work qubit S0 will evolve
concerning the initial conditions. Moreover, the thermal noise
from the Markovian reservoirs is filtered by the QATM qubits
S12 = S1 ⊗ S2 during the heat transfer process. Effectively,
transforming the combined QATM qubits S12 = S1 ⊗ S2 and
their attached reservoirs into structured baths for the work
qubit S0. These baths exhibit effective Lorentzian linewidths,
resulting in non-Markovian dynamics for the work qubit S0.
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(a) T1 = 0.3T2 (Tv = 0.72) (b) T1 = 0.7T2 (Tv = 0.336) (c) T1 = T2 (Tv = 0.3)

(d) k = 0.1 (e) k = 0.5 (f) k = 0.9

FIG. 2. Plots of the populations of the work qubit S0. The red (solid line, dashed line) curves represent the ground state for the (fermionic,
bosonic) reservoirs, while the yellow (dash-dot line, dotted line) curves correspond to the excited state for the (fermionic, bosonic) reservoirs.
In (a)–(c), we set k = 0.5 for different values of the temperature T1 of the qubit S1. In (d)–(f), we set T1 = 0.5T2 for various couplings k between
S12 and S0.

Under such non-Markovian evolution, the interaction-induced
coherence will be temporarily stored in S0. In the following
analysis, we will evolve the initial state and trace out the
QATM qubits S12 to investigate the dynamics of the work
qubit S0. This will allow us to verify our interpretation of the
interaction between S12 and S0, and to identify the signature
of non-Markovianity, information generation, and storage in
the work qubit S0. In addition, we will examine the Lan-
dauer bound and generalized Landauer bound of the proposed
system.

III. RESULTS

In this section, we present the results of our analysis, start-
ing with the initial assumptions. We assume that the qubits
are initially uncorrelated and that the working qubits are in
thermal equilibrium with their respective heat baths, described
by the state

ρ̂S12 (0) = ρ̂1 ⊗ ρ̂2 = 1

Z1
e−β1Ĥ1 ⊗ 1

Z2
e−β2Ĥ2 , (12)

where Zm = Tr[exp(−βmĤm)] is the partition function. We
take the initial state of S0 to be S0 is |ψ〉0 (0) = 1

2 ( |0S0〉 +
|1S0〉 ). For our analysis, we normalize the energy scale us-
ing ES2 = 1 and set the parameters as ES1 = 0.2, μ1 = 0.1,
μ2 = 0.1, and T2 = 0.3.

A. QATM operation on work qubit

We evolve the initial state by solving the master equa-
tion using Eqs. (8) and (9), and we compute the dynamics of
the populations and coherence in the reduced state of the work
qubit S0. The coherence is quantified using the relative entropy
of coherence (REC), also known as the Kullback-Leibler
divergence [43,44]. Indeed, the REC in our scenario, namely,
C(ρ̂(t )) turns out to be [42]

C(ρ̂0(t )) = S(ρ̂0(t )‖ρ̃0(t )), (13)

where S(ρ̂0(t )‖ρ̃0(t )) is the relative entropy. Here, ρ̃0 is the
fully dephased state, representing the density matrix of the
work qubit S0 without its off-diagonal elements.

In Figs. 2(a)–2(c), we plot the populations of S0 while vary-
ing the temperatures and quantum statistics of the reservoirs
T1 and T2. The results show clear oscillatory behavior in the
populations, indicating the influence of the QATM (S12) on
the population dynamics of S0. Figures 2(d)–2(f) illustrate the
effect of varying the coupling constant k on the population
dynamics of S0. Here, we observe that reducing the coupling
between S0 and the QATM (S12) dampens the oscillations,
confirming that the interaction between S0 and S12 is respon-
sible for these oscillations.

Figure 3 shows the coherence of S0 as a function of time,
measured by the relative entropy of coherence. In Fig. 3(a),
we manipulate the coherence dynamics by varying the tem-
perature of the reservoirs T1 and T2. The results indicate that
the coherence of S0 decays over time due to the decoherence
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(a) (b)

FIG. 3. Plots of the relative entropy of coherence C(ρ0(t )) for the work qubit S0 as a function of time. In (a), we vary the resonance
temperature between T1 and T2, where the black (dashed line, dash-dot line), yellow (solid line, dash-dash-dot line), and red (dotted line,
dot-dot-dash line) curves representing T1 = 0.3T2, 0.7T2, and T2, respectively, for (fermionic, bosonic) reservoirs. Besides, we set k = 0.5. In
(b), we vary the coupling k between S0 and S12, with the black (dashed line, dash-dot line), yellow (solid line, dash-dash-dot line), and red
(dotted line, dot-dot-dash line) curves corresponding to k = 0.1, 0.5, and 0.9, respectively, for (fermionic, bosonic) reservoirs. In this case, we
set T1 = 0.5T2.

induced by reservoirs R1 and R2. The nonmonotonic decrease
in the relative entropy of coherence suggests a backflow
of information between S12 and S0, a characteristic of non-
Markovian behavior. Additionally, in Fig. 3(b), we find that a
strong coupling strength k induces a transition from a Marko-
vian to a non-Markovian regime. Specifically, the subsystems
S1 and S2, together with their respective reservoirs R1 and R2,
act as structured reservoirs relative to the qubit S0.

The observed coherence and population oscillations of S0

can be interpreted as follows: the QATM system S12 functions
as an information engine that rectifies thermal fluctuations and
chaotic energy (heat) into coherent oscillations of S0. These
coherent oscillations of S0 can subsequently be converted into
other forms of energy, such as radiation from dipole oscilla-
tion. Thus an information engine like this could potentially
be harnessed as a compact quantum technological device for
generating useful energy.

B. Non-Markovian character of QATM action
on work qubit dynamics

To further explore the information dynamics in the reduced
density matrix ρ̂0, we evaluate the trace distance of S0 to
analyze potential memory effects. This section focuses on
examining the non-Markovian nature of the proposed model
by quantifying the amount of exchanged information between
the open system S0 and the thermal machine S12. The analysis
is carried out using trace distance and mutual information as
key indicators.

1. Trace distance

In the theory of open quantum systems, the trace distance
is a well-established metric for detecting non-Markovian

dynamics [45,48]. Consider two quantum states of the system
S0, denoted by ρ̂A

0 and ρ̂B
0 . The trace distance between these

states, denoted by D(ρ̂A
0 (t ), ρ̂B

0 (t )), is defined a

D(ρ̂A
0 (t ), ρ̂B

0 (t )) = 1
2 ||ρ̂A

0 (t ) − ρ̂B
0 (t )||. (14)

where ‖ · ‖ represents the trace norm. Physically, this quantity
measures how distinguishable the two states ρ̂A

0 (t ) and ρ̂B
0 (t )

are over time. If D(ρ̂A
0 (t ), ρ̂B

0 (t )) decreases monotonically
over time, the evolution of S0 is classified as Markovian.
Conversely, if this measure exhibits non-monotonic behavior,
the dynamics are indicative of non-Markovianity.

We explore the non-Markovianity of QATM by examining
the trace distance in two scenarios: one involving bosonic
reservoirs and the other involving fermionic reservoirs. In the
first scenario, we calculate the trace distance between two
superposition states, |ψA〉0 = (|0S0〉 + |1S0〉)/

√
2 and |ψB〉0 =

(|0S0〉 − |1S0〉)/
√

2, where ρ̂
A/B
0 = |ψA/B〉0 〈ψA/B|. Further-

more, we quantify non-Markovianity in the second scenario
using a pair of states, ρ̂A

0 = |1S0〉 〈1S0 | and ρ̂B
0 = |0S0〉 〈0S0 |. In

both cases, we examine the effect of the coupling constant k in
the Hamiltonian ĤS12S0 and the bath temperatures on the trace
distance and the emergence of non-Markovian effects.

In Fig. 4(a), we plot the trace distance between |ψA〉0 and
|ψB〉0 over time, focusing on the effect of varying the reso-
nance reservoir temperatures T 1 and T2. The trace distance
is analyzed for QATM qubits S12 coupled to either fermionic
(dashed line, solid line, dotted line) or bosonic (dash-dot line,
dash-dash-dot line, dot-dot-dash line) reservoirs R1 and R2.
The nonmonotonic behavior of the trace distance indicates
that the evolution of the S0 is non-Markovian. Notably, the
bath temperatures influence the degree of non-Markovianity.
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(a) (b)

FIG. 4. Plots of the trace distance D(ρ̂A
0 (t ), ρ̂B

0 (t )) of the work qubit S0 versus time. (a) Trace distance between |ψA〉0 and |ψB〉0, where
we manipulate the resonance temperature between T1 and T2, where black (dashed line, dash-dot line), yellow(solid line, dash-dash-dot line)
and red (dotted line, dot-dot-dash line) reflect T1 = 0.3T2, T1 = 0.7T2, and T1 = T2 respectively for (fermionic, bosonic) reservoirs, and we set
k = 0.5. (b) Trace distance between |1〉0 and |0〉0, where we manipulate the coupling k between S0 and S12, where black (dashed line, dash-dot
line), yellow (solid line, dash-dash-dot line), and red (dotted line, dot-dot-dash line) reflect k = 0.1, 0.5, and 0.9 respectively for (fermionic,
bosonic) reservoirs, and we set T1 = 0.5T2.

Specifically, an increase in backflow is observed when T1 <

T2, while raising T1 tends to reduce the degree of backflow
between the reservoirs and the open system S0.

In Fig. 4(b), we examine the trace distance for the sub-
system S0 between the initial states |1S0〉 〈1S0 | and |0S0〉 〈0S0 |
over time, varying the coupling between S0 and the ther-
mal machine S12. This analysis considers both fermionic and
bosonic reservoirs. A clear transition from Markovian to non-
Markovian dynamics is observed as the coupling constant
k increases. Indeed, stronger coupling between S0 and S12

drives the system dynamics from the Markovian to the non-
Markovian regime.

Now, we manipulate the trace distance between the states
of the QATM S12 over time. We consider two states of the
subsystem S12, namely, ρ̂A

12 when the density matrix of work
qubit is ρ̂A

0 ; and ρ̂B
12 when the state of the work qubit is ρ̂B

0 .
Then, the trace distance of the QATM is defined as

D
(
ρ̂A

12(t ), ρ̂B
12(t )

) = 1
2

∥∥ρ̂A
12(t ) − ρ̂B

12(t )
∥∥. (15)

In Fig. 5, we plot the trace distance of the QATM S12 over
time. In Fig. 5(a), we depict the trace distance between ρ̂A

12(t )
and ρ̂B

12(t ), where the work qubit S0 is initially prepared in the
states |ψA〉0 and |ψB〉0, respectively. Similarly, in Fig. 5(b), we
show the trace distance between ρ̂A

12(t ) and ρ̂B
12(t ), where the

work qubit S0 is initially in the states |1〉0 and |0〉0, respec-
tively. Initially, we observe that the trace distance is vanished,
namely, D(ρ̂A

12(0), ρ̂B
12(0)) = 0 since ρ̂A

12(0) = ρ̂B
12(0). For

t > 0, the trace distance of the QATM S12 increases non-
monotonically. This behavior indicates that the trace distance
of the work qubit decreases nonmonotonically, which implies
that information is transferred from the work qubit S0 to the
QATM S12. Additionally, we observe that when the trace

distance of the QATM S12 decreases, the trace distance of
the work qubit S0 increases. This suggests that there exists a
backflow of information between the QATM S12 and the work
qubit S0 over time. Indeed, the transfer of information between
them is partial due to the decoherence effects of reservoirs R1

and R2.
Figures 4(a), 4(b), 5(a), and 5(b) demonstrate how the

interaction between the thermal machine and the reservoirs
(both bosonic and fermionic) impacts the dynamics of the
open system S0. The bosonic reservoir exhibits greater tem-
perature sensitivity compared to the fermionic reservoirs,
leading to a more rapid reduction of non-Markovianity [49].
In the nonequilibrium regime, QATM effectively manages
non-Markovian dynamics by acting as an intermediary sys-
tem between the reservoirs R1-R2 and the work qubit S0.
demonstrate how the interaction between the thermal ma-
chine and the reservoirs (both bosonic and fermionic) impacts
the dynamics of the open system S0. The bosonic reser-
voir exhibits greater temperature sensitivity compared to the
fermionic reservoirs, leading to a more rapid reduction of
non-Markovianity [49]. In the nonequilibrium regime, QATM
effectively manages non-Markovian dynamics by acting as
an intermediary system between the reservoirs R1-R2 and the
work qubit S0.

2. Mutual information

We also examine the mutual information between the ther-
mal machine and the open system to provide further insights
into these memory effects. We employ the concept of mutual
information [46] to quantify the information shared between
the work qubit S0 and the QATM working qubits S12. Mutual
information measures the amount of shared information be-
tween two systems using the von Neumann entropy of each
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(a) (b)

FIG. 5. Plots of the trace distance D(ρA
12(t ), ρB

12(t )) of the QATM S12 versus time. (a) Trace distance between ρA
12(t ) where S0 is prepared

initially in |ψA〉0 and ρB
12(t ) where S0 is prepared initially in |ψB〉0. Moreover, we manipulate the resonance temperature between T1 and T2,

where black (dashed line, dash-dot line), yellow(solid line, dash-dash-dot line) and red (dotted line, dot-dot-dash line) reflect T1 = 0.3T2, 0.7T2,
and T2 respectively for (fermionic, bosonic) reservoirs, and we set k = 0.5. (b) Trace distance between ρA

12(t ) where S0 is prepared initially
in |1〉0 and ρB

12(t ) where S0 is prepared initially in |0〉0. Moreover, we manipulate the coupling k between S0 and S12, where black (dashed
line, dash-dot line), yellow(solid line, dash-dash-dot line) and red (dotted line, dot-dot-dash line) reflect k = 0.1, 0.5, and 0.9 respectively for
(fermionic, bosonic) reservoirs. Besides, we set T1 = 0.5T2.

subsystem. For our subsystems S0 and S12, the von Neumann
entropy is defined as

S(ρ̂0(t )) = −Tr{ρ̂0(t ) log2(ρ̂0(t ))}, (16)

S(ρ̂12(t )) = −Tr{ρ̂12(t ) log2(ρ̂12(t ))}. (17)

The von Neumann entropy of the total system T = {S1 ⊗ S2 ⊗
S0} is given by S(ρ̂T (t )) = −Tr{ρ̂T (t ) log2(ρ̂T (t ))}. Thus, the
mutual information between S0 and S12 is

I (t ) = S(ρ̂0(t )) + S(ρ̂12(t )) − S(ρ̂T (t )). (18)

We investigate the mutual information when the thermal ma-
chine interacts with bosonic and fermionic reservoirs. We
consider two cases: the work qubit S0 initially prepared in a
superposition state |ψA〉0 = 1√

2
(|0S0〉 + |1S0〉), and in a state

|1S0〉. The mutual information is analyzed over time by vary-
ing the reservoir temperatures T1 and T2. Additionally, for the
initial state |1S0〉, we study the impact of altering the coupling
between S0 and S12.

In Fig. 6, the behavior of the mutual information between
the subsystem S0 and the thermal machine S12 is shown
over time. The thermal machine is coupled to fermionic
and bosonic reservoirs. In Fig. 6(a), we plot the mutual in-
formation where the system S0 is initially prepared in the
superposition state |ψA〉0 under various temperatures of the
reservoirs T1 and T2. The thermal machine remains coupled to
fermionic and bosonic reservoirs. Initially, the mutual infor-
mation is zero, but it increases nonmonotonically over time,
indicating an increase in the information shared between S0

and the thermal machine, signaling backflow between them.
The effect of the temperature T1 and T2 is evident; the increase
in mutual information is attributed to the rising temperature T1

resonating with T2 in both bosonic and fermionic cases.

In Fig. 6(b), the mutual information is plotted for the initial
state |1S0〉 under various settings of the coupling constant k
between S0 and S12. Initially, there is no correlation, but as
the dynamics evolve (t > 0), the mutual information increases
nonmonotonically over time for strong coupling k. How-
ever, when the coupling k is reduced, the mutual information
evolves monotonically, reflecting the Markovian dynamics of
the system.

Figures 4 and 6 show that the mutual information between
the thermal machine and the bosonic reservoir (dashed line,
solid line, dotted line) is generally less than that obtained
with the fermionic reservoir (dash-dot line, dash-dash-dot
line, dot-dot-dash line), due to the temperature sensitivity of
bosonic reservoirs. The possibility of controlling coherence
and decoherence is linked to the specific choice of system
parameters, particularly bath temperatures, qubit energy spac-
ings, and coupling strength k.

C. Information backflow between work qubit
and QATM and the Landauer bound

Finally, we demonstrate that non-Markovianity can vi-
olate the conventional Landauer bound, but a generalized
lower bound can be established. Landauer’s principle is a
fundamental concept rooted in thermodynamics and quantum
information, positing that information loss over time, due to
interactions between an open system and its environment,
necessitates a minimum energy expenditure to reset this in-
formation [50].

Assume that the qubits of QATM, namely, S1 and S2 are
in thermal contact with reservoirs R1 and R2. In this inspi-
ration, the composite system S12 forms then a single system.
Indeed, this system is coupled to a virtual reservoir, denoted
as R12, operating at the virtual temperature Tv , as shown
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(a) (b)

FIG. 6. Plots of the mutual information I (t ) between the work qubit S0 and the QATM S12 vs time. In (a), S0 and S12 are initially prepared in
|ψA〉0 and ρ̂S12, respectively, for various considerations of the resonance temperature between T1 and T2. The black (dashed line, dash-dot line),
yellow (solid line, dash-dash-dot line), and red (dotted line, dot-dot-dash line) curves correspond to T1 = 0.3T2, 0.7T2, and T2, respectively,
for (fermionic, bosonic) reservoirs. Moreover, we set k = 0.5. In (b), we consider the initial states of S0 and S12 as 1̂0 and ρ̂S12, respectively,
for various coupling k between S0 and S12. The black (dashed line, dash-dot line), yellow (solid line, dash-dash-dot line), and red (dotted line,
dot-dot-dash line) curves correspond to k = 0.1, 0.5, and 0.9, respectively, for (fermionic, bosonic) reservoirs. Besides, we set T1 = 0.5T2.

in Fig. 7. The transitions corresponding to the blue energy
spacing E1 are associated with the interaction between S1 and
reservoir R1. In contrast, the transitions corresponding to the
red energy spacing E2 are linked to the interaction between
S2 and reservoir R2. According to the interaction Hamilto-
nian between the QATM S12 and the work qubit S0 given in
Eq. (4), transitions are imposed from |0S1 1S2 0S0〉 〈1S1 0S2 1S0 |
and their Hermitian conjugate |1S1 0S2 1S0〉 〈0S1 1S2 0S0 |. These
interactions occur only within the resonance region where the
work qubit S0, with spacing energy ES0 = ES2 − ES1 , interacts
with the QATM, which acts as a single entity with spacing
energy ES12 = ES0 .

Assume that |0S12〉 = |1S1 0S2〉 is the first ground state of
the QATM’s qubits, with the population PS12

0 = PS1
1 PS2

0 , as

FIG. 7. A schematic representation of the QATM S12 = S1 ⊗ S2,
modeled as a single body S12 with ground and excited states |0S12 〉
and |1S12 〉, respectively. The energy spacing is ES12 = ES2 − ES1 ,
where the virtual temperature is Tv . Moreover, the QATM is coupled
to the work qubit S0. The purple region highlights the thermal contact
between the work qubit, QATM, and the reservoirs R1 and R2 at the
virtual temperature Tv .

illustrated in Fig. 7. The second excited state is denoted as
|1S12〉 = |0S1 1S2〉 with a population PS12

1 = PS1
0 PS2

1 . The spacing
energy between these states is ES12 = ES2 − ES1 , which is in
resonance with the work qubit S0. Moreover, S1 and S2 in the
context of the Boltzmann distribution, satisfies the relation:

PSm
1 = PSm

0 e−Em/Tm (m = 1, 2). (19)

The ratio between the corresponding populations of the
QATM S12 is then leads to the definition of Tv using

PS12
1

PS12
0

= PS1
0 PS2

1

PS1
1 PS2

0

=: e−ES12 /Tv . (20)

Therefore, by using Eqs. (19) and (20), the virtual temperature
of the thermal machine can be introduced as

Tv = ES12

ES2/T2 − ES1/T1
. (21)

Accordingly, the virtual temperature does not represent a
simple average between T1 and T2. Notably, in the case of
equilibrium where T1 = T2, the virtual temperature simpli-
fies to Tv = T1 = T2. Physically, the interaction Hamiltonian
ĤS12S0 indicates that the QATM (S12) operates as a single body
interacting with the work qubit S0 according to the following
Hamiltonian:

ĤS12S0 = k
( ∣∣0S12 1S0

〉 〈
1S12 0S0

∣∣ + H.c.
)
. (22)

As mentioned, our theoretical model considers that the
work qubit S0 is coupled to the QATM S12. Furthermore, S12 is
in thermal contact with the virtual reservoir R12 at the virtual
temperature Tv . Consequently, the total system T = S12 ⊗ S0

is in thermal contact with the virtual reservoir R12 at Tv . Here,
the energy current of the total system T , namely, ĖT (t ) =
d
dt tr{ĤT ρ̂T (t )} which consists of two parts: the variation of
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(a) T1 = 0.3T2 (Tv = 0.72) (b) T1 = 0.7T2 (Tv = 0.336) (c) T1 = T2 (Tv = 0.3)

(d) T1 = 0.3T2 (Tv = 0.72) (e) T1 = 0.7T2 (Tv = 0.336) (f) T1 = T2 (Tv = 0.3)

FIG. 8. Plots of the heat flux βvQ̇S0 (black solid line), exchanged entropy �Ṡ0 = �Ṡ(ρ̂0(t )) (yellow dashed line), generalized Landauer
bound (GLB) (blue dotted line), and the derivative of the trace distance σ (t ) (red dash-dot line), when the work qubit S0 is initially prepared in
the state |ψA〉0. (a)–(c) and (d)–(f) correspond to the cases of fermionic and bosonic reservoirs, respectively. We set k = 0.5.

heat current, namely Q̇T (t ) and the variation of extractable
work, i.e., ẆT (t ), as described in Refs. [32,59,60],

ĖT (t ) = Q̇T (t ) + ẆT (t ), (23)

Q̇T (t ) = tr

{
ĤT

d

dt
ρ̂T (t )

}
, (24)

ẆT (t ) = tr

{
ρ̂T (t )

d

dt
ĤT

}
. (25)

In our scenario, the Hamiltonian ĤT in Eq. (2) is time-
independent, that is, d

dt ĤT = 0 which implies that the
extracted work of our theoretical model has vanished, namely
WT (t ) = 0. Consequently, the change in internal energy is
solely due to heat exchange with the reservoir R12. This means
that the energy current in our model coincides with the heat
current since no external work is performed. Therefore

ĖT (t ) = Q̇T (t ). (26)

Physically speaking, in our case no coherent-driving forces
are used to operate the QATM S12. this confirms that our
thermal machine is truly autonomous and does not require any
external energy input to be operated.

In this regard, Landauer’s principle constrains heat dissi-
pation in reservoirs R1 and R2 by reducing the information
employing entropy of the overall system T . Notably, the
conventional Landauer limit applies universally to the entire
system T [35,50,51]. Our analysis shows that the interac-
tion Hamiltonian in Eq. (22) indicates that the total system,
T = S12 ⊗ S0, is in thermal contact with the virtual reservoir
R12 at the virtual temperature Tv . Consequently, the heat flux

exchanged between the total system T and the virtual reser-
voir R12, denoted as Q̇T (t ), is governed by the virtual
temperature Tv over time. This leads to the following Lan-
dauer bound:

βvQ̇T (t ) � �Ṡ(ρ̂T (t )), (27)

where βv = 1/Tv . The rate of entropy change between the
total system T and the reservoirs R1 and R2 is given by [52]

�Ṡ(ρ̂T (t )) = d

dt
[S(ρ̂T (0)) − S(ρ̂T (t ))] = −Ṡ(ρ̂T (t )),

(28)

where S(ρ̂T ) = −Tr{ρ̂T log ρ̂T } is the von Neumann entropy
of the density matrix ρ̂T .

In the Markovian regime, the Landauer bound in Eq. (27)
holds at all times during the interaction between S0, S12, and
the reservoirs R1 and R2. However, the non-Markovian dy-
namics can lead to a violation of the Landauer bound [53,54],
as this bound is defined solely in the context of information
erasure during an irreversible transformation. The backflow
of information between the system S0 and the reservoirs R1

and R2, mediated by the system S12, indicates the presence of
memory effects (i.e., a semireversible transformation). Since
the effective thermal contact at Tv behaves like a finite size
reservoir for the work qubit (or adding a working qubit before
a Markovian bath to realize a structured bath) it attributes a
finite size character to the effective reservoir for the working
qubit. Landauer limit can change due to finite-size corrections
[55]. Accordingly, a generalized bound is required in our
analysis as well.
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(a) k = 0.1 (b) k = 0.5 (c) k = 0.9

(d) k = 0.1 (e) k = 0.5 (f) k = 0.9

FIG. 9. Plots of heat flux βvQ̇S0 (black solid line), exchanged entropy �Ṡ0 = �Ṡ(ρ̂0(t )) (yellow dashed line), generalized lower Landauer
bound (GLB) (blue dotted line) and derivative of trace distance σ (t ) (red dash-dot line), when the work qubit S0 is initially prepared in the state
|1〉0. Moreover, (a)–(c) and (d)–(f) are related to the case of using fermionic and bosonic reservoirs, respectively. Besides, we set T1 = 0.5T2.

Assume that the interaction between the QATM S12 and the
work qubit S0 is conservative, namely, [

∑2
i=0 ĤSi , ĤS12S0 ] =

0. This conservation implies that Tr{ĤS12S0 ρ̂T (t )} = 0. In this
regard, the stability condition of the total system T = S12 ⊗
S0 using the interaction Hamiltonian ĤS12S0 over time gives
rise to

Q̇T (t ) = Q̇S1 (t ) + Q̇S2 (t ) + Q̇S0 (t ), (29)

where Q̇Si (t ) = −Tr{Ĥi ˙̂ρi(t )} for i = {0, 1, 2} represents the
heat flux of each subsystem S0, S1, and S2. Here, it is worth
noting that the divisibility of heat flux is valid only when
the total Hamiltonian in Eq. (1) is time-independent, with no
external work exchanged between the total system T and the
reservoirs R1 and R2. Indeed, this is according to the case of
work exchange between the system and environment. Indeed,
the strong coupling between them creates a strong correlation,
making distinguishing between work and heat difficult. [56].
Using the quantum mutual information I (t ) between the ther-
mal machine and the subsystem S0, we find

−Ṡ(ρ̂T (t )) = İ (t ) − Ṡ(ρ̂0(t )) − Ṡ(ρ̂12(t )), (30)

such that, combined with the Landauer bound in Eq. (27), we
obtain our reformulation of the generalized Landauer lower
bound for the subsystem S0

βvQ̇S0 (t ) � İ (t ) − Ṡ(ρ̂S0 (t )) − Ṡ(ρ̂12(t )) − βv

2∑
m=1

Q̇Sm (t ),

(31)

which describes a new, generalized, Landauer lower bound
for the subsystem S0 in non-Markovian dynamics. This ex-
pression captures the correlation between S12 and S0, as well

as the heat flux of each subsystem S0, S1, and S2. Furthermore,
one can observe that the conventional Landauer principle for
S0, namely βvQ̇S0 (t ) � �Ṡ(ρ̂0(t )), may be violated in com-
parison to the new Landauer limit.

To explore the relationship between the Landauer limit and
non-Markovianity, one can utilize the derivative of the trace
distance [48], defined as σ (t ) = d

dt D(ρA
0 (t ), ρB

0 (t )). The sign
of σ (t ) can indicate the nature of the dynamics: σ (t ) < 0
corresponds to a Markovian regime, while σ (t ) > 0 indicates
non-Markovian dynamics.

We now explore the manipulation of the new Landauer
lower bound to non-Markovian dynamics through four ex-
amples. First, we consider the subsystem S0 initialized in a
superposition state |ψA〉0 and coupled to the thermal machine
S12 with two versions of reservoirs: bosonic and fermionic.
Second, we analyze the case where the system S0 is initially
prepared in the state |1S0〉.

Figure 8 illustrates the behavior of the subsystem S0,
initially in the superposition state |ψA〉0, under the influ-
ence of fermionic reservoirs [Figs. 8(a)–8(c)] and bosonic
reservoirs [Figs. 8(d)–8(f)]. For the fermionic reservoirs,
we examine the impact of temperature resonances between
T1 and T2 on the heat flux βvQ̇S0 , the exchanged entropy
�Ṡ0 = �Ṡ(ρ̂0(t )), the new lower Landauer bound (i.e., İ (t ) −
Ṡ(ρ̂0(t )) − Ṡ(ρ̂12(t )) − βv

∑2
m=1 Q̇Sm (t )), and the derivative

of the trace distance σ (t ).
Comparing the heat flux βvQ̇S0 with the exchanged entropy

�Ṡ0, we observe that when σ (t ) < 0, the classical Landauer
limit is satisfied, i.e., βvQ̇S0 (t ) � �Ṡ(ρ̂0(t )). Conversely,
when the derivative of the trace distance is positive,
σ (t ) > 0, the classical Landauer bound is violated, meaning
βvQ̇S0 (t ) � �Ṡ(ρ̂0(t )). Nonetheless, the new lower Landauer
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bound remains valid (βvQ̇S0 (t ) � İ (t ) − Ṡ(ρ̂0(t )) −
Ṡ(ρ̂12(t )) − βv

∑2
m=1 Q̇Sm (t )) regardless of the sign of the

derivative of the trace distance.
This analysis implies that the classical Landauer limit is

highly dependent on the direction of information backflow
between the work qubit S0 and the reservoirs R1 and R2,
mediated by the thermal machine S12. It is important to note
that the classical Landauer bound does not account for any
properties of the thermal machine S12. In contrast, the gener-
alized lower Landauer bound incorporates the von Neumann
entropies Ṡ(ρ̂0(t )) and Ṡ(ρ̂12(t )) of the system S0 and the
thermal machine S12, respectively. Additionally, the mutual
information I (t ) and the heat flux βv

∑2
m=1 Q̇Sm (t ) play a

crucial role. Thus, the new lower bound effectively captures
the exchange of information between S0 and S12, as well as
with R1 and R2.

Finally, in Fig. 9, we explore the dynamics of the pro-
posed measures when S0 is initially prepared in the state
|1〉0. Specifically, in Figs. 9(d)–9(f), we study the impact
of the coupling strength between the system S0 and the
thermal machine S12 on the heat flux βvQ̇S0 . We also calcu-
late the exchanged entropy �Ṡ0 = �Ṡ(ρ̂0(t )), the generalized
Landauer lower bound (GLB) (İ (t ) − Ṡ(ρ̂0(t )) − Ṡ(ρ̂12(t )) −
βv

∑2
m=1 Q̇Sm (t )), and the derivative of the trace distance σ (t ).

As observed in the top panels, the classical Landauer bound
is violated due to the memory effects generated by the thermal
machine, resulting in backflow between the system S0 and
the reservoirs R1 and R2. Notably, the new lower limit is
consistently satisfied across all scenarios. This indicates that
the memory effects induced by the thermal machine signifi-
cantly influence the dynamics of the Landauer bound. While
the classical Landauer bound may be violated, the new lower
Landauer bound remains valid, highlighting the importance
of accounting for correlations between the thermal machine
and the work qubit S0, as demonstrated in other investigations
[53,54].

Through our work, we provide the minimal energy cost
for erasing information under non-Markovian dynamics in the
context of an autonomous quantum thermal machine. This
opens new horizons for experimental discovery through our
theoretical framework. Based on the experimental implemen-
tation outlined in Ref. [10], which utilizes a superconducting
flux qubit and two quantum dots to realize a quantum au-
tonomous thermal machine capable of generating a steady
state or a quantum circuit as shown in Ref. [57], our
framework can also be relied upon to develop quantum
computing systems based on trapped ions, as examined in
Ref. [58].

IV. CONCLUSION

In this work, we have investigated a theoretical model of
a minimal two-qubit autonomous quantum thermal machine
(QATM), denoted as S12, coupled to a working qubit S0. This
thermal machine operates via excitation exchanges between
its states, with each qubit—S1 and S2—coupled to its respec-
tive Markovian reservoirs R1 and R2. Our analysis revealed

that the thermal machine plays a pivotal role in generating
quantum coherence by inducing non-Markovian dynamics
for the work qubit. We examined the dynamics of the trace
distance for S0 and analyzed the information exchange be-
tween S12 and S0 using mutual information over time. Our
results demonstrate a significant feedback mechanism, where
information flows between the open system and the thermal
machine, allowing the work qubit to exhibit non-Markovian
dynamics and damped coherent oscillations through correla-
tion exchanges with the thermal machine.

In the second part of this study, we focused on investigating
both the conventional and new Landauer lower bounds within
the context of non-Markovian dynamics across four different
scenarios. First, we analyzed these bounds for S0 initially
prepared in a superposition state, coupled to the thermal ma-
chine S12 with bosonic and fermionic reservoirs. Second, we
considered the case where S0 is initially prepared in the state
|1〉. Our findings indicate that the thermal machine qubits
can be envisioned effectively as a unified entity at a virtual
temperature Tv . We observed that the Landauer bound for
the open system is fundamentally dependent on this virtual
temperature.

We explored the relationship between non-Markovianity
and the Landauer bound, demonstrating that the conven-
tional Landauer bound can be violated due to the information
backflow between the open system and the QATM due to
finite size effects arising from the induced structured bath
behavior of the joint working qubit-reservoir systems. To ad-
dress this, we proposed a generalized lower Landauer bound
that accounts for the minimum dissipation energy required
to erase information, considering the return flow between
the thermal machine and the open system. Our investigation
comprehensively considers the influence of physical parame-
ters embedded in the collective state of the interacting open
system-thermal machine, in the presence of both bosonic and
fermionic reservoirs. In particular, the non-Markovian charac-
ter can be tuned by the S0 and S12 coupling coefficients.

In addition to the fundamental significance of our results
on the interplay of quantum coherence, structured baths, and
non-Markovianity in the context of QATMs, considering the
resource value of quantum coherence for quantum technolo-
gies, our results may serve towards energy-efficient quantum
technology applications via autonomous production and stor-
age of quantum coherence using thermal sources in compact
qubit systems.
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der Project No. 123F150. Ö.E.M. thank TÜBİTAK for their
support.

The authors declare that they have no conflict of interest.

DATA AVAILABILITY

No data statement is available.

044124-11



A. KHOUDIRI et al. PHYSICAL REVIEW E 111, 044124 (2025)

[1] F. Tonner and G. Mahler, Autonomous quantum thermody-
namic machines, Phys. Rev. E 72, 066118 (2005).

[2] R. Kosloff, Quantum thermodynamics: A dynamical viewpoint,
Entropy. 15, 2100 (2013).

[3] J. Gemmer, M. Michel, and G. Mahler,
Quantum Thermodynamics: Emergence of
Thermodynamic Behavior within Composite Quantum System,
Lecture Notes in Physics (Springer Berlin, Heidelberg, 2009).

[4] M. Carrega, L. Razzoli, P. A. Erdman, F. Cavaliere, G. Benenti,
and M. Sassetti, Dissipation-induced collective advantage of
a quantum thermal machine, AVS Quantum Sci. 6, 025001
(2024).

[5] M. Drewsen and A. Imparato, Quantum duets working as
autonomous thermal motors, Phys. Rev. E 100, 042138 (2019).

[6] M. T. Mitchison, Quantum thermal absorption machines: Re-
frigerators, engines and clocks, Contemp. Phys. 60, 164 (2019).

[7] Y. Khlifi, S. Seddik, and A. El Allati, Steady state entanglement
behavior between two quantum refrigerators, Physica A 596,
127199 (2022).

[8] M. H. B. A. Chakour, A. El Allati, and Y. Hassouni, Coupling of
two autonomous quantum refrigerators: Collective and relative
performances, Phys. Lett. A 451, 128410 (2022).

[9] Y. Khlifi, A. El Allati, A. Salah, and Y. Hassouni, Evaluating
the performance of a refrigerator by an external system using
entanglement, Eur. Phys. J. D 75, 195 (2021).

[10] J. B. Brask, G. Haack, N. Brunner, and M. Huber, Autonomous
quantum thermal machine for generating steadystate entangle-
ment, New J. Phys. 17, 113029 (2015).

[11] A. Shah, S. Vinjanampathy, and B. Muralidharan, Classical
information driven quantum dot thermal machines, Ann. Phys.
(NY) 396, 564 (2018).

[12] G. Manzano, R. Silva, and J. M. Parrondo, Autonomous thermal
machine for amplification and control of energetic coherence,
Phys. Rev. E 99, 042135 (2019).

[13] I. Khait, J. Carrasquilla, and D. Segal, Optimal control of quan-
tum thermal machines using machine learning, Phys. Rev. Res.
4, L012029 (2022).

[14] J. Roßnagel, S. T. Dawkins, K. N. Tolazzi, O. Abah, E. Lutz, F.
Schmidt-Kaler, and K. Singer, A single-atom heat engine, Sci.
Adv. 352, 325 (2016).

[15] J. Klatzow et al., Experimental demonstration of quantum ef-
fects in the operation of microscopic heat engines, Phys. Rev.
Lett. 122, 110601 (2019).

[16] D. von Lindenfels, O. Grab, C. T. Schmiegelow, V. Kaushal, J.
Schulz, M. T. Mitchison, J. Goold, F. Schmidt-Kaler, and U. G.
Poschinger, Spin heat engine coupled to a harmonic-oscillator
flywheel, Phys. Rev. Lett. 123, 080602 (2019).

[17] N. Van Horne, D. Yum, T. Dutta, P. Hänggi, J. Gong, D. Poletti,
and M. Mukherjee, Single-atom energy-conversion device with
a quantum load, npj Quantum Inf. 6, 37 (2020).

[18] M. Rasola and M. Möttönen, Autonomous quantum heat en-
gine based on non-Markovian dynamics of an optomechanical
Hamiltonian, Sci. Rep. 14, 9448 (2024).

[19] A. El Allati, K. El Anouz, M. H. B. A. Chakour, and
S. Al-Kuwari, Non-Markovian effects on the performance
of a quantum Otto refrigerator, Phys. Lett. A 496, 129316
(2024).
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