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We study the first-passage time (FPT) problem for widespread recurrent processes in confined though large
systems and present a comprehensive framework for characterizing the FPT distribution over many timescales.
We find that the FPT statistics can be described by two scaling functions: one corresponds to the solution for
an infinite system, and the other describes a scaling that depends on system size. We find a universal scaling
relationship for the FPT moments 〈t q〉 with respect to the domain size and the source-target distance. This
scaling exhibits a transition at qc = θ , where θ is the persistence exponent. For low-order moments with q < qc,
convergence occurs towards the moments of an infinite system. In contrast, the high-order moments, q > qc, can
be derived from an infinite density function. The presented uniform approximation, connecting the two scaling
functions, provides a description of the first-passage time statistics across all timescales. We extend the results
to include diffusion in a confining potential in the high-temperature limit, where the potential strength takes the
place of the system’s size as the relevant scale. This study has been applied to various mediums, including a
particle in a box, two-dimensional wedge, fractal geometries, non-Markovian processes, and the nonequilibrium
process of resetting.
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I. INTRODUCTION

The concept of first-passage time (FPT) in bounded do-
mains is crucial in various stochastic processes [1–19], such
as chemical reactions [20–22], animal behavior [23–25], and
disease spreading [26,27]. Condamin et al. [28], building on
the O’Shaughnessy-Procaccia model for diffusion on fractals
[29,30], proposed a universal FPT distribution for diffusion
in realistic confining geometries. Their theory, based on a
monoscaling ansatz, uses dimensional analysis to identify
a timescale τL that diverges with system size L. The FPT
distribution could be expressed as a monoscaling function
Ñh(t/τL ), where Ñ is a normalization factor. However, as
later pointed out by Meyer et al. [5], the function is, in
fact, non-normalizable, indicating a limitation in the origi-
nal approach. Acknowledging these shortcomings, we extend
this framework by introducing a biscaling theory that bet-
ter captures the multitimescale nature of FPT, particularly
in recurrent (compact) stochastic processes. Our approach,
which employs two timescales determined by the initial dis-
tance from the target and the confinement length, provides
a more accurate understanding of FPT in bounded systems,
addressing the inadequacies of the traditional monoscaling
approach.

Physically, once we identify the pair of timescales in the
system, a general biscaling theory suggests the existence of
a scaling function Ñh(t/τL, t/τ0), where τ0 depends on the
initial distance between the particle and the target. Remark-
ably, in the accompanying letter [31], we demonstrated that
for compact search in diverse systems, the solution factorizes.
This means that the first-passage time PDF can be expressed
as a product of two functions, f∞(·) and I (·), which are
defined below. This factorization is a significant simplification
and has profound implications for the generic features of

observables and the foundational aspects of first-passage time
theory. To solve compact first-passage time problems in the
scaling limit, it is essential to determine or measure these two
functions, each carrying special significance.

Another result of the biscaling theory is the scaling of
the FPT moments. As mentioned, the theory is built upon
two distinct timescales, which are determined by two corre-
sponding length scales. Specifically, let t be the FPT, r0 is
the initial distance from the target, and L is the measure of
the system size or the domain explored by the particles (see
below). We showed that the FPT statistics exhibits biscaling
[32], implying

〈t q〉 ∝ rqμ(q)
0 Lqν(q), (1)

where

qν(q) =
{

0, q < θ

dw(q − θ ), q > θ
,

qμ(q) =
{

dwq, q < θ

dwθ, q > θ
. (2)

Here q � 0, dw is the walk dimension and θ is the persistence
exponent. This indicates that dw and θ , which are well-known
exponents modeling diverse systems [33], are crucial in the
determination of the behavior of the moments. Further, we
witness a sharp nonanalytical transition, at q = θ , in the spec-
trum of exponents describing this problem.

As mentioned, the problem involves two distinct scaling
functions. The first, f∞(·), is the solution for an infinite
system, a well-known problem. This solution does not de-
pend on the confinement length L. The second, I (·), is a
non-normalizable function that describes intermediate to long
times. While the calculation of f∞(·) has been extensively
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studied in numerous works, much less is known about I (·).
We showed that this second scaling solution does not depend
on the initial condition. Non-normalized densities, I (·), are
also observed in other cases [34–37]. However, this concept,
which originates from infinite ergodic theory, has not been
prominently highlighted in the context of the FPT problem.

Our work focuses on calculating this second scaling func-
tion for various systems, including the simple example of a
particle in a box, wedges, semi-Markovian dynamics, fractal
geometries, resetting process, run-and-tumble particles, and
diffusion in a force field. We will show how the two functions
f∞(·) and I (·) match for compact search and how to use
these functions within a uniform approximation for the calcu-
lation of observables like moments. By employing analytical
techniques such as the WKB approximation, eigenfunction
expansions, Mellin transform, and the summation of infinite
series of exponential decays, we derive scaling functions
that accurately describe the FPT distributions across different
timescales. Throughout this work we confirm the theoretical
results with numerical simulations. In these problems, we can
treat the limiting distributions as L approaches infinity while
keeping t fixed, which yields nothing new to the solution for
an infinite system. By taking a second limit where both L
and t are large, we reach a limit where the solutions become
non-normalized. Rather than dismissing these functions as not
useful, we show they effectively describe FPTs in compact
domains. Hence, a main goal in calculating the FPT PDF is
to evaluate these functions. We offer a versatile theory that
enhances both theoretical understanding and practical appli-
cations, providing tools to understand diffusion processes in
diverse scientific and engineering fields.

The structure of this paper is outlined as follows. In Sec. II
we derive the non-normalized scaling function for the FPT
in the straightforward case of a particle confined to a one-
dimensional (1D) box, This model already shows the char-
acteristic behaviors that are also found in the other models. In
Sec. III we present a biscaling theory for the FPT in confined
geometries, which include the biscaling property of the prob-
ability density and introduces the different scaling functions.
Sections IV to VI focus on specific results obtained for a two-
dimensional (2D) wedge, non-Markovian dynamics described
by continuous-time random walks (CTRW), and fractal ge-
ometries, respectively. In Secs. VII and VIII, we delve into the
presence of the scaling functions in scenarios involving weak
confining fields. Section IX addresses the solution to the FPT
problem under stochastic resetting, while Sec. X examines the
dynamics of a run-and-tumble particle with resetting. Finally,
in Sec. XI we expand upon the uniform approximation method
to the FPT PDF and its validity.

II. PARTICLE IN A 1D BOX

To illustrate our approach, we begin with a straightforward
example involving a 1D Brownian particle confined within
a finite interval x ∈ [0, L]. The particle is initially located at
position x0 > 0 at time t = 0. Our objective is to determine
the PDF for the FPT of the particle reaching the origin, x = 0.
The case of an infinitely large interval (L → ∞) has been
previously addressed by Schrödinger [1,38], resulting in the

PDF given by

η(t )free = x0√
4πD

t−3/2 exp

(
− x2

0

4Dt

)
. (3)

Here the subscript “free” implies a system without reflecting
walls. The q-moment of the FPT in the semi-infinite domain
x ∈ [0,∞) in Eq. (3), defined as 〈t q〉free = ∫ ∞

0 t qη(t )free dt , is
given by

〈t q〉free =
⎧⎨
⎩
( x2

0
4D

)q �(1/2−q)√
π

, q < 1
2

∞, q > 1
2

, (4)

where we restrict the discussion to q � 0. From Eq. (4) we see
that the mean first-passage time (MFPT), i.e., the case q = 1,
diverges. In the case of a finite system with size L, Eq. (3)
remains valid only for sufficiently short timescales t 	 L2/D.
However, for longer times in the range of t ∼ L2/D, the va-
lidity of Eq. (3) breaks down due to the effect of the reflecting
boundary at x = L.

To account for the boundary effects in a finite system,
we now introduce two methods to calculate the scaling func-
tion that captures this behavior. The first method involves an
expansion of the solution in Laplace space. In the second
method, we use the inverse Mellin transform of the FPT mo-
ments to find the scaling function. The first method provides
a straightforward and rigorous calculation, while the second
method, although subtly different, offers a clearer physical
picture of the role of the scaling function. The infinite density
function can also be obtained by a direct calculation of the
eigenfunction expansion, as shown in Appendix B.

For the 1D Brownian particle, the governing diffusion
equation is

∂t P(x, t ) = D∂2
x P(x, t ). (5)

The exact PDF for the FPT of a particle is determined by
the boundary conditions applied to the system. We impose an
absorbing boundary at the origin and a reflective boundary at
x = L. The PDF η(t ) describes the probability of the time the
particle reaches the absorbing boundary at x = 0 for the first
time. The exact expression for the Laplace transform of the
PDF, defined by η̂(s) = ∫ ∞

0 dte−stη(t ), is given by [1]

η̂(s) = cosh

(√
s

D
x0

)
− sinh

(√
s

D
x0

)
tanh

(√
s

D
L

)
. (6)

To perform the Inverse Laplace transform, we note that the
only poles of η̂(·) lie on the negative real axis, due to the zeros
of the tanh. By Cauchy’s theorem, then,

η(t ) =
∞∑

n=0

D sin
[(

n + 1
2

)
πx0
L

]
(2n + 1)π

L2
e−(n+1/2)2π2Dt/L2

.

(7)

We are interested in the limit of large, but finite L, fixed x0.
This sum can be approximated by an integral as long as t 	
L2, so that the summand is a smooth function of n. Doing this
yields

η(t ) ≈ x0√
4πDt3

e−x2
0/4Dt , (8)
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which is independent of L, and is the L → ∞ limit of the
problem, the free-particle solution given in Eq. (3). However,
it is clear that this is wrong for large t , where the sum is
dominated by the first term and decays exponentially in t ,
as opposed to the t−3/2 asymptotics of the L → ∞ limit.
For t ∼ L2/D, however, we can simplify the sum since the
argument of the sin is always small as long as x0/L 	 1. This
yields the large-t regime result

η(t ) � 2
x0

L3

∞∑
n=0

π2

(
n + 1

2

)2

De−π2(n+ 1
2 )2Dt/L2

(9)

= −2
x0

L
∂t

∞∑
n=0

e−π2(n+ 1
2 )2Dt/L2

. (10)

The FPT statistics involve two distinct timescales: τ0 =
x2

0/D, representing the characteristic time associated with the
initial position, and τL = L2/D, representing the characteristic
time associated with the system size. It is useful to define the
random variable τ ≡ t/τL as the rescaled time, so in the limit
of L → ∞ and t → ∞, this new variable remains finite. In
this limit, we define the scaling function I (τ ) as

I (τ ) ≡ lim
t,τL→∞ τ

3/2
L τ

−1/2
0 η(t ). (11)

Summing the series in Eq. (10), we obtain

I (τ ) = −∂τϑ2(e−π2τ ), (12)

where ϑa(·) is the Jacobi elliptic theta function, with a = 2.
We will now discuss in detail the meaning of I (τ ).

As we will soon demonstrate, the function I (τ ) can be used
to find the moments 〈t q〉 with q � 1/2, however, this func-
tion is not normalized as

∫ ∞
0 dτI (τ ) → ∞. This is related

to asymptotic properties of the Jacobi elliptic theta function
for small τ , which we will discuss shortly. Hence, the scal-
ing function I (τ ) is not a probability density but an infinite
density. The term infinite simply implies that I (τ ) is not nor-
malized, and as mentioned in the introduction, this function is
employed in other fields. Despite this, I (τ ) is still related to
the normalized probability density as given in Eq. (11), since
both functions provide the moments of the process, though the
former only for q > 1/2 as we will shortly explain.

Using the asymptotic of the Jacobi elliptic theta function
ϑ2(τ ), Eq. (12) provides two distinct time dependencies in the
limits of τ 	 1 and τ � 1,

ϑ2(e−π2τ ) ∼
{

(πτ )−
1
2 , τ 	 1

2e− π2

4 τ , τ � 1
; (13)

thus, the asymptotics of the infinite density function are given
by

I (τ ) ∼
⎧⎨
⎩τ−3/2/

√
2π, τ 	 1

π2

2 e− π2

4 τ , τ � 1
. (14)

From the τ 	 1 limit, I (τ ) ∼ τ−3/2, it became clear that this
function is not normalizable as mentioned. Using Eq. (11),
we find that the PDF for the FPT is given approximately by
η(t ) ∼ τ

−3/2
L I (τ ), which allows us to use Eq. (14) to study

the asymptotics of η(t ). In the limit τ0 	 t 	 τL,

η(t ) ∼ x0√
2Dπ

t−3/2, (15)

which is equivalent the large t limit of the PDF for the infinite
system given in Eq. (3). In the limit of long times, t � τL,

η(t ) ∼ π2

2

√
τ0t−3/2e− π2

4 t/τL , (16)

which can be obtained using the smallest eigenvalue of the
diffusion operator. Indeed some approximations of the first-
passage time problem use the lowest eigenvalue method,
which here means an exponential decay of the PDF; however,
this describes the rarest events, while the infinite density ap-
proach covers by broader timescales.

In Fig. 1 we observe the convergence of the rescaled solu-
tion τ

3/2
L τ

1/2
0 η(t ) toward the infinite density function. We see

that indeed I (τ ) describes successfully the dynamics of the
system from the intermediate time power-law regime to the
long-time exponential decay associated with rare events.

To conclude, we see that the limit of large systems can be
considered by two routes. The first is to take L → ∞, and fix
the first-passage time, and hence the famous Schrödinger law
given in Eq. (3) holds. The second is to consider both t and L
large, and then we get the infinite density I (τ ). It is rewarding
that we were able to find a nontrivial limit for such a simple
problem, as diffusion in a box, but more importantly, that these
limits exist for a variety of systems as shown in the following
sections.

A. The FPT moments

Based on the approximation of the FPT distribution we
derive the qth moment in the large-L limit, given by (see
further details in Appendix C) Calculating the qth moment
for 0 � q < 1/2, the integral is dominated by the t 	 L2/D
region, and we have

〈t q〉 ∼
(

x2
0

4D

)q

�(1/2 − q)/
√

π. (17)

On the other hand, for q > 1/2, the integral is dominated by
the t 	 1 region, so that

〈t q〉 ∼
∫ ∞

0
dttq

∞∑
n=0

2Dx0
(n + 1/2)2π2

L3
e−(n+1/2)2π2Dt/L2

(18)

= �(q + 1)π−2qD−qL2q(x0/L)
∞∑

n=0

(n + 1/2)−2q (19)

= �(q + 1)π−2qD−qL2q(x0/L)(22q − 1)ζ (2q). (20)

Those asymptotic moments can be obtained using the scaling
functions and rewritten as follows:

〈t q〉 −→
⎧⎨
⎩

τ
q
0 M−

q , q < 1
2

τ
1
2

0 τ
q− 1

2
L M+

q , q > 1
2

. (21)

For q < 1/2 the moments are given by the infinite system
limit, namely, they do not depend on L, and are given by
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FIG. 1. (a) The rescaled function τ
3/2
L η(t ) for different domain sizes L. As the system size increases, the solutions converge towards the

infinite density function I(τ ) given in Eq. (12), represented by the black dashed line. The infinite density function captures the long-time
behavior of the FPT PDF as τL tends to infinity. (b) Amplitude of the FPT q-moment for a particle in a 1D box vs q. As τL increases, these
moments converge towards the asymptotic behavior described by Eq. (23), represented by the solid black line, and display a divergence near
the critical point q = 1/2. Note that the plot is restricted to q ∈ [0, 2], so the expected blow up of Mq for q → ∞ is not visible. In both panels
we used D = 1/2 and x0 = 1.

Eq. (4). Specifically

M−
q = τ

−q
0

∫ ∞

0
t qηfree(t ) dt = �(1/2 − q)

4q
√

π
, (22)

where ηfree(t ) is given in Eq. (3). On the other hand, the q >

1/2 moments scale with the system size as 〈t q〉 ∝ L2q−1 and
converge to the moments calculated using the infinite density
function given in Eq. (12); in other words,

M+
q =

∫ ∞

0
τ qI (τ )dτ = π−2q2(22q − 1)ζ (2q)�(1 + q).

(23)

We see that in the limit of a large system the simple problem
of diffusion in an interval exhibits two types of limiting distri-
butions, leading to a biscaling behavior of the FPT moments.
In this sense, the infinite density is a complimentary tool to
the well-known Eq. (3). In Fig. 1, we observe that M±

q exhibit
divergences where q → 1/2 as |q − 1/2|−1. This holds as q
approaches 1/2 from above and below. Additionally, in the
limit q → ∞, Eq. (23) yields limq→∞ M+

q → ∞. This can
be demonstrated using the asymptotic form of the Gamma
function, �(1 + q) ∼ √

2πq( q
e )q for large q, and of the

Riemann zeta function, ζ (2q) ∼ 1. This divergence, which
arises from the Gamma function, reflecting the contribution
of the long times associated with the exponential decay due to
the smallest eigenvalue in Eq. (18), as large q corresponds to
rare events at the tail of the distribution.

It is worth mentioning that similar results can be obtained
for systems with two absorbing boundaries rather then one
absorbing and one reflecting. The case of the 1D box, it is
trivial to show that the results obtained in this section can be
applied to two absorbing boundaries by taking L → 2L.

In the previous discussion, we showed that q = 1/2 is a
transition point. Now, we will demonstrate that, in general,
such a critical value of q exists for different models, although
it may differ from the specific value of q = 1/2. These models
also demonstrate different power-law tails for the FPT PDF
in infinite systems. To account for these diverse diffusion sce-
narios, we employ scaling analysis to determine the properties

of the infinite density function and its moments in a broader
context.

III. BISCALING THEORY

To extend the case discussed in Sec. II, we consider a
random walker in a non-Euclidean space, allowing for a
more general framework. In the case of anomalous diffusion,
the mean square displacement (MSD) follows the relation
[39–42]

〈r2〉 ∼ K̃t2/dw , (24)

where K̃ is a generalized diffusion constant and dw is the walk
dimension (see Table I). For a compact random walk in a finite
domain, the process is characterized by two timescales. One
relates to the system’s size, and the other to the distance of the
target from the initial location of the particle. We study the
PDF of the first-passage time denoted by η(t ), though first we
will focus on the moments of the process. In general, we can
express the scaling of the q-moment with the system’s size L
and with the initial distance from the target r0 as follows:

〈t q〉 ∼ rqμ(q)
0 Lqν(q)

K̃dw/2
, (25)

where q � 0. In general, qμ(q) and qν(q) are nonlinear func-
tions. However, assuming we have only two scales in the
problem, namely, that the spectrum of exponents is piecewise
linear, we find in the large L limit:

qν(q) =
{

0, q < qc

γ (q − qc), q > qc
. (26)

To match the dimensionality of the l.h.s. of Eq. (25), for q <

qc the scaling with r0 must follow qμ(q) = dwq. From that,
we claim in general

qμ(q) = dwq − qν(q), (27)

then in Eq. (34) γ = dw. Below we will prove this relation in
generality, however, clearly for the particle in the box problem
qc = 1/2 and dw = 2. Here qc represents the critical value of q
that demarcates the transition between the two scaling regions,

044103-4



SOLUTIONS OF FIRST-PASSAGE TIMES PROBLEMS: A … PHYSICAL REVIEW E 111, 044103 (2025)

TABLE I. Scaling parameters for the different models.

Model df dw θ qc τ0 τL K̃

1D box 1 2 1/2 1/2 x2
0/D L2/D 2D

Wedge 2 2 ν/2 ν/2 r2
0/D L2/D 4D

Harmonic potential 1 2 1/2 1/2 x2
0/D (κD)−1 2D

V-shaped potential 1 2 1/2 1/2 x2
0/D (F 2D)−1 2D

CTRW 1 2/α α/2 α/2 (x2
0/Kα )1/α (L2/Kα )1/α 2Kα/�(1 + α)

Fractal df dw 1 − df /dw 1 − df /dw rdw

0 /K Ldw/K
�[(2+d f )/dw ]

�(d f /dw ) (d2
wK )2/dw

Resetting 1 2 1/2 1/2 x2
0/D 1/r 2D

Run and tumble with resetting 1 2 1/2 1/2 1/(2γ ) 1/r v2
0/(2γ )

and dw characterizes the scaling exponent qν(q) above qc. The
specific values of dw and qc depend on the intrinsic properties
of the system under consideration. Remarkably, we will show
below that they depend on the geometry of the system. This
result suggests that the early stages of the diffusion process,
characterized by small values of q, are governed by local
dynamics and do not depend strongly on the system’s spatial
extent. On the other hand, for q > qc, the high-order mo-
ments display a power-law dependence on the system size,
determined by γ . In this regime, the dynamics of the system
are influenced by the finite-size effects and the overall spatial
characteristics of the system become crucial.

We introduce a size limit to the domain by imposing a
reflective wall at r = L, with the condition L � r0, where r0

denotes the initial distance from the target. The characteristic
timescales for the first-passage time problem are now defined
through the scaling of the mean square displacement by τ0 ≡
(r0/

√
K̃ )dw and τL ≡ (L/

√
K̃ )dw .

For short hitting times, the first-passage PDF follows an
equation of the form [5]

η(t ) ∼ 1

τ0
f∞(t/τ0), (28)

where for t → ∞
f∞(t ) ∝ t−1−θ , (29)

and θ is known as the persistence exponent. Equation (28) is
L independent, where f∞(·) corresponds to the PDF of the
first-passage time in an infinite system. For long times and
finite L, we anticipate a different scaling behavior. We propose
a second scaling solution for the first-passage PDF, given by

η(t ) ∼ 1

τL
(τL/τ0)ξI (t/τL ), (30)

where the exact expression of I (τ ) is yet to be determined
beyond the special example in Eq. (12). Matching Eq. (29)
and Eq. (30), we can obtain the exponent ξ . Namely, for not
too large t, I (t/τL ) ∝ (t/τL )−1−θ in agreement with Eq. (29),
and inserting in Eq. (30) we find

η(t ) ∼ 1

τL
(τL/τ0)ξ (t/τL )−1−θ . (31)

The finite-size effect primarily influences the long-time be-
havior of the PDF, meaning that for short times, the PDF [as
described by Eq. (28)] remains independent of the system’s
size. Hence, Eq. (29) should be independent of L, and there-
fore independent of τL. This indicates that ξ is related to the

persistence exponent and can be expressed as

ξ = −θ. (32)

To establish a scaling framework that accommodates the
limit of a large system, we introduce the natural time variable
τ ≡ t/τL. By taking the limit L → ∞ and t → ∞, we ensure
that this rescaled time remains finite. In this limit, we define
the infinite density function using the scaling solution I (τ ),
which captures the asymptotic behavior of the first-passage
PDF. Specifically, using Eqs. (28) and (30) we express it as
follows:

I (τ ) ≡ lim
t,τL→∞ τ−θ

0 τ 1+θ
L η(t ). (33)

For small τ , to match Eq. (29), I (τ ) ∝ τ−1−θ , hence the
infinite density function I (τ ) is non-normalizable, i.e., the
integral

∫ ∞
0 dτI (τ ) diverges. As a result, the q-moments, de-

fined as 〈t q〉 = ∫ ∞
0 t qη(t ) dt , exhibit two different asymptotic

behaviors, given by

〈t q〉 −→
{

τ
q
0 M−

q , q < θ

τ
q−θ
L τ θ

0 M+
q , q > θ

, (34)

where M±
q are dimensionless and defined by

M−
q =

∫ ∞

0
f∞(t/τ0)(t/τ0)q d (t/τ0) (35)

and

M+
q =

∫ ∞

0
τ qI (τ ) dτ. (36)

This implies a biscaling feature of the moments with respect
to system size, as for q < θ , 〈t q〉 ∼ τ 0

L , converging to the
moments calculated from the first-passage PDF for an infinite
system f∞(t ) for q < θ .

On the other hand, for q > θ , the moments scale with τ
q−θ
L

and involve the integral
∫ ∞

0 τ qI (τ ) dτ , which captures the
contribution of the infinite density function. From Eq. (34) we
see that qc = θ , hence

qν(q) =
{

0, q < θ

dw(q − θ ), q > θ
, (37)

and as stated above

qμ(q) = qdw − qν(q). (38)
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The nonanalyticity of the moments amplitude at qc = θ

can be understood by examining the moments near the transi-
tion, where they are dominated by the power-law limit of the
PDF, η(t ) ∝ t−1−θ . For q < θ , the dominant contribution is
expected to come from the tail of f∞(t ) ∝ t−1−θ . Introducing
a cutoff t∗ near the divergence, from Eq. (35) we find

lim
q→θ

M−
q ∝

∫ ∞

t∗
t q−1−θ dt = (t∗)q−θ

θ − q
, (39)

while on the other hand, for q > θ , the dominant contribution
comes from the short-time limit of I (τ ) ∝ τ−1−θ , giving,
using Eq. (36):

lim
q→θ

M+
q ∝

∫ τ ∗

0
τ q−1−θ dτ = (τ ∗)q−θ

q − θ
. (40)

We see that the moment amplitude generally diverges as Mq ∝
|q − θ |−1 when q approaches θ . This divergence is illustrated
in Fig. 1 for θ = 1/2.

The infinite density function defined in Eq. (33), although
not a PDF due to its non-normalizability, allows us to calculate
the high-order moments. For example, for a particle in a
1D box, this includes the mean first-passage time, which in
many studies is considered the most important quantifier of
first-passage time statistics. In this work, our main objective
is to obtain explicit expressions for I (τ ) for various systems,
employing several techniques. We next intend to validate the
formulation outlined above by applying it to finite domains,
particularly diffusion in a 2D wedge, fractals such as the
Sierpinski gasket, and a non-Markovian process (CTRW). By
investigating these systems, we aim to explore the behavior
of the infinite density function and assess its applicability in
capturing the dynamics of first-passage processes in complex
systems and fractal geometries.

By considering the distinct roles of the scaling functions
f∞(t ) and I (t ), one can obtain a more comprehensive de-
scription of the system’s behavior across different timescales.
Specifically, f∞(t ) characterizes the system’s dynamics for
short to intermediate times, while I (t ) captures the behavior
for intermediate to long times, as discussed earlier. Combining
these two scaling functions, a uniform approximation can be
derived, yielding the following expression:

η(t ) ∼ N τ−1
0 f∞(t/τ0)τ−1−θ

L I (t/τL )t1+θ . (41)

Here N represents a normalization factor that ensures the
overall consistency of the approximation. Note that the solu-
tion depends on the walk dimension dw through the rescaled
times. This smoothed approximation achieved by combining
f∞(t ) and I (t ) allows for a more accurate characterization
of the probability density function throughout the entire time
range. Further discussion of the uniform approximation will
be provided in Sec. X.

From Eq. (41), we see that the calculation of the
first-passage PDF for compact random walks involves the
calculation of two functions, and this is a result of biscaling
which is valid rather generally. We will show that the biscaling
concept for first-passage times holds also for the widely ap-
plicable problem of a particle diffusing in a force field, again
demonstrating the generality of the approach.

Remark: in addition to the divergence at q = θ , we ob-
serve that M+

q blows up as q → ∞, due to the dominance
of long-time contributions associated with the smallest eigen-
value of the system. This behavior arises because higher-order
moments become increasingly sensitive to rare events in the
tail of the distribution. A detailed derivation using Laplace’s
method is provided in Appendix D.

IV. TWO-DIMENSIONAL WEDGE

Next, to verify further the generality of the above results,
we consider the problem of a Brownian particle moving in a
2D wedge [1,43–45]; see Fig. 2 for schematics. The wedge is
defined between two absorbing walls at φ = 0 and φ = π/ν,
with a reflective boundary at r = L. The diffusion equation in
plane polar coordinates is given by

∂

∂t
P(r, φ, t ) = D

(
∂2

r + 1

r
∂r + 1

r2
∂2
φ

)
P(r, φ, t ), (42)

where φ is the polar angle coordinate. Given the initial con-
dition P(r, φ, t = 0) = ν sin(φν)δ(r − r0)/2r0, namely, the
particle starts at distance r0 from the origin, the solution for
an infinite system is given by [1]

f∞(t ) = νr0

4t3/2
e−r2

0 /8Dt

(
I 3+ν

2

(
r2

0

8Dt

)

−
(

1 − 8Dt

r2
0

(1 + ν)

)
I 1+ν

2

(
r2

0

8Dt

))
, (43)

where Iν (·) is the modified Bessel function of the first kind. In
the long-time limit, Eq. (43) gives f∞(t ) ∝ t−1−ν/2, namely,
θ = ν/2. When L is finite, we use the eigenfunction expansion
method, and find the solution for the FPT PDF to be [1] (see
Appendix E)

η(t ) = τ−1
L

∑
n

cnk2
nJν

(
kn

√
τ0

τL

)
e−k2

n
t

τL , (44)

when the value of k is determined by imposing a reflecting
boundary at r = L, the condition of zero current, defined as
∂rJν (knr/L)|r=L = 0. This can be expressed as

Jν+1(kn) − Jν−1(kn) = 0. (45)

Here

τ0 = r2
0/D, τL = L2/D (46)

are the diffusive timescales, in agreement with the more
general discussion in Sec. II, namely, here dw = 2. The co-
efficients ck are given by

ck ≡
∫ L

0 rJν

(
kr
L

)
dr∫ L

0 rJ2
ν

(
kr
L

)
dr

(47)

= 21−νk1+ν

(2 + ν)�(1 + ν)
1F2

(
1 + ν

2 , {1 + ν, 2 + ν
2 },− k2

4

)
kJ2

ν (k) + kJ2
ν−1(k) − 2νJν (k)Jν−1(k)

,

(48)

where pFq(a1, . . . , ap, b1, . . . , bq; z) = ∑
k (a1)k, . . . , (ap)k/

(b1)k, . . . , (bq)kzk/k! is the generalized hypergeometric func-
tion and (a)k = �(a + k)/�(a) is Pochhammer symbol. Since
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FIG. 2. (a) Trajectory (in blue) of a random walker in a 2D wedge with a reflecting boundary (orange) at r = L. The lines φ = 0 and
φ = π/ν are absorbing boundaries. (b) The rescaled function τ 1+θ

L η(t ), where θ = ν/2, for different values of the domain radius L, where
τL represents the characteristic timescale associated with the system size given in Eq. (46) The figure demonstrates convergence towards the
infinite density function given in Eq. (50), denoted by the black dashed line. The infinite density function encapsulates the long-time behavior
of the FPT distribution as the domain size becomes infinitely large. (c) The moments amplitude versus q for the FPT of a particle in a 2D wedge
with an opening angle of π/2. The asymptotic moments, as found in Eqs. (55) and (56) is plotted with a black line. The moments for finite
L (blue symbols) have been calculated analytically using Eq. (44). Clearly also the finite-sized system, L = 500, exhibits a sharp transition at
qc = 1, as theory predicts. In panels (b) and (c) we used D = 1/2 and r0 = 1.

both the integrals in Eq. (47) are proportional to L2, ck does
not depend on L.

Under the assumptions of long time and a large system,
namely, t � τ0 and τL � τ0, the infinite density is defined as

I (τ ) ≡ lim
t,τL→∞ τ

−ν/2
0 τ

1+ν/2
L η(t ), (49)

so that

I (τ ) = 2−ν

�(1 + ν)

∑
k

ckk2+νe−k2τ . (50)

Here τ = t/τL is the natural rescaled time. This solution is
independent of the initial condition and depends on L only
through τ . To plot this function, values of k and ck are easy to
obtain with a simple program [46]. The short- and long-time
limits of the infinite density function are given by

I (τ ) ∼
{ 1

2�
(
1 + ν

2

)
τ−1−ν/2, τ 	 1

2−ν

�(1+ν) c0k2+ν
0 e−k2

0τ , τ � 1
. (51)

Notice that the short-time limit satisfies the general rule
I (τ ) ∝ t−1−θ , and hence this scaling solution as a standalone
is not normalizable. The long-time behavior of I (τ ) is dom-
inated by the lowest eigenvalue k2

0 , and it is responsible for
the exponential cutoff of the PDF. k0 is given by the first
solution for Eq. (45). We now explain how to obtain the
short-time limit in Eq. (51). For τ 	 1, the main contribution
comes from the high-order eigenvalues, meaning large k. In
this limit, we can expand ck in Eq. (47) using the asymptotics
of the hypergeometric function and the Bessel function. The
result can be further simplified using trigonometric identities
to obtain

cn � πν

kn
. (52)

Plugging Eq. (52) into Eq. (44), and replacing the sum by an
integration over k gives

I (τ ) →
∫ ∞

0
dkk1+νe−k2τ = 1

2
�

(
1 + ν

2

)
τ−1−ν/2, (53)

leading to Eq. (51). According to the principle outlined in the
biscaling section, this short-time limit of I (τ ) is the same
as the long-time limit as found from the solution of the in-
finite system. At least for this example, we can confirm this
assertion, based on the solution for the infinite system given
in Ref. [1].

Figure 2(b) shows the rescaled first-passage time distribu-
tions for a wedge with an opening angle of π/2 and different
values of the system size L. Clearly, the curves converge to
the infinite density function I (τ ),though some deviations, i.e.,
finite-size effect, are observed for small τ .

A. Moments in the wedge problem

The asymptotics of the moments in the large domain limit,
namely, τL � τ0, are given as

〈t q〉 −→
{

τ
q
0 M−

q = 〈t q〉∞, q < ν
2

τ
q− ν

2
L τ

ν
2

0 M+
q = τ

q− ν
2

L τ
ν/2
0

∫ ∞
0 τ qI (τ )dτ, q > ν

2

.

(54)

Here, as mentioned, the persistence exponent is θ = ν/2. For
q < ν/2, the moments converge to the infinite-system mo-
ments calculated using Eqs. (43) and (46), given by

〈t q〉∞ = τ
q
0

ν

21+2q

�(1 + q)�
(−q + ν

2

)
�(1 + q + ν

2 )
; (55)

these do not depend on the size of the system, L. In con-
trast, the high-order FPT moments scale with L as L2q−ν , as
Eq. (54) indicates. Specifically, they converge to the moments
calculated using the infinite density function given in Eq. (51),
hence

M+
q =

∫ ∞

0
τ qI (τ )dτ = 2−ν �(1 + q)

�(1 + ν)

∑
k

ckkν−2q. (56)

Notice that M+
q and M−

q are dimensionless, and as discussed
in Sec. II, these results indeed exhibit a characteristic biscal-
ing behavior. The critical point indicating the transition from
an infinite system to the infinite density is now determined
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by the specific boundary conditions imposed on the system,
specifically, the opening angle, namely, qc = ν/2. Here γ , as
defined in Eq. (25), is γ = 2, which is the walk dimension. In
Fig. 2(c) we plot the dimensionless parameters M±

q for ν = 2,
meaning the critical point is qc = 1.

V. CTRW

The earlier findings presented in this work described
Markovian processes. However, diffusion in disordered sys-
tems, where a particle is hopping over barriers and between
traps, is often modeled by the continuous-time random walk
(CTRW). The CTRW model is a non-Markovian model, and
its long-time limit is described by a fractional time Fokker-
Planck equation [47,48], given by

∂t P(x, t ) = Kα 0D1−α
t ∂2

x P(x, t ), (57)

for 0 < α < 1, where Kα is a generalized diffusion coefficient,
and 0D1−α

t is the fractional Riemann-Liouville fractional op-
erator, defined as

0D1−α
t Z (t ) = 1

�(α)

∂

∂t

∫ t

0
dt ′ Z (t ′)

(t − t ′)1−α
. (58)

The function P(x, t ) is defined in the interval x ∈ [0, L] with
an absorbing boundary condition at x = 0 and a reflecting
boundary condition at x = L. The solution can be obtained
by the transformation [42]

Pα (x, t ) =
∫ ∞

0
n(u, t )P1(x, u) du, (59)

where P1(·) is the given solution to the regular diffusion
Eq. (5), and the initial condition is P1(x, 0) = δ(x − x0). The
function n(u, t ) is given by

n(u, t ) = 1

α

(
Kα

D

)1/α

t u−(1+1/α)�α

(
K1/α

α t

D1/αu1/α

)
, (60)

where lα (·) is the one-sided Lévy probability density, de-
fined in Laplace space as �̂α (u) = ∫ ∞

0 exp(−ut )lα (t ) dt =
e−uα

. The specific value of D, representing the diffusion coef-
ficient for the normal diffusion (5), is irrelevant as it cancels
out in the final solution for the PDF. The transformation in
Eq. (59) is related to the widely used concept of subordination;
essentially it describes the effects of the fluctuations of the
number u of jumps, at time t on the diffusion process in the
CTRW model. The one-sided Lévy function lα (·) is tabulated
in Mathematica, and its properties are well known.

The fractional diffusion equation describes a subdiffusive
process, where the mean square displacement for a packet free
of boundary conditions follows 〈x2〉 ∝ tα . Consequently, the
relevant timescales are defined as

τ0 = (
x2

0/Kα

)1/α
, τL = (L2/Kα )1/α, (61)

where x0 is the distance between the initial position to the
absorbing point. In other words, the walk dimension is dw =
2/α. Using Eqs. (59) and (60), the FPT PDF for an infinite
system is [41]

f∞(t ) = 1

τ0
�α/2

(
t

τ0

)
. (62)

From here it follows that, using well-known properties of
stable distributions, in the limit t � τ0

f∞(t ) ∼ τ−1
0

α

2�(1 − α/2)
(t/τ0)−1−α/2, (63)

hence the the persistence exponent is θ = α/2.
To obtain the FPT PDF for a finite domain, we applied the

transformation provided in Eq. (59) (see Appendix F). The
infinite density function is then defined as

Iα (τ ) ≡ lim
t,τL→∞ τ

−α/2
0 τ

1+α/2
L ηα (t ), (64)

where ηα (t ) denoted the first-passage time PDF for CTRW,
and τ = t/τL. Equation (64) yields the expression

Iα (τ ) = 2
∑

n

π2

(
n + 1

2

)2

τα−1Eα,α

[
−π2

(
n + 1

2

)2

τα

]
,

(65)

where Eα,α (·) is the Mittag-Leffler function, defined as
Eα,α (z) = ∑∞

k=0 zk/�(αk + α), and τ = t/τL. To find the
τ 	 1 limit of the infinite density, we take the limit of con-
tinuous n. Replacing the sum with integration, Eq. (65) yields
(see Appendix F 2)

Iα (τ )|τ	1 → α/2

�(1 − α/2)
τ−1−α/2, (66)

meaning for short times, the infinite density function exhibits
a power-law decay Iα (τ ) ∝ τ−1−α/2. Equation (66) corre-
sponds to the long-time limit of the infinite system solution
in Eq. (63). In the long-time limit (τ � 1), applying the
asymptotic form of the Mittag-Leffler function, Eα (−tα ) ∼
t−α/�(1 − α), to Eq. (65), we obtain

Iα (τ )|τ�1 → 2α

�(1 − α)

∑
n

π−2

(
n + 1

2

)−2

τ−1−α, (67)

Using the sum
∑∞

n=0[π (n + 1/2)]−2 = 1/2, this simplifies to

Iα (τ )|τ�1 → α

�(1 − α)
τ−1−α, (68)

meaning that in the long-time limit, we find that Iα (τ ) scales
as τ−1−α . Unlike the previous models discussed in this pa-
per, the FPT PDF for the CTRW model does not exhibit
an exponential cutoff for long times but rather an additional
power-law decay. This behavior is illustrated in Fig. 3(a). Our
results demonstrate that despite the non-Markovian nature
of the process (i.e., CTRW), we observe a similar biscaling
behavior as in Markovian diffusion models. However, here
the infinite density function significantly differs from its cor-
responding Markovian counterpart. In this case, the PDF for
the FPT exhibits two distinct power-law behaviors. One arises
in the short-time limit, akin to the patterns observed in the
previous models. Simultaneously, another power-law emerges
in the long-time limit, replacing the exponential tail that we
observed in the earlier Markovian scenarios.

A. The moments

In Appendix (F 1), we demonstrate that the q-th moment
of the FPT PDF for fractional diffusion can be expressed as
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FIG. 3. (a) The rescaled function τ 1+θ
L η(t ) as modeled with the fractional diffusion equation for CTRW with a waiting time exponent

α = 0.9. The plot demonstrates the convergence of the solutions as the system size, characterized by τL , increases towards the infinite density
(65). (b) The asymptotic behavior of the FPT moments for CTRW with α = 0.9. The critical moment is qc = θ = α/2 = 0.45, which is clearly
what we observe. τ0 = 1 and Kα = 1.

follows:

〈t q〉α =
(

D

Kα

)q/α

〈t q/α〉1
�[−q/α]

α�[−q]
, (69)

where

〈t q/α〉1 =
∫ ∞

0
t q/αη1(t ) dt (70)

is the q/α moment of the FPT PDF η1(t ), which corresponds to the solution of the ordinary diffusion equation (5). One can see
from Eq. (21) that 〈t q/α〉1 ∝ D−q/α , namely, the choice of D is irrelevant as it will cancel out. By combining Eq. (69) with the
results obtained in Sec. II, we can express the asymptotic behavior of the moments as follows:

〈t q〉α −→

⎧⎪⎪⎨
⎪⎪⎩

M−
q τ

q
0 = 〈t q〉∞, q < α

2

M+
q τ

q−α/2
L = τ

q−α/2
L τ

α/2
0

∫ ∞
0 τ qIα (τ ) dτ, α

2 < q < α

∞, q > α

, (71)

where, using Eq. (62), for q < α/2

〈t q〉∞ =
∫ ∞

0
t q f∞(t ) dt

=
(τ0

4

)q �
(− q

α

)
�
(

1
2 − q

α

)
α
√

π�(−q)
(72)

corresponds to the moments of the infinite system f∞(·) given
in Eq. (62), and using Eq. (65),∫ ∞

0
τ qIα (τ )dτ

= 2�[1 + q/α]
�
( − q

α

)
α�(−q)

π−2q/α (−1 + 22qα )ζ (2qα) (73)

are the moments calculated from the infinite density function.
The timescales τ0, τL are defined in Eq. (61). We see that the
general formula Eq. (37) holds with θ = α/2 and dw = 2/α.
We also encounter a behavior different from what we found
previously, namely, the FPT moments diverge for q > α.
Physically the latter divergence is expected. Based on CTRW
we have power-law waiting time between jump events [47]
and α order moment of the waiting times diverges. It follows
that also the α moment of the first-passage time 〈t q〉 must

diverge. In Fig. 3(b) using finite-size system simulation, we
see two divergent singular points for q = α/2 and for q = α.

VI. FRACTAL GEOMETRY

To start our study of diffusion on fractals, we use the
O’Shaughnessy-Procaccia transport equation [29,30,49,50],
which describes the evolution of the propagator P(r, t ) of a
random walker in a fractal domain,

∂

∂t
P(r, t ) = K

rd f −1

∂

∂r

(
r1+d f −dw

∂

∂r

)
P(r, t ). (74)

The fractal dimension d f is defined with M ∼ rd f when
M is a volume of radius r [51], and dw represents the walk
dimension as specified in Eq. (24). We will soon check the
predictions of this approach with respect to the first-passage
time using numerical simulations on the Sierpinski gasket.
The normalization condition, determined by the fractal dimen-
sion d f is

∫ ∞

0
P(r, t )rd f −1dr = 1. (75)
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The solution for Eq. (74) is given by the eigenfunction
expansion [52]

P(r, t ) = r (dw−d f )/2
∑

n

(
anJ1−ν

(
2

√
λn

d2
wK

rdw/2

)

+ bnJν−1

(
2

√
λn

d2
wK

rdw/2

))
e−λnt , (76)

where ν = d f /dw < 1. Applying an absorbing boundary con-
dition at r = 0, such that P(0, t ) = 0, and a nonzero current
at the origin j(r = 0) �= 0, leads to bn = 0. Using a reflecting
boundary at r = L, meaning ∂rP(r, t )|r=L = 0, therefore we
find

λn = d2
w

4τL
z2
−ν,n, (77)

where z−ν,n are the real zeros of J−ν . For a particle that starts
at r = r0 at t = 0 [52]

an = dwτ−1
L τ

(1−ν)/2
0

J1−ν

(
z−ν,n

√
τ0
τL

)
J2

1−ν (z−ν,n)
, (78)

where τL = Ldw/K and τ0 = rdw

0 /K . The FPT PDF, defined as
η(t ) = −∂t

∫ L
0 drrd−1P(r, t ), is given by

η(t ) = τ
(ν−3)/2
L τ

(1−ν)/2
0

2ν−1d2
w

�(1 − ν)

×
∞∑

n=0

J1−ν

(
z−ν,n

√
τ0
τL

)
J2

1−ν (z−ν,n)
z1−ν
−ν,ne−λnt . (79)

The large-domain asymptotic solution of Eq. (79) was ob-
tained by Meyer et al.[5] to be

η(t ) ∼ 22ν−3�(ν)

�(2 − ν)
τ ν−2

L τ 1−ν
0 dw

×
∞∑

n=0

Jν (z−ν,n)

J1−ν (z−ν,n)
z3−2ν
−ν,n e−d2

wz2
−ν,nt/4τL . (80)

This can be obtained from Eq. (79) using the asymp-
totics of the Bessel function Jα (z) ∼ (z/2)α/�(1 + α) for
z 	 √

1 + α, and the identity Jν−1(z)J−ν (z) + J1−ν (z)Jν (z) =
2

z�(1−ν)�(ν) , where J−ν (z−ν ) = 0. The infinite density is then
defined as

I (τ ) ≡ lim
t,τL→∞ τ−1+ν

0 τ 2−ν
L η(t ). (81)

Then from Eqs. (80) and (81)

I (τ ) = 22ν−3�(ν)

�(2 − ν)
dw

∞∑
n=0

Jν (z−ν,n)

J1−ν (z−ν,n)
z3−2ν
−ν,n e−d2

wz2
−ν,nτ/4.

(82)

As pointed out by Meyer et al. [5], this solution is not
integrable due to its small τ limit, as in other examples in this
paper.

Let us study the exact form of divergence of the infinite
density in Eq. (82) for small τ . To study the short-time limit,
we replace the summation with integration, and obtain

I (τ ) → d2
w

�(ν)�(2 − ν)

∫ ∞

0
dkk3−2νe−d2

wk2τ/4 (83)

= d−2+2ν
w

2�(ν)
τ−2+ν, (84)

which is nonintegrable, since 0 < ν < 1. This corresponds to
the long-time limit of the solution for the FPT in an infinite
system, which was studied by Kwok et al. [52]

f∞(t ) = d−2+2ν
w

2�(ν)
e
− τ0

d2
w t (t/τ0)−2+ν/τ0. (85)

Here clearly the persistence exponent is θ = 1 − ν. Using
the solution provided in Eq. (80) and the exact solution (see
Appendix G), the asymptotic behavior of the moments in the
large domain limit in given by

〈t q〉 −→
{

M−
q = 〈t q〉∞, q < 1 − ν

τ
q−(1−ν)
L τ 1−ν

0 M+
q = τ

q−(1−ν)
L τ 1−ν

0

∫ ∞
0 τ qI (τ )dτ, q > 1 − ν

, (86)

where 〈t q〉∞ is obtained using Eq. (85):

〈t q〉∞ = τ
q
0 d−2q

w

�(1 − ν − q)

2�(ν)
. (87)

As illustrated in Fig. 4(b), we observe distinct behaviors de-
pending on the value of q relative to the critical threshold
1 − ν. When q falls below this threshold, the system be-
haves similarly to an infinite system. However, when q exceed
the threshold, the moments exhibit scaling behavior with the
system size, characterized by the term 〈t q〉 ∝ Ldw[q−(1−ν)] in
Eq. (86). From Eq. (86), the validity of the formula for bilinear
scaling, Eq. (37) is easy to verify.

A. The Sierpinski gasket

Previous work showed that the O’Shaughnessy-Procaccia
equation describes some statistical properties of random walks
and first-passage times on different fractal geometries [5,53].
Here a simulation was run to explore the characteristics of a
discrete time random walk on the Sierpinski gasket, a deter-
ministic fractal extensively used as a toy model in the field
of statistical physics (see Appendix H). This model, known
for its intricate self-similar structure, serves as a compelling
model for investigating various phenomena and properties
within the realm of random walks [54–58].

The simulation results have been rescaled to be compared
to the theoretical expression given in Eq. (80). We chose K =
1, while the fractal dimension and the walk dimension of the
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FIG. 4. (a) The rescaled function τ 1+θ
L η(t ) for O’Shaughnessy-Procaccia diffusion (74) with ν = 0.64. (b) The asymptotic behavior of the

FPT moments with ν = 0.63. θ = qc ∼ 0.36, K = 1, and τ0 = 1.

Sierpinski gasket are given by

d f = log(3)/ log(2), dw = log(5)/ log(2), (88)

correspondingly, hence θ = 1 − log(3)/ log(5). On a fractal
we use L = N1/d f where N is the mass, namely, the number
of nodes in the simulation. The relation between the num-
ber of nodes N and the fractal order m (that is, the number
of iterations or recursive steps taken to generate the frac-
tal pattern) for the Sierpinski gasket is given in general by
N = (3 + 3m+1)/2 [59]. To ensure consistency with the large-
system limit, the source and target points were deliberately
selected to be in close proximity to each other (see Fig. 5). In
Fig. 6(a) as the fractal order in the simulation (and thus the
system’s size) increases, we observe a convergence towards
an infinite density function for the O’Shaughnessy-Procaccia
model given in Eq. (82). Additionally, the simulation demon-
strates our predicted biscaling of the moments. As seen in
Fig. 5, while the low-order moments show no apparent depen-
dence on the system’s size, the high-order moments are clearly
increasing with the system size. These findings strongly

suggest the presence of two scaling solutions, consistent with
the expectations outlined in our study. Figure 6 demonstrates
an excellent agreement between the numerical results and the
theoretical prediction given in Eq. (80), supporting the validity
of the theoretical model in describing the system’s behavior.

VII. FPT FOR PARTICLES IN A FORCE FIELD

Next, we consider the case of an overdamped particle in
one dimension subjected to an attracting force field F (x),
with the initial condition P(x, 0) = δ(x − x0) and an absorb-
ing boundary at the origin x = 0, so that P(0, t ) = 0. The
main condition is that the force is binding, hence the particle
will reach the origin with probability one, the search of the
target is a compact search. When the temperature is high,
we expect that the effect of the force diminishes, causing the
FPT probability density to resemble that of a free particle
with some modifications. In the short-time limit, we antici-
pate observing the free-particle solution described in Eq. (3),
featuring a fat-tailed power-law decay followed by a cutoff in

FIG. 5. Left: The moments 〈t q〉 versus L, for q = 0, 0.2, 0.3, 0.6, 0.8, 1, 1.5, 2, from bottom to top. From here we can estimate the spectrum
of the exponent defined with 〈t q〉 ∼ Lqν(q) as defined in Eq. (37). The low-order moments, q < qc show saturation effect, while for q > qc the
moments increase with system size, as described by the scaling relationship in Eq. (86). The system’s size L is given by L = N1/d f , where N
is the number of nodes in the graph, hence the scaling parameter τL is given by τL = Ndw/d f . Right: Order-5 Sierpinski gasket; the red dots
represent the initial condition and the target.
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FIG. 6. (a) Simulation of the rescaled FPT PDF on a Sierpinski gasket for different fractal orders approched in the limit of large order
TO the infinite density for the O’Shaughnessy-Procaccia model given in Eq. (82) (solid black line). Notice the short-time power-law behavior
∼t−2+ν , for as the order of the system grows, the function converges toward the expected limit. (b) The moments of the FPT on an order-7
Sierpinski gasket compared with the asymptotic moments for the O’Shaughnessy-Procaccia model given in Eq. (86). We see that Mq exhibit
a clear transition for qc = 1 − ν ∼ 1.318, similar to the other examples in this paper. Finite-size deviations are also clearly observed in the
vicinity of qc.

the long-time limit. Unlike the previous examples, a reflecting
boundary at a finite position is no longer necessary, as the
potential prevents the particle from escaping to infinity. In the
following cases, the biscaling behavior of the PDF relates to
the transition from force-free particle behavior to the infinite
density solution associated with the external force. Here we
will define the length scale L differently than the previous
models; see below. The Fokker-Planck equation describe the
particle’s movement is given by

∂

∂t
P(x, t ) = L̃FPP(x, t ), (89)

where the Fokker-Planck operator L̃FP is defined as

L̃FP = D

[
∂2

∂x2
+ 1

T

∂

∂x

(
∂V (x)

∂x

)]
, (90)

and V (x) is the external potential generating the force, T is the
temperature of the reservoir, D is the diffusion constant, and
the Boltzmann constant is set to one. We consider here purely
attractive potentials so that deterministically, the particle will
always be drawn toward the absorbing boundary at zero. The
solution for Eq. (89) is defined in the semi-infinite domain,
x ∈ [0,∞). The particle starts at x = x0 at time t = 0.

A. Constant force

For a linear potential, meaning F (x) = −F , with F � 0,
the FPT PDF is given by [38]

η(t ) = x0

2
√

Dπ
t−3/2e

−(x0−D F
kBT t )2

4Dt . (91)

In this problem, we have two competing timescales. First,
τ0 = x2

0/D is the typical time for a force-free particle to reach
the origin. Second is the timescale associated with the external
force, given by τL = L2/D, where L is the confining length
defined as L ≡ T/F , so that τL = T 2/(F 2D). Let us rewrite
the FPT PDF in terms of both timescales as

η(t ) = 1

τ0

√
4π

(t/τ0)−3/2 exp

(
− (

√
τ0/τL − t/τL )2

4(t/τL )

)
. (92)

The moments of the FPT, defined as 〈t q〉 = ∫ ∞
0 t qη(t ) dt , cal-

culated from Eq. (92), are

〈t q〉 = τ
q
2 + 1

4
0√

π
τ

q
2 − 1

4
L e

√
τ0

4τL K 1
2 −q

(√
τ0

4τL

)
, (93)

where K1/2−q(·) is the modified Bessel function of the
second kind. From Eq. (92), we see that τ0 controls the
short-time behavior, where the PDF behaves as the free-
diffusion solution (3). We focus on the limit of a weak
force, or high temperature, that is, τ0 	 τL → x0F/T 	
1, meaning the typical work it takes to move the parti-
cle from the initial point to the origin, is much smaller
than the thermal energy. In this limit, and for long times
t � τ0, Eq. (92) reduces to η(t ) ∝ t−3/2 exp(−t/4τL ). Ex-
panding 〈t q〉 in the weak force limit, the Bessel function
asymptotics is given by Kn(z) ∼ zn[2−1−n�(−n) + O(z2)] +
z−n[2−1+n�(n) + O(z2)]. We have two cases, either the first
term dominates or the second, depending on whether q > θ

or q < θ . Here θ = 1/2, therefore the solution separates into
two different cases as

〈t q〉 �
⎧⎨
⎩

4−q√
π
�
(

1
2 − q

)
τ

q
0 , q < 1

2

4q−1√
π

�
(
q − 1

2

)√
τ0τ

q− 1
2

L , q > 1
2

. (94)

As seen before, the q < 1/2 moments are identical to the mo-
ments of the force-free diffusion (4), which indeed only exist
for q < 1

2 . The high-order moments (q > 1/2) in Eq. (94)
are sensitive to the strength of the force. Using the FPT de-
noted t , we define the random variable τ = t/τL, so that we
can write the q > 1/2 moments as τ

q−1/2
L 〈τ q〉, where 〈τ q〉 =∫

dττ qI (τ ). To find the infinite density function I (τ ), we can
use directly Eq. (92), consider the limit

I (τ ) ≡ lim
t,τL→∞

t/τL→fixed

τ
−1/2
0 τ

3/2
L η(t ), (95)

which gives

I (τ ) =
√

1

4π
τ−3/2e− τ

4 , (96)
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which clearly provides the q > 1/2 moments as given in
Eq. (94). We showed in the first section that for a finite sys-
tem, the cutoff resulting from the reflective boundary ensures
the existence of all moments, and, as we saw here, so does
an external bias. Similarly to Sec. II, the exponent θ = 1/2
determines the critical value of q, separating the free-diffusion
region and the infinite density region, so the larger τL we take,
the closer the exact moments are to their asymptotic value
given by

〈t q〉 −→
⎧⎨
⎩

τ
q
0 M−

q = 〈t q〉free, q < 1
2

τ
1
2

0 τ
q− 1

2
L M+

q = τ
1
2

0 τ
q− 1

2
L

∫ ∞
0 τ qI (τ ) dτ, q > 1

2

,

(97)

with M−
q = 4−q�(1/2 − q)/

√
π and M+

q = 4q−1�(q −
1
2 )/

√
π . Here the high-order moments (q > 1/2) correspond

to the moments calculated using the infinite density given in
Eq. (96), and 〈t q〉free are the moments that correspond to the
force-free diffusion, given in Eq. (4). We see from Eq. (94)
that both terms diverge where the Gamma function argument
approaches zero at the critical moment q → 1/2.

B. Harmonic potential

For a particle subject to a harmonic potential we denote the
potential as V (x) = κx2/2, and the FPT PDF is given by (see
Appendix I)

η(t ) =
∞∑

n=0

τ−1
L

�
(

1
2 − n

)
�(2n + 1)

H2n+1

(√
τ0

2τL

)
e−(2n+1)t/τL ,

(98)

where H2n+1(·) are the Hermite polynomials, and τ0 = x2
0/D

is the diffusive timescale as defined in Sec. II. This re-
sult follows from the general solution outlined in [60].
In our case, due to the absorbing boundary condition at
the origin, only the odd Hermite polynomials are used in
the expansion. The confinement length is defined as L =√

T/κ , meaning the characteristic timescale associated with
the force is τL = L2/D = T/(Dκ ). This corresponds to the
timescale that controls the long-time behavior of the FPT. In
the high-temperature limit x0/L 	 1, we expand H2n+1(z) ∼√

π22n+1(2n + 1)/�(1/2 − n). In that limit, the PDF η(t ) in
Eq. (98) gives

η(t ) �
√

πτ0

2τ 3
L

∞∑
n=0

(2n + 1)22n+1

�
(

1
2 − n

)2
�(2n + 1)

e−(2n+1)t/τL . (99)

Using the rescaled time τ ≡ t/τL, the infinite density is de-
fined to be I (τ ) ≡ limt,τL→∞ τ

−1/2
0 τ

3/2
L η(t ). Performing the

summation over n, we obtain

I (τ ) =
√

2

π

4e−τ

(1 − e−2τ )3/2
. (100)

The asymptotics of Eq. (100) is given by

I (τ ) ∼
{

τ−3/2/
√

π, τ 	 1

4e−τ /
√

2π, τ � 1
. (101)

For large times, the FPP is often approximated by taking
the leading term in the sum from Eq. (99), which gives an
exponential cutoff. That approximation, although valid for the
long-time limit, provides a very partial description of the dis-
tribution, even at large τ . For short times, Eq. (100) converges
to the power-law decay of the force-free solution.

The moments of the FPT, defined as 〈t q〉 = ∫ ∞
0 t qη(t ) dt ,

when q > 0, are calculated from Eq. (98) as

〈t q〉 = �(1 + q)τ q
L

∞∑
n=0

(2n + 1)−1−q

�(1/2 − n)�(2n + 1)
H2n+1

(√
τ0

2τL

)
.

(102)

Expanding Eq. (102) in the limit of a weak force, or τL �
τ0, the moments converge to the asymptotic result as given in
Eq. (97), where the low-order moments are given by the force-
free moments, given in Eq. (4), and the high-order moments
(q > 1/2) are calculated from the infinite density function. In
particular,

∫ ∞

0
τ qI (τ ) dτ =

⎧⎪⎪⎨
⎪⎪⎩

1
2
√

π
�(q − 1/2), q → 1/2

√
π/2, q = 1

√
2π log 2, q = 2

, (103)

hence as q → 1/2+ the q-moment of the FPT diverges. For
a general value of q this integral is not analytically solvable,
nevertheless, we found an approximate expression given by∫ ∞

0
τ qI (τ ) dτ � �(1 + q)√

2π

[
2 + 21−q

√
π

ζ

(
1

2
+ q,

3

2

)]
,

(104)

where ζ (·) is the zeta function. This approximation is ob-
tained by using the infinite-sum form of the infinite density
in Eq. (99) and the large-n limit, taking in addition the n = 0
term. In the limit q → 1/2 Eq. (104) gives

∫ ∞
0 τ qI (τ ) dτ →

(q − 1/2)−1/(2
√

π ), which is consistent with the asymptotics
of Eq. (103).

We see that in the cases introduced in this section, the
potential serves as a confinement mechanism, taking the place
of the system’s size. The biscaling manifests as the transi-
tion of the FPT moments behavior, as seen in Fig. 7, from
force-free to a potential-controlled dynamics. In the force-free
regime, where the potential is negligible, the first-passage time
statistics exhibit a well-known algebraic tail distribution with
the persistence exponent θ = 1/2. However, as the time or
the potential strength increases, a shift occurs towards the
confined behavior, and the first-passage time distribution un-
dergoes a transition to the infinite density function.

C. General force field

In this section, we return to the general problem of FPT in a
confining potential. Consider the dynamics of a 1D Brownian
particle influenced by an attracting potential field V (x). The
Fokker-Planck equation for the propagator P(x, t ) is given
by Eq. (89). Physically free diffusion is expected when the
temperature is high. We now consider this limit, but first
we aim to rewrite this equation in dimensionless units. Do-
ing so we identify the length, energy, and timescale of the
problem. We define the dimensionless variables y = x/L and
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FIG. 7. The rescaled FPT PDF τ
3/2
L η(t ), for different values of τL for the linear potential (96) (a) and the harmonic potential (100) (b).

In this context, τL serves as a measure of the potential strength rather than representing the system size. The moments Mq in Eq. (97) for the
FPT of a particle in a linear potential (c) and a harmonic potential (d). The moments converge to their asymptotic values while τL increases,
meaning the strength of the potential decreases. In the insets of panels (c) and (d), the behavior of Mq is shown up to q = 10 on logarithmic
scale, highlighting the divergence of the amplitude for larger values of q as shown in Appendix D.

τ = t/(L2/D), where L is the characteristic confining length
to be defined. Substituting these into Eq. (89) we get

∂

∂τ
P(y, τ ) =

[
∂2

∂y2
+ 1

T

∂

∂y

(
∂V (Ly)

∂y

)]
P(y, τ ). (105)

We consider a large class of potentials which can be written
in the large-x limit as

V (x) ∼ κβ |x|β, β � 1. (106)

The characteristic length L is defined via the standard devia-
tion of the Boltzmann equilibrium state:

L2 ≡
∫ ∞

0
x2e−V (x)/T dx/Z, (107)

where Z is the normalization factor Z = ∫ ∞
0 e−V (x)/T dx. From

Eq. (106), in the high-temperature limit, this evaluates to

L =
(

T

κβ

)1/β
√

�(3/β )

�(1/β )
. (108)

Using the asymptotic form of the potential Eq. (106) and the
confining length L given in Eq. (108) we can define Ṽ (y) ≡
(κ̃β/κβ )V (y) ∼ κ̃βyβ with κ̃β = (�(1/β )/�(3/β ))β/2.
Equation (105) is now

∂

∂τ
P(y, τ ) =

[
∂2

∂y2
+ ∂

∂y

(
∂Ṽ (y)

∂y

)]
P(y, τ ). (109)

The eigenfunction equation corresponding to the Fokker-
Planck equation (109) can then be written as

−Ẽnφn(y) =
[
∂2φn(y)

∂y2
+ ∂

∂y

(
∂Ṽ (y)φn(y)

∂y

)]
, (110)

where φn(·) and Ẽn are the eigenfunctions and the eigenvalues
of the Fokker-Planck operator, respectively. The propaga-
tor P(y, τ ) can be generally written using the eigenfunction
expansion

P(y, τ ) =
∑

n

cnφn(y)e−Ẽnτ . (111)

Using the transformation ψn(y) = eV (y)/2φn(y) [60], we can
rewrite Eq. (111) as

P(y, τ ) = eṼ (y0 )/2−Ṽ (y)/2
∑

n

ψn(y0)ψn(y)e−Ẽnτ , (112)

where P(y = 0, τ ) = 0. The FPT PDF is defined by the cur-
rent at the absorbing point, namely,

η(τ ) = −∂yP(y, τ )|y=0, (113)

which can be written as

η(τ ) = eṼ (y0 )/2
∑

n

ψn(y0)∂y(e−Ṽ (y)/2ψ (y))|y=0 e−Ẽnτ . (114)

Using the definition of the infinite density function I (τ ) as
given in Eq. (95), in the limit y0 	 1, we expand ψn(y0) ∼

044103-14



SOLUTIONS OF FIRST-PASSAGE TIMES PROBLEMS: A … PHYSICAL REVIEW E 111, 044103 (2025)

ψ ′
n(0)y0 and eṼ (y0 )/2 ∼ 1, obtaining

η(τ ) ∼ y0

∑
n

|∂yφ(y)|y=0|2e−Ẽnτ . (115)

This formulation provides an explicit solution of the FPT PDF
in the large-L limit, from which we can extract the infinite
density function as defined in Eq. (95) to be

I (τ ) =
∑

n

|∂yφ(y)|y=0|2e−Ẽnτ . (116)

To show that this solution is non-normalizable, namely to
calculate the infinite density, we need to use WKB approx-
imation. More specifically, we will show that this solution
diverges on the origin as I (τ ) ∝ τ−1+θ with θ = 1/2. Note
that Eq. (116) is independent of the initial condition r0, and
in this sense universal. Further, this formula can be used to
derive Eqs. (96) and (100) for a particle in a constant force
and harmonic potential.

1. WKB approximation

In the preceding section, we addressed the non-self-adjoint
nature of the Fokker-Planck equation by employing a sim-
ilarity transformation. As mentioned above, we used the
transformation ψn(y) = eV (y)/2φn(y) [60], which allowed us to
reduce the Fokker-Planck equation (90) to a Schrödinger-type
equation with the same eigenvalues given by[

− ∂2

∂y2
+ Ueff (y)

]
ψn(y) = Ẽnψn(y), (117)

where the effective potential Ueff (y) is defined as

Ueff (y) = 1

4

(
∂Ṽ (y)

∂y

)2

− 1

2

∂2Ṽ (y)

∂y2
. (118)

For the general form of the potential given in Eq. (106), the
effective potential simplifies to

Ueff (y) ∼ (κ̃ββyβ−1)2

4
, (119)

for y � 1. The short-time limit of Eq. (115) is dominated by
the higher eigenvalues Ẽn. The WKB approximation provides
a method for analyzing the system in the semiclassical limit,
where it is the high-energy eigenstates that most contribute to
the overall dynamics. We start by evaluating the spectrum Ẽn,
which in the semiclassical limit is determined by the Bohr-
Sommerfeld quantization condition:∫ y2

y1

√
Ẽn − Ueff (y) dy =

(
n + 3

4

)
π. (120)

Here the 3/4 comes from the absorbing boundary at the origin
[60], and y1 and y2 being the classical turning points where
Ẽn = Ueff (y1,2). Substituting the effective potential Eq. (119)
into Eq. (120), we obtain

π

(
n + 3

4

)
=

∫ yt p

0
dy

√
Ẽn − (κ̃ββyβ−1)2

4
, (121)

where yt p = (4E/β2κ̃β
2)1/(2β−2). By changing variables to

z = y/yt p, the integral becomes

π

(
n + 3

4

)
=

√
Eyt p

∫ 1

0
dz

√
1 − z2(β−1)

=
(

2

βκ̃β

)1/(β−1)

Eβ/(2β−2)

√
π�

(
1

2β−2

)
2β�

(
β

2β−2

) . (122)

In the WKB approximation, the eigenfunctions ψn(·) in
Eq. (117) are approximated as

ψn(y) ≈ A√
k(y)

exp

(
±i

∫ y

0

√
Ẽn − Ueff (y′)dy′

)

∼ sin
[∫ y

0 dy
√

E − Ueff (y′)
]

[Ẽn − Ueff (y)]1/4
. (123)

In the short-time limit, corresponding to the small y limit, we
take y ∼ 0, so Eq. (123) simplifies to

ψn(y) ∼ sin (
√

Ẽy)

Ẽ1/4
= y Ẽ1/4. (124)

For normalization, considering the fast oscillations and that
contributions beyond yt p are negligible, we find∫ ∞

0
dy|ψ (y)|2 ∼

∫ ∞

0
dy

1/2

[Ẽ − ueff (y)]1/2

= 1

2

yt p√
Ẽ

∫ 1

0
dz(1 − z2(β−1))−1/2. (125)

Thus, the integral evaluates to∫ ∞

0
dy|ψ (y)|2 ∼ yt p√

Ẽ

√
π�

(
1

2β−2

)
2(2 − β )�

(−1 + β

2β−2

) . (126)

Finally, from Eq. (115), η(t ) is expressed as

η(τ ) ∼ y0

∑
n

√
Ẽ

1∫ ∞
0 dy|ψ (y)|2 e−Ẽτ . (127)

In the high-energy limit, the spacing between energy lev-
els becomes small relative to the typical energy, meaning
Ẽn � �E . This allows us to approximate the sum over n as
an integral. Specifically, we can replace

∑
n with

∫
dE dn

dE ,
where dn

dE is the density of states calculated from Eq. (122).
Recovering the units of η(t ), this leads to

η(t ) ∼ x0

πL3

∫ ∞

0
dẼ

√
Ẽe−Ẽt/L2 ∼ x0√

4π
t−3/2. (128)

To summarize, for any potential field of the form given in
Eq. (106), Eq. (128) gives I (τ ) ∝ τ−3/2 for τ → 0. This
implies that I (·) in Eq. (116) is not normalizable, still as
throughout this work it gives the moments of order q > θ
(θ = 1/2) of the process, including the first moment (see
Appendix J). This shows the wide applicability of the infinite
density concept, as it holds generally valid for a very general
class of attractive force fields.

VIII. STOCHASTIC RESETTING

The principles detailed in this paper can be extended to a
model of stochastic resetting for a diffusive particle, where
the particle’s position is reset randomly over time at a rate
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FIG. 8. (a) The rescaled function τ
3/2
L η(t ) for the resetting problem, given by the inverse Laplace transform of Eq. (131), converges to the

infinite density (135). (b) The asymptotic behavior of the FPT moments where qc = θ = 1/2. D = 1 and x0 = 1.

r [61–67]. This resetting process corresponds to Poissonian
resetting, returning the particle to a fixed point xr . In ad-
dition to the resetting we add a target at x = 0, and focus
on the first-passage time PDF. In the short-time limit, we
expect the FPT distribution to behave like a free particle,
namely, the first scaling function f∞(t ) is given by Eq. (3).
This short-time regime is characterized by the particle’s initial
diffusion before the effects of resetting become significant. In
the long-time limit, the resetting process leads to a cutoff in
the distribution. We consider the limit where both the FPT t
and 1/r are large, but the product r t remains constant, from
which we obtain the infinite density function. We consider the
case of free diffusion between resetting events, in the absence
of a reflecting wall or force field, and will later define the
length scale L within this context.

Consider a resetting process in a semi-infinite domain x ∈
[0,∞), where the fixed point is located at the initial position,
namely, xr = x0. The Laplace transform t → s of the survival
probability is given by [68]

Ŝ(s) =
1 − exp

(−x0

√
s+r
D

)
s + r exp

(−x0

√
s+r
D

) , (129)

where D is the diffusion constant describing the Brownian
motion between resetting. The FPT PDF is defined as

η̂(s) = 1 − sŜ(s). (130)

Substituting Ŝ(s) from Eq. (129), we get

η̂(s) =
(r + s) exp

(−x0

√
s+r
D

)
r exp

(−x0

√
s+r
D

) + s
. (131)

Consider the long-time limit, where x2
0/D 	 1/s, and then

Eq. (131) can be approximated as

η̂(s) � 1 − x0
√

r√
D

(s/r)√
1 + (s/r)

. (132)

The inverse Laplace transform of Eq. (132) is given by

η(t ) ∼ x0r3/2

√
πD

e−rt [(rt )−3/2/2 + (rt )−1/2]. (133)

The typical timescale corresponding to the long-time limit
of this problem involves the resetting rate τL = 1/r. Note
that in this problem the diverging length scale is defined by
L = √

D/r as we are considering the rare resetting limit. In
previous problems, the system’s size or the potential’s strength
dictated the cutoff behavior. Here the resetting rate r acts as
the confining mechanism. From Eq. (33), the infinite density
function is defined as

I (τ ) ≡ lim
t,1/r→∞

r−3/2(x0/
√

D)−1η(t ), (134)

where τ = r t and the persistence exponent is θ = 1/2, gives

I (τ ) = e−τ

√
π

(τ−3/2/2 + τ−1/2). (135)

For small τ , I (τ ) ∝ τ−3/2, and so I (τ ) is indeed non-
normalizable. In Fig. 8(a) we see that the intermediate to
long-time limit of the distribution converges to Eq. (135).

In the limit of small rate, namely, 1/r � x2
0/D, the mo-

ments are given by

〈t q〉 −→
{

τ
q
0 M−

q = 〈t q〉∞, q < 1/2

r1/2−qτ
1/2
0 M+

q = r1/2−qτ
1/2
0

∫ ∞
0 τ qI (τ ) dτ, q > 1/2

, (136)

where τ0 = x2
0/D. The low-order moments 〈t q〉∞ are the FPT moments of a free particle as given in Eq. (4). The higher-order

moments q > 1/2 are given by the moments calculated from Eq. (135):

∫ ∞

0
dτI (τ )t q = q�(q − 1/2)/

√
π. (137)
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In Fig. 8(b) we plot the dimensionless M±
q vs q. The moments

were calculated by numerical integration of the inverse trans-
form of Eq. (131). The q < 1/2 moments converge to those
of free diffusion since these moments correspond to the times
when the system has not yet reset. These moments clearly do
not depend on the rate r.

IX. RUN-AND-TUMBLE PARTICLE UNDER RESETTING

Next we study the dynamics of a run-and-tumble particle
(RTP) under stochastic resetting. The RTP model consists of
alternating phases of straight-line motion (run phase) at a
constant speed v0 and random reorientation (tumble phase),
resulting in a sudden change in direction [69,70]. The tumble
events occur instantaneously at a constant rate γ .

We consider an RTP starting at the absorbing point x0 = 0,
with an initial velocity of either ±v0, each with a probability
of 1/2. The particle is reset to x = 0 at a constant rate r, with

the velocity also reset to either ±v0. In the limit of a slow
resetting rate r → 0, the system effectively behaves as a free
RTP, meaning the FPT distribution converges to that of an
RTP particle without resetting, given by [71,72]

f∞(t ) = 1

2t
e−γ t I1(γ t ), (138)

where I1(·) is the modified Bessel function of order 1. In the
limit of large t (i.e., t � 1/γ ), using the expansion of the
modified Bessel function I1(x) ∼ ex/

√
2πx, Eq. (138) simpli-

fies to

f∞(t ) ∼ 1

2
√

2πγ
t−3/2. (139)

Thus, from Eq. (139) we see that the the persistence exponent
is θ = 1/2.

For a RTP with resetting, the Laplace transform of the
FPT distribution was derived by Evans and Majumdar using a
renewal approach [73]. The exact expression is given by

η̂(s) = 1 − s

r

(
−1 + 2γ (s + r)

2γ s − r(
√

(r + s)(r + s + γ ) − (r + s + 2γ )

)
. (140)

Consider the limit of slow resetting, where the resetting rate is much slower compared to the tumble rate, i.e., 1/r � 1/γ , and
long times, where 1/s � 1/γ , while keeping r/s constant. In this limit, Eq. (140) simplifies to

η̂(s) ∼ 1 − s/r√
2γ (+s/r)

, (141)

and the inverse transform of Eq. (141) is given by

η(t ) ∼ r3/2

√
2γπ

e−rt

(
1

2
(r t )−3/2 + (r t )−1/2

)
. (142)

The first timescale, associated with the tumble rate, is τ0 = (2γ )−1, while the second timescale, corresponding to the resetting
rate, is defined as τL = 1/r. Following that, and from Eq. (33), the infinite density function is defined as

I (τ ) ≡ lim
t,1/r→∞

√
2γ r−3/2η(t ), (143)

where τ = r t , and we find

I (τ ) = e−τ

√
4π

(τ−3/2 + 2 τ−1/2). (144)

The scaling function in Eq. (144) is identical to the one derived in Eq. (135). This is expected, as the long-time limit of Eq. (139)
shows that the RTP dynamics reduces to those of ordinary Brownian motion with an effective diffusion coefficient Deff = v2

0/2γ .
Since the particle starts at the origin, namely, x0 = 0, we define an effective length scale xeff

0 ≡ v0/2γ , the characteristic distance
the particle is expected to move away from the target before the first tumble occurs. Following this definition, we can define the
first timescale straightforwardly as τ0 ≡ (xeff

0 )2/Deff = 1/2γ . As a result, the scaling function corresponding to the long-time
limit, given in Eq. (144), mirrors the one found for stochastic resetting of a Brownian particle in previous section, with the
timescale τ0 now relate to the tumble rate of the system.

In Fig. 9(a) we show the convergence of the rescaled FPT distribution, given by the inverse Laplace transform of Eq. (140),
to the scaling function I (τ ) as we increase τL = 1/r.

In the limit 1/r � 1/2γ , namely, the tumble rate is much higher than the resetting rate, the FPT moments can be expressed
as

〈t q〉 −→
{

(1/2γ )qM−
q = 〈t q〉∞, q < 1/2

r1/2−q(1/2γ )1/2M+
q = r1/2−q(1/2γ )1/2

∫ ∞
0 τ qI (τ )dτ, q > 1/2

. (145)

The low-order moments for q < 1/2 are the FPT moments of the RTP without resetting in Eq. (138), given by

M−
q = �(1 + q) 2F1

(
1 + q

2
,

2 + q

2
, 2, 1

)
. (146)
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FIG. 9. (a) The rescaled function τ
3/2
L τ

−1/2
0 η(t ) for RTP under resetting, given by the inverse Laplace transform of Eq. (140), converges to

the infinite density (144). (b) The asymptotic behavior of the FPT moments where qc = θ = 1/2. γ = 2 and v0 = 1.

The higher-order moments q > 1/2 are given by the moments
calculated from Eq. (135), given explicitly in Eq. (137). In
Fig. 9(b) we plot the dimensionless M±

q vs. q. These moments
are computed through the numerical integration of the inverse
Laplace transform of Eq. (140). We see that the q < 1/2
moments converge to those of the RTP dynamics without
resetting, and therefore do not depend on the resetting rate
r. In contrast, the q > 1/2 moments align with the behavior
of the resetting problem without RTP dynamics. Therefore the
only dependence on the tumbling results from the scaling time
τ0 = 1/2γ .

X. UNIFORM APPROXIMATION

In this section, we discuss the uniform approximation for
the FPT statistics. The FPT PDF is characterized by two
scaling functions, namely, f∞(t ) and I (t ), which describe its
asymptotic behavior for short and long times, respectively,
as defined in Sec. III. As we showed, there is a region in
time t , for which the two solutions match, and hence we can
construct a uniform approximation that smoothly connects the
two approximations. The main idea behind the method is to
assume that the density function varies slowly compared to
the characteristic scales of the system, allowing us to obtain
approximate solutions that capture a wide range of timescales.
As we found in Sec. III, the uniform approximation of the FPT

PDF is given by

η(t ) ∼ N τ−1
0 f∞(t/τ0)τ−1−θ

L I (t/τL )t1+θ . (147)

For each of the models presented in this work, we pro-
vided an explicit expression for both f∞(t ) and I (t ). For
example for the harmonic field, we use I (τ ) given in
Eq. (100) and f∞(t ) is the PDF for a force-free particle given
in Eq. (3), and find η(t ) ∼ 4

√
2x0Dκ3/2e−Dκt−x2

0/4Dt (1 −
e−2Dκt )−3/2/

√
π . Eq. (147) provides a good approximation

for both short and long timescales. In Table II we list
the uniform approximations found for the models under
study.

For the case of diffusion in a 2D wedge [Fig. 10(b)], the
short-time limit of the PDF does not decay to zero as is typical
for many other systems. Instead, it converges to a constant
value. This behavior arises due to the particular chosen initial
condition of the angular part which allows the particle to start
infinitesimally close to the absorbing line, hence the FPT is
zero, and the probability of reaching the target in extremely
short times remains non-negligible.

In certain experimental scenarios, a more realistic initial
condition may not be specified by a single value, but rather by
a distribution. For instance, the initial condition could be rep-
resented by a narrow Gaussian distribution centered around
x0. In such cases, the resulting distribution can be calculated

TABLE II. Uniform approximation for each of the models discussed, obtained using Eq. (147).

Model Uniform approximation for η(t )

1D box − x0
L e−x2

0/4Dt∂tϑ2(e−π2Dt/L2
)

Wedge r0L−2−νD
1+ν

2
�( 3+ν

2 )

21−nu�(2+ν )
e− r2

0
8Dt t

ν−1
2
[
I 3+ν

2

( r2
0

8Dt

) − (
1 − 8Dt

r2
0

(1 + ν )
)
I 1+ν

2

( r2
0

8Dt

)]∑
k ckk2+νe− Dk2

L2 t

CTRW −2�(− α

2 )L−3x−2/α

0 t3α/2�α/2( t

x2/α
0

)
∑

n π 2(n + 1
2 )2Eα,α[−π 2(n + 1

2 )2tα/L2]

Fractal Kr
dw−d f
0 L−2dw+d f dw22ν−3�(ν )

�(2−ν ) e
− rdw

0
d2
wKt

∑∞
n=0

Jν (z−ν,n )
J1−ν (z−ν,n ) z3−2ν

−ν,n e−d2
wz2−ν,nKt/4Ldw

V-shaped potential x0√
4Dπ

t−3/2e−(DF/kBT )2t/4−x2
0/4Dt

Harmonic potential x0Dκ3/2
√

2
π

4e−Dκt−x2
0/4Dt

(1−e−2Dκt )3/2

Stochastic resetting e−x2
0/4Dt x0√

4π D
e−r t t−3/2(1 + 2r t )

Run and tumble with resetting r3/2t1/2e−rt−γ t I1(γ t )[(rt )−3/2/2 + (rt )−1/2]
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FIG. 10. FPT PDF: Uniform approximation (solid lines), described by the expressions in Table II, is compared with the exact solution
(symbols) for various models: (a) 1D box, (b) V-shaped potential, (c) harmonic oscillator, (d) 2D wedge, (e) fractal geometry, (f) CTRW, (g)
stochastic resetting, and (h) run and tumble with resetting.

by integrating over the initial condition distribution, given by
the expression

∫ L
0 dx0 p(x0) ηx0 (t ), where ηx0 (t ) represents the

FPT PDF and p(x0) represents the distribution of the initial
condition.

XI. DISCUSSION

The FPT PDF η(t ) for compact search in large but finite
systems with localized initial conditions consists of three
parts: a singular phase at short times where the particle

cannot reach the target, a peak at intermediate times, and
a cutoff at long times. The distribution has the following
properties:

(1) Factorization. The problem involves two length scales,
the system size and the initial distance between the particle
and the target, leading to two timescales, τL and τ0, corre-
spondingly. Our biscaling theory demonstrates that the FPT
statistics can be described as a product of two functions, f∞(·)
and I (·). This simplification allows for the separate evaluation
of these functions. The factorization of the solution into a

044103-19



BARAVI, KESSLER, AND BARKAI PHYSICAL REVIEW E 111, 044103 (2025)

product of two functions has many consequences, which are
discussed in the following points.

(2) Biscaling. The function f∞(·) represents the distribu-
tion of the first-passage time for an infinite system, while
the function I (·), which is not normalized, describes another
asymptotic regime arising from the finiteness of the system.
The existence of a scaling range where τL � t � τ0 guar-
antees the matching of the large-time limit of f∞(·) and the
small-time limit of I (·) match, both relating to the persistence
exponent.

(3) Two Limits of the PDF of First-Passage Times. Math-
ematically, by taking the limit L → ∞ while keeping t fixed,
the PDF of first-passage times, η(t ), yields f∞(t ). In the sec-
ond limit, where both t and τL are large but their ratio remains
finite, we obtain I (τ ). These functions are essential tools in
the theory of first-passage times for compact search.

(4) Three Exponents. The problem is characterized by
three exponents: the widely used walk dimension dw and the
persistence exponent θ , as well as a new exponent γ . The
amplitudes of the moments Mq diverge as q approaches θ

from above and below, following the relation Mq ∼ |q − θ |−γ .
Unlike θ and dw, which can vary, γ = 1 is universal across all
models. Close to q = θ , the convergence is extremely slow, as
illustrated in the corresponding Figs. 1(b), 2(c), 3(b), etc.

(5) Observables. In the context of infinite ergodic theory,
the type of observable under study is crucial. The moments
of the first-passage time, 〈t q〉, can be characterized as either
integrable for q > θ or nonintegrable for q < θ with respect to
the non-normalized invariant density I (·). These two classes
of observables exhibit vastly different behaviors. The non-
integrable low-order moments, q < θ , are not sensitive to
system size, as they describe the typical behavior of the PDF
of first-passage times. In contrast, the moments for q > θ

provide information on the size of the domain. Notably, the
first moment, the mean, does not hold special importance.

(6) Spectrum of Exponents. The moments depend on the
size of the system and the initial distance between the particle
and the target, or more generally, the absorbing boundary
condition. Two piecewise linear functions, qμ(q) and qν(q),
describe the scaling behavior, with a point of discontinuity
at q = θ . Measuring these functions provides both θ and dw.
Furthermore, the functions ν(q), describing the dependence of
moments on the size, and μ(q), describing the dependence on
the initial condition, obey a simple sum rule in Eq. (A9).

(7) General Formal Solution. The general formal solu-
tion of these types of problems is given by an infinite series
eigenfunction expansion. This type of solution is generally
nonseparable and does not typically imply that factorization
is possible. Additionally, this solution depends on the initial
condition, the shape of the domain, and other factors. In con-
trast, the scaling function I (τ ), which was the main focus of
the technical part of this work, is independent of the initial
condition and does not depend explicitly on the system size,
as the latter affects only the rescaling of the first-passage time;
see, for example, Eq. (12).

(8) Closed-Form Solutions for Special Cases: The function
I (τ ) has been found in closed forms for special cases, such as
a particle in a box and in a harmonic field, and for the resetting
problem; see Eqs. (12), (100), and (135). These simple expres-
sions are valuable and can be obtained using techniques like

the Mellin transform or summation over infinite series. While
there is no general master function that solves the problem
for all cases, we have determined the functions I (τ ) for both
small τ (where it diverges) and large τ for all models under
study. The key advantage of I (τ ) is that its calculation does
not involve the initial condition, making it mathematically
easier to handle compared to the full solution. Moreover,
I (τ ) can be evaluated from numerical and experimental data,
requiring the exponents dw and θ . The persistence exponent θ

arises from the power-law tail of the first-passage time PDF
for an infinite system, while dw is related to free diffusion ex-
ponents or alternatively they can be directly extracted from the
spectrum of exponents describing first-passage time moments,
as mentioned.

(9) Force Fields. The theory presented here is valid for
a particle in a confining force field and for systems with
hard or absorbing walls. In the former case, the length scale
L is evaluated from the Boltzmann equilibrium, making it
temperature-dependent. This highlights the generality of our
theory, which should also apply to other systems, such as ac-
tive systems. Using the WKB method and the Fokker-Planck
equation, we showed that I (τ ) diverges as τ−3/2 for short
times, which holds for a wide class of potentials that increase
linearly or faster at large x. Weaker potentials fall into a
different category. The I (τ ) ∝ τ−3/2 is a special case of the
more general behavior I (τ ) ∝ τ−1−θ .

(10) Non-Markovian Dynamics and Disordered Systems.
Our study primarily focused on Markovian dynamics, where
the exact solution for η(t ) involves an infinite series of ex-
ponentially decaying functions. However, this characteristic
does not apply to strongly disordered systems, which we mod-
eled using semi-Markovian continuous-time random walks
(CTRWs). In these cases, the sum of exponential decays is
absent, with I (·) diverging for short times and decaying as a
power law at large times. We propose that the biscaling theory
can extend to other recurrent diffusion models in disordered
environments. We also believe the theory may apply to un-
derdamped Langevin dynamics and systems with short-term
memory described by the generalized Langevin equation.
Given the presence of the exponent θ in fractional Brownian
motion, we speculate that the theory may also be relevant for
processes with long-term correlations, provided the search is
compact and the system large.

(11) Nonequilibrium Systems. Our results show that bis-
caling applies to the resetting paradigm, which inherently
represents a nonequilibrium steady state. In contrast, the
model of diffusion in a force field assumes thermal equilib-
rium, but this condition is not required, as the biscaling theory
developed here is broadly applicable.

(12) Generality and Flexibility. The theory is highly gen-
eral and applicable to different shapes of distributions. It
covers models like CTRW, where the FPT distribution shows
a power-law decay, and it also handles unique cases like the
2D wedge model, where the first scaling function remains
constant instead of decreasing to zero when t → 0; see Fig. 2.
The theory can be applied without exact knowledge of the
analytical form of the scaling functions. For instance, in the
case of the Sierpinski gasket, the second scaling function is
determined using the Shaughnessy-Procaccia model, while
the first scaling function does not have an explicit analytical
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solution. The theory remains effective even though one of the
scaling functions only has a numerical form. In this model,
we observe the matching of the two scaling functions, even
though the first one describes a discrete space.
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APPENDIX A: PARTICLE IN A BOX: CALCULATION
OF THE INFINITE DENSITY USING

THE MELLIN TRANSFORM

The first-passage PDF in Laplace space, denoted as η̂(s), is
expressed as [1]

η̂(s) = cosh
[√ s

D (x0 − L)
]

cosh
(√ s

D L
) , (A1)

which can be further simplified to

= cosh

(√
s

D
x0

)
− sinh

(√
s

D
x0

)
tanh

(√
s

D
L

)
. (A2)

In the limit sτ0/τL 	 1 [6], we have the following approxi-
mation:

η̂(s) ≈ 1 − x0

L

√
s̃ tanh(

√
s̃), (A3)

which can also be written as

= 1 − 2
x0

L

∞∑
m=0

ŝ

π2
(
m + 1

2

)2 + ŝ
, (A4)

where s̃ = sL2/D. By expanding the PDF η̂(s) using the FPT
moments, defined as η̂(s) = ∑∞

n=0(−1)n sn

n! 〈t n〉, we obtain the
expression for the nth moment as

〈t n〉n∈Z+ ∼ 2τ
n− 1

2
L

√
τ0n!

∞∑
m=0

(
π

(
m + 1

2

))−2n

︸ ︷︷ ︸
π−2n(22n−1)ζ (2n)

, (A5)

where ζ (·) is the Riemann zeta function, τL = L2/D and
τ0 = x2

0/D. Clearly from normalization when n = 0, 〈t0〉 = 1.
Equation (A5) is valid for any positive integer. If we assign a
real value n, we notice that Eq. (A5) converges only for n >

1/2, since the Riemann zeta function diverges when 2 n = 1.
We make the assumption that the asymptotic moments given
in Eq. (A5) correspond to the moments of a function ηA(t )
defined as

〈t n〉A =
∫ ∞

0
t nηA(t )dt . (A6)

Explicitly, using Eq. (A5),

〈t n〉A = 2τ
n− 1

2
L

√
τ0n!π−2n(22n − 1)ζ (2n). (A7)

The naive concept is that if we find the function ηA(t ), it
will also characterize the probability density function η(t ).
However, as we will demonstrate below, this assumption

introduces a subtle issue. Here the subscript A stands for
asymptotic, since the moments 〈t n〉A are those given in
Eq. (A5), which is valid for large systems.

Recall the definition of the Mellin transform φ(z) of a
function f (t ) is defined as φ(z) = ∫ ∞

0 t z−1 f (t ) dt . The Mellin
transform of an exponential function is given by

M{e−αt }(z) = α−z�(z), (A8)

where �(z) denotes the gamma function. From Eqs. (A6)–
(A8), where we identify n → z − 1,

ηA(t ) = 2
√

τ0τ
−3/2
L

∞∑
m=0

(
π

(
m + 1

2

))2

e−(π2(m+ 1
2 )2 )t/τL .

(A9)

Summing Eq. (A9), we eventually obtain

ηA(t ) = −
√

τ0

τL
∂tϑ2(e−π2t/τL ). (A10)

It is easy to verify that Eq. (A10) gives the moments 〈t n〉A in
Eq. (A5). We argue that the function I (τ ) defined in Eq. (11)
can be used in principle to find the large L limit of the mo-
ments. Hence it follows that this function is related to ηA(t ),
and using Eq. (A10) we find the main result of this appendix,

I (τ ) = −∂τϑ2(e−π2τ ), (A11)

as found in Eq. (12).

APPENDIX B: PARTICLE IN A BOX: DIRECT
CALCULATION OF THE INFINITE DENSITY

The FPT PDF is given by η(t ) = −∂t
∫ L

0 P(x, t ) dx, where
P(x, t ) is the solution for Eq. (5) given in Sec. II. Using the
eigenfunction expansion, we obtain

η(t ) = 2D

L2

∞∑
n=0

π

(
n + 1

2

)
sin

(
π

(
n + 1

2

)
x0

L

)

× e−Dπ2(n+ 1
2 )2t/L2

, (B1)

which we can rewrite as

η(t ) = D

L2

nc∑
n=0

cne−Dπ2(n+ 1
2 )2t/L2 + D

L2

∞∑
n=nc

cne−Dπ2(n+ 1
2 )2t/L2

,

(B2)

where cn = 2π (n + 1/2) sin[π (n + 1/2)x0/L]. In Eq. (B2),
the initial condition x0 enters only at cn. Assuming that L �
x0, we can expand Eq. (B2) using cn � 2π2(n + 1/2)2x0/L.
This expansion is valid only where π (n + 1/2)x0/L < 1,
meaning for n < nc when nc ∼ L/x0. For the second sum in
Eq. (B2), the largest term is given for n = nc. For large times
t ∼ L2/D, and n � nc, the exponential is vanishingly small,
hence all following terms in the sum are negligible. Since we
consider the limit of large system, we can take nc → ∞, so
Eq. (B1) can be approximated as

η(t ) � 2Dx0

L3

∞∑
n=0

π2

(
n + 1

2

)2

e−Dπ2(n+ 1
2 )2t/L2

. (B3)
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Equation (B3) can also be written as

η(t ) � −2
√

τ0

τL
∂t

∞∑
n=0

e−π2(n+ 1
2 )2t/τL , (B4)

where τL = L2/D and τ0 = x2
0/D. It is useful to define a

random variable τ ≡ t/τL as the rescaled time, so in the limit
of L → ∞ and t → ∞, this new variable remains finite. In
this limit we can define the infinite density function using the
asymptotic of the first-passage time PDF as

I (τ ) ≡ lim
t,τL→∞ τ

3/2
L τ

−1/2
0 η(t ), (B5)

where, as stated before, the ratio t/τL remains finite. Summing
the series in Eq. (B4), we obtain

I (τ ) = −∂τϑ2(e−π2τ ), (B6)

where ϑ2(·) is the Jacobi elliptic theta function. Here we
obtained the results presented in Eq. (12).

APPENDIX C: MOMENTS OF THE FPT

Given our exact expression for η(t ) in Eq. (B1), we can
write an exact expression for the following moments:

〈t q〉 =
∫ ∞

0
dt tq

∞∑
n=0

D sin
[(

n + 1
2

)
πx0
L

]
(2n + 1)π

L2

× e−(n+1/2)2π2Dt/L2
(C1)

=
∞∑

n=0

[π2(n + 1/2)2D/L2]−q−1�(q + 1)

× D sin
[(

n + 1
2

)
πx0
L

]
(2n + 1)π

L2
(C2)

= 2�(q + 1)π−1−2q(L2/D)q
∞∑

n=0

sin[(n + 1/2)πx0/L]

(n + 1/2)2q+1
.

(C3)

Again, when q > 1/2, the sum without the sin converges,
and thus we can expand the sin, yielding exactly what we
calculated above. For q < 1/2, we can approximate the sum
by an integral over n from 0 to ∞, also yielding our previous
result.

We can do better by breaking the sum at n = N where 1 	
N 	 L/x0. We treat q < 1/2 first. For the sum up to N we can
expand the sin giving

S1 =
N∑

n=0

sin[(n + 1/2)πx0/L]

(n + 1/2)2q+1
(C4)

∼ π
x0

L

N∑
n=0

1

(n + 1/2)2q
(C5)

∼ π
x0

L

[
N1−2q

1 − 2q
+ (

22q − 1
)
ζ (2q)

]
. (C6)

The second part of the sum can be well approximated by an
integral, defining y ≡ x0π/L:

S2 ∼
∫ ∞

N
dk

sin(ky)

k2q+1
(C7)

= sin Ny

2qN2q
+ y

∫ ∞

N
dk

cos ky

2qk2q
(C8)

∼ y

2q
N1−2q + y

2q

∫ ∞

0
dk

cos ky

k2q
− y

2q

∫ N

0
dk

cos ky

k2q

(C9)

∼ y

2q
N1−2q + �(1 − 2q)

y2q

2q
sin(πq) − y

N1−2q

(1 − 2q)

(C10)

∼ −�(−2q)y2q sin(πq) − y
N1−2q

1 − 2q
. (C11)

Putting this together, we have

〈t q〉 ∼ [2�(q + 1)π−1−2q(L2/D)q]

× [−�(−2q)y2q sin(πq) + y(22q − 1)ζ (2q)]. (C12)

The first term exactly reproduces our previous result and the
second is a correction, down by a factor of (x0/L)1−2q. In
particular, as q → 1/2, the two terms approach the same mag-
nitude and in fact cancel to leading order, leaving a ln L/x0

remainder. Taking the limit we get

〈t1/2〉 ∼
√

L2/Dπx0/L[1 + ln(4L/x0)]/π3/2. (C13)

For q > 1/2, we can do the same thing. For S1, we have

S1 ∼ π
x0

L

N∑
n=0

1

(n + 1/2)2q
(C14)

∼ π
x0

L

[
(22q − 1)ζ (2q) − N1−2q

2q − 1

]
. (C15)

The first term is independent of N in the large-N limit and
just reproduces our original q > 1/2 calculation. For S2 and
q < 1, we have

S2 ∼ sin Ny

2qN2q
+ y

∫ ∞

N
dk

cos ky

2qk2q
(C16)

= y

2q
N1−2q + y

2q

cos Ny

(2q − 1)N2q−1
− y2

2q(2q − 1)

×
[ ∫ ∞

0
dk

sin ky

k2q−1
−

∫ N

0
dk

sin ky

k2q−1

]
(C17)

∼ y

2q
N1−2q + y

2q

1

(2q − 1)N2q−1
− y2

2q(2q − 1)

× [y2q−2�(2 − 2q) sin(πq) − yN3−2q]

∼ y

2q − 1
N1−2q − y2q�(2 − 2q) sin(πq). (C18)
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Adding the two terms, we get that

〈t q〉 ∼ 2�(q + 1)π−1−2q(L2/D)q

[
π

x0

L
(22q − 1)ζ (2q)

− (x0/L)2q�(2 − 2q) sin(πq)

]
. (C19)

APPENDIX D: ASYMPTOTICS OF THE MOMENTS
AMPLITUDE FOR q → ∞

We study the behavior of the moment amplitude Mq for
large q in a general model. For I (τ ) of the form

I (τ ) =
∑

n

cne−λnτ , (D1)

where λn are the eigenvalues associated with the system and
cn are the corresponding coefficients. For large q, the moments
are dominated by the longest times, which correspond to the
smallest eigenvalue λ0. Thus, we approximate the moment
amplitude as∫ ∞

0
dτ τ qI (τ ) ≈ c0

∫ ∞

0
dτ τ qe−λ0τ . (D2)

Applying Laplace’s method, we rewrite the integrand as

Iq =
∫ ∞

0
dτ e−λ0τ+q log τ , (D3)

where the exponent is given by

�(τ ) = −λ0τ + q log τ. (D4)

The saddle point occurs at the maximum of �(τ ), determined
by setting its derivative to zero:

�′(τ ∗) = −λ0 + q

τ ∗ = 0, (D5)

yielding

τ ∗ = q

λ0
. (D6)

Expanding �(τ ) around the saddle point gives

�(τ ) ≈ �(τ ∗) − λ0

2q
(τ − τ ∗)2. (D7)

The integral is then approximated as a Gaussian,

Iq ≈ e�(τ ∗ )
∫ ∞

−∞
dτ e− λ0

2q (τ−τ ∗ )2 = e�(τ ∗ )

√
2πq

λ0
, (D8)

where

�(τ ∗) = −q + q log

(
q

λ0

)
. (D9)

Collecting the terms, we obtain the asymptotic form∫ ∞

0
dτ τ qI (τ ) ∼ e−qqq, (D10)

which diverges as q → ∞.

APPENDIX E: TWO-DIMENSIONAL WEDGE

The diffusion equation in plane polar coordinates is given
by

∂

∂t
P(r, φ, t ) = D

(
∂2

r + 1

r
∂r + 1

r2
∂2
φ

)
P(r, φ, t ), (E1)

where φ is the polar angle coordinate. We assume sep-
aration of variables to write the solution as P(r, φ, t ) =
R(r)�(φ) exp(−Dλt ), where R(r) are the radius eigenfunc-
tions and �(φ) the angular eigenfunctions. Through the
boundary conditions �(φ = 0) = �(φ = π/ν) = 0, we con-
clude that the angular eigenfunctions are sine waves, that is,
�(φ) ∼ sin(φmν), where m is an integer. By choosing the ini-
tial condition to be P(r, ϕ, t = 0) = ν sin(φν)δ(r − r0)/2r0,
we can reduce Eq. (E1) into an effective 1D radial problem as
only the m = 1 term is not null. The general solution for the
radial part is given by a combination of first and second kind
Bessel functions. Since the domain includes r = 0, where the
second kind Bessel diverges, we will discard these solutions,
with only the first kind term remaining. The solution is then
given by

P(r, φ, t ) = sin(νφ)
∑

k

Jν

( kr0
L

)
∫ L

0 rJ2
ν

(
kr
L

)
dr

Jν

(
kr

L

)
e−D k2

L2 t
,

(E2)

where k is obtained by applying the reflective boundary,
namely, a no-flux boundary condition at r = L. Mathemati-
cally, this condition can be written as

Jr = −D
∂P(r, θ, t )

∂r
= 0 at r = L,

where Jr is the radial probability flux; thus, the reflecting
boundary condition at r = L is

∂Jν (kr/L)

∂r r=L
= 0.

From that, k follows the equation

Jν+1(k) − Jν−1(k) = 0. (E3)

The FPT PDF is given by η(t ) = −∂t S(t ), where
S(·) is the survival probability, defined as S(t ) =∫ α

0 dφ
∫ L

0 rdrP(r, φ, t ), then

η(t ) = τ−1
L

∑
k

ckk2Jν

(
k

√
τ0

τL

)
e−k2 t

τL , (E4)

where τL = L2/D is the exponential decay timescale, τ0 =
r2

0/D is the diffusive timescale, and the coefficient ck is given
by

ck ≡
∫ L

0 rJν

(
kr
L

)
dr∫ L

0 rJ2
ν

(
kr
L

)
dr

(E5)

= 21−νk1+ν

(2 + ν)�(1 + ν)
pFq

(
1 + ν

2 ,
{
1 + ν, 2 + ν

2

}
,− k2

4

)
kJ2

ν (k) + kJ2
ν−1(k) − 2νJν (k)Jν−1(k)

,

(E6)

where pFq(a1, . . . , ap, b1, . . . , bq; z) = ∑
k (a1)k, . . . , (ap)k/

(b1)k, . . . , (bq )kzk/k! is the generalized hypergeometric
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function and (a)k = �(a + k)/�(a) is Pochhammer symbol.
Since both integrals at Eq. (47) proportional to ∼L2, ck does
not depend on L.

APPENDIX F: FPT FOR CTRW

1. General transformation of the first-passage moments

The q-moment of the first-passage PDF is defined as

〈t q〉α =
∫ ∞

0
t qηα (t ) dt ; (F1)

plug in ηα (t ) = −∂t
∫ L

0 Pα (x, t ) dx, where Pα (x, t ) defined in
Eq. (59), then

〈t q〉 = −
∫ L

0
dx

∫ ∞

0
dsP1(x, s)

∫ ∞

0
dttq∂t n(s, t ). (F2)

Plug in n(s, t ) from Eq. (60) and use integration by parts

= q

α
(Kα/D)1/α

∫ L

0
dx

∫ ∞

0
dsP1(x, s)s−(1+1/α)

×
∫ ∞

0
dttqlα

(
K1/α

α t

(Ds)1/α

)
. (F3)

Change variables to y = K1/α
α t

(Ds)1/α and solve the integration
over x and y

= q

α

∫ L

0
dx

∫ ∞

0
dsP1(x, s)s−1+q/α

∫
dyyqlα (y) (F4)

= 〈t q〉Levy
q

α

∫ L

0
dx

∫ ∞

0
dsP1(x, s)s−1+q/α (F5)

= 〈t q〉Levy

∫ ∞

0
dsη1(s)sq/α (F6)

〈t q〉α = 〈t q/α〉1〈t q〉Levy, (F7)

where

〈t q〉Levy = �[−q/α]

α�[−q]
(F8)

are the moments of the one-sided Lévy distribution, and

〈t q/α〉1 =
∫ ∞

0
t q/αη1(t ) dt (F9)

are the q/α moments of the first-passage PDF related to the
solution of the ordinary Fokker-Planck Eq. (G1).

2. Short-time limit of the infinite density for CTRWs

In the limit of continuous n, by replacing the sum by an
integral namely, 2n + 1 → k, Eq. (65) yields

Iα (τ ) → 1

2π

∫ ∞

0
dkk2τα−1Eα,α (−k2τα ). (F10)

Performing a change of variables y ≡ kτα/2,

= 1

2π
τ−1−α/2I, (F11)

where the coefficient I is given by the following integral:

I =
∫ ∞

0
y2Eα,α (−y2) dy. (F12)

Changing variables y2 = xα, dy = αxα/2−1dx/2, Eq. (F12)
gives

= α

2

∫ ∞

0
x3α/2−1Eα,α (−xα ) dx (F13)

while on the other hand∫ ∞

0

e−ux − 1

u1+α/2
du = xα/2

∫ ∞

0

e−z − 1

z1+α/2
dz = xα/2�(−α/2).

(F14)

Here we used change of variables z = ux. Plugging in xα/2

into Eq. (F13),

I = α

2�(−α/2)

∫ ∞

0
dx

∫ ∞

0
du

e−ux − 1

u1+α/2
xα−1Eα,α (−xα ).

(F15)

Using the Laplace transform L[xα−1Eα,α (−xα )](u) =
1/(uα + 1)

= α

2�(−α/2)

∫ ∞

0
duu−1−α/2

(
1 − 1

uα + 1

)
, (F16)

then

I = απ

�(1 − α/2)
. (F17)

APPENDIX G: FRACTAL GEOMETRY

The solution for the diffusion Eq. (74) is given by

P(r, t ) = r (dw−d )/2
∑

n

cn

(
J1−ν

(
2

√
λ

d2
wK

rdw/2

)

+ Jν−1

(
2

√
λ

d2
wK

rdw/2

))
e−λnt , (G1)

where ν = d f /dw. To have nonzero current at the origin j(r =
0) �= 0, we keep only the first term. Assume an absorbing
boundary at r = 0, meaning P(0, t ) = 0, and a reflecting
boundary at r = L, meaning j(r = L) = 0, therefore

∂rP(r, t )|r=L ∝ J−ν

(
2

√
λ

d2
wK

Ldw/2

)
= 0, (G2)

then

√
λ = dw

√
K

2Ldw/2
z−ν,n. (G3)

Applying initial condition P(r, 0) = δ(r − r0)r1−d , we ob-
tain

cn = L−dw

an
r (dw−d )/2

0 J1−ν

(
z−ν,n

(
r0

L

)dw/2
)

, (G4)

where

an =
∫ 1

0
dxxdw−1J2

1−ν (z−ν,nxdw/2)

= 2

w

∫ 1

0
dxxJ2

1−ν (z−ν,nx) = 1

w
J2

1−ν (z−ν,n). (G5)
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The FPT PDF defined as η(t ) = −∂t
∫ L

0 drrd−1P(r, t ) is
given now as

η(t ) = L(w+d )/2
∑

n

λncnbne−λnt , (G6)

where

bn =
∫ 1

0
dxx(w+d−2)/2J1−ν (z−ν,n(x)dw/2)

= 21+ν

dw�(1 − ν)
z−1−ν
−ν,n . (G7)

The PDF is then given by

η(t ) = L(d−3dw )/2r (dw−d )/2
0

2ν−1Kd2
w

�(1 − ν)

×
∑

n

J1−ν

(
z−ν,n

( r0
L

)dw/2)
J2

1−ν (z−ν,n)
z1−ν
−ν,ne−λnt , (G8)

which gives the solution obtained by Meyer et al.[5] in the
large domain limit L � r0.

We can approximate the solution for short times by taking
the limit of the higher eigenvalues to obtain the solution for an
infinite system. At that limit, we can approximate the sum by
an integration and obtain

η(t ) → Kd2
w

�(ν)�(2 − ν)
Ld−2dw rdw−d

0

×
∫ ∞

0
dkk3−2νe−d2

wKλt/(4Ldw ) (G9)

= Kd2
w

�(ν)
rdw−d

0

(
d2

wKt
)−2+ν

/2 (G10)

when the solution for an inifinte system is known to be [54]

η(t )inf = e
− rdw

0
Kd2

w t
Kd2

w

�(ν)
rdw−d

0

(
d2

wKt
)−2+ν

/2. (G11)

APPENDIX H: SIMULATION ON THE
SIERPINSKI GASKET

The master equation for the probability Pn(i) for a random
walker on a graph G to be at site i at time n is given in general
by

Pn+1(i) = MPn(i), (H1)

where M is the adjacency matrix. Apply an absorbing bound-
ary condition at the target site i = itarget, namely,

Pn(itarget ) = 0. (H2)

The survival probability, namely, the probability that the par-
ticle did not arrive at the target by the nth jump is given by

Sn =
∑

i

Pn(i), (H3)

then the FPT probability distribution is defined by the numeric
derivative of Eq. (H3) as

ηn = Sn − Sn−1

�n
, (H4)

where �n = 1.

APPENDIX I: FORCE FIELD

1. Harmonic potential

The Fokker-Planck operator for a particle under a harmonic
potential, F (x) = −kBT κx, is given by

∂t P(x, t ) = D∂x(κx + ∂x )P(x, t ). (I1)

We consider the solution of Eq. (I1) in the interval x ∈ [0,∞),
with the initial condition P(x, 0) = δ(x − x0) where x0 > 0.
Applying an absorbing boundary condition on the origin de-
mand P(x, t )|x=0 = 0. The solution may be written in terms
of an eigenfunction expansion as P(x, t ) = ∑

k ckφk (x)e−Dλkt ,
where φk (x) are the eigenfunctions that solve the equa-
tion L f pφk = λkφk , with the corresponding set of eigenvalues
λk . Since the FP operator in Eq. (I1) yields a second-order
equation, it requires two linearly independent solutions, given
by

φk (x) = e− κx2

2

[
αH λ

κ

(√
κ

2
x

)
+ β 1F1

(
− λ

2κ
,

1

2
,
κx2

2

)]
,

(I2)

where Hλ/κ (·) are the Hermite polynomials and 1F1(a, b, z)
is the Kummer confluent hypergeometric function. The par-
ticle is subjected to an absorbing boundary at the origin, so
we consider only eigenfunctions that follow φk (x)|x=0 = 0.
This leaves us with only the odd solutions of the Hermite
polynomials, so β = 0, α = 1 for the odd (integers) values
of λ/κ , and then the eigenvalues are λn = (2n − 1)κ . The
particle starts at time t = 0 in the position x = x0, close to the
origin. The coefficients ck are determined by the initial con-
dition as

∫ ∞
0 dxψk (x)P(x, 0), where ψk (x) are the solutions

of the adjoint Fokker-Planck equation, which are ψk (x) =
exp(κx2/2)φk (x), then the solution for the FPE (I1) is given
by

P(x, t ) =
√

κ

2π

∞∑
n=0

H2n+1
(√

κ
2 x0

)
22n+1(2n + 1)!

× H2n+1

(√
κ

2
x

)
e− κx2

2 e−D(2n+1)κt . (I3)

The first-passage PDF is given by η(t ) = −∂t S(t ) =
− ∫ ∞

0 dxD∂x(κx + ∂x )P(x, t ) = −D∂xP(x, t )|x=0. Plugging
Eq. (I3) in S(t ), we obtain

η(t ) =
∞∑

n=0

τ−1
L

�
(

1
2 − n

)
�(2n + 1)

H2n+1

(√
τ0

2τL

)
e−(2n+1)t/τL ,

(I4)

where τ0 = x2
0/D is the diffusive timescale as defined in

Sec. II, and τL = (Dκ )−1 corresponds to the timescale dom-
inant for the long-time behavior of the FP PDF, meaning that
in the limit of t � τL, most of the particles will be reflected
back to the origin due to the potential.

The moments of the first-passage PDF, defined as 〈t q〉 =∫ ∞
0 t qη(t ) dt , when q > 0, are calculated exactly from
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Eq. (I4) as

〈t q〉 = �(1 + q)τ q
L

∞∑
n=0

(2n + 1)−1−q

�(1/2 − n)�(2n + 1)
H2n+1

(√
τ0

2τL

)
.

(I5)

APPENDIX J: ASYMPTOTICS OF THE MOMENTS
FOR GENERAL FORCE FIELD AROUND q → 1/2

From Eq. (128), the PDF for a general confining force field
in the WKB approximation is given by

η(t ) ∼ x0

πL3

∫ ∞

Ẽ0

dẼ
√

Ẽe−Ẽt/L2
. (J1)

From that, the FPT moments are defined as

〈t q〉 ∼ x0

πL3

∫ ∞

τ0

dt tq
∫ ∞

Ẽ0

dẼ
√

Ẽe−Ẽt/L2
. (J2)

Integrating over Ẽ , we obtain

〈t q〉 ∼ x0

πL3

∫ ∞

τ0

dt tq

(√
Ẽ0e−Ẽ0τ

τ
+

√
πEr f c(

√
Ẽ0τ )

2τ 3/2

)
.

(J3)

Changing the variable to τ = t/L2, we rewrite the expres-
sion as

〈t q〉 ∼ x0

πL3
L2q+2

∫ ∞

τ0/L2
dτ τ q

(√
Ẽ0e−Ẽ0τ

τ
+

√
πErfc(

√
Ẽ0τ )

2τ 3/2

)
. (J4)

This simplifies to

〈t q〉 ∼ x0

π
L2q−1

[√
π (τ0/τL )q−1/2Erfc(

√
Ẽ0τ0/L2) − 2qẼ1/2−q

0 �(q, Ẽ0τ0/L2)

1 − 2q

]
, (J5)

where Ẽ0 = L2E0 and τL = L2/D.
In the high-temperature limit where Ẽ0 ∝ 1, the expression becomes

〈t q〉 ∼ x0

π
L2q−1

[√
π

(
τ0

τL

)q−1/2

Erfc

(√
Ẽ0τ0

τL

)
− 2qẼ1/2−q

0 �(q, Ẽ0τ0/τL )

]
. (J6)

Further simplifying, we get

〈t q〉 ∼ x0τ
q−1/2
L

π

[√
π/4 (τ0/τL )q−1/2Erfc(

√
τ0/τL ) − q�(q, τ0/τL )

1/2 − q

]
. (J7)

For q > 1/2, where (τ0/τL )q−1/2 → 0, the moments simplify to

〈t q〉 ∼ x0τ
q−1/2
L

π

q�(q, τ0/τL )

q − 1/2
, (J8)

which in the limit τ0/τL → 0 becomes

∼x0L2q−1

π

�(1 + q)

q − 1/2
. (J9)

For q < 1/2, the moments are given by

〈t q〉 ∼ x0τ
q−1/2
L

π

√
π/4 (τ0/τL )q−1/2Erfc(

√
τ0/τL )

1/2 − q
. (J10)

Thus, we have

〈t q〉 ∼ x2q
0

2
√

π

1

1/2 − q
. (J11)

To conclude, for q → 1/2, the moments are given by

〈t q〉 ∝ |q − 1/2|−1

{
x2q

0 , q < 1/2
x0 L2q−1 q > 1/2

. (J12)
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