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Stochastic processes on graphs are a powerful tool for modeling complex dynamical systems such as
epidemics. A recent line of work focused on the inference problem where one aims to estimate the state of every
node at every time, starting from partial observation of a subset of nodes at a subset of times. In these works, the
initial state of the process was assumed to be random independent and identically distributed over nodes. Such an
assumption may not be realistic in practice, where one may have access to a set of covariate variables for every
node that influences the initial state of the system. In this work, we will assume that the initial state of a node
is an unknown function of such covariate variables. Given that functions can be represented by neural networks,
we will study a model where the initial state is given by a simple neural network—notably the single-layer
perceptron acting on the known nodewise covariate variables. Within a Bayesian framework, we study how
such neural-network prior information enhances the recovery of initial states and spreading trajectories. We
derive a hybrid belief propagation and approximate message passing (BP-AMP) algorithm that handles both the
spreading dynamics and the information included in the node covariates, and we assess its performance against
the estimators that use only the spreading information or use only the information from the covariate variables.
We show that in some regimes, the model can exhibit first-order phase transitions when using a Rademacher
distribution for the neural-network weights. These transitions create a statistical-to-computational gap where
even the BP-AMP algorithm, despite the theoretical possibility of perfect recovery, fails to achieve it.
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I. INTRODUCTION

Spreading dynamics on networks model many important
systems, such as information diffusion in social networks [1],
epidemic processes [2,3], and gene regulatory networks [4].
There are many studies in the literature that tackle the inter-
play between the network topology and the dynamical process
that takes place on top of it [5].

In this work we study Bayesian inference for this class
of models, aiming to recover some information about a re-
alization of the dynamics from partial observations. In such
Bayesian setting, this problem reduces to computing poste-
rior expectations, where the spreading process itself defines
the prior and observations form the likelihood. Statistical
physics has yielded several inference algorithms for spreading
models on random sparse graphs, including dynamic mes-
sage passing (DMP) [6] and belief propagation (BP) [7].
Our work builds on the BP formulation to derive a new
algorithm.

Spreading models often assume a separable prior over
initial sources, ignoring node-specific information. How-
ever, node features are often available in practice and
can enhance inference. To leverage such data, recent
work in signal processing uses generative priors, often
based on neural networks that map features to problem
variables [8,9].

We introduce the Neural Sources Spreading (NSS) model,
where the unknown initial state of the spreading process is

*Contact author: davide.ghio98@gmail.com

given by the output of a neural network with unknown weights
acting on known nodewise variables. The NSS model’s
posterior corresponds to a hybrid factor graph. It com-
bines a sparse graph on which the spreading dynamics takes
place—suited for BP on locally treelike structures [7,10]—
with a dense graph for the neural-network prior, which is
effectively handled by approximate message passing (AMP)
in high dimensions [11,12]. Using the cavity method, we
merge these components to derive a hybrid belief propagation
and approximate message passing (BP-AMP) algorithm that
handles both the sparse spreading interactions and the dense
Neural-Network prior [13,14].

This paper is structured as follows. Section II defines
the NSS model. Section III details the Bayesian inference
framework and performance metrics. Section IV presents the
cavity equations and our BP-AMP algorithm. We then ana-
lyze its performance in a setting showing evidence of Bayes
optimality (Sec. V) and another exhibiting a statistical-to-
computational gap (Sec. VI).

Related works

This study is situated within the field of spreading pro-
cesses on graphs, which examines how these dynamics relate
to the underlying graph structure, particularly in domains
such as epidemiology [15,16]. Building on established com-
partmental models [17,18], we focus on the algorithmic
challenges of inference, such as identifying the initial sources
of an epidemic or recovering entire infection trajectories.

A large body of work in different scientific domains have
studied the problem of inference of spreading processes on
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graphs. Probably the most important example is the one of
source detection, or equivalently of finding the patient zero of
the epidemic, which has attracted many researchers after the
seminal papers [19,20], where the authors, restricting to the
susceptible-infected (SI) model, showed rigorous results for
regular trees using the concept of rumor centrality as the max-
imum likelihood estimator. Later, in [21] the authors extended
the study to general trees, and in [22] the susceptible-infected-
recovered (SIR) model was considered, in both cases choosing
as partial information a snapshot of the epidemic, i.e., the
state of all the nodes at a particular time. At the same time in
[23] the authors moved to consider localized observations, or
sensors, as a source of information and described the optimal
maximum-likelihood estimator for trees.

In [24], for the first time a message-passing approach
was introduced to analyze epidemic models, enabling the
computation of average properties on arbitrary random graph
ensembles. Later, two different works were able to design
a message-passing algorithm operating on single graphs: in
[6] the authors introduced a “Dynamical Message Passing”
(DMP) algorithm, which is exact on trees but gives results for
a fixed initial condition, while in [25] the “Belief Propagation”
(BP) equations for this problem were derived for the first time,
and were used to infer the origin of epidemics with multiple
patients zero and various types of partial information. These
techniques were later used for other related problems, as the
reconstruction of the model’s parameters [26] or epidemic
mitigation studies [27].

The methodology we employ connects to the idea of merg-
ing graphical models, an approach that was formulated in
[13,28] to extend single-layer AMP to multiple layers. Closer
to the present setting, in [29,30], for the first time a message-
passing algorithm was devised in a model combining sparse
and dense graphical models, while [14] derived a BP-AMP al-
gorithm for community detection with a neural-network prior
on node attributes.

Finally, we note a recent line of work conjecturing the
existence of replica symmetry breaking in spreading processes
at very low source densities [31,32]. This paper, in con-
trast, focuses on scenarios with higher source densities where
this phenomenology is not observed, leaving the low-density
regime with a neural-network prior for future study.

II. THE NEURAL SOURCES SPREADING MODEL

A. Spreading models on graphs

We consider processes on a graph G(V, E ) with N
nodes. Each node of the graph is assigned a variable xt

i
at discrete times t ∈ {0, 1, . . . , T }, taking values among a
finite number p of possible states. We focus on unidirec-
tional dynamics, where a node’s transition times between
the possible states of the nodes {ti}N

i=1 = {t1
i , . . . , t p−1

i }N
i=1,

which we define as the last time in which a node is
in a state before it transitions, fully specify its evolution.
This static representation reduces the system’s variables
from O(N × T ) to O(N ). This restriction can be relaxed to
models where nodes revisit states (e.g., Susceptible-Infected-
Susceptible (SIS)) by treating backward steps as new state
transitions [2,33].

Assuming local spreading dynamics, where transitions
depend only on nearest-neighbor states, the transition time
probability factorizes as

P
({ti}N

i=1

∣∣�) = 1

Zspread

N∏
i=1

�i(ti, {tj} j∈∂i ,�), (1)

where Zspread is the normalization, � are model parameters,
and ∂i is the set of neighbors of node i. Importantly, the factor
�i(ti, {tj} j∈∂i ,�) is a node factor that depends on its transition
time and those of its nearest neighbors.

We will illustrate the method on two examples of
the dynamical model: the SI model and the deterministic
susceptible-infected-recovered (dSIR) model [33].

(1) In the SI model, each node is either susceptible (S)
or infectious (I), so the dynamics is described by a single
transition time ti for each node i. We say that node i is a
source of the spreading if it is infectious at time t = 0, and
in this case we have ti = −1. At time t , a susceptible node i
has a probability λt

ji ∈ [0, 1] to get infected from an infectious
node j ∈ ∂i. In mathematical terms, the probability for node i
of being infected at time s is given by

pinf
i

(
s, {tk}k∈∂i

) = 1 −
∏
k∈∂i

(1 − λkiI[s > tk]). (2)

The total factor for this node is then

�i
(

ti, {tk}k∈∂i

∣∣x0
i

) =

⎧⎪⎪⎨⎪⎪⎩
pinf

i

(
ti, {tk}k∈∂i

)∏ti−1
s=0

(
1 − pinf

i

(
s, {tk}k∈∂i

))
if x0

i = S, ti < T∏T −1
s=0

(
1 − pinf

i

(
s, {tk}k∈∂i

))
if x0

i = S, ti = T

δti,−1 if x0
i = I,

(3)

where we assign ti = T to nodes that are still susceptible at
t = T − 1, the last simulation time.

(2) In the dSIR model, S-to-I transitions are still stochas-
tic, and follow the same rule as the SI model. However, an
additional recovery process takes place and it is determin-
istic: a node remains infectious for a fixed time �i before
recovering permanently. The resulting factor for node i can
still be written as in Eq. (3), but with the modified infection

probability

pinf
i

(
s, {tk}k∈∂i

) =1 −
∏
k∈∂i

(1 − λkiI[tk < s � tk + �k]).

(4)

We can recover the SI model by fixing �i > T ∀ i, such
that all nodes remain infectious until the end.
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Throughout, we assume the form of the spreading kernel
in Eq. (1) is known, as well as all parameters � of the
spreading model. In the SI model, these include the graph G
and all the associated infectivity parameters λi j ∀(i, j) ∈ E ,
while for the dSIR model we also have the recovery delays
�i ∀i ∈ V . Moreover, we will focus on studying inference on
graphs generated through random sparse ensembles, such as
Erdös-Rényi (ER) and Random Regular (RR) graphs.

B. Neural-network priors on the spreading sources

Spreading models often assume that the nodes that orig-
inate the spreading, i.e., the sources, are single [6,19,23] or
multiple [7,34] uniformly random nodes. Realistically, the
source prior is often nontrivial and can be informed by known
nodewise covariates F ∈ RN×M , namely, each node i ∈ V has
M features, contained in the vector Fi ∈ RM , representing
some contextual information about each node. For instance,
in epidemiology, covariates like age or mobility can determine
a node’s propensity to act as an initial source. Such features
can be incorporated to improve inference [35]. This implies
the initial state is a function of its covariates, x0

i = f (Fi).
In the SI and dSIR models described before, this variable is
binary: node i can either be a source of the spreading, and we
conventionally assign x0

i = −1, or it is susceptible at the start,
and in this case x0

i = +1.
Since generic functions can be parametrized using a

multilayer neural network, it is reasonable to consider the
covariates Fi to be an input and the initial states x0

i to be an
output of a multilayer fully connected neural network:

x0
i = ϕ(L)

(
W (L)ϕ(L−1)

(
W (L−1) . . . ϕ(1)

(
W (1)Fi

)
. . .

))
, (5)

where ϕ(l )(·) are componentwise nonlinearities and {W (l )}L
l=1

are the network weights. We call this the NSS model.
In order to obtain a model where the information contained

in the prior can be quantified precisely, we will consider in
what follows a single-layer network with random weights u ∈
RM , following a known, componentwise prior ua ∼ Pu, ∀ a ∈
{1, . . . , M}. The initial state is then sampled according to

x0
i ∼ Pout

(
x0

i

∣∣Fi, u
) ≡ δ

[
x0

i − ϕ

(∑
a

Fiaua

)]
. (6)

Here, δ(·) is the Dirac delta. For modeling purposes we also
choose F ∈ RN×M as a matrix of i.i.d. Gaussian components
Fia ∼ N (0, 1/M ). We will consider the two cases of Gaussian
and Rademacher random weights u.

We set ϕ(x) = sgn(x − κ ), yielding the perceptron model
[36–38], where the threshold κ controls the source density.

We call this specific version the Perceptron Sources Spreading
(PSS) model.

In order to be in an analytically tractable setting, we study
the limit where N, M → ∞ with a finite constant ratio α =
N/M = O(1). In this regime, α acts as a signal-to-noise ratio
controlling correlations between initial states. For large α

(small M), the x0
i are strongly correlated via u. As α → 0,

the terms
∑M

a=1 Fiaua become independent Gaussians, and
we recover a uniform prior P(x0

i = I ) = δ for all i, with
δ = 1

2 [1 + erf( κ√
2

)]. In the intermediate regime, from previ-
ous results on the perceptron [12], we expect two different
phenomenologies when changing α, depending on the prior
chosen for the weights: for Gaussian weights, the induced
landscape is approximately smooth and convex, leading to a
continuous (second-order) transition; while for Rademacher
weights, the resulting discrete and highly frustrated structure
introduces competing minima, giving rise to a discontinuous
(first-order) phase transition.

III. BAYESIAN INFERENCE FRAMEWORK

In this section, we define in detail the inference problem.
We assume we are given the covariates F ∈ RN×M , the graph
structure G, and the edgewise transmission probabilities λi j .
We also know the constant κ from Eq. (6), and all �i for the
dSIR model. We are not given the vector u, and consequently
the sources are also unknown, as well as the transition times
ti. The task is to recover the initial state x0 and the transition
times ti based on additional partial observation of the state
of each node {Oi}N

i=1. We assume the availability of nodewise
observations O = {Oi}N

i=1,

P(O|{ti}, x0,�) =
N∏

i=1

P
(
Oi

∣∣ti, x0
i ,�

)
, (7)

where {ti} is the set of all transition times. This implies that the
observation Oi is conditionally independent of other nodes’
transition times given ti. In the following, we will focus on
two classes of observations: the first are sensors [23,39], in
which we choose randomly a fraction ρ of the nodes, and we
observe their full time trajectory, such that an observation on
node i acts as a delta function on the transition time ti. The
second framework, known as snapshots [6,25], is when the
entire system state xt=Tobs is observed at a single time Tobs,
and thus an observation on node i does not fix ti, but gives
either a lower bound ti � Tobs or an upper bound ti < Tobs.

Using Bayes’ rule, the posterior distribution of the model
becomes

P( {ti}, x0, u|O, F,�) = 1

P(O|F,�)
P(O|{ti}, x0, u, F,�)P({ti}, x0, u|F,�) (8)

= 1

P(O|F,�)
P(O|{ti}, x0,�)P({ti}|x0,�)P(x0|u, F )P(u) (9)

= 1

Z (O, F,�)

N∏
i=1

�̃i
(
ti, {tj} j∈∂i , x0

i ,Oi,�
)
�out

i

(
x0

i , u, Fi
) M∏

a=1

ψa(ua), (10)
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where ψa(ua) = Pu(ua) is the prior distribution of the
weights, �out

i (x0
i , u, Fi) = Pout (x0

i |Fi, u) the output dis-
tribution of the initial epidemic state of the nodes
given the external context, and �̃i(ti, {tj} j∈∂i , x0

i ,Oi,�) ≡
�i(ti, {tj} j∈∂i ,�)P(Oi|ti, x0

i ,�), which contains the informa-
tion regarding the epidemic and the observations provided.
Finally,

Z (O, F,�) ≡
∫ (

M∏
a=1

duaψa(ua)

)

×
∑

{ti,x0
i }N

i=1

N∏
i=1

�̃i
(
ti, {tj} j∈∂i , x0

i ,Oi,�
)

× �out
i

(
x0

i , u, Fi
)

(11)

is the partition function, and we define

�(O, F,�) = 1

N
log Z (O, F,�) (12)

the associated free entropy.

Sources retrieval and optimal inference

A Bayesian approach unifies various inference tasks, as
they all reduce to estimating marginals of initial states {x0

i }
or transition times {ti}. For concreteness, we focus on re-
trieving the spreading sources. An analysis of retrieving the
full trajectory, which shows similar phenomenology, is in
Appendix C 3.

To quantify source recovery performance, since the initial
states x0

i are binary (susceptible or source), a natural metric
is the overlap between the ground-truth state x∗,0 and an
estimator x̂0. The overlap is defined as

O(x, y) ≡ 1

N

N∑
i=1

δxi,yi , (13)

where x, y are two generic vectors and δxi,yi is the Kronecker
delta.

The Bayes-optimal strategy uses both observations and
features to compute the posterior P(x0|O, F ) and leads to an
estimator x̂0 that maximizes the mean overlap with the true
state:

MO(x̂0) ≡ Ex0|O,F [O(x̂0, x0)]

= 1

N

∑
x0

P(x0|O, F )
N∑

i=1

δx̂0
i ,x0

i
. (14)

It is known [11] that this quantity is maximized by the
estimator

x̂0,MMO
i = argmax

x0
i

μ
(
x0

i

∣∣O, F
) ∀i ∈ [1 : N], (15)

where μ(x0
i |O, F ) is the posterior marginal for node i. This is

the Maximum Mean Overlap (MMO) estimator. We analyze
its performance via the overlap Ot=0 ≡ O(x̂0,MMO, x∗,0) and
mean overlap MOt=0 ≡ MO(x̂0,MMO).

In a Bayes-optimal setting, the Nishimori conditions have
to hold [11,40]. Since we will resort to approximations, due to

finite-size effects and the replica symmetric (RS) assumption,
our algorithm is expected to be “asymptotically optimal” in
the number of variables, and verifying the validity of the
Nishimori conditions is a useful self-consistency check. In a
Bayes-optimal setting, indeed, the estimated prior and likeli-
hood match the true distributions, making samples from the
posterior statistically indistinguishable from the ground truth.
This implies that the expected overlap Ot=0 and the expected
mean overlap MOt=0 must coincide in expectation. The ex-
pected overlap over the disorder is

Ex∗,0,O,F [O(x̂0,MMO(O, F ), x∗,0)]

= EF

[ ∑
x∗,0,O

O(x̂0,MMO(O, F ), x∗,0)

× P∗(x∗,0)P∗(O|x∗,0)

]
, (16)

where P∗ denotes the ground-truth distributions. Similarly, the
disorder-averaged mean overlap is

EO,F
{
MO[x̂0,MMO(O, F )]

}
= EO,F

[∑
x0

O(x̂0,MMO(O, F), x0)P( x0|O, F)

]
(17)

= EF

[ ∑
x0,O

(x̂0,MMO(O, F ), x0)P(O|x0 )P(x0)

]
.

(18)

Bayes optimality implies P(·) = P∗(·), so Eq. (16) and
Eq. (18) coincide. Substituting the MMO estimator yields

E[Ot=0] = 1

N

N∑
i=1

E

[
I
[
arg max

x0
i

μ
(

x0
i

∣∣O, F
) = x∗,0

i

]]
(19)

and

E[MOt=0] = 1

N

N∑
i=1

E

[
max

x0
i

μ
(
x0

i

∣∣O, F
)]

, (20)

where I(·) is the indicator function. In our numerical experi-
ments, we utilize the equivalence of the empirical estimates in
Eqs. (19) and (20) to assess the consistency of the approxima-
tions made in the algorithm with the expected behavior of the
Bayes-optimal estimator.

IV. THE ALGORITHM

In this section we present the inference algorithm we
are going to use to estimate the posterior marginals of the
problem. This is derived using the cavity method from statis-
tical physics [10] and combines AMP for Generalized Linear
Models [11,12] with BP for spreading models [25,33]. This
approach of merging dense and sparse graphical models has
been successfully applied in related contexts [14,28,29,41].
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FIG. 1. Factor Graph. Representation of the posterior distribu-
tion for the Neural Sources Spreading model with a one-layer
perceptron prior as a factor graph, with the associated belief prop-
agation messages.

The factor graph for the posterior measure in Eq. (10) is
shown in Fig. 1. Standard cavity arguments [10] yield the BP
equations:

mi→ j (ti, t j ) = 1

Zi→ j

∑
x0

i

ηi
(
x0

i

) ∑
tk∈∂i\j

�̃i
(
ti, tk∈∂i,Oi, x0

i

)
×

∏
k∈∂i\ j

mk→i(tk, ti ),

νi
(
x0

i

) = 1

Zν
i

∑
ti,tk∈∂i

�̃i
(
ti, tk∈∂i,Oi, x0

i

)∏
k∈∂i

mk→i(tk, ti ),

ηi
(
x0

i

) = 1

Zη
i

∏
a

(∫
duaχ̄a→i(ua)

)
�out

i

(
x0

i , u, Fi
)
,

χi→a(ua) = 1

Zi→a

∑
x0

i

νi
(
x0

i

) ∫ ⎛⎝∏
b
=a

dubχ̄b→ j (ub)

⎞⎠
× �out

i

(
x0

i , u, Fi
)
,

χ̄a→i(ua) = 1

Z̄a→i
ψa(ua)

∏
j 
=i

χ j→a(ua). (21)

These equations allow one to compute the probability
marginals exactly when the factor graph associated to the pos-
terior is acyclic [42]. In our setting, we will consider spreading
graphs that are locally treelike, i.e., with loops of typical
length scaling as log N , for which BP is expected to estimate
the marginals with an error that goes to zero as N goes to
∞, if the RS assumption holds. We will refer to this property
as the asymptotic optimality of the algorithm. Recently, some
evidence was shown [31,32] towards the existence of a replica
symmetry broken phase in spreading models for very low val-
ues of the fraction of sources, where these assumptions break
down and the BP equations stop converging. Here, we focus
on cases where the density of sources is high enough that these
issues are not observed, thus remaining in the regime where
the RS assumption is valid.

Equations (21) are generally intractable due to high-
dimensional integrals. They simplify by applying the central

limit theorem and projecting messages onto their first two
moments—a standard procedure [11]. These simplifications
yield key denoising functions, for which we postpone the
detailed derivation in Appendix A.

The output denoising function is

go(ωi, νi,Vi ) =
∫

dz
∑

x νi(x)Pout (x|z)(z − ωi )e−[(z−ωi )2/2Vi]

Vi
∫

dz
∑

x νi(x)Pout (x|z)e−[(z−ωi )2/2Vi]

= 2(2νi − 1) exp
( − (ωi−κ )2

2Vi

)
√

2πVi
[
1 + (2νi − 1) erf

(
ωi−κ√

2Vi

)] , (22)

where the last step uses Pout (x|z) = δ[x − sgn(z − κ )]. The
input denoising functions are

fa(A, B) =
∫

du Pu(u)u exp
[ − A

2 u2 + Bu
]∫

du Pu(u) exp
[ − A

2 u2 + Bu
] ,

fv (A, B) = ∂

∂B
fa(A, B). (23)

For a Gaussian prior, fa(A, B) = B
A+1 and fv (A, B) = 1

A+1 .
For a Rademacher prior, fa(A, B) = tanh(B) and fv (A, B) =
1 − tanh2(B). The final algorithm is presented in Algorithm 1,
and it allows one to directly get the cavity estimation of the
marginals for the variables of the problem. For the sake of
computing the overlaps defined in Sec. III A, all we need are
the values at convergence of the BP-AMP messages ηi(x0

i ) and
νi(x0

i ) for every node. Then, the estimation of the marginal
μ(x0

i |O, F ) will be given by

χi
(
x0

i

) ≡ ηi
(
x0

i

)
νi
(
x0

i

)∑
x0

i
ηi
(
x0

i

)
νi
(
x0

i

) . (24)

In turn, we can use this quantity in Eqs. (19) and (20) to get
an estimation of the average overlap and mean overlap.

Free entropy

We have defined the free energy of the problem in Eq. (12)
as the logarithm of the partition function, which in general
is a quantity that is too expensive to compute by brute force.
The algorithm just defined allows us to estimate the large size
limit of the free entropy directly from the values of the BP-
AMP messages at convergence. A standard replica-symmetric
cavity computation (see Appendix B) gives the final
expression:

φRS = 1

N

N∑
i=1

log Zν
i − 1

N

∑
(i, j)∈E

φ
spread
(i, j)

+
M∑

a=1

log
∫

duaPu(ua) exp

[
−A

2
u2

a + Baua

]

+ 1

N

N∑
i=1

φout
i +

M∑
a=1

[
A

2

(
a2

a + va
) − Baaa

]

+
N∑

i=1

(
ωi − ∑M

a=1 Fiaaa

)2

2Vi
, (25)
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where

φ
spread
(i, j) = log

∑
ti,t j

mi→ j (ti, t j ) mj→i(t j, ti ) (26)

and

φout
i = log

(∑
x0

i

νi
(
x0

i

) ∫ (∏
b

dub

)
�out

i

(
x0

i , u, Fi
)

×
∏

b

χ̄b→i(ub)

)
(27)

= log

(∑
x0

i

νi
(
x0

i

)
ηi
(
x0

i

)) − log Zη
i . (28)

Algorithm 1 typically has a single fixed point corresponding
to the free entropy maximum. However, first-order phase tran-
sitions can lead to multiple fixed points. Comparing their free
entropy values, and selecting the fixed point with larger free
entropy, characterizes the Bayes-optimal estimator, a point we
revisit at the end of Sec. VI.

V. GAUSSIAN WEIGHTS PERCEPTRON PRIOR

We analyze Algorithm 1’s performance for source retrieval
with Gaussian weights [Pu(ua) = e−u2

a/2/
√

2π ]. Our experi-
mental setup is as follows:

(1) Graph. We use RR graphs with degree d = 3 and ho-
mogeneous weights λt

i j = λ. On these locally treelike graphs,
BP is expected to be asymptotically optimal in the ab-
sence of first-order phase transitions [10,43] and of replica
symmetry breaking [31,32]. Appendix C 5 shows results for
other ensembles, suggesting marginal dependence on network
topology.

(2) Observations. We consider observations of two types:
(a) Sensors [23,39]. The full time trajectory of a frac-

tion ρ of random nodes is observed.
(b) Snapshot [6,25]. The entire system state xt=Tobs is

observed at a single time Tobs.
(3) Spreading dynamics. The dynamics follow the dSIR

model (Sec. II) with a fixed recovery time �i = �. We com-
pare the case � = 1, in which nodes remain infectious only
for a time step, with the standard SI model. In the former, we
run the dynamics until there is no more infectious individual
in the network, while in the latter we wait until no susceptible
individual remains. We define T as the first time step in which
either of the two happens.

ALGORITHM 1. BP-AMP algorithm for the PSS model.
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FIG. 2. Inference performance vs the transmission rate λ and the strength of correlations in the prior α. PSS model, Gaussian weights of the
perceptron prior, κ = −1 (δ ≈ 0.159 sources). RRGs (d = 3, N × M = 1.6 × 109). Average of 20 runs; shading is 99% confidence interval.
In the left and right panels, we take the case of sensor observations, showing the gain in performance when diminishing transmission rate λ

and when increasing correlation in the prior through α, respectively. We also compare them to the baselines we defined in the text, AMP only
and BP only, respectively. In the central panel, instead, the case of snapshot observations is considered, showing again a considerable increase
in performance when using BP-AMP compared to only using BP.

We measure performance using a rescaled overlap for
source retrieval:

Õt=0 = Ot=0 − O(x̂0,RND, x∗,0)

1 − O(x̂0,RND, x∗,0)
, (29)

where x̂0,RND is a random estimator, equivalent to the MMO
estimator in Eq. (15) but without access to observations (O =
∅). This rescaled overlap is non-negative and equals one at
perfect recovery.

Figure 2 shows the impact of the infectivity of the epidemic
process λ and the signal-to-noise ratio α = N/M on the algo-
rithmic performance. Moreover, we compare the performance
of the BP-AMP algorithm to two other algorithms:

(1) BP only: The node covariates F are not disclosed, and
we rely only on the Belief Propagation for the inference (this
corresponds to the α → 0 limit studied in [33]).

(2) AMP only: In the case of sensor observations, we can
consider the case in which BP is not run on the graph, but we
are only allowed to use the ρN observations as input variables
for the AMP algorithm on the classical perceptron problem
(this corresponds to the analysis done in [12]).

The left panel of Fig. 2 shows the rescaled overlap for
the SI model with sensor observations versus the sensor frac-
tion ρ. From this plot we can evince that lower stochasticity
(higher λ) yields greater performance achieved from BP and
equivalently a higher gain compared to the AMP-only case.
Even at low λ, where spreading inference is harder, a signifi-
cant performance gain is observed.

The central panel of Fig. 2 uses snapshot observations
at fixed Tobs = 3 for dSIR (� = 1). Here, inference quality
depends on the outbreak size, controlled by λ. For small λ,
the localized outbreak allows the snapshot to pinpoint sources,
yielding near-perfect recovery. For large λ, most nodes are
already infected and recovered, so the snapshot provides little
topological information, limiting performance, especially for
low α. Again, we notice an increased performance when using
the information from the node covariates (α > 0) compared to
the BP-only case.

Finally, in the right panel we fix λ = 0.2, and we consider
sensors in the SI model. By varying the sensors fraction ρ, we
look at different values of α, so that we can compare again
to the BP-only performance. We see also in this case that this
baseline is recovered in the α → 0 limit, while for larger α

the inference capability of the algorithm is greatly increased.
For the SI model without stochasticity (λ = 1), Fig. 3

shows performance versus sensor fraction ρ for varying α and
κ . As expected, the overlap parameter increases with α, which
acts as a signal-to-noise ratio, and the area under the curve
increases monotonically as well. As α → 0, performance ap-
proaches that of the BP-only estimator (no neural-network
prior). The smoothness of all curves confirms the absence of
phase transitions in this setting.

VI. BINARY WEIGHTS PERCEPTRON PRIOR

We now analyze the case of binary weights of the percep-
tron prior using a Rademacher prior, i.e., Pu(ua) = 1

2δua,+1 +
1
2δua,−1. This choice reveals a different phenomenology com-
pared to the Gaussian case, and we investigate its dependence
on model parameters.

For concreteness, we fix the spreading model to be SI on a
Random Regular Graph (RRG) with degree d = 3. As shown
in Appendix C, these choices do not qualitatively affect the
main results of this section. We use sensor observations, with
the sensor fraction ρ acting as the information control param-
eter, and assess source retrieval via the overlap parameter in
Eq. (29). Other inference tasks are deferred to Appendix C.

Before discussing the results, we comment on the Nishi-
mori conditions. While the Gaussian case showed rapid
convergence to validity of the Nishimori conditions necessary
for Bayes optimality (Fig. 8), the Rademacher case exhibits
significant finite-size effects near the perfect recovery tran-
sition we show below. These manifest in a small fraction of
realizations where the mean overlap jumps to one at the fixed
point, while the overlap remains finite. We show in Fig. 12
that this discrepancy diminishes with system size, and we
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FIG. 3. Inference performance vs fraction of sensor observations. PSS model, Gaussian weights of the perceptron, varying correlation in
the prior α, and density of sources κ (source fractions δ ≈ 0.5, 0.159, 0.023). SI model (λ = 1) with sensor observations. RRGs (d = 3, N =
20 000). Rescaled overlap vs sensor fraction ρ. Average of 20 runs; shading is 99% confidence interval. The dashed lines are the performance
of the BP algorithm, ignoring the part from the prior. We can see that BP-AMP improves substantially over this baseline, gaining more as the
correlation between the initial states increases.

conjecture that it vanishes in the thermodynamic limit. In
the plots below, we neglect these few atypical realizations,
in order to better reflect the behavior of the model in typical
instances.

Figure 4 shows the algorithm’s performance for the non-
stochastic SI model (λ = 1). Each panel plots the rescaled
overlap Õt=0 against sensor density ρ for a fixed κ and var-
ious ratios α. The dashed lines indicate the BP-only baseline.
For small α, the curves follow the baseline. For intermediate
and large α, we observe a sharp, discontinuous transition in
the overlap, an effect more pronounced for more negative
κ (sparser sources). This transition leads to perfect recov-

ery (Õt=0 = 1) at a critical density ρc(α, κ ). In the next
subsection, we explore the algorithmic implications of this
transition.

First-order phase transition and hardness

We now analyze the transition from Fig. 4 using the free
entropy (Sec. IV). To probe the landscape for multiple stable
states, we compare two initializations:

(1) Random: No observations (O = ∅). BP messages
are initialized uniformly. AMP variables are set as a ∼
N (0, 1/N ) and v = 1.

FIG. 4. Inference performance vs fraction of sensors for perceptron prior with Rademacher weights. PSS model, varying α = N/M and
threshold κ = 0, −1, −2 (average source fractions δ ≈ 0.5, 0.159, 0.023). Sensor observations for SI model (λ = 1). Simulations on RRGs
(d = 3, N × M = 1.6 × 109). Rescaled overlap in Eq. (29) vs sensor fraction ρ. Each point is an average of 20 runs starting from random
initialization; shaded region is the 99% confidence interval. We observe a significant gain when using BP-AMP compared to BP alone.
Compared to the Gaussian case in Fig. 3, where the curves remained continuous, here for α > αc, studied in detail later, the algorithm achieves
perfect recovery and the overlap jumps to one.
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FIG. 5. Perfect recovery transition and Hard Phase. PSS model with Rademacher weights. Left: κ = −1 (δ ≈ 0.159), α = 6. Right: κ =
−2 (δ ≈ 0.023), α = 100. SI model (λ = 1) with sensor observations. RRGs (d = 3, N × M = 2.5 × 109). In the main plots we show that the
rescaled overlap has a jump when changing ρ, reaching perfect recovery for a certain ρc. At the same time, the free entropy (insets) shows the
typical behavior of first-order transitions: the onset of the hard phase (shown in red) happens at ρIT, while at ρc there is perfect recovery and
for all ρ > ρc the free energy coincides with that of the informed fixed point (shown as a dashed black line).

(2) Informed: In addition to observations O, the true ini-
tial state x∗,0 is provided. BP messages are uniform, but AMP
variables are set to the ground truth a = u and v = 1/

√
N .

These initializations are designed to find two key fixed
points: a “perfect recovery” state and a “partial recovery”
state. The stability and free entropy of these fixed points
characterize the first-order phase transition.

Using the sensor fraction ρ as the control parameter, we
define ρc as the spinodal point where the partial recovery fixed
point becomes unstable. For ρ > ρc, only the perfect recov-
ery fixed point is stable, and the algorithm finds all sources,
even from a random start. The perfect recovery fixed point
is numerically stable for all ρ ∈ [0, 1]. Thus, for ρ < ρc two
scenarios arise based on which fixed point has a higher free
entropy: (1) If the partial recovery fixed point is dominant, the
algorithm’s performance is Bayes optimal. (2) If the perfect
recovery fixed point is dominant, the algorithm gets trapped
in the metastable partial recovery state. This defines a com-
putationally hard phase. The threshold between these cases is
ρIT and if ρIT < ρc the hard phase exists for all ρ ∈ [ρIT, ρc].

Figure 5 illustrates this phenomenon for two (κ, α) pairs
that exhibit a transition to perfect recovery (ρc < 1). As shown
in Appendix B, the free entropy of the informed fixed point
for λ = 1 is φinfo = − log 2/α. By comparing the free en-
tropy from a random start, φRS, to φinfo, we compute the
information-theoretic threshold ρIT. The insets show that for
these parameters, a finite interval ρ ∈ (ρIT, ρc) forms a com-
putationally hard phase: Bayes-optimal recovery is possible,
but our algorithm fails to find it.

Figure 6 shows how the thresholds ρc and ρIT depend
on α and λ. We compare these to the equivalent thresh-
olds for the AMP-only perceptron problem (using ρN as
input dimension), where then ρAMP

c (κ, α) = αAMP
c (κ )/α and

ρAMP
IT (κ, α) = αAMP

IT (κ )/α. The values for αAMP
c/IT can be com-

puted from State Evolution [12]. For high α, our BP-AMP
algorithm requires a smaller sensor density for perfect recov-
ery than pure AMP, and interestingly both follow a ρ ∼ 1/α

scaling. The curves converge at ρ = 1 and α = αAMP
c/IT , since

this corresponds to observing the whole system.
This behavior defines three distinct regions at fixed α, as ρ

increases, which we illustrate more in detail in Appendix C 2:
(1) α < αAMP

IT : The algorithm is Bayes Optimal but never
achieves perfect recovery, as it is information-theoretically
impossible.

(2) αAMP
IT < α < αAMP

c : A hard phase exists for ρ >

ρλ
IT(κ ). Perfect recovery is theoretically possible but algorith-

mically unreachable, as the spinodal ρc > 1.
(3) α > αAMP

c : All three regimes appear: Bayes optimal
for ρ < ρλ

IT(κ ), a hard phase for ρλ
IT(κ ) < ρ < ρλ

c (κ ), and
finally perfect recovery for ρ > ρλ

c (κ ).
Looking at Fig. 6, we can also see how the spreading pa-

rameters affect these phases. A smaller source fraction (more
negative κ) enhances the gain from BP, shifting the hard phase
to lower sensor densities. Similarly, increasing stochasticity
(smaller λ) decreases the gap with the AMP-only thresholds.

Finally, we comment on the relevance of these phase transi-
tions to algorithmic hardness. While proving statements about
all polynomial-time algorithms is beyond the scope of this
work, significant results have established the asymptotic opti-
mality of AMP among large classes of algorithms for various
inference tasks [44,45]. Motivated by this line of research,
we conjecture that our BP-AMP algorithm is also asymptoti-
cally optimal within these classes. Consequently, the hardness
phenomena identified here likely represent fundamental com-
putational hurdles.

VII. CONCLUSIONS

In this work, we introduced a model for local spreading
on graphs where sources are generated by a neural-network
prior rather than being sampled uniformly. Using statisti-
cal physics techniques, we derived a Bayesian inference
algorithm that we conjecture to be asymptotically optimal
among polynomial-time algorithms, when considering locally
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FIG. 6. First-order transition thresholds. PSS model with Rademacher weights. Left: κ = −1 (δ ≈ 0.159). Right: κ = −2 (δ ≈ 0.023). SI
model (λ ∈ {0.5, 1}) with sensor observations. RRGs (d = 3, N × M ≈ 2.5 × 109). Points show ρIT and ρc for BP-AMP, i.e., the information-
theoretic threshold and the spinodal, respectively. Dashed lines are the same thresholds for the AMP-only problem, and we show how both
move considerably to smaller values of ρ when introducing the information coming from BP, especially for low values of stochasticity (high
values of λ).

treelike graphs and i.i.d. Gaussian features. We have ana-
lyzed the performance of the resulting BP-AMP algorithm
against estimators that use only information from the spread-
ing (BP only) or that use only the covariate variables (AMP
only), finding a great advantage overall in combining the
two techniques. For binary weights, our analysis revealed a
statistical-to-computational gap, driven by first-order phase
transitions to perfect recovery, as a function of the problem’s
signal-to-noise ratio. This phenomenology, absent in models
with uniform priors, highlights how a neural-network model
for the sources’ prior can drastically alter the inference prob-
lem’s hardness.

Several future directions stem from this work. We assumed
all model parameters were known; a natural extension is to
study the more realistic case where these parameters must be
learned.

Future work could also explore more complex neural-
network priors, such as multilayer architectures [9]. This
would technically require combining results from [13] and
[33], to study the influence of network depth. Alternatively,
the neural prior could be applied directly to the transition
times, which would necessitate a multiclass output AMP al-
gorithm as derived in [46], or even to the model parameters,
like the infection probabilities λ or the recovery delays �.

Finally, developing rigorous mathematical proofs for the
more general hardness conjectures presented here remains an
important open question.
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APPENDIX A: DERIVATION OF ALGORITHM 1

We first review the cavity equations for the inference on the
spreading process and for the neural-network prior separately,
before showing how they are combined.

1. Belief propagation for the spreading process

This section reports the BP equations for spreading models
with the probability function in Eq. (1). The BP equations for
these models were first derived in [7]. We adopt the notation
of [33], which is more directly adaptable to the present case.

The variables T(i, j) in Fig. 1 compactly represent the pair of
variables {ti, tj} on a modified factor graph that preserves the
local treelike structure. The detailed derivation can be found
in [33]; here we give the final form of the message-passing
equations:

mi→ j (ti, tj) = 1

Zi→ j

∑
x0

i

∑
{tk}k∈∂i\ j

�̃i
(
ti, {tj} j∈∂i , x0

i ,Oi,�
)

×
∏

k∈∂i\ j

mk→i(tk, ti), (A1)

from which one can compute the marginal for each variable
as

bi(ti) = 1

Zi

∑
x0

i

∑
{tk}k∈∂i

�̃i
(
ti, {tj} j∈∂i , x0

i ,Oi,�
)

×
∏
k∈∂i

mk→i(tk, ti) (A2)

= Zi→ j

Zi

∑
tj

mj→i(tj, ti)mi→ j (ti, tj), (A3)
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where Zi is the normalization. The free entropy for a single
instance can then be written as

1

N
log Z = 1

N

N∑
i=1

log Zi − 1

N

∑
(i, j)∈E

log Z(i, j), (A4)

where Z(i, j) = ∑
ti,tj

mj→i(tj, ti)mi→ j (ti, tj).

2. Approximate message passing for the Perceptron prior

AMP is a message-passing algorithm tailored for inference
on dense graphical models, such as the Generalized Linear
Models (GLMs) [11] that include the one-layer perceptron
prior used here. We sketch its derivation, adapting the notation
to our setting.

The GLM prior generates the initial states x0 from the
vector of weights u∈RM (with prior Pu) and a random matrix
F ∈ RN×M [with Fia ∼N (0, 1/M )] via a perceptron channel:

Pout
(
x0

i

∣∣zi
) = δ

(
x0

i − sgn(zi − κ )
)

where zi =
M∑

a=1

Fia ua.

(A5)
The factor graph for this prior is dense. In the thermody-
namic limit [M, N → ∞ with α = N/M = O(1)], the cavity
fields acting on any single variable are sums of many weakly
correlated terms. By the central-limit theorem, these fields
concentrate and their distributions become Gaussian, allowing
them to be characterized by just their first two moments.

The key messages in the dense subgraph of Fig. 1 are
χi→a(ua) (from node i to the weight a) and χ̄a→i(ua) (from
weight a to node i). Due to the concentration argument,
these messages can be approximated as Gaussian distribu-
tions. Specifically, the message χ̄a→i(ua) takes the form

χ̄a→i(ua) ∝ Pu(ua) exp

[
−A

2
u2

a + Ba→iua

]
, (A6)

where A and Ba→i are effective parameters representing the
variance and mean of the cavity field on ua. This Gaussian
approximation is the foundation of the AMP algorithm.

The algorithm proceeds by iteratively updating estimates
for the means (aa) and variances (va) of the weights, and
the effective fields (ωi) acting on the output nodes. This
is achieved through scalar denoising functions for the input
( fa, fv) and output (go) channels. The standard AMP updates
for a GLM take the form

V (t+1) = 1

M

∑
a

v(t )
a , (A7)

ω
(t+1)
i =

∑
a

Fiaa(t )
a − V (t+1)g(t )

o,i, (A8)

g(t+1)
o,i = go

(
ω

(t+1)
i , x0

i ,V (t+1)), (A9)

A(t+1) = 1

M

∑
i

(
g(t+1)

o,i

)2
, (A10)

B(t+1)
a =

∑
i

Fiag(t+1)
o,i + a(t )

a A(t+1), (A11)

a(t+1)
a = fa

(
A(t+1), B(t+1)

a

)
, v(t+1)

a = fv
(
A(t+1), B(t+1)

a

)
.

(A12)

Here, the terms g(t )
o,i in the update for ωi and a(t )

a A(t+1) in the
update for Ba are the crucial Onsager reaction terms. They
correct for the “self-interaction” that would otherwise arise
from using a variable’s estimate to compute the field acting
back on it, ensuring the algorithm’s dynamics can be tracked
accurately by State Evolution [12]. The functions go, fa, and
fv are the scalar denoisers defined in the main text.

3. Putting the two together

In the NSS model, the posterior factorizes into two sub-
problems: a dense GLM part coupling (u, x0) and a sparse
spreading part coupling (x0, {ti}). This structure motivates a
hybrid message-passing architecture: AMP handles the dense
GLM part, providing prior messages ηi(x0

i ) to BP, which in
turn computes refined beliefs νi(x0

i ) that act as effective like-
lihoods for AMP.

Concretely, at each iteration t we perform two steps:
(1) BP step: Update all epidemic messages m(t )

i→ j (ti, t j )
using Eq. (A1), where the source term is now weighted by
the message η

(t )
i (x0

i ) from AMP. From the updated messages,
compute the new marginals on the initial states:

ν
(t+1)
i

(
x0

i

) =
∑

ti,tk∈∂i

ψ̃i
(
ti, tk∈∂i,Oi, x0

i

)∏
k∈∂i

m(t )
k→i(tk, ti ).

(A13)

(2) AMP step: Use the BP marginals ν
(t+1)
i (x0

i ) as effec-
tive, data-dependent likelihoods in the GLM-AMP update.
The resulting field, to be passed back to BP, is computed as

η
(t+1)
i

(
x0

i

) ∝
∫

dz Pout
(
x0

i

∣∣z) exp

[
−
(
z − ω

(t+1)
i

)2

2V (t+1)

]
.

(A14)

To merge the two algorithms, we only need to modify the
output denoising function go to incorporate the prior knowl-
edge νi(x0

i ) from the BP step:

go(ω, ν,V ) =
∫

dz
∑

x0 ν(x0)Pout (x0|z)(z − ω)e−[(z−ω)2/2V ]

V
∫

dz
∑

x0 ν(x0)Pout (x0|z)e−[(z−ω)2/2V ]
.

(A15)

With this modification, the AMP updates in Eq. (A7) and
the BP updates in Eq. (A1) (now weighted by ηi) are iter-
ated, forming the complete Algorithm 1. This construction is
inspired by [14,33]. The limit F → 0 recovers the BP-only
inference from [33], while the limit λi j → 0 collapses to the
standard perceptron AMP from [11].

In practice, for all experiments we have used damping
to ensure convergence across all regimes. Furthermore, we
have used the following schedule, which proved empirically
to be the fastest: at each update of the BP messages, through
Eq. (A1), we run the AMP algorithm until convergence of the
AMP variables. Then we fix these variables and run the next
BP update, and so on until convergence of the BP messages.
It could be interesting to explore different schedules to see
how merging AMP and BP in different ways changes the
convergence time of the total algorithm.

015301-11



GHIO, BONCORAGLIO, AND ZDEBOROVÁ PHYSICAL REVIEW E 113, 015301 (2026)

APPENDIX B: FREE ENTROPY

Given a probability distribution, and the associated factor
graph, the Bethe approximation of the log-partition function
is given by

log ZBethe =
∑

a

φa −
∑
(a,b)

φab, (B1)

where the sum over a runs over all factor nodes and variable
nodes, and (a, b) runs over all edges in the factor graph. We
can decompose the free entropy into three pieces:

φRS ≡ 1

N
log ZBethe = φspread + φGLM + φinter, (B2)

with

φspread = 1

N

N∑
i=1

φ
spread
i + 1

N

∑
(i, j)∈E

φ
spread
(i, j) − 1

N

∑
(i, j)∈E

φ
spread
i,(i, j)

− 1

N

∑
(i, j)∈E

φ
spread
j,(i, j) , (B3)

φGLM = 1

N

N∑
i=1

φout
i + 1

N

M∑
a=1

φa − 1

N

N∑
i=1

M∑
a=1

φia, (B4)

φinter = 1

N

N∑
i=1

φ0
i − 1

N

N∑
i=1

φ0,out
i − 1

N

N∑
i=1

φ
0,spread
i . (B5)

As done in [33], one can show that φ
spread
i,(i, j) = φ

spread
j,(i, j) =

φ
spread
(i, j) , so that for the spreading part we have

φspread = 1

N

N∑
i=1

φ
spread
i − 1

N

∑
(i, j)∈E

φ
spread
(i, j) , (B6)

where

φ
spread
i = log

∑
x0

i ,ti,{t j } j∈∂i

ηi
(
x0

i

)
ψ̃i
(
x0

i , ti, {t j} j∈∂i,Oi,λ, Fi, u
)

×
∏
j∈∂i

m j→i(t j, ti ) (B7)

and

φ
spread
(i, j) = log

∑
ti,t j

mi→ j (ti, t j )mj→i(t j, ti ). (B8)

By the same argument, one can show that φ0
i = φ0,out

i =
φ

0,spread
i and thus

φinter = − 1

N

N∑
i=1

φ0
i , (B9)

in which

φ0
i = log

∑
x0

i

ηi
(
x0

i

)
νi
(
x0

i

)
(B10)

= log

(
1

Zν
i

∑
x0

i

ηi
(
x0

i

) ∑
ti,tk∈∂i

�̃i
(
ti, tk∈∂i, x0

i ,Oi
)

×
∏
k∈∂i

mk→i(tk, ti )

)
(B11)

= φ
spread
i − log Zν

i , (B12)

where we made the message νi explicit. It is easy to see that
in the total free entropy in Eq. (B2), the first term in Eq. (B12)
cancels the first term in Eq. (B6).

Finally, for the GLM part we have

φa = log

(∫
duaψa(ua)

∏
j

χ j→a(ua)

)
(B13)

= log

(∫
duaψa(ua)

∏
j

[
1

Zj→a

∑
x0

j

ν j
(
x0

j

)
×

∫ (∏
b
=a

dub

)
�out

j

(
x0

j , u, Fj
)∏

b
=a

χ̄b→ j (ub)

])
(B14)

= −
∑

j

log Zj→a + log Za (B15)

and

φout
i = log

(∑
x0

i

νi
(
x0

i

) ∫ (∏
b

dub

)
�out

i

(
x0

i , u, Fi
)

×
∏

b

χ̄b→i(ub)

)
, (B16)

while

φia = log

(∫
duaχ̄a→i(ua)χi→a(ua)

)
(B17)

= log

(
1

Zi→a

∑
x0

i

νi
(
x0

i

) ∫ (∏
b

dub

)
�out

i

(
x0

i , u, Fi
)

×
∏

b

χ̄b→i(ub)

)
(B18)

= φout
i − log Zi→a. (B19)

Putting this all together, we get

φRS = 1

N

N∑
i=1

log Zν
i − 1

N

∑
(i, j)∈E

φ
spread
(i, j) + 1

N

M∑
a=1

log Za

+ 1 − M

N

N∑
i=1

φout
i . (B20)

One can show (see, e.g., [14], Appendix B]) that

M∑
a=1

log Za = M
N∑

i=1

φout
i +

M∑
a=1

log
∫

duaPu(ua)

× exp

[
−Aa

2
u2

a + Baua

]

+
M∑

a=1

[
Aa

2

(
a2

a + va
) − Baaa

]

+
N∑

i=1

(
ωi − ∑M

a=1 Fiaaa
)2

2Vi
. (B21)
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FIG. 7. Free entropy with Gaussian weights. PSS model, Gaussian weights, α = 4. The x axis varies the threshold κ , changing the source
fraction δ. We plot the total free entropy for sensor observations. Left: SI model (λ = 1) with varying sensor fraction ρ. Right: dSIR model
(� = 1) with fixed ρ = 0.4 and varying transmission probability λ. Simulations on RRGs (d = 3, N = 20 000). Each point is an average of
20 runs; shading is the 99% confidence interval. Results from random and informed initializations are indistinguishable.

To conclude, the final formula for the RS free entropy reads

φRS = 1

N

N∑
i=1

log Zν
i − 1

N

∑
(i, j)∈E

φ
spread
(i, j)

+
M∑

a=1

log
∫

duaPu(ua) exp

[
−Aa

2
u2

a + Baua

]

+ 1

N

N∑
i=1

φout
i +

M∑
a=1

[
Aa

2

(
a2

a + va
) − Ba aa

]

+
N∑

i=1

(
ωi − ∑M

a=1 Fiaaa
)2

2Vi
, (B22)

and it can be computed in linear time by using the BP mes-
sages and AMP variables in Algorithm 1.

Figure 7 shows the free entropy for the Gaussian weights
case, where no first-order phase transitions are observed. The
left panel plots the free entropy as a function of the perceptron
threshold κ , which controls the source density. While the
profile is symmetric around κ = 0 for ρ = 0 (no observations)
and ρ = 1 (full observation), it becomes asymmetric for inter-
mediate sensor fractions. The right panel shows that spreading
stochasticity (varying λ) has a relatively minor impact on the
free entropy, even for the dSIR model with � = 1, where its
effect should be most pronounced.

Finally, we discuss the calculation of the free entropy at the
informative fixed point, φinfo. For the nonstochastic SI model
(λ = 1), recovering the sources is equivalent to recovering the
full infection trajectories. This corresponds to a state where
all BP messages are delta functions centered on the ground-
truth values. In this simplified scenario, the only nontrivial
contribution to the free entropy comes from the prior over the

weights, yielding

φinfo(λ = 1) = 1

α
Eu log Pu(u). (B23)

For the stochastic case (λ 
= 1), the situation is more complex,
as perfect source recovery no longer implies perfect trajectory
recovery. To compute φinfo in this setting, we run the algorithm
with an additional observation of the true initial state for all
nodes. The algorithm then infers the subsequent spreading
given the known sources, and the free entropy at the resulting
fixed point gives the value of φinfo.

APPENDIX C: ADDITIONAL PLOTS

1. Nishimori conditions for Gaussian weights

In this section, we check that the Nishimori conditions are
satisfied in the case of Gaussian weights. In Fig. 8, we fix
κ = −1, so that on average the fraction of sources is δ =
1
2 [1 − erf(1/

√
2)] ≈ 0.159. We then explore the parameter

space of our problem, and we find that in all cases, on average,
the Nishimori conditions are satisfied. We plot the curves for
different values of the system size N and, as expected from
self-averaging properties, we see that the difference between
the overlap and the mean overlap diminishes when we in-
crease N .

2. Phenomenology of the first-order transition
for Rademacher variables

In this section, we present an example of what hap-
pens when changing the ratio α in the phase diagram for
Rademacher variables, presented at the end of Sec. VI. Specif-
ically, in Fig. 9 we take the case κ = −2 and λ = 0.5, and
we show the behavior of the overlap and Free energy as a
function of ρ for three cases: (1) α = 5 < αAMP

IT , in which
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FIG. 8. Check of the Nishimori conditions. We consider the PSS model with κ = −1 and Gaussian weights. We plot the difference between
overlap and mean overlap at t = 0 as a function of α ∈ [2,48], in logarithmic scale. In the left panels, we consider snapshot observations at
time Tobs = 3, while on the right we look at the case in which there is a fraction ρ = 0.2 of sensors. At the same time, in the upper panel we
look at the SI model with transmission parameter λ = 1, while in the lower panels we consider the dSIR model with � = 1 and λ = 0.8. All
simulations are done on RRGs of degree d = 3, and we vary the system size N ∈ [5000, 80 000] to check for finite-size effects. Each point in
the plot has been computed by averaging 20 different simulations, and the shaded region represents the 99% confidence interval.

there is no hard phase and no transition, and thus the algorithm
is always Bayes optimal. (2) αAMP

IT < α = 10 < αAMP
c , where

again there is no transition to perfect recovery but now for
ρ > ρIT we see a hard phase by looking at the free energy.
(3) α > αAMP

c , in which we finally have a transition to perfect
recovery for ρ = ρc.

3. Mean-squared error

In the main text, we focused on the problem of retrieving
the sources of the spreading, for convenience. However, using
a Bayesian approach allows us to characterize the perfor-
mance of our algorithm in very generic tasks, just by using
the marginals estimated through the belief propagation and
approximate message-passing algorithms. For example, it is
interesting to look at how well the algorithm is able to re-
cover the entire trajectory of each individual, which for λ < 1,
where the spreading is stochastic, is a problem strictly harder
than source recovering. If we restrict to models in which
there is a single transition time, like the SI and dSIR models
we described in the main text, we can use as performance
parameter the Squared Error between the ground-truth trans-
mission times t∗ ≡ {t∗

i }N
i=1 and the ones estimated through the

algorithm t̂ ≡ {t̂i}N
i=1, defined as

SE(t∗, t̂) ≡ 1

N

N∑
i=1

(t̂i − t∗
i )2. (C1)

As for the overlap estimator, we assume that the algo-
rithm has additional information on the process through
partial observations and feature covariates, so that the
Bayes-optimal estimator uses the posterior probability dis-
tribution P(t|O, F ) and evaluates the Mean-Squared Error,
defined as

MSE(t̂) ≡ Et|O,F [SE(t, t̂)]

= 1

N

∑
t

P(t|O, F )
N∑

i=1

(t̂i − ti )
2. (C2)

In this case, in order to maximize this quantity over t̂, one
can show [11] that we have to consider the minimum mean-
squared error estimator:

t̂MMSE
i =

∑
t

tiP(t|O, F ) =
∑

ti

tiPi(ti|O, F )

∀i ∈ [1 : N], (C3)

where we have defined the marginal probability Pi(ti|O, F ) ≡∑
{t j} j 
=i

P(t|O, F ). In this section, we will use as performance
parameters the rescaled squared error

RSE = SE(t∗, t̂
RND

) − SE(t∗, t̂
MMSE

)

SE(t∗, t̂
RND

)
(C4)
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FIG. 9. Phase transition phenomenology. We fix κ = −2 (corresponding to δ ≈ 0.023) and λ = 0.5. Top left: (ρ, α) phase diagram. Other
plots show free energy difference and 1 − Õt=0 vs ρ for fixed α in each of the three regimes. We see that, from low to high α, we first have
no phase transition, then we encounter a hard phase but do not have perfect recovery, and finally we have both the hard phase and the perfect
recovery phase.

and the associated rescaled mean-squared error

RMSE = MSE(t̂
RND

) − MSE(t̂
MMSE

)

MSE(t̂
RND

)
, (C5)

where t̂RND
i = ∑

ti
Pi(ti|∅, F )ti is the random estimator.

Notice that these parameters are equal to zero if the MMSE
estimator and the RND estimator have the same performance,
and they are equal to 1 if the MMSE estimator recovers all the
trajectories perfectly. As done for the overlap, we can probe
the optimality of the algorithm by checking the Nishimori
conditions, i.e., the difference between RSE and RMSE, since
from the Nishimori conditions we know that they coincide on
average in the Bayes-optimal setting. In Figs. 10 and 11 we
show the performance of the algorithm in terms of the squared
error, in the same settings as Figs. 3 and 4 in the main text. We
see again that for α going to zero we retrieve the performance
of BP, while the more we increase the correlations between the
weights (by increasing α) the more the performance develops
a gap from the BP-only baseline.

4. Finite-size study for Rademacher variables

In this section, we discuss the behavior of the Nishimori
conditions when considering Rademacher variables and val-
ues of ρ near the transition to perfect recovery.

In Fig. 12, we consider the setting analyzed in Sec. VI,
looking at the SI model with λ = 1, and fixing as an ex-
ample α = 10 and κ = 0. We compute the values of the
rescaled overlap and mean overlap as a function of ρ, look-
ing at different sizes N . We see that the more we increase
N , the more the transition gets sharp, signifying that the
model presents strong finite-size corrections even at moder-
ately large sizes. In the inset plot we look at the difference
between overlap and mean overlap, to investigate the Nishi-
mori conditions. We see that taking N larger shrinks the
region where the conditions are not satisfied, leading us to
conjecture that in the large N limit, when the transition is
very sharp, the Nishimori conditions are satisfied for all
values of ρ.
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FIG. 10. Squared Error (Gaussian). We look at the PSS model with Gaussian weights, varying the ratio α = N/M. We also choose the
threshold value κ = 0, −1, −2, corresponding to an average fraction of sources δ ≈ 0.5, 0.159, 0.023, respectively. We consider observations
through sensors, considering the SI model with λ = 1. All simulations are done on RRGs of degree d = 3 and size N = 20 000. We plot the
rescaled squared error defined in Eq. (C4) as a function of the fraction of sensors ρ ∈ [0, 1]. Each point in the plot has been computed by
averaging 20 different simulations, and the shaded region represents the 99% confidence interval.

5. Other graph ensembles

In the main text, we have fixed the ensemble of graphs
in which the spreading happens to be RRGs of degree d =
3, for convenience. Here we present results for some other
variants of locally treelike random graphs, to show that the
phenomenology we describe in the paper remains unchanged.
Specifically, we change the degree of the graphs to d = 5, and
we compare the ensemble of RRGs to ER graphs [48], where
each couple of nodes is randomly connected with probability

p. To make the two ensembles of graphs comparable, we set
p = d

N−1 , such that in both cases the average degree of the
nodes is d . Moreover, if the graph is composed by multiple
disconnected components, we consider only the biggest one
and neglect the others (for d = 5 and N large enough, the
largest component comprehends almost all the nodes with
high probability).

In Fig. 13 we look at both the overlap at time t = 0 and
the squared error, considering the PSS model with Gaussian

FIG. 11. Squared Error (Rademacher). We look at the PSS model with Rademacher weights, varying the ratio α = N/M. We also choose
κ = 0, −1, −2, corresponding to an average fraction of sources δ ≈ 0.5, 0.159, 0.023, respectively. We consider observations through sensors,
considering the SI model with λ = 1. All simulations are done on RRGs of degree d = 3 and fixing the size N in such a way that M ∗ N =
1.6 × 109. We plot the rescaled squared error defined in Eq. (C4) as a function of the fraction of sensors ρ ∈ [0, 1]. Each point in the plot has
been computed by averaging 20 different simulations, and the shaded region represents the 99% confidence interval.
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FIG. 12. Nishimori conditions and finite sizes. We consider the
PSS model with Rademacher weights, fixing α = 10 and the thresh-
old constant κ = 0. The spreading model is fixed to be SI with a
transmission parameter λ = 1, on RRGs of average degree d = 3.
Varying ρ on the x axis, on the main panel we compare the rescaled
overlap to the rescaled mean overlap, both at time t = 0, while in
the inset panel we plot the difference between the two. Furthermore,
we look at different values of N , to study how the behavior changes
when increasing the size of the system. Each point in the plot has
been computed by averaging 25 different simulations, and the shaded
region represents the 99% confidence interval.

weights and varying threshold κ . We show that the choice of
the ensemble only slightly impacts the inference capabilities

FIG. 13. Comparison between Ensembles. We consider the PSS
model with Gaussian weights, fixing α = 4 and changing the thresh-
old constant κ = −1, 0, 1, corresponding to an average fraction of
sources δ ≈ 0.841, 0.5, 0.159, respectively. The spreading model is
fixed to be SI with a transmission parameter λ = 1, and we compare
RRGs and ER graphs, fixing the number of nodes N = 20 000 and
the average degree d = 5 as explained in the text. In the left panel
we plot the rescaled overlap at time t = 0 defined in Eq. (29), while
in the right the rescaled squared error defined in Eq. (C4), both as
a function of the fraction of sensors ρ. Each point in the plot has
been computed by averaging 20 different simulations, and the shaded
region represents the 99% confidence interval.

of our algorithm, which justifies our choice of fixing the
graph’s ensemble in the main text.
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