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Effect of higher-order interactions on noisy majority-rule dynamics with random group sizes
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We study opinion dynamics with higher-order interactions, motivated by the fact that social influence often
takes place in groups rather than only through pairwise contacts. We introduce a noisy majority-rule model on
annealed hypergraphs with heterogeneous group sizes and investigate how the distribution of interaction sizes
affects collective ordering and relaxation. Using analytical theory and Monte Carlo simulations, we show that
group-size heterogeneity strongly shapes both the transition between ordered and mixed states and the associated
timescales. In particular, broader and heavier-tailed distributions make ordering more robust by enhancing the
effect of rare large-group events. They also modify the finite-size scaling of relaxation, producing a crossover
from the standard logarithmic behavior to faster ordering in sufficiently broad ensembles. In the pure majority-
rule limit, we further show that the exit probability near coexistence obeys a universal error-function scaling
form controlled by a single structural parameter. Our results demonstrate that the full distribution of group sizes
is a key determinant of nonequilibrium ordering in higher-order opinion dynamics.
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I. INTRODUCTION

Binary-state opinion models provide a minimal yet pow-
erful framework for probing nonequilibrium collective phe-
nomena in interacting-agent systems [1-3]. Among them,
majority-rule (MR) dynamics, also known as the Galam
majority rule, serves as a canonical baseline for con-
sensus formation [4-8]. In this model, a set of agents
simultaneously adopts its local majority opinion at each
update. The rule captures the tension between determin-
istic alignment induced by local majorities and finite-size
stochasticity due to random sampling, thereby shaping
macroscopic ordering and relaxation [9—13]. In well-mixed
populations, MR yields transparent, analytically tractable pre-
dictions for collective outcomes and characteristic timescales,
making it a standard reference for social alignment pro-
cesses and a natural point of departure for higher-order
generalizations [14—16].

A salient empirical regularity of social interaction is
its polyadic nature: deliberation and decision-making often
occur in groups rather than dyads. Hypergraphs and simpli-
cial complexes provide explicit combinatorial representations
of such higher-order contacts and have revealed qualita-
tively new dynamical regimes across contagion and syn-
chronization, including discontinuous social contagion and
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explosive or abrupt transitions [17-25]. Empirical face-to-face
datasets further document group interactions and heteroge-
neous meeting sizes, underscoring the need for higher-order
formalisms [26—-31]. Mechanistically related conformity—field
and conformity—noise update rules have also been used in
agent-based models of collective social dynamics and in-
novation adoption [32,33], albeit in a different application
context from the noisy hypergraph MR dynamics studied
here. In the MR setting, hypergraph formulations make it
possible to connect microscopic group updates with meso-
scopic drift—diffusion descriptions; for fixed group sizes, such
approaches reproduce simulations with high fidelity and clar-
ify how higher-order interactions shape ordering pathways
[21,34-36]. These developments motivate extending the
framework to heterogeneous group-size distributions.

The same framework also admits a concrete social reading.
Hyperedges represent recurrent arenas of discussion, such
as families, committees, work teams, or group-messaging
threads, while the hyperedge-size distribution P(n) encodes
heterogeneity in forum sizes. An “annealed” representa-
tion captures rapidly reconfigured contexts (e.g., rotating
committees or fluid online threads), whereas a “quenched”
representation reflects persistent group memberships; both are
standard coarse-graining choices in nonequilibrium dynamics
on networks and higher-order structures [17,36-38]. In either
view, sampling rules and the prevalence of particular group
sizes modulate exposure to majority cues, the stability of local
agreements, and the pathways to population-level consensus,
in line with established insights on group-size effects, classic
conformity experiments, and higher-order social contagion
[20,34,39-41].
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Randomness in decision making constitutes a second key
ingredient. In the majority-vote (MV) family, a noise parame-
ter competes with local alignment and drives order-disorder
transitions whose thresholds and critical properties depend
on topology and heterogeneity [42—44]. Socially, such ran-
domness can represent private information, limited attention,
exogenous messaging, or institutional guidance that biases
updates away from the locally preferred opinion. Although
MYV provides a canonical benchmark for noise-driven sym-
metry breaking in opinion dynamics, the coupling of such
biased external-field updates to higher-order, majority-driven
group dynamics on hypergraphs remains comparatively un-
derexplored, especially beyond fixed group sizes and within
frameworks that admit drift—diffusion closures [14—18,34].

Classical results for MR provide the baseline against which
noise and higher-order effects can be assessed: on complete
graphs, the mean consensus time T.o,s grows logarithmically
with system size, and the exit probability approaches a step
function in the thermodynamic limit [7,8]. These benchmarks
clarify what must change once a biased external field is in-
troduced and group sizes are allowed to vary. What remains
lacking, however, is a systematic account of noisy MR on
hypergraphs with random hyperedge sizes: how a field-driven
group update interacts with an empirically broad P(n) to set
the symmetric ordering threshold ¢.(P) at p = 1/2, and, more
generally, how it organizes relaxation, bias-selected attractors,
and exit probabilities away from the symmetric point in so-
cially heterogeneous environments [28-31,40].

To close this gap, we develop a unified formulation of
noisy majority rule on annealed hypergraphs with random
group sizes. At each update, a group size n is drawn from
a prescribed distribution P(n), after which n distinct agents
are selected uniformly at random from the population without
replacement. The selected hyperedge then undergoes either
a local majority-rule update or a collective field-driven up-
date controlled by the parameters g and p. We retain the
explicit P(n) dependence throughout and combine a mean-
field (MF) drift—diffusion theory with Monte Carlo (MC)
simulations. We focus on the symmetric ordering threshold
q.(P) at p = 1/2, the consensus and disordering timescales,
and the exit probability in the pure majority-rule limit. This
framework links microscopic group-size heterogeneity to
macroscopic ordering, relaxation, and first-passage behavior
in noisy higher-order opinion dynamics.

II. MODEL

We consider a population of N agents, each holding a
binary opinion o; € {+1, —1}. Interactions occur through hy-
peredges whose sizes are random. At each elementary update,
a group size n is drawn from a prescribed distribution P(n)
supported on {Amin, - - . , Bmax}, With By > 3 and ngmx <N,
and n distinct agents are sampled uniformly at random from
the population without replacement. We adopt an annealed
(well-mixed) representation, in which a fresh hyperedge is
resampled at every update. One Monte Carlo step (MCS) con-
sists of N such elementary updates. Lett = 0, 1,2, ... denote
the number of elementary updates and define the rescaled time
T =t/N, so that one MCS corresponds to At = 1 and each
elementary update advances time by §t = 1/N.

FIG. 1. Schematic illustration of a single update (shown here for
n = 3). A group size n is drawn from P(n), after which n distinct
agents are sampled uniformly at random without replacement. The
selected hyperedge then follows either a collective field-driven up-
date, setting all selected agents to 41 with probability gp or to —1
with probability g(1 — p), or the local majority rule with probability
1 — g. Red and blue nodes denote states +1 and —1, respectively,
while gray nodes indicate the selected agents prior to the update.
Ties for even n yield no change (not shown).

We consider three canonical families of P(n): (i)
the n-uniform case, P,(n') =38, ,, with fixed hyperedge
size n; (ii) the truncated shifted geometric distribution,
Poeo(n) = (1 — X)x"3/(1 —x"™="2)forn =3, ..., Nmax and
0 < x < 1, whose thermodynamic-limit mean is (n) =3 +
x/(1 — x); and (iii) the truncated power-law, Py (n) = n™%/Z,,
with Z, = Z:‘;mm k™% and « > 0, motivated by empirical
datasets [28,30,31]. The cutoff np,, enforces feasibility and
may be taken as ny,x = N or, more generally, as a sublinear
cutoff such as np,x = [N7] with 0 < n < 1. Throughout the
main text we set nyij, = 3 to isolate genuinely higher-order
interactions beyond pairwise links. With the strict-majority
rule and no update in tie events used here, the pairwise case
n = 2 is dynamically degenerate in the majority-rule branch;
hence the smallest nontrivial majority-rule interaction in the
present framework occurs at n = 3. Both odd and even group
sizes are allowed; for even n, tie events are treated explicitly
below.

Given the selected hyperedge {ij, ..., i,}, we define the
preupdate sum as ¥ = Z';: 1 0i;. With probability g, the se-
lected group undergoes a field-driven update: all selected
agents adopt state +1 with probability p and state —1 with
probability 1 — p. With complementary probability 1 — g, all
selected agents adopt the strict majority state of the selected
hyperedge: o;, = +1 if ¥ >0, 0;, = —1 if ¥ <0, and no
change occurs if ¥ = 0. For the n-uniform case n = 3, the
model reduces to a triplet majority-rule dynamics with a com-
peting field-driven group update [45]. A schematic illustration
is shown in Fig. 1.

The model is controlled by two parameters: g € [0, 1], the
probability of the field-driven branch, and p € [0, 1], the bias
toward state 41 in that branch. As the main macroscopic
observable, we track the fraction c(t) of agents in state +1.

014308-2



EFFECT OF HIGHER-ORDER INTERACTIONS ON NOISY ...

PHYSICAL REVIEW E 114, 014308 (2026)

Unless stated otherwise, initial conditions are prepared by
assigning state +1 independently with probability ¢y and state
—1 with probability 1 — ¢y, so that ¢g = 1/2 corresponds to a
balanced initial condition in expectation, whereas ¢y € {0, 1}
gives fully ordered initial states. For the exit-probability sim-
ulations in Sec. VI, the initial fraction is fixed by preparing
N, = coN agents in state +1, with ¢oN chosen to be an in-
teger, and randomly permuting their positions. Further details
of the MC implementation, including the preparation of initial
conditions and the stopping criteria used for the measured
first-passage observables, are summarized in Appendix F.

In the limiting cases, ¢ = 0 recovers pure majority-rule
dynamics, whereas g = 1 yields purely field-driven collective
updates with thermodynamic fixed point ¢* = p. The case
p = 1/2 is up-down symmetric, while p # 1/2 represents a
directional field. Throughout this work, the symbol ¢ de-
notes the probability of the field-driven branch and should
not be confused with the lobby size in the standard g-voter
model [46].

III. TRANSITION PROBABILITIES AND CRITICALITY

A. Transition probabilities

At the microscopic level, the dynamics is described by a
master equation for the probability distribution of the dis-
crete variable k, the number of agents in state 41. Since
one elementary hyperedge update may change several agents
simultaneously, the process is not a single-spin birth—death
process but a multispin jump process. The first-passage quan-
tities studied in this work, such as the consensus time and
the disordering time, correspond to the first arrival of k at
specific values, such as k =0, k = N, or the neighborhood
of k = N/2.

In the annealed setting considered here, the interacting
group is resampled uniformly at random from the whole popu-
lation at every update. Thus, local correlations are continually
destroyed and do not build up over time, so the preupdate
composition of the active group is determined solely by the
instantaneous global density ¢ = k/N. This annealed mixing
property makes the dynamics effectively MF at the meso-
scopic level and explains why the analytical theory is expected
to be close to the MC results in most parameter regimes.

For large N, it is convenient to introduce the intensive
variable ¢ = k/N. When the typical change in k produced
by one update is small compared with N, the corresponding
increment Ac is also small, and the master equation can
be approximated by a Fokker-Planck (FP) equation in
c-space. This diffusion approximation amounts to truncat-
ing the Kramers-Moyal (KM) expansion at second order, or
equivalently retaining only the first two conditional jump mo-
ments of Ac [47-49]. The first moment gives the drift, while
the second central moment gives the diffusion coefficient de-
scribing finite-size fluctuations.

The FP approximation is expected to be most accurate in
the annealed MF regime for large N and moderate effective
jump sizes. For very broad hyperedge-size distributions, oc-
casional large sampled groups may generate jumps in ¢ for
which higher-order jump moments become less negligible.
We nevertheless use the FP framework because it provides a

compact mesoscopic route to the drift, linear stability analysis,
and the backward-FP formulation of first-passage observables
such as exit probabilities, consensus times, and disordering
times [48,49].

Denoting by N__, ; and N, _, _ the numbers of — — + and
+ — — flips produced by one elementary update, the change
in ¢cis Ac = (N__4+ —N;__)/N. Using the rescaled MC
time T = ¢/N (so that T = 1/N per elementary update), the
drift and diffusion coefficients in the diffusion approximation
are defined by

(AP — (Ac)?

= N (Ac), (1)

= N Var[Ac], 2)

where (-) denotes an average over the hyperedge selection and
the dynamical noise, and Var[Ac] is the variance of the one-
step increment Ac conditioned on the current state c.

Equivalently, if P(c, t) denotes the probability density of
the mesoscopic state, then v(c) and D(c) are the first two con-
ditional jump moments entering the effective FP description.
Because the active group is redrawn randomly at every step,
these conditional moments depend only on the instantaneous
global density ¢, not on persistent local configurations.

It is convenient to express these moments in terms of the
expected numbers of upward and downward flips per up-
date, defined respectively as R(c) = (N__+ | ¢) and L(c) =
(Ny—_ | ¢). Introducing AN =N__,; —N,_,_, Egs. (1) and
(2) can be rewritten as

v(c) = R(c) — L(c), 3)

D(c) = —[{(AN)?*) — (AN)?]. 4

1
N

For the without-replacement sampling used here, the exact
finite-N composition of a selected hyperedge is hypergeo-
metric. In the annealed large-N MF closure, however, this
composition is approximated by the binomial form B, ;(c) =
(Z)ce(l — ¢)"*. This approximation becomes asymptotically
exact in the well-mixed limit when n/N — 0 and provides the
analytical closure used below. Finite-N corrections associated
with the exact hypergeometric sampling are therefore not re-
tained explicitly in the compact MF expressions.

Within this annealed MF closure, the two update branches
contribute as follows. In the majority branch, with probability
1 —gq, if € > |n/2], the number of upward flips is n — ¢,
whereas if ¢ < n/2, equivalently ¢ < [(n — 1)/2], the num-
ber of downward flips is ¢; ties produce no update. In the
field-driven branch, with probability g, when the collective
+1 outcome is chosen, the average upward contribution is
proportional to the fraction 1 — ¢ of agents in state —1 in the
selected hyperedge, while the collective —1 outcome gives the
corresponding downward contribution proportional to c.

This gives the corresponding closure expressions

Nmax

R(c) = ZP(H)[(l — @M, (c) +qnp(1 —c)],  (5)
n=3

Mmax

L(e) ~ Y PI(1 = @)M,(1 = ¢) + gn(1 — p)cl,  (6)

n=3
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where M,(c) = ZZ:[n/2j+l(n — E)(Z) ct(1 = ¢)"t is the MF
majority-rule contribution associated with a strict majority of
+1 opinions in a group of size n, with ties producing no
update, while M,,(1 — ¢) gives the corresponding contribution
for a strict majority of —1. Within the same closure, the field-
driven terms in Egs. (5)—(6) reflect that, on average, fractions
1 — ¢ and c of the selected group are initially in states —1 and
+1, respectively.

Substituting Egs. (5) and (6) into Eq. (3) gives the corre-
sponding closure expression for the drift,

Mmax

v(e) ~ Y P{(1 — q) AM,(c) + gn(p— o)}, (7)

n=3

where AM,(c) = M,(c) — M, (1 — c). The second term in
braces is the field-driven contribution, which shifts the
dynamics toward the externally preferred value ¢ = p in
expectation, whereas the first term represents the ordering
tendency of strict majority rule. Both effects are averaged
over the hyperedge-size distribution P(n). For p = 1/2, the
field-driven branch restores the symmetric mixed state. For
p # 1/2, it explicitly breaks the up-down symmetry and shifts
the dynamics toward the side favored by the external field.
At the extreme biases p = 1 and p = 0, this field-driven con-
tribution acts maximally toward the corresponding consensus
states, whereas for 0 < p < 1 it pulls the system toward the
interior value ¢ = p.

For later use, within the same binomial large-N MF clo-
sure, we approximate the second jump moment {(AN)?) by
S(c). After averaging over the group-size distribution, this
closure gives

Mmax

S =Y PM[A =S +qS @], ®
n=3

and the diffusion coefficient is then approximated from Eq. (4)
as D(c) ~ [S(c) — (AN)?]/N. The majority-rule contribution
within this closure is

n L(n—1)/2]
Sy~ Y = Bu()+ Y Buile), 9)

e=[n/2]+1 =0

where the same binomial weight B, ;(c) defined above has
been used. For the field-driven branch, within the same clo-
sure, if £ denotes the number of 41 agents before the update,
we approximate AN = n — £ when the group is collectively
setto +1, and AN = —¢ when the group is collectively set to
—1. Averaging over the binomial preupdate composition then
gives

SP(e)~pY (n—Bui(c)+ (1= p) Y £7B,(c)

=0 £=0
~ne(l —c)+n’[p(1 —c)* + (1 — p)c?l.  (10)

Averaging Egs. (9) and (10) over P(n) yields an approximate
expression for S(c), and substituting it into Eq. (4) gives
the corresponding approximation for the diffusion coefficient
D(c).

For ¢ >0 and 0 < p <1, the consensus boundaries
c=0 and ¢ =1 are generally not absorbing, because the

field-driven branch can reintroduce either opinion into a ho-
mogeneous configuration. Absorbing consensus persists only
in the pure majority-rule limit ¢ = O or at the extreme biases
p =0 and p = 1. This distinction will be used below when
interpreting the first-passage observables.

We emphasize that the diffusion approximation retains
only the first two one-step moments within the annealed MF
closure. It is therefore expected to be most accurate when
typical jumps in ¢ remain small, while broad hyperedge-
size distributions can generate finite-size corrections through
rare large-group events. In the disordering-time problem,
additional quantitative deviations may also arise from the
drift-dominated time-of-flight approximation and the lin-
earization near the stable mixed fixed point.

B. Criticality

At the up-down symmetric point p = 1/2, the balanced
state ¢ = 1/2 is always a fixed point. The order-disorder tran-
sition occurs when this fixed point changes its linear stability.

Using the drift in Eq. (7) and the antisymmetry
AM,(1 — ¢) = —AM,(c), we expand v(c) around the fixed
point ¢ = 1/2. To leading order in the deviation ¢ = ¢ — 1/2
(see Appendix A), one obtains the linearized form

v(e) = [(1 = A(P) — g (m)](c — 1/2), Y

where (n) = ), nP(n)is the mean hyperedge size, and A; (P)
measures the average strength of the majority rule near the
symmetric point. This coefficient is given by

Nmax

Ai(P) =Y P(n)2>"S,, (12)

n=3

where the combinatorial factor S, =} 7y_ /2,1 (n — €)(2¢ —

n)(Z) represents the specific majority leverage for groups of
size n. The subscript “1” in A, (P) indicates that this quantity
is the coefficient of the linear term in the expansion of the
drift around the symmetric fixed point ¢ = 1/2. Physically,
the first term in the bracket of Eq. (11) describes the ordering
tendency generated by majority-rule updates, while the term
proportional to g (n) reflects the tendency of the field-driven
branch to restore the unbiased value ¢ = 1/2 when p = 1/2.
Equivalently, A;(P) quantifies how strongly majority up-
dates amplify small imbalances away from ¢ = 1/2, whereas
q (n) quantifies how strongly collective field-driven updates
suppress such imbalances by reorienting the selected group
without reference to its local composition.

The disordered fixed point ¢ = 1/2 loses stability when the
slope v'(1/2) becomes positive (i.e., when the drift pushes the
system away from 1/2). Setting the term in square brackets in
Eq. (11) to zero yields the critical field-driven update proba-
bility (probability threshold)

A (P)
Ai(P)+ (n)’

This expression highlights that g.(P) is determined by the
competition between the average majority leverage A; (P) and
the relaxation induced by the collective field-driven branch.
Physically, g.(P) marks the level of field-driven updating
at which the linear stability of the symmetric mixed state

q.(P) = 13)
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changes: for g < g.(P) majority amplification dominates and
the symmetric mixed state is unstable, whereas for ¢ > g.(P)
field-driven updates dominate and stabilize the mixed state
around ¢ = 1/2. Hence, an increase in g, means that ordering
is more robust against this noise mechanism, i.e., a stronger
field-driven tendency is required to destroy macroscopic
order.

It is important to stress that Eq. (13) is specific to the
up-down symmetric case p = 1/2. For p # 1/2, the bal-
anced state ¢ = 1/2 is no longer a fixed point, since the
field-driven contribution in Eq. (7) gives v(1/2) = g (n)(p —
1/2) # 0. In that case, the phase portrait is biased and the
relevant stationary state, when it exists, is shifted to a location
c* # 1/2 determined by v(c*) = 0. Accordingly, the transi-
tion discussed in this subsection should be understood as the
symmetric order-disorder transition at p = 1/2. Away from
symmetry, the same parameter g still controls the relative
importance of majority and field-driven updates, but the long-
time dynamics is more appropriately described in terms of
a biased ordered or mixed attractor rather than by the same
critical point g.(P).

Specializing Eq. (13) to the three hyperedge-size families
yields explicit expressions for the critical field-driven update
level in the symmetric case. For the n-uniform ensemble, we
have

22—n Sn
22-nS, +n’
Equation (14) shows that g.(n) takes the same value for suc-
cessive odd-even pairs, i.e., for n and n + 1 when n is odd.
This is because increasing the group size from odd n to even
n + 1 introduces only tied configurations with equal numbers
of +1 and —1 agents. Since ties produce no update in the
present dynamics, they do not affect the linear stability of the
symmetric state and hence leave g. unchanged. As a result,
q.(n) increases in a stepwise manner, changing only when the
group size moves to the next odd-even pair.

For the shifted geometric family, a compact expression is
obtained in the thermodynamic limit. In this limit, Eq. (13)
becomes

ge(n) = (14)

(1 _ X)2 Z?zi'j xn73227nSn
(1= x)2 >0 x"=322715, + (3 — 2x)’
The corresponding mean group size is then (n) =3 —
2x)/(1 — x), so that the threshold ¢, is an increasing function
of (n), indicating that larger interaction groups enhance ma-
jority amplification and therefore require a larger field-driven
update probability to destroy order.
For the truncated power-law ensemble, the normalization
constants cancel in Eq. (13), yielding
YL s,
ZnN:3 n—a22—nSn + ZnN:S nl—« ’
In the thermodynamic limit N — oo, this expression
converges to
1 a<5/2,
2213 n7a22fnsn
Yol ane22S, + (e — 1,3)]

qe(x) = (15)

qc(a) = (16)

qc(a) —

a>5/2,
)

1.0 1.0F El
0.9 0.9(b) 0.6F*7°
£0.8 0.8 50.5F
E0'7 0'7j o~ 0-4k111111111
0.6 0.6 =\ 9392345678910
<05 uniform 0.5 I (n2)/(n)?
8 0.4 & geometric | ().4 —— power-law

T PR AT IR NI I S| PR [N T SO P N T
=033 56 78 9010%%0 12345678

Hyperedge size (n) Exponent «

FIG. 2. Phase diagram of the noisy majority-rule dynamics on
annealed hypergraphs in the up-down symmetric case p = 1/2.
(a) Probability threshold ¢g. plotted versus the mean group size
(n) for the n-uniform [Eq. (14)], shifted geometric [Eq. (15)], and
power-law [Eq. (17)] hyperedge-size distributions. For the n-uniform
ensemble, (n) = n. (b) Probability threshold g. for the power-law
ensemble as a function of the tail exponent . For o < 5/2, the
thermodynamic-limit threshold reaches ¢. = 1, indicating suppres-
sion of the symmetric order-disorder transition except in the fully
field-driven limit. For o« > 5/2, a finite threshold ¢. < 1 is obtained;
the vertical dashed line marks @ = 5/2. The inset shows the finite-
second-moment branch « > 3, replotted versus the reduced second
moment (n?)/(n)?. The system is ordered for ¢ < ¢, and disordered
forq > q..

where ¢ (a, b) denotes the Hurwitz ¢ function. Thus, within
the symmetric case p = 1/2, a genuine order-disorder transi-
tion exists only for & > 5/2. In this regime, g.(«) decreases
monotonically with « and approaches the n =3 limit,
q. = 1/3, as o« — oo, where the distribution becomes ef-
fectively 3-uniform. By contrast, for o < 5/2, the system
remains ordered for any ¢ < 1; equivalently, in the thermody-
namic limit the symmetric mixed state becomes linearly stable
only in the fully field-driven limit ¢ — 1.

To help distinguish the role of the average group size
from that of the distributional breadth, Fig. 2(a) replots the
symmetric threshold ¢, against the mean group size (n). For
the n-uniform ensemble, this simply reduces to (n) = n, while
for the shifted geometric and power-law ensembles (n) is
computed from the corresponding hyperedge-size distribu-
tion. This representation allows the three distribution families
to be compared on the same horizontal scale and shows that
the ordered phase generally becomes more robust as the av-
erage group size increases. At comparable (n), however, the
power-law curve rises more steeply than the shifted-geometric
one because its heavier tail assigns more weight to rare large
hyperedges, thereby enhancing the majority leverage more
strongly and yielding a larger ¢..

For the power-law family, however, varying o changes
not only the characteristic group size but also the breadth of
P(n). For this reason, Fig. 2(b) shows ¢, as a function of «,
while the inset replots only the finite-second-moment branch
against the reduced second moment (n?)/(n)?, which provides
a convenient measure of group-size fluctuations. The inset
is restricted to o > 3, where the reduced second moment is
finite; hence it does not include the regime o < 5/2, for which
q. = 1 in the thermodynamic limit. This complementary rep-
resentation shows that the variation of g, in the power-law
ensemble reflects changes not only in the typical group size
but also in the breadth of the group-size distribution.
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Equations (14)—(17) show how higher-order interaction
patterns control the tolerance of ordering to field-driven noise
through the symmetric threshold ¢g.. In particular, distributions
biased toward larger groups increase the majority leverage
A1 (P), so a larger field-driven update probability is required
to stabilize the mixed state, yielding a larger g. [Fig. 2(a)].
For truncated power-law ensembles, small exponents « place
substantial weight on large hyperedges, driving g.(«) toward
unity, whereas for large « the distribution is dominated by
small groups and g, approaches the n = 3 limit. In this sense,
heavy-tailed P(n) makes disordering harder: rare but large
hyperedges produce strong majority amplification, so the sys-
tem can remain ordered even when field-driven updates are
frequent.

The case p # 1/2 further clarifies the interplay between
majority amplification and the field-driven branch. At the
extreme biases p = 1 and p = 0, the field-driven branch acts
constructively with majority rule toward the corresponding
favored consensus state, namely ¢ = 1 or ¢ = 0. For interme-
diate biases 0 < p < 1, the field-driven branch still acts as a
symmetry-breaking bias and shifts the stable attractor toward
the favored opinion; in this sense, it enhances asymmetric
ordering. However, unlike the extreme-bias cases p = 0 and
p = 1, it does not make the corresponding consensus bound-
ary absorbing. In this intermediate-bias regime, the interaction
between the two mechanisms is state dependent: the field-
driven term drives the dynamics toward ¢ = p, whereas the
majority contribution pushes the system away from ¢ = 1/2.
Hence the two contributions reinforce each other only over
part of the interval 0 < ¢ < 1 and compete elsewhere. The
corresponding long-time dynamics should therefore be inter-
preted in terms of relaxation toward a bias-selected ordered
or mixed attractor, depending on the existence and stability of
the biased fixed point, rather than in terms of the symmetric
threshold g, itself.

IV. CONSENSUS TIME

A. Pure majority-rule regime

The consensus time or ordering time is the mean first-
passage time (MFPT) for the coarse-grained fraction c¢(t) of
+1 opinions to reach an absorbing consensus configuration,
i.e., c = 1 (all agents in state +1) or ¢ = 0 (all agents in state
—1), starting from a partially ordered initial condition. In the
pure majority-rule dynamics (¢ = 0), updates are governed
solely by the local majority within the sampled hyperedge,
so the characteristic timescale is controlled by the hyperedge
size or its distribution P(n). In the thermodynamic limit, the
fixed point at ¢ = 1/2 is linearly unstable; trajectories with
co > 1/2 flow to ¢ = 1, whereas those with ¢y < 1/2 flow to
¢ = 0. Dynamically, consensus is drift-dominated away from
the separatrix at ¢ = 1/2, while demographic fluctuations set
the width of the initial neighborhood from which the system
escapes, leading to the characteristic logarithmic growth of the
MFPT with N in well-mixed settings.

A standard analysis employs the backward Kolmogorov
description for the one-dimensional process c(t) with drift
v(c) and diffusion D(c). The MFPT from ¢y to an ab-
sorbing boundary ¢, (assuming a reflecting boundary at c,;

e.g., ¢ca=1/2, ¢, =1 —1/N) solves v(c)T'(c) + %D(C)T”
(¢) = —1 with T'(¢,) =0 and T(c,) = 0. The solution is
given by the quadrature [47,48]

2exp(W(x))

D(x) (18)

Ch y
T(co) = / dy eXp(—‘l’(y))/ dx
o Ca
where W(c) = fcC [2v(z)/D(z)]dz. All dependence on the
higher-order structure enters through v(c) and D(c), which are
determined by the majority leverage of size-n groups averaged
over P(n).

The quadrature in Eq. (18) does not admit a closed form
for general P(n). However, in the large-N regime, when the
dynamics is predominantly drift driven, the MFPT is well
approximated by its leading deterministic contribution. In this
case, the main contribution comes from the time of flight of
the coarse-grained dynamics dc/dt = v(c), yielding

T (19)
N/ v(e)’

Here, ¢; and ¢y are chosen along a deterministic trajectory
such that v(c) has the same sign as (cy — ¢;), ensuring T > 0.
Physically, Eq. (19) indicates that in a well-mixed population
the ordering time is controlled primarily by the majority-
induced drift, while fluctuations mainly set the width of the
boundary layer from which the system escapes.

For initially balanced configurations, we regularize the
unstable fixed point at ¢ = 1/2 by displacing the initial con-
dition by its natural finite-size fluctuation, ¢; = 1/2 + § with
8~ N~12 and we set the absorbing threshold at ¢; = 1 —
1/N. The shift § reflects the typical demographic imbalance
arising from random initial conditions, representing the mini-
mal bias that majority pressure can amplify [47]. The choice
¢y =1—1/N avoids the singular boundary at ¢ = 1 while
capturing the “last minority” conversion. This prescription
prevents long, uninformative sojourns near the unstable point
and isolates the genuine N-dependence of the consensus time.

Evaluating the integral in Eq. (19) (see Appendix B for
details) yields the robust scaling

Teons ~ B InN, (20)

with a prefactor B that has a clear physical interpretation. The
logarithm arises from two stages: (i) the escape from the vicin-
ity of the unstable state (¢ ~ 1/2), and (ii) the approach to full
consensus where the remaining minority is swept out. The first
stage is determined by the local slope of the majority drift near
¢ = 1/2, while the second is controlled by the typical group
size near the absorbing boundary.

Specializing to the annealed n-uniform ensemble, the two
contributions combine into the prefactor

1 2n—3
B(n) = . + S

where S, quantifies the net restoring effect of strict majorities
in size-n groups. Equation (21) holds for both odd and even n:
for even n, tie events correspond to £ = n/2 and are excluded
by construction in S,, yielding no flips. The term 1/n reflects
the final elimination of the last minority, whereas the term
2"=3/S, accounts for the slow passage through the nearly
balanced region.

; 21
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FIG. 3. Consensus time 7 versus system size N in the pure majority-rule regime (¢ = 0), starting from the balanced initial condition
co = 1/2, for three hyperedge-size distributions: (a) annealed n-uniform for several n; (b) shifted geometric for several mean sizes (n); and
(c) truncated power-law for several tail exponents «. Solid curves show the MF prediction from Eq. (20) with the corresponding prefactors.
Symbols connected by dashed lines are MC data averages over 10° runs. The data confirm the predicted crossover: logarithmic growth with a
distribution-dependent prefactor for the n-uniform and shifted-geometric ensembles, as well as for truncated power-law ensembles with o > 2,

and saturation for sufficiently heavy-tailed power-laws with a < 2.

For the shifted geometric family, the prefactor also takes a
compact form in the thermodynamic limit. In this limit, one
obtains

—X n 1
Zn>3(l _ x)x”*323*”Sn :

3—-2x
The first term is 1/(n) with the thermodynamic-limit mean
(n) = (3—2x)/(1 —x), and therefore represents the final
sweep toward consensus. The second term measures the in-
verse effective majority leverage near ¢ >~ 1/2.
For a truncated power-law with cutoff n,,x = N, the finite-
N prefactor reads

Bx) =

(22)

N N
Zn:3 n— Zn:3 n—
22\1:3 22\1:3 n-23-ns,
In the thermodynamic limit, the asymptotic behavior depends
ona:

B(N,a) =

(23)

nlfa

0, a <2,
¢(a, 3)
Bla) = —C(a—l,S)’ 2 <a<5/2,
¢(a, 3) ¢(a, 3)
t@—1.3)  S% e, 47

(24)

For o < 2, the prefactor vanishes as N — 0o, signaling that
the consensus time grows slower than InN (or saturates).
For o > 2, the prefactor is strictly positive, and T, re-
covers the logarithmic form Ty, ~ B(a) In N. Note that for
2 <« < 5/2, only the first term in Eq. (23) survives in the
limit, while for & > 5/2, both contributions remain finite.
These predictions are summarized in Fig. 3, which shows
the system-size dependence of Ty, for the three families of
hyperedge-size distributions considered here. In particular, the
data confirm logarithmic growth with a distribution-dependent
prefactor for the n-uniform and shifted-geometric ensembles,
as well as for truncated power-law ensembles with o > 2,
whereas sufficiently heavy-tailed power-laws (a¢ < 2) exhibit
saturation or sublogarithmic growth.

The trends visible in Fig. 3 are consistent with the analyti-
cal prefactors in Egs. (21)—(24). Shifting P(n) toward larger
group sizes (which typically increases the truncated mean
(n)y and enhances the weight of large-n events) strengthens

the effective majority leverage and thus speeds up ordering.
For the n-uniform case, B(n) decreases monotonically with
n, yielding the longest consensus time at n = 3 [T (N) =
(2/3)In N] and tending to zero as n — oo. This monotonicity
holds for both odd and even n, since tie events for even n
contribute no flips and are excluded by construction in the
strict-majority sums defining S,. Similarly, for the geomet-
ric distribution, B(x) decreases with the mean size (n). This
suggests that larger groups exhibit stronger majority-restoring
tendencies, correcting deviations from consensus more
efficiently.

The truncated power-law ensemble exhibits the strongest
sensitivity to group sizes. Here, varying the exponent o
changes both the tail weight and the truncated mean size
(n)n(a); therefore the a-dependence of T, reflects the
combined effect of suppressing/allowing large hyperedges
and changing (n)y. Heavy tails (o < 2) assign significant
weight to very large hyperedges, which can align macroscopic
fractions of the system in a single update, causing Tios to
saturate or grow sublogarithmically. Conversely, for lighter
tails (o > 2), the relevant moments are finite and the logarith-
mic scaling holds. As ¢ — 00, the size distribution becomes
effectively 3-uniform, and the prefactor approaches the n = 3
limit, B — 2/3.

For fixed system size N, these dependencies are visualized
in Fig. 4. T,ons decreases monotonically with increasing group
size (uniform/geometric) and increases with the exponent «
(power-law), consistent with the shift of probability weight
toward smaller hyperedges and the concomitant decrease of
(n)n () for our truncation. The MC data [Figs. 4(a)—-4(c)]
closely match these analytical predictions. The power-law
result may also be reparametrized in terms of the moments of
P(n), as shown in Fig. 8 of Appendix B 1 c. This representa-
tion leads to the same qualitative conclusion: larger effective
interaction sizes and broader tails are associated with faster
consensus, although the detailed behavior is still governed by
the full form of P(n) rather than by these moments alone.

When the initial condition is displaced by an O(1) amount
from the unstable fixed point, the dynamical bottleneck at
¢ = 1/2 is bypassed. Consequently, the mean consensus time
is determined solely by the final approach to the absorbing
boundary. To leading order, one recovers the logarithmic scal-
ing of Eq. (20), but with a prefactor that lacks the contribution
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FIG. 4. Consensus time T at fixed system size N = 103 in the
pure majority-rule regime (¢ = 0) for three hyperedge-size distri-
butions under two initial conditions. Panels (a)—(c): balanced start
co = 0.5. Panels (d)—(f): unbalanced start ¢) = 0.7. (a), (d) Annealed
n-uniform (varying n); (b), (e) shifted geometric (varying (n)); and
(c), (f) truncated power-law (varying «). Solid curves show the MF
predictions, using Eqgs. (21)—(24) for panels (a)—(c) and Egs. (25)—
(27) for panels (d)—(f). Symbols connected by dashed lines are MC
averages over 10° realizations. Shaded bands indicate one standard
deviation.

from the unstable fixed point. This modified prefactor depends
only on the statistics of the hyperedge sizes:

For the annealed n-uniform distribution, the prefactor
simplifies to

B(n) = 1

3
n

(25)

indicating that consensus accelerates inversely with group
size. For the shifted geometric distribution,

1—x
B(x) = , 26
(x) 3 o (26)
which is a decreasing function of the mean size (n) = (3 —

2x)/(1 — x).
For the truncated power-law, with natural cutoff n,x = N,
the prefactor exhibits three distinct regimes:

0, o <2,
£(2,3) w2
B(N,a) >~ { InN ’ o 27
{(a, 3)
_ > 2.
(e —1,3)

Thus, genuine logarithmic scaling persists only for o > 2. At
the marginal point o = 2, the logarithmic growth of T,y is
canceled by the vanishing prefactor (B ~ 1/1nN), resulting
in an N-independent saturation. For @ < 2, the consensus time
is similarly O(1).

These MF predictions are confirmed by the simulations in
Figs. 4(d)—4(f): T.ons decreases with increasing n or (n), and
increases with «. This is consistent with the physical intuition

that heavy-tailed distributions (small «) facilitate rapid con-
sensus by frequently sampling large, highly efficient groups.

B. Field-driven regime

In the field-driven regime (¢ > 0), the long-time behav-
ior depends on both the update probability g and the bias
strength p. At the symmetric point p = 1/2, sufficiently large
q stabilizes the mixed state at ¢ = 1/2, and the corresponding
first-passage observable is the disordering time discussed in
Sec. V. For p # 1/2, the up-down symmetry is explicitly
broken and the stable attractor, when it exists, is shifted to
a biased location ¢* determined by v(c*) = 0.

For intermediate biases 0 < p < 1, the states ¢ = 0 and
c=1 are not absorbing whenever g > 0, because the
field-driven branch can reintroduce either opinion into a ho-
mogeneous configuration. Therefore, a strict consensus time
to c=0 or c=1 is not well defined in this regime. The
appropriate quantity would instead be a relaxation time to-
ward the corresponding biased attractor. However, a detailed
analysis of this biased-relaxation problem is beyond the scope
of the present work, which focuses on absorbing consensus
in the pure majority-rule limit and at extreme biases, and on
the symmetric disordering time at p = 1/2.

By contrast, in the extreme-bias limits p =0 and p =1,
one of the two boundary consensus states remains absorbing.
In these cases, the field-driven branch and the majority rule act
constructively toward the selected consensus state, allowing
the consensus time to be analyzed. Socially, this limit can
be interpreted as a fully aligned external information envi-
ronment, such as a strongly one-sided media campaign or
institutional signal, that consistently favors one opinion and
prevents the reintroduction of the opposite state [50,51].

For p e {0,1}, the dynamical bottleneck at ¢ =1/2
vanishes. The consensus time is therefore controlled solely by
the relaxation of the boundary layer near the absorbing state.
Consequently, the leading asymptotic behavior coincides with
that of the pure majority-rule regime starting from unbalanced
conditions, recovering the scaling Tions ~ B InN with the
prefactors given in Eqgs. (25)—(27) (see Appendix C for de-
tails). The system bypasses the nearly balanced bottleneck and
proceeds directly via the progressive erosion of the minority.

Remarkably, in this limit, the logarithmic prefactor B be-
comes independent of the field-driven update probability g.
This universality arises because, at extreme bias, the local
majority rule and the directional bias p act constructively.
Near the absorbing boundary (e.g., ¢ — 1 with p=1), a
selected hyperedge containing minority agents will convert
them to the majority state regardless of whether the update
is driven by peer pressure (majority rule) or by the external
field. In other words, for p = 1 (respectively p = 0), both up-
date branches deterministically favor the same boundary state
¢ = 1 (respectively ¢ = 0). This fully constructive interplay is
special to the extreme-bias case and should not be extrapo-
lated to intermediate 0 < p < 1, where the field-driven term
pulls the dynamics toward ¢ = p and may therefore reinforce
or oppose the majority contribution depending on the current
state c. Mathematically, near the selected absorbing boundary,
the combined drift scales as v(c) >~ (n)(1 — c¢) for p =1 and
v(c) ~ —(n)c for p =0, equivalently v(c) =~ (n)(p —c) in
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the corresponding boundary layer, leading to identical relax-
ation times. This robustness of the consensus time against the
field-driven update probability ¢ mirrors analogous findings
in our previous work [46].

V. DISORDERING TIME

In this section, we restrict attention to the up-down sym-
metric case p = 1/2, for which the mixed state is centered at
¢ = 1/2 and the symmetric threshold ¢, derived in Sec. III B is
well defined. For p # 1/2, the stable attractor, when it exists,
is shifted away from ¢ = 1/2, and the relevant long-time dy-
namics is more appropriately described in terms of relaxation
toward a biased attractor rather than by the disordering time
defined below.

We define the disordering time Tg;s as the MFPT required
for the system to reach the neighborhood of the symmetric
mixed state (c = 1/2) starting from a fully ordered configura-
tion. This observable is physically meaningful in the up-down
symmetric case p = 1/2 within the disordered regime g > ¢,
where the fixed point at ¢ = 1/2 is linearly stable. In this
regime, Ty quantifies the robustness of consensus against
noise: it measures how long an initially ordered population
resists erosion under the combined action of local majority
updates and field-driven fluctuations. Because the interacting
group is resampled uniformly at random at each update, the
dynamics remains annealed MF, which explains why the ana-
lytical and MC results stay close overall.

As in the consensus-time analysis, we adopt the back-
ward FP picture and apply the drift-dominated approximation.
The MFPT corresponds to the deterministic time of flight
dc/dt = v(c) integrated from the ordered boundary layer
(c & 1) into the basin of attraction of the stable fixed point
¢ =1/2. Based on the linearization in Eq. (11), the drift
close to ¢ = 1/2 can be written as v(c) =~ —A(c — 1/2) with
the relaxation rate A = g (n) — (1 — ¢).A;, which is strictly
positive in the disordered phase g > g.. The integration is cut
off at cy = 1/2 + O(N~'/?) to reflect the width of stationary
fluctuations. This logarithmic approach to the fixed point
dominates the integral, yielding the scaling

Tyis ~ B InN, (28)

with a prefactor B =1/(21). Note that B diverges as
g — ¢, signaling the critical slowing down of the relax-
ation process. Compared with the consensus-time problem,
however, the disordering problem is intrinsically more sen-
sitive to finite-N fluctuations because the target region is
the fluctuation-dominated neighborhood of a stable interior
fixed point rather than an absorbing boundary. This makes the
asymptotic MFPT estimate quantitatively more delicate, even
when the leading logarithmic scaling remains correct.

For the annealed n-uniform ensemble, substituting the ex-
plicit rate A into the prefactor yields (see Appendix D for
details)

B(n,q) =[2qgn— (1 —¢)2>7"S,17". (29)

Similarly, for the shifted geometric family, a compact ex-
pression is obtained in the thermodynamic limit. Summing

over the group sizes then yields

2x

_ -1
— —(1—61)(1—)6)‘1’()6)} . 30

3
B(x, q) = [261 7

where @(x)zzzi3x"‘323‘"Sn converges absolutely for
x| < 1.

For the truncated power-law ensemble, the relaxation
rate becomes N-dependent because the effective majority
leverage diverges for oo < 5/2. To make this explicit, we
write

Av =gy — (1 = g)A n(), €1y

where A, y(a) = Zﬁz\;a Py(n)2*7"S, and (n)y are evaluated
with the finite-size cutoff ny,x = N. The drift-dominated esti-
mate then reads
TaVsa, g) ~ 32
dlS( s, C]) 2)LN’ ( )
provided Ay > 0, i.e., provided that ¢ = 1/2 is linearly stable
at the chosen (N, «, q).

The interpretation is as follows. For « > 5/2, both (n)y
and A; y(a) converge, so Ay — Ay and Eq. (32) yields
the genuine logarithmic growth Ty ~ [2Ae] ! InN. For
a < 5/2, A; y(o) diverges with N, implying g.(N) — 1 and
hence the disordered regime requires ¢ to approach 1 as N
increases; at fixed absolute g < 1, the fixed point ¢ = 1/2
remains unstable asymptotically, and the disordering MFPT
(as defined here) is not the appropriate descriptor of the long-
N dynamics. In finite systems, one may still observe rapid
relaxation toward coexistence for g sufficiently close to 1, in
which case Eq. (32) remains the correct starting point, with
An set by the finite-size cutoff.

A useful consistency check is the pure field-driven limit
g =1, where majority updates are absent. In this case,
A = (n) and the prefactor reduces to B = 1/(2(n)). This
implies that disordering proceeds twice as fast (i.e., with
half the time prefactor) as consensus formation from un-
balanced initial conditions in the pure majority-rule regime
[cf. Egs. (25)-(27)]. For instance, for the shifted geomet-
ric distribution, one recovers B(1, x) = (1 — x)/[2(3 — 2x)].
The factor of two originates from the different finite-size
cutoffs: approaching an absorbing boundary requires reduc-
ing the minority to O(1) agents (a distance ~1/N), whereas
approaching the stable coexistence fixed point only requires
reaching the scale of stationary fluctuations around ¢ = 1/2 (a
distance ~N~1/2).

To compare different hyperedge-size distributions on an
equal footing, it is convenient to parametrize the distance from
criticality as ¢ = kg, with k > 1. Here and throughout this
section, g. refers exclusively to the symmetric threshold at
p = 1/2. This protocol is meaningful whenever g.(P) < 1 (in
particular for the uniform and shifted-geometric ensembles,
and for the truncated power-law ensemble with o > 5/2 in
the thermodynamic limit). This guarantees that the system
is in the disordered phase regardless of the specific P(n).
Substituting g = kg, into the linear relaxation rate A and
using the definition of ¢, yields A = (x — 1).A4;(P). Con-
sequently, the disordering time obeys the compact scaling
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FIG. 5. Disordering time Ty versus system size N, starting from the fully ordered state ¢y = 1, for three hyperedge-size distributions in
the up-down symmetric case p = 1/2: (a) annealed n-uniform for various 7; (b) shifted geometric for various (n); and (c) truncated power-law
for various «. The data are shown at a fixed relative distance from the symmetric threshold, ¢ = kg, with x = 1.2. Solid curves show the
MF prediction from Eq. (33), and symbols connected by dashed lines denote MC averages over 10° runs. The results confirm the predicted
logarithmic growth in the disordered phase (¢ > ¢.), including power-law ensembles with o« > 5/2.

form
InN
2k — DA(P)’

The parameter « controls the proximity to the threshold: as
k — 17, the system exhibits critical slowing down with di-
vergence (k — 1)~!. The factor A, (P) quantifies the structural
stability provided by the hypergraphs. At a fixed relative
distance «, a larger .A;(P) implies a larger critical threshold
q., and hence a larger absolute field-driven update probabil-
ity ¢ = kq., leading to faster relaxation toward coexistence.
Thus, the scaling form in Eq. (33) is expected to capture
the leading behavior well. Its quantitative accuracy, however,
can be slightly lower than in the consensus-time problem
because the disordering-time estimate relies on additional
asymptotic steps, especially the drift-dominated time-of-flight
approximation and the linearization near the stable mixed
fixed point. For broad hyperedge-size distributions, rare large-
group events can further enhance finite-size corrections by
producing comparatively large jumps in c¢. The scaling form
in Eq. (33) is well supported by MC data for all three families
of P(n) as shown in Fig. 5.

For the n-uniform and shifted-geometric ensembles, Ty;s
decreases as the characteristic group size increases. This trend
follows from the increase of g, with group size; consequently,
at fixed «, the corresponding absolute field-driven update
probability g = k¢, is larger, leading to faster relaxation to-
ward the disordered state.

For power-law ensembles, the same intuition must be qual-
ified because the effective moments of P(n) may depend
on N under the cutoff, and the outcome becomes protocol
dependent. At fixed absolute g, heavy tails lead to vanish-
ing disordering times as N — oo because the mean size
(n) diverges and the field-driven component dominates the
dynamics. At fixed relative distance x above threshold, Ty
increases with o (see Fig. 6). In this constant-k comparison,
lighter tails (large «) imply smaller average group sizes and
weaker majority leverage A, (P), thereby slowing down the
relaxation toward disorder. For the same reason, the diffusion
approximation tends to perform best for the n-uniform and
shifted-geometric ensembles, where typical jump sizes remain
relatively controlled, and somewhat less accurately for broad
power-law ensembles, where occasional large sampled groups
produce more strongly nondiffusive increments.

Tyis(N, ) ~ (33)

VI. EXIT PROBABILITY

A central observable in opinion dynamics is the exit prob-
ability E(cg), defined as the probability that the dynamics
reaches the absorbing state with all agents in state +1 (¢ = 1)
before the absorbing state with all agents in state 1 (¢ = 0),
starting from an initial fraction ¢y of 41 agents. In the diffu-
sion approximation for the coarse-grained density c(t), E(c)
satisfies the backward FP boundary-value problem [48,49]

v(e)E'(c) + 1D()E"(c) =0, (34)

with absorbing boundary conditions £(0) = 0 and E(1) = 1.

In the pure majority-rule regime (¢ = 0), the dynamics is
symmetric under spin reversal, making ¢ = 1/2 a fixed point.
Following a standard saddle-point treatment of the backward
FP problem near the symmetric point (see Appendix E), one
obtains an explicit scaling form for E(cy). The new element in
the present setting is that the higher-order interaction structure
enters this scaling form through a single parameter y (P), and
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FIG. 6. Disordering time 7y at a fixed relative distance from
the symmetric threshold, k = 1.2, in the up-down symmetric case
p = 1/2. Results are shown for systems of size N = 10°, with MC
data averaged over 10° independent realizations. Panels correspond
to (a) the annealed n-uniform ensemble, (b) the shifted geometric
ensemble, and (c) the truncated power-law ensemble. Solid lines
show the mean-field prediction from Eq. (33), dashed lines with
symbols denote MC results, and shaded regions indicate one standard
deviation. For the truncated power-law ensemble, varying « changes
both the tail weight and the truncated mean size (n)y(«), so the
observed o dependence reflects the combined effect of suppressing
large-n events and reducing (n)y. The data confirm that, at fixed «,
systems with smaller effective group sizes, corresponding to small n,
small (n), or larger «, relax more slowly toward the disordered state.
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we provide y (P) explicitly for the ensembles considered. In
the central scaling regime, the exit probability takes a univer-
sal error-function form:

E(co) ~ 3[1 +erf (yVy(P)(co — 3))]. 35)

where y(P) = A;(P)/Dy(P). Here, A;(P) is the aver-
age majority leverage defined in Eq. (12), and Dy(P) =
D(c = 1/2; P) is the diffusion coefficient evaluated at the
symmetric point for the hyperedge-size distribution P(n). The
explicit expressions for specific ensembles are provided in
Eqgs. (E7)—(E9) of Appendix E. Equation (35) shows that,
within the diffusion description, different higher-order struc-
tures are distinguished solely by y (P), which measures the
ratio between majority amplification and stochastic fluctua-
tions near the separatrix ¢ = 1/2.

The diffusion approximation underlying Eq. (35) assumes
that the elementary increments Ac are small, so that trun-
cating the KM expansion at second order is accurate. This
assumption holds well for the uniform and shifted-geometric
ensembles, where hyperedge sizes are bounded or decay ex-
ponentially. For heavy-tailed power-law ensembles, however,
sufficiently small exponents allow occasional hyperedges with
n = O(N), which induce macroscopic jumps in ¢ and vio-
late the small-jump assumption. In that regime, the standard
FP description tends to underestimate the steepness of the
exit-probability curve. Accordingly, we use Eq. (35) as a
scaling baseline and expect quantitative agreement primar-
ily in parameter ranges where large-n events are sufficiently
suppressed (see Appendix E for details). A fully quantita-
tive theory for strongly heavy-tailed cases would require the
discrete master equation with nonlocal transitions, which is
beyond the scope of the present work.

Nevertheless, Eq. (35) provides a robust scaling framework
when the diffusion approximation applies. To make finite-
size effects explicit, it is convenient to introduce the scaling
variable z = /Y (P)(co — 1/2). In terms of z, Eq. (35) reads
E(cy) >~ %[1 + erf(z)], so that all dependence on N and on
the hyperedge-size statistics is absorbed into the rescaling of
the initial condition. Plotting E as a function of z collapses
the data for different system sizes (at fixed P) onto a single
universal curve, as illustrated in the inset of Fig. 7.

From the definition of y(P), the width of the transition
region scales as Ac ~ y(P)"'/? = \/Dy(P)/A,(P). Since
Do(P) ~ N~! while A,(P) is O(1), we recover the standard
MF finite-size scaling Ac ~ N~'/2. Thus, for large but finite
N, Eq. (35) quantifies how P(n) controls the sharpness of
the probabilistic crossover near cp = 1/2 through y (P), while
in the thermodynamic limit the curve sharpens into a step
function.

VII. SUMMARY AND CONCLUSION

We have investigated a noisy majority-rule dynamics on
annealed hypergraphs in which, at each update, a group size n
is first drawn from a prescribed distribution P(n), after which
a set of n distinct agents is selected uniformly at random from
the population. The selected hyperedge then either adopts the
strict local majority with probability 1 — g or undergoes a
collective field-driven update with probability ¢, in which all
selected agents adopt state +1 with probability p and state

—_
o

©
N

g

RO
0(13—2 101 2 3
046 048 050 052 054 0.56

Initial fraction ¢

xit probability E(c)
o o
)

FIG. 7. Exit probability £ as a function of the initial fraction
co in the pure majority-rule regime (g = 0) for the shifted geomet-
ric hyperedge-size distribution. Results are shown for several mean
hyperedge sizes (n) at N = 10°. Symbols denote MC simulation
results averaged over 10° independent realizations, while solid lines
represent the diffusion-theory prediction given by Eq. (35). The inset
shows the corresponding scaling collapse when E is plotted against
the scaling variable z = /¥ (P)(co — 1/2).

—1 with probability 1 — p. Our main goal was to isolate how
fluctuations in interaction-group size, encoded by P(n), re-
shape ordering, disordering, and finite-size relaxation beyond
the fixed-n baseline.

At the up-down symmetric point p = 1/2, the model
exhibits an order-disorder transition controlled by the field-
driven update probability g. By expanding the drift around
the mixed fixed point, we derived a general expression
for the symmetric critical threshold g.(P) in terms of the
mean group size and a structural coefficient quantifying
the average majority leverage. Analytical predictions for
n-uniform, shifted geometric, and truncated power-law en-
sembles agree well with MC simulations. Physically, g.(P)
quantifies the maximal level of field-driven updating com-
patible with macroscopic ordering; broader distributions that
place more weight on large groups increase this tolerance by
amplifying majority alignment. For n-uniform and geometric
distributions, ¢, increases with the characteristic group size.
For power-law ensembles, g.(«) approaches the triplet limit
1/3 as o — oo, whereas heavy-tailed statistics at small o
assign significant weight to large hyperedges and push g,
toward unity.

In the pure majority-rule regime (¢ = 0), we obtained loga-
rithmic consensus-time scaling with a distribution-dependent
prefactor. For initially balanced configurations, the prefactor
contains contributions from both the escape from the un-
stable mixed state and the final approach to consensus. For
unbalanced initial conditions, the mixed-state bottleneck is
bypassed and the prefactor is controlled primarily by the
statistics of the selected group sizes. In both cases, larger
effective interaction sizes accelerate ordering. For truncated
power-law ensembles, sufficiently heavy tails can suppress the
logarithmic growth and lead to saturation or sublogarithmic
relaxation under the natural cutoff.

In the disordered phase g > g.(P), we characterized the
disordering time Ty, defined as the mean time required to
reach the vicinity of the mixed state from a fully ordered initial
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configuration. Combining a diffusion approximation with a
backward-FP treatment, we obtained the leading form Ty ~
B(P,g)InN when the corresponding logarithmic prefactor
remains finite. For n-uniform and shifted geometric ensem-
bles, this gives logarithmic growth throughout the disordered
regime. For truncated power-law ensembles, the asymptotic
behavior is more sensitive to the tail of P(n): for @ > 5/2, the
logarithmic form persists, whereas broader distributions lead
to stronger finite-size acceleration associated with rare large-
group events. In the extreme-bias limits p =0 and p =1,
where one consensus boundary remains absorbing, the con-
sensus time follows the same distribution-controlled scaling
as the unbalanced pure majority-rule case, highlighting the
central role of P(n) in setting ordering timescales.

We also analyzed the exit probability E(cp) in the pure
majority-rule regime, i.e., the probability of reaching the
all-+1 state from an initial fraction ¢y of +1 agents.
Near the symmetric point, E(cg) collapses onto a universal
error-function form governed by a single scaling variable
combining cy, the system size N, and the hyperedge statistics.
Ensembles that favor larger groups exhibit a larger drift-to-
diffusion ratio, thereby sharpening the crossover and making
small initial imbalances more decisive. Conversely, ensembles
dominated by small groups broaden the transition region and
enhance the role of stochastic fluctuations. For sufficiently
broad ensembles, rare large-group events can introduce quan-
titative corrections to the diffusion approximation, although
the scaling framework still captures the qualitative sharpening
mechanism.

In summary, our results show that the full group-size
distribution P(n) controls both the robustness of ordering
through the symmetric threshold g.(P) and the characteristic
relaxation timescales, including crossovers induced by rare
large-group events. Natural extensions of this work include
quenched hypergraphs, the interplay between higher-order
and pairwise interactions, and time-dependent or compet-
ing external fields. These directions may help connect
distribution-controlled higher-order ordering mechanisms to
empirically grounded group-interaction data in social and
technological systems.
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APPENDIX A: RATE EQUATIONS
AND SYMMETRIC CRITICALITY

We derive the rate equations for the noisy MR dynamics
with field-driven group updates defined in Sec. II. The con-
figuration evolves through random sequential updates: in each
elementary update, a group size n € {3, ..., nmax} is drawn
from P(n) and the corresponding active hyperedge is sampled
according to the rule specified in Sec. II. With probability ¢
(field-driven update), the selected group is assigned state +1
with probability p and state —1 with probability 1 — p. With
probability 1 — g (majority rule), all selected agents adopt the
within-group majority opinion; for even n, tie events (X = 0)
yield no change. Throughout, we measure time in MCS using
the rescaled variable T =t/N, where ¢ counts elementary
updates, so that 5t = 1/N per update.

For finite N, the exact composition of the selected hyper-
edge is hypergeometric. In the analytical treatment below,
we use the annealed large-N mean-field closure, in which
the group composition is approximated by the binomial
weight B, (c) = (j)c*(1 —c)"*. This approximation be-
comes asymptotically exact in the well-mixed limit when
n/N — 0 and allows compact expressions for the drift and
the symmetric threshold.

LetR(c) = (N__ 4 | c¢)and L(c) = (N;_._ | ¢) denote the
conditional expectations of the numbers of —1 — +1 and
+1 — —1 flips produced by a single elementary update, given
the current density ¢ of +1 opinions. Within the annealed MF
closure, these rates are approximated by

R(c) =~ ZP(H)[(l —q@)M,(c)+gnp(l —o)l,
n=3

L(c) = ZP(H)[(l —q@)M,(1 —c)+gn(l—p)cl, (A
n=3

where M, (c) = 37,041 (n — ()t (1 — )" is the ex-
pected number of —1 — +1 flips generated by a majority
update in a size-n group when a strict +1 majority is present.
For even n, ties do not contribute. The complementary term
M, (1 — ¢) accounts for strict —1 majorities.

Accordingly, the coarse-grained drift per unit 7 is
approximated as

v(c) = @ = R(c) — L(c)
St

Nmax

~ ) Pm)ign(p—c)+ (1 —q)AM,(c)},

n=3

(A2)
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with AM,,(c) = M,,(c) — M,,(1 — ¢). Solving the stationarity
condition v(c) = O for g at arbitrary c yields

(©) = 2,55 P AM, (c)
N = S Py AM () + (e — p)(n)”

where (n) = Y™ nP(n).

Equation (A3) makes clear that, for p £ 1/2, the stationary
branch is generally shifted away from ¢ = 1/2. In particular,
the balanced state ¢ = 1/2 is a fixed point only in the up-down
symmetric case p = 1/2. Therefore, the critical threshold de-
rived below should be understood as the symmetric threshold
at p = 1/2, in agreement with the discussion in Sec. III B.

For the up-down symmetric case p = 1/2, the disordered
state ¢ = 1/2 is always a fixed point. To analyze the order-
disorder transition, we perform a linear expansion of the drift
around this point. Let c = 1/2 4 §, where |§] < 1

Expanding the binomial probability weight B, ,(c) =
(7)ct(1 = ¢)"* to first order in § yields

(A3)

B _ (" ¢ et
ne(1/2+68) = (E>(1/2+8) (1/2 =9)

~n (Z) [14+220—n)s]. (A4

Substituting this into the majority-rule drift term AM,(c) =
M,(c) —M,(1 —c) and using the antisymmetry around
¢ = 1/2, we obtain

n

AM,(c) ~ Z (n—O)[By,e(1/2 4 8) — By ¢(1/2 — 8)]
t=131+1
3 - z)<’;)2"[4(2z — n)s]
o=[2]+1
=227"S,(c — 1/2), (AS)

where S, = Z?:[nmﬂ(” -0t —n)(}).

The critical field-driven update probability follows from
the condition v'(c)|.=1/2» = 0. Differentiating Eq. (A2) with
respect to ¢ and using Eq. (AS), we obtain

Nmax

V(1/2) =1 — )Y Pm)2>7"S, —q(n).  (A6)

n=3
Setting v'(1/2) =
Z”max P(n)22 nS
de = T =
>y P(n)2271S, + (n)

where A;(P) =
leverage.

0 yields the symmetric critical threshold

Ai(P)
A1 (P) + (n)

Z”m“ P(n)2>7"S, is the mean majority

. (A7)

1. Annealed r-uniform distribution

For the n-uniform ensemble with fixed group size n, we
take P(n') = 8,y ,. Substituting this into Eq. (A7), the sums
collapse to single terms:

22_nSn
22-nS. +n’

which coincides with Eq. (14) in the main text.

gc(n) = (A8)

2. Geometric distribution

For the truncated shifted geometric ensemble, we use
Pn)=1[(1- x)x"’3]/[1 —x"=2] for n =3, ..., By and
0 < x < 1. The corresponding mean group size is

Nmax

ny=> nP(n)
n=3

A1 = (inax — 20" 4 (i — 30" 2]

=3
+ (1 —x)(1 — x"max—2)
(A9)
The associated linear drift coefficient is
‘A}I;eo(X; Mimax) = ZP(H) 22_nsn
n=3
l—x < n—3 ~2—n

=T Z 227"S,. (Al0)

Substituting Eqs. (A9) and (A10) into Eq. (A7) gives the
finite-n,x critical threshold,

A%eo (2 Mmax)

q%eO(X; nmax) = €0 . (All)

A (5 i) + (1)
In the thermodynamic limit ny,x — 00, one ob-
tains  (n) > 3—2x)/(1 —x) and  A5°(x;nm) —

(1 —x) Y02, x"3227"5,. Hence,

(1 —x)? Y2 x"=3227ns,
(1= x)2 >0 x"=32215, + (3 — 2x)’
which is the expression quoted in the main text [Eq. (15)].

ge(x) = (A12)

3. Power-law distribution
For the truncated power-law ensemble, we consider P(n) =
n~%/Z, with Z, = ZnN:3 n~® and @ > 0. Note that varying o
changes not only the tail weight, but also the truncated mean
hyperedge size

ZiY ;1'% By(a)
n—¢ ZO(

<N<oe)—2nP(n) . (A13)

n=3 n3

which will be useful when interpreting «-dependent trends.
Returning to Eq. (A7), it is convenient to rewrite the finite-N
critical point as

Ay(a)
Ay(a) + By(a)’

where Ay(x) = Zn 3n’°‘22 "S, and By(a) = Zn snlme
In Eq. (A14), By(«) is directly proportional to the first mo-
ment of the size distribution [cf. Eq. (A13)], while Ay(«)
encodes the majority-amplification factor 22~"S, and there-
fore depends on the full distribution of group sizes, not only
on (n)y.

To estimate Ay (o) for large n, we use a Gaussian approxi-
mation for the binomial coefficient,

(n> 2 [ 200 — n/2)2:|
~2 | —exp| ————|.
0 n n

ge(a;N) = (Al4)

(A15)
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Writing ¢ = n/2 + j and approximating the sum by an inte-
gral, one obtains the leading asymptotic behavior

2
2278, ~ [ = (> ). (A16)
g
Substituting this into the definition of Ay (c), we find
N
Ay(@) Z w2 (A17)

n=3

From Eq. (A17), one finds that Ay («) scales as N3/~ for
o < 5/2, grows logarithmically as InN for  =5/2, and
converges to a finite constant A(x) = Z,f; n=%2*"S, for
o >5/2.

For the moment term By(a) = Zy=3 n'~%, standard es-
timates give By(a) o« N> for o <2, By(2) ~InN, and
By(a) = ¢(a —1,3) fora > 2, where ¢ (a, b) is the Hurwitz
¢ function. Consequently, for the natural cutoff ny,,x = N,
the mean size (n)y(o) = By()/Z, becomes N dependent
for @ < 2 and diverges as N — oo, reflecting the increasing
weight of large hyperedges as o decreases.

Combining these asymptotics with Eq. (A14), we obtain

1, o <5/2,

Aa)
, a>5/2,
Al@)+¢(x —1,3)

ge(a) = lim g.(o;N) =
N—oo

(A18)

where A(a) = 230:3 n~%22-"S,. Thus, under the natural cut-
off, the symmetric critical threshold tends to unity for all
o < 5/2 and converges to a finite value in (0,1) for « > 5/2.

In the limit « — oo, the distribution concentrates on the
smallest hyperedge size, P(n) — 8,3. For n =3, one has
S3=Y0,(3 = 0)(2¢ —3)(}) = 3,50 that 227385 = 3/2. Us-
ing Eq. (A7) specialized to the n = 3 case, we recover

3/2 1

— . Al19
3243 3 (A19)

in agreement with the main-text result.

qc(00)

APPENDIX B: CONSENSUS TIME

Pure majority-rule dynamics with an initially balanced state

In this Appendix, we restrict attention to the pure majority-
rule regime g = 0, for which both fully ordered states ¢ = 0
and ¢ =1 are absorbing. Accordingly, the consensus time
Teons 18 well defined as the mean first-passage time to one
of these two absorbing boundaries. In the absence of the
field-driven branch, the dynamics is up-down symmetric, and
it is sufficient to analyze one side of the flow, e.g., from
the vicinity of the unstable fixed point ¢ = 1/2 toward the
absorbing boundary at ¢ = 0; the opposite branch follows by
symmetry.

In the MF limit, the diffusion term is negligible since
D(c) = O(1/N). The consensus time is obtained by integrat-
ing the inverse drift characteristic dtv = dc/v(c) from the
backward Kolmogorov equation:

T~ / _de. (B1)
cr U(C).

For the lower branch, the integration bounds are fixed by the
microscopic fluctuation scales: the initial state is taken just
outside the unstable fixed point, ¢; = 1/2 — N~'/2, and the
final state is set at the absorption scale, ¢y = 1/N.

The integral in Eq. (B1) is dominated by the divergences
near the two fixed points ¢ = 0 and ¢ = 1/2. We can therefore
approximate the total time as the sum of the transit times
across these two bottlenecks:

T~ Tabs + ’Ezen- (Bz)

For a general hyperedge-size distribution P(n), the drift lin-
earizes near these fixed points as follows:

Near the absorbing boundary (¢ — 0), the leading contri-
bution to the drift comes from sampled groups containing a
single +1 agent. For a group of size n, such configurations
occur with probability nc + O(c?); under strict majority rule,
that lone +1 agent flips to —1, yielding one downward flip.
Configurations containing two or more +1 agents are O(c?)
and thus subleading. Averaging over P(n) then gives the linear
boundary-layer drift v(c) ~ — ), P(n)nc = —(n)c. Intro-
ducing an N-independent cutoff k, = O(1) that separates the
boundary layer from the bulk, we obtain

b de 1
Tox [ 6~ LmNiom). @Y
1/N (n)c (n)

The precise value of k, affects only the additive constant and
does not modify the leading logarithmic term.

Near the unstable fixed point ¢ = 1/2, the drift behaves as
v(c) >~ A{(P)(c — 1/2). Introducing an N-independent cutoff
8, = O(1) for the linear neighborhood of ¢ = 1/2, we find

1/2—1/+/N de
]Z:CH %\/ TSV
128, A (P)(c—1/2)

1
= InN + O(1). B4
AP (1) (B4)
As above, the precise value of &, contributes only to the
subleading constant and does not affect the coefficient of In V.
Combining these, the general scaling for the consensus
time is

1 1
T(N)~ [@ + 2A1(P)] InN. (B5)

We now evaluate the specific coefficients (n) and A (P) for
the different hyperedge-size ensembles.

a. Annealed n-uniform distribution

For the n-uniform ensemble, the coefficients are simply
(n) = nand A;(n) = 2>7"S,. Substituting these into Eq. (BS)
immediately yields

n—3

T(n,N)~ I:;—l— ]lnN, (B6)

n

recovering Eq. (21) in the main text.

b. Geometric distribution

For the shifted geometric distribution, the mean size
is (n) = (3 —2x)/(1 — x), while the majority-leverage term
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Aj(P) is given by Eq. (A10). Substituting these coefficients
into Eq. (BS) yields

1—x 1
TN, x) ~ InN,
W, x) [3 TR S x”‘323‘”5n] .
B7)

which matches Eq. (22) in the main text.

¢. Power-law distribution

We consider an annealed power-law ensemble where hy-

peredge sizes n € {3, ..., N} are drawn from
n¢ al
Pv(n)= ——, Zy(a)= n ¢, (B8)
YT v Y 2

with exponent o > 0. To apply the general consensus-time
formula in Eq. (B5), we identify the two relevant macroscopic
rates: the absorbing-boundary contribution is governed by
the first moment of the size distribution, whereas the cen-
tral contribution is governed by the majority-leverage sum.
Accordingly,

By(a) al

_ _ 1—a

=70 BN(a>—n2=3jn : (BY)
N

2A1(P)=ZEZ§, Cy(@) =Y n"2%"s,.  (B10)
n=3

Substituting these into Eq. (BS) yields the prefactor

Zy(a) n ZN(Ol):| N,
By(a)  Cy(a)

To analyze the thermodynamic limit, we determine the
asymptotic behavior of the three sums. The normalization
Zy(a) and the first moment By (e ) follow standard power-law
sum rules:

T(N,a)w[ Bl11)

NI-@
1—a’ @<l

V@M AmN, a=1,
(e, 3), a>1,
R

By(a) ~ InN, o=2, (B12)
C(a—1,3), o>2.

For the majority-leverage sum Cy (o), we use the large-
n estimate S, ~ /2/m n3/>2"~2, which implies n~237"S, ~
2./2/m n3/>~%_ Hence the divergence threshold is « = 5/2.
Accordingly,

N2 o < 5/2,
Cu(@) ~ {mzv, o« =5/,

whereas for o > 5/2 the sum converges to the finite limit,
Coo() = Y 02 n~ 923718,

Based on these asymptotics, we identify three distinct scal-
ing regimes for the consensus-time prefactor B(«):

(1) Regime O <« <2: The boundary contribution
Zy(a)/By(a) vanishes as N — oo, scaling as N~! for

(B13)

FIG. 8. Consensus time 7o, for the power-law hyperedge-size
distribution, reparametrized in terms of the moments of P(n). The
main panel shows T, versus the mean hyperedge size (n), while
the inset shows the same result versus the fluctuation ratio (n?)/(n)>.
In both cases, Tioys is evaluated using Eq. (B16) with N = 10°. The
inset is restricted to a > 3, where the second moment is finite.

O<a<1,as InN)/N fora=1,as N* 2 for 1 <a <2,
and as (InN)~! for « =2. In the same interval, Cy(«)
diverges, so the central contribution also vanishes:
Zn(a)/Cy(@) ~ N3 for 0<a <1, (InN)/N¥?* for
a=1, N2 for | <a <2, and N~'/? for &« = 2. Hence
B(a) — 0, implying that the consensus time grows more
slowly than In N and may saturate in the large-N limit.

(2) Regime 2 <« < 5/2: The sums Zy(«) and By(o)
converge, whereas Cy (o) still diverges (or grows logarith-
mically at @ = 5/2). Consequently, the central contribution
Zy(a)/Cn(a) vanishes. The dynamics is then controlled
solely by the absorbing-boundary bottleneck:

§(a,3)
fla—1,3)
(3) Regime o > 5/2: All three sums converge. Both the

absorbing boundary and the unstable central point contribute
to the leading timescale, yielding

@3
Ble) = t(a—1,3)

Ba) = (B14)

(e, 3)
Cos(a)’

(B15)

Summarizing these results, the consensus-time prefactor
B(w) is given by

0, o <2,
¢ (a, 3) 5
Ba)={zr@—-13) 2asy
((@.3) @3y s
f@—1.3) Y%, s, >

(B16)
consistent with Eq. (24) in the main text.

For completeness, Fig. 8 reexpresses the power-law re-
sult in terms of the moments of P(n). For « > 2, the mean
hyperedge size is (n) = (o — 1,3)/¢(«, 3), so that Toops ~
B(a) In N may be viewed as a function of (n), as shown in the
main panel. For & > 3, where the second moment is finite,
the same result may also be parametrized by the fluctuation
ratio (n%)/(n)> = ¢(a — 2, 3)¢ (a0, 3)/¢(a — 1, 3)?, as shown
in the inset.
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APPENDIX C: CONSENSUS TIME IN THE FIELD-DRIVEN
REGIME UNDER EXTREME BIAS

In this Appendix, we consider the field-driven regime
q > 0 under extreme bias, p € {0, 1}. In these two cases, one
of the two fully ordered states remains absorbing: ¢ = 1 for
p=1and ¢ =0 for p = 0. This is the only parameter range
with g > 0 in which a strict consensus time 7¢ons remains well
defined, in agreement with the discussion in Sec. IV B.

For p = 1, both update branches favor the same boundary
state ¢ = 1: in the majority-rule branch, any selected group
with a strict +1 majority eliminates minority agents, while in
the field-driven branch the whole selected group is set to +1
with probability one. The case p = 0 is fully symmetric, with
the absorbing state shifted to ¢ = 0. Thus, in the extreme-bias
limit, the majority and field-driven mechanisms act construc-
tively toward the same absorbing boundary.

Because of this constructive alignment, the drift does not
vanish at ¢ = 1/2, and the nearly balanced bottleneck asso-
ciated with the symmetric case is absent. Consequently, the
consensus time is controlled solely by the relaxation of the
boundary layer near the absorbing state. For initial conditions
bounded away from the separatrix, i.e., with fixed ¢y # 1/2 as
N — 00, the dynamics is drift dominated and the mean first-
passage time is obtained from the deterministic time-of-flight
integral in Eq. (B1) where ¢; is an O(1) initial condition in the
basin of the absorbing state and ¢ is the microscopic cutoff
near the absorbing boundary.

In the boundary layer, the drift linearizes as v(c) >~ (n)
(1 — ¢) for p = 1, and, by symmetry, v(c) =~ —(n)c for p =0,
where (n) = ) nP(n) is the mean hyperedge size. Equiva-
lently, in the two extreme-bias cases the boundary-layer drift
can be written compactly as v(c) >~ (n)(p — c) for p € {0, 1}.

Integrating Eq. (B1) from an O(1) initial condition to the
absorbing cutoff ¢, =1—1/N for p=1 (or ¢y = 1/N for
p = 0) gives

1
Teons ~ — InN. (ChH
(n)

Thus, the leading asymptotic behavior coincides with that of
the pure majority-rule dynamics started from an unbalanced
initial condition: the central bottleneck contributes no loga-
rithmic term, and the entire consensus time is set by the final
elimination of the minority near the absorbing boundary.
Specializing this result to the three hyperedge-size en-
sembles immediately reproduces the prefactors reported in
Egs. (25)-(27) of the main text. Therefore, in the extreme-bias
field-driven regime, the consensus-time prefactor is indepen-
dent of ¢ at leading order, because both update branches gen-
erate the same linear restoring drift toward the absorbing state.

APPENDIX D: DISORDERING TIME
IN THE SYMMETRIC CASE

In this Appendix, we restrict attention to the up-down
symmetric case p = 1/2. Only in this case is the mixed state
centered at ¢ = 1/2, and only in this case is the threshold
q. derived in Appendix A the relevant critical point control-
ling the stability of that symmetric mixed state. For p # 1/2,
the attractor is shifted away from ¢ = 1/2, so the long-time

behavior is more appropriately described in terms of relax-
ation toward a biased attractor rather than by the disordering
time defined here.

In the disordered phase g > ¢q., the mixed state ¢ = 1/2
is linearly stable. For large N, the diffusion term is sublead-
ing, so the entrance into the disordered basin is governed
by the drift v(c). Using Eq. (11) from the main text, the
linearized drift at p = 1/2 is v(¢) >~ —A(c — 1/2), with A =
qg{n) — (1 — ¢g)A;(P) > 0in the disordered phase.

For an initial condition fixed away from ¢ = 1/2, integrat-
ing down to the fluctuation boundary ¢, = 1/2 + 1/ VN gives

24N
T(N,q, P)~ / ——
1 v(c)
InN
~ (D1)

2[g(n) — (1 = ) A(P)]

Thus, the logarithmic growth arises from the final approach to
the stable mixed state, whose fluctuation width is O(N~'/2).
The prefactor diverges as the relaxation rate tends to zero,
signaling critical slowing down at the symmetric threshold.

To parametrize distances from criticality, write ¢ = k¢,
with k > 1. Here g, refers exclusively to the symmetric
threshold at p = 1/2. Substituting g. from Eq. (A7) into the
denominator of Eq. (D1) simplifies the bracketed term to
(k — 1)A,(P). Consequently, Eq. (D1) becomes

InN
2k — DA(P)

showing that T scales linearly with InN and diverges as
(k — 1)~! near criticality.

T(N,k,P)~ (D2)

1. Annealed n-uniform distribution

For the annealed n-uniform ensemble one has (n) = n and
Ai(n) = 2>7"S,. Substituting these into Eq. (D1) gives

InN
2[gn— (1 —g)227"S,]’

in agreement with Eq. (29) in the main text. Equivalently, in
terms of k > 1,

T(N,qg,n)~ (D3)

InN 2n—3

R A TP 7y P S

N. (D4

2. Annealed geometric distribution

For the annealed geometric distribution, substituting (n)
and A, (x) from Egs. (A9) and (A10) into Eq. (D1) gives

InN
3—-2
2[q - q)Al(x)}

1—x

T(N,q,x)~ , (D5)

in agreement with Eq. (30) in the main text. Equivalently,
in terms of the dimensionless distance from the symmetric
threshold k > 1,

T(N. k. x) ~ _ W~
2k — DA (x)
_ InN (D6)
(k= D(1 —x) Y x2S,
n>3
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3. Truncated power-law distribution

Consider the annealed power-law ensemble P(n) =
n~%/Zy(a) with a hard cutoff n,,,x = N and exponent o > 0.
Using
_ By(a)

Zy(a)

_ Av@

) Zn(@)’

,  Ai(@)

(D7)
with

N N
An(e) = n*2"S,, By(@)=)_n'"% (D)
n=3

n=3
Eq. (D1) yields
Zy(@)
2q By (@) = 2(1 — @) An(a)
The disordering-time analysis requires the linear stabil-

ity condition Ay > 0, where Ay = g(n)y — (1 — ¢)A; y().
Equivalently,

B(g,a;N) = (D9)

2gBy(a) —2(1 — g)Ayn(a) > 0, (D10)
which is identical to g > ¢.(N) with
A
ge(N) = vie) (D11)

An(a) + By(a)

For o < 5/2, Ay(a) diverges with N while By(«) grows
more slowly (or converges), implying g.(N) — 1. Therefore,
at fixed absolute ¢ < 1 the inequality (D10) eventually fails
and the mixed fixed point becomes unstable; in that case
the MFPT to reach the neighborhood of ¢ = 1/2 is not the
relevant large-N descriptor. In finite systems one may still
enforce the disordered regime by choosing g > ¢.(N), and
then Eqgs. (D1) and (D9) remain valid with the N-dependent
prefactor B(q, o; N).

For « > 5/2, all three sums converge to finite constants:
Zy(a) = ¢(a, 3), By(a) = ¢ (a —1,3), Ay(@) - Ala) =

> n~%227"S,. The prefactor therefore becomes
independent of N:
.3
B(g. @) = fln ) (D12)

2q¢ (@ —1,3) = 2(1 — QA(@)’

Using the parametrization g = kq.(«) with « > 1 (well de-
fined here only in the symmetric case and only when
q.(@) < 1,1.e., fora > 5/2), Eq. (D12) simplifies to

Bk, a) = £@ 3)

= m. (D13)

Thus, we recover the logarithmic scaling Tgis ~ B(k, o) In N
in this regime.

These results correspond directly to the main-text discus-
sion around Egs. (31) and (32) and the scaling form (33).

APPENDIX E: EXIT PROBABILITY FOR g =0

In the pure majority-rule regime (¢ = 0), the dynamics is
up-down symmetric and ¢ = 1/2 is the symmetry point. The
exit probability E(c) satisfies the backward FP equation in
Eq. (34), with boundary conditions E(0) =0 and E(1) = 1.

Its standard quadrature form is

/ exp[—®(y)]dy

0
1

/ exp[—®(y)]dy
0

E(co) =

) (EL)

where ®(y) = fly/z[2v(u)/D(u)] du. The lower limit 1/2 is
chosen for convenience, since the expansion is carried out
around the symmetric point; changing this reference only adds
a constant to ®(y), which cancels between numerator and
denominator in Eq. (E1).

Near ¢ = 1/2, we approximate the transport coefficients
by their leading forms. Using Eq. (4) with v(1/2) =0 and
Egs. (8)-(9) at ¢ = 0, we obtain

1
Do(P) = D(1/2) = v ZP(n)Kn, (E2)
n>3
where

K, = SMR(1/2)

=27 Y —6)2<Z> + 3 z2<z> . (B3

{>n/2 t<n/2
The drift is linearized as v(c) >~ A;(P)(c — 1/2), so that
2A1(P) [
d(y)~
Do(P) Ji2
where y (P) = A;(P)/Dy(P).

Substituting this harmonic form into Eq. (E1) and changing
variables to s = y — 1/2, we obtain

(u—1/2)du=y(P)(y — 1/2)*, (E4)

co—1/2
/ exp [—y(P)sz] ds
-12
1/2
exp [—y(P)sz] ds
-12

E(Co) ~ (ES)

For large N, one has y (P) o« N >> 1, so the Gaussian kernel is
localized near s = 0 with width O(N~!/2). The finite bounds
+1/2 may therefore be extended to 0o with exponentially
small corrections, yielding

co—1/2
/ exp [—y(P)sz]ds
E(co) ~ =2
/ exp [—y(P)sz]ds

[e¢]

1
= 5[1 +erf(y/y (P) (co — 1/2))]. (E6)

In the second line we used the standard Gaussian integral and
its representation in terms of the error function.
The explicit form of y (P) for the n-uniform ensemble is
22—n Sn
Ya(n) =N ——. (ET)

n

For the shifted geometric distribution,
Z;’li3 xn—322—nSn
ZOO x=3 K,

n=3

Ye(x) =N (E8)
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Finally, for the truncated power-law distribution,
25:3 n 22—nS”
Zivzs n=“K,

APPENDIX F: MONTE CARLO SIMULATION PROTOCOL

YN, @) =N (E9)

The MC simulations follow the microscopic update rule
defined in Sec. II. At each elementary update, a group size n
is first drawn from the prescribed distribution P(n), and then
n distinct agents are sampled uniformly at random from the
population without replacement. The resulting active hyper-
edge is therefore a set of distinct agents. After computing the
preupdate sum X = Z?:l o;;, the selected agents are updated
according to the majority or field-driven rule. One MCS con-
sists of N such elementary updates, and time is reported in the
rescaled unit T = ¢/N.

Unless stated otherwise, the initial condition is prepared
by assigning state +1 independently with probability ¢y and
state —1 with probability 1 — ¢y. Thus, ¢y = 1/2 corresponds
to a balanced initial condition in expectation, while ¢y € {0, 1}
gives fully ordered initial states. For the exit probability E(cg),
the initial fraction is fixed by preparing N, = co/N agents in
state 41, with coN chosen to be an integer, and each realiza-
tion is evolved until it reaches either c = 1 or ¢ = 0.

For the consensus time T.,s, €ach realization is evolved
until it first reaches an absorbing consensus state, ¢ =0
or ¢ = 1. This applies directly in the pure majority-rule
regime (¢ = 0), and for g > 0 only in the extreme-bias cases
p =0 and p = 1, where absorbing consensus remains well
defined.

For the disordering time Ty;s, considered in the symmetric
case p = 1/2 with ¢ > ¢q., each realization starts from a fully
ordered state. The run is stopped when the total magnetization
first reaches or crosses zero, corresponding to the first arrival
at the mixed state ¢ = 1/2 or its immediate finite-jump neigh-
borhood. This convention is appropriate for multispin updates,
where a single hyperedge update can cross the mixed state
without landing exactly on it.

For the exit probability E(c(), each realization starts from
the prescribed initial fraction c( and is evolved until it reaches
either c = 1 or ¢ = 0. The exit probability is estimated as the
fraction of runs that reach the all-4-1 state first.

All observables are averaged over the number of indepen-
dent runs stated in the corresponding figure captions. In the
numerical implementation, a sufficiently large upper cutoff on
the total number of elementary updates is imposed for com-
putational safety; for the results reported here, this cutoff does
not affect the quoted averages within the displayed accuracy.
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