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Phase transition from localization to chaos in a classical many-body system
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We report a dynamical phase transition in the information spreading within a classical 2D deterministic
interacting many-body system. Specifically, the transition is observed in a recently introduced momentum-
conserving parity check cellular automaton (MCPCA) on the square lattice [Kasim and Prosen, Phys. Rev. Res.
7, 023230 (2025)]. We characterize the transition using information-theoretic quantities such as the Hamming
distance and the classical decorrelator. By introducing conserved local charges of the momentum-conserving
parity-check cellular automata, we show that selecting initial ensembles with specific charge values allows
the system to transition from a localized information phase to a chaotic regime with ballistic information
spreading. Importantly, our findings indicate that this transition is of second order, highlighting a sharp change
in information spreading behavior. Furthermore, we revisit the multifractal behavior of the dynamical structure
factor and show that, although present across both phases, it originates from effective local periodicities enforced
by symmetry constraints.
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I. INTRODUCTION

The regularity-to-chaos transition is one of the most ubiq-
uitous transitions in nature. In few-particle classical systems,
this transition is well understood through the celebrated
Kolmogorov-Arnold-Moser (KAM) theory [1]. For interact-
ing many-body systems, however, our understanding remains
incomplete once the coupling strength—or equivalently, the
integrability-breaking parameter—pushes the system beyond
the range of perturbation theory. In this regime, fundamental
phenomena emerge, including the onset of ergodicity and
chaos, thermalization, and the crossover from ballistic to dif-
fusive transport. This continues to be a highly active field of
research, with very few exact or rigorous results despite more
than half a century of effort. A historic testbed for this type
of research has been the Fermi-Pasta-Ulam-Tsingou model
[2,3]. One of the central questions concerns how the critical
coupling strength scales with system size in the thermody-
namic limit. Although it is widely believed that this strength
typically vanishes even for local interparticle interactions in
low dimensions (in both classical and quantum settings), there
are essentially no exact or rigorous results. Numerical experi-
ments even suggest alternative possibilities, see, e.g., [4,5]. A
major open challenge is to identify minimal, exactly solvable
many-body models that exhibit the transition from regular-
ity to chaos or ergodicity. In this work, we present such a
candidate system.
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A popular measure of dynamical complexity—and a
hallmark of quantum chaos in quantum systems—is the out-
of-time-order correlator [6–8]. Its classical counterpart, the
decorrelator, has recently been employed to probe the spread
of classical information and to quantify the butterfly velocity
[9–14]. In cellular automata, the spatial sum of the decorrela-
tor is equivalent to the Hamming distance [15], which serves
as the closest analog of the Lyapunov exponent in discrete-
state systems. In Kauffman probabilistic cellular automata, the
Hamming distance was instrumental in demonstrating a phase
transition between frozen and dynamical regimes [16,17].
Moreover, it has also been applied to systematically classify
Wolfram rules [18,19].

Cellular automata provide a convenient playground of
minimal models for studying many-body physics. In par-
ticular, reversible cellular automata (where each many-body
configuration has a unique predecessor) can be viewed as
simplified models of Hamiltonian or unitary dynamics. These
models have been shown to support generic physical be-
haviors that interpolate between chaos and integrability. In
one spatial dimension, they have enabled analytical stud-
ies of transport [20–29], and they have played a crucial
role in advancing our understanding of anomalous transport
in integrable systems [30–32]. Extending one-dimensional
cellular automata to the quantum regime has also led to
important results on dynamics, operator growth, and entan-
glement growth in quantum systems [33–38]. More recently,
a new class of reversible cellular automata in higher di-
mensions, called momentum-conserving parity-check cellular
automata (MCPCA), has been introduced. Remarkably, these
systems exhibit a multifractal dynamical structure factor [39],
a phenomenon not previously observed in reversible cellular
automata.
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In the present work, we explore a new facet of the MCPCA.
We show that this model, defined on the square lattice,
undergoes a dynamical localization-delocalization phase tran-
sition. A crucial feature of the model, which we elaborate on
in detail, is the existence of a higher-form (1-form) symmetry:
A kind of staggered magnetization around any closed loop is
preserved in time. This leads to a natural foliation of the phase
space of cell configurations (analog of Hilbert space fragmen-
tation [40,41]) with respect to the density of the smallest local
loop charges. It also imposes important constraints on the
dynamics in a manner analogous to local integrals of motion
in many-body localization [42–44]. We analyze the Hamming
distance and the decorrelator to quantify information spread-
ing. These observables clearly distinguish two phases: (i) a
localized phase, where local perturbations remain confined,
with the decorrelator decaying exponentially in space; and
(ii) an extended (delocalized), chaotic phase, where informa-
tion spreads ballistically and reaches the system boundaries.
Our numerical analysis further indicates that the transition
between these phases is of second order, and we provide
estimates of the associated critical exponents.

We also address the recently observed multifractal dynam-
ical structure factor in the MCPCA [39]. It is shown that the
multifractal scaling of the dynamical two-point function exists
on both sides of the transition, hence it cannot serve as an or-
der parameter. Finally, we connect the multifractal distribution
of the spectral weights to effective (approximate) periodicities
of local observables in typical many-body trajectories.

II. MOMENTUM-CONSERVING PARITY-CHECK
CELLULAR AUTOMATA

In this section, we provide a brief overview of momentum-
conserving parity-check cellular automata (MCPCA), re-
cently introduced in [39]. Consider an undirected bipartite
graph G = (E ,V ), where the vertex set V is partitioned into
two disjoint subsets, V = A ∪ B with A ∩ B = ∅. The edges
e ∈ E connect vertices in A to vertices in B. Each edge e car-
ries a dynamical degree of freedom se ∈ Z2, so that a global
state of the automaton is given by s ∈ ZNE

2 , with NE = |E |.
The full phase space is therefore ZNE

2 .
For each vertex v ∈ V , we define a local bijective map �v :

Zn
2 → Zn

2, acting only on the n edges incident on v, denoted
s1, s2, . . . , sn. To enforce the parity-check condition, the local
map satisfies

(s′
1, . . . , s′

n) = �v (s1, . . . , sn) ⇒ si + s j

= s′
i + s′

j (mod 2). (1)

The full update on the graph can then be written as

� =
∏
v∈B

�v

∏
v∈A

�v, s(t + 1) = �(s(t )), (2)

implemented in two parallel steps corresponding to mutually
commuting local maps on sublattices A and B [45].

In the following, we will focus on the specific regular
lattice—namely the square lattice—so it is useful to embed the
vertices/edges of the graph into R2. We provide a schematic
example of the model on a 4 × 4 lattice with periodic bound-
ary conditions highlighted in blue (along the x axis) and

magenta (along the y axis):

(3)

For the square lattice, the most symmetric parity check
conserving reversible automaton that will be considered
here, is defined as: �v (s, s, s, s) = (s, s, s, s) and otherwise
�v (s, s′, s′′, s′′′) = (s̄, s̄′, s̄′′, s̄′′′), where s̄ = 1 − s, illustrated
graphically as

(4)

The rule above has an additional property of momentum con-
servation. Viewing the excitation on the edge e as a unit mass
and unit velocity particle carrying directed momentum 	e (us-
ing the convention that the particle is moving from sublattice
A to sublattice B), one finds

(s′
1, . . . , s′

n) = �v (s1, . . . , sn),
n∑

e=1

se	e = −
n∑

e=1

s′
e	e. (5)

Note, however, that the momentum defined this way is
not related to (discrete) translational symmetry of the sys-
tem. The two conditions [(1),(5)] give the general definition
of momentum-conserving parity-check cellular automata
(MCPCA), while (4) considered here is the most symmetric
example.

Let us define local basis-observables Ze as Ze(s) = (−1)se .
The crucial feature of our local dynamical map �v is the
fact that for any pair of degrees of freedom se and se′ , on
which �v acts, it flips the sign of the associated staggered
magnetization:

(Ze − Ze′ ) ◦ �v = −Ze + Ze′ , ∀e, e′ ∈ {1, . . . , n}. (6)

Using this fundamental relation it is possible to construct the
set of local conserved quantities for the full dynamical map
(2). To any closed loop γ = (e1, e2, ..., e|γ |) on the graph G,
of even length |γ |, one can associate a charge

Mγ = 1

2

|γ |∑
j=1

(−1) j−1Zej (7)
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that is fixed by the dynamical map

Mγ ◦ � = Mγ , (8)

i.e., the value of this charge is conserved in time for any
closed loop γ . In the following, we will refer to Mγ as the
loop charges. Actually, this automaton belongs to a more
general class of systems that possess an extensive set of
local conserved quantities—1-form symmetries—which can
be constructed as staggered-magnetization operators along all
closed loops of the graph. This class of systems is intro-
duced and discussed in more details in related work of our
group [46].

As a direct consequence of the loop charges, the follow-
ing three properties can be derived. Firstly, the parity πγ =
(−1)

∑|γ |
k=1 sek of a sum of dynamical variables along a loop γ

can be expressed as πγ = eiπMγ , and as a consequence it is
also conserved. Secondly, the two Néel configurations on a
loop (se1, ..., se|γ | ) = (0, 1, 0, 1, . . . , 0, 1) and (1,0,1,0,...,1,0)
correspond to the highest +|γ |/2 and the lowest −|γ |/2
values of the charge Mγ . As a result, such configurations
are frozen under the dynamics. And finally, the staggered
magnetization around the lattice (with periodic boundary con-
ditions assumed) corresponds to the momentum defined in
(5), for example on the square lattice of size N × N , we can
write the conserved x momentum at a constant value of any
y-coordinate Y as 1

2

∑N
x=1(−1)x−1Zx,Y , and similarly for the

y momenta.
These three properties of the dynamical map � were pre-

viously identified in [39]. Here, we emphasize that they all
follow from the conservation of the loop charges defined in
(7), i.e., from 1-form symmetry. However, our primary aim
is to investigate how these conserved quantities affect the
dynamical behavior of the system.

It is clear that even if we can define a loop charge (7) for
any γ , not all loop charges are independent of each other. It
is then important to fix a basis of charges such that for any
γ the charge Mγ could be expressed as a linear combination
of these basis charges. For example, on the square lattice with
periodic boundary conditions, one can pick loops around all
the plaquettes of the lattice:

(9)

in addition to one topological loop wrapping around the x
direction and one wrapping around the y direction [see the
highlighted parts in (3)].

Such square plaquette has five possible values of Mγ ∈
{−2,−1, 0, 1, 2}. On a lattice of size N × N there are NE =
2N2 degrees of freedom and N2 conserved plaquette loop
charges. The dynamics of the initial state will depend greatly
on the distribution of the values of the staggered magneti-
zation over the plaquettes in this state. This comes from the
correspondence of the size of the configuration space with
the values of the conserved quantities. If all the plaquettes

are set to Mγ = ±2 [the two Néel states: (0,1,0,1),(1,0,1,0)],
such a configuration will have no dynamics and one possible
(frozen) state. On the other hand, setting all the plaquettes to
Mγ = 0 will correspond to the largest size of configuration
space, since for Mγ = 0 a plaquette has the highest number of
configurations (6 out of 16).

Since the square-lattice plaquette charges depend only on
the four bits, it is not possible to define their densities as
a set of macroscopic degrees of freedom [47]. Instead, we
define other macroscopic quantities that would incorporate
some global information about the distribution of plaquette
charges in a state. The simplest example of such quantities are
the plaquette densities:

nq = 1

N2
|{plaquettes γ Mγ = q}|, q ∈ {−2, . . . , 2}. (10)

Here | . | denotes the cardinality of the set.
Note that such densities are also conserved in time and,

obviously, sum up to unity
∑

q nq = 1. Working with ensem-
bles of states that have particular values of these densities, we
will study how their values drive the dynamics of the system.
We can expect that as the values of n±2 and n±1 increase, the
dynamics will become slower and slower. But to characterize
this quantitatively, we will utilize two information-theoretical
quantities: the Hamming distance and the decorrelator. In the
next section, we discuss their definitions and basic properties.

III. SAMPLING OF THE DENSITY
OF STAGGERED MAGNETIZATION

We introduced the notion of plaquettes density in Sec. II.
We want to find a natural way to select, or sample over a
specific sector with specific plaquette configuration. A state
of MCPCA on a square lattice of size N × N can be encoded
in a bitstring of size 2N2. In the maximal entropy state, as
considered in Ref. [39], all the bits in the bitstring had equal
probabilities of being 0 or 1. This corresponds to a time-
translation invariant, i.e., equilibrium state of the system with
maximal (infinite) effective temperature.

Here, we will instead generate an ensemble of initial states
with a general Bernoulli process where each bit is an i.i.d.
variable with probability p0 = p of having value 0 and prob-
ability p1 = 1 − p of having value 1. We note that this state
is preserved under time-evolution only for p = 1/2, otherwise
it undergoes a nontrivial dynamics under MCPCA. In Fig. 1,
we show the densities of plaquettes nq in the Bernoulli initial
states as a function of the probability p. We see that depending
on the sampling probability p, we can to some extent control
the average staggered magnetization densities, which in turn,
are conserved with time evolution.

It is useful to note that one can also precisely select the
sector of the configuration space with specific values of {nq}
by using an adaptation of Metropolis (aka Markov Chain
Monte Carlo) algorithm. We give a quick outline for such
an algorithm: (i) Start by taking a random initial state—cell
configuration s, (ii) repeatedly flip randomly chosen bits while
accepting the flips with probability min{1, ρ(snew)/ρ(s)} us-
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FIG. 1. The density of plaquettes nq as a function of the sampling
probability p. Note that n+1 = n−1 and n+2 = n−2, we thus plot the
sums of these densities.

ing the following generalized Gibbs cost function:

ρ(s) = Z−1 exp

(
−

∑
q

βqNq[s]

)
, (11)

where Nq[s] is the number of plaquettes with a loop charge
q in the specific configuration s, (iii) while simulating in
this way a Markov-chain ensemble {sk}M

k=1 of large size
M, monitor the mean values 〈nq〉 = 1

(N2M )

∑M
k=1 Nq[sk]. The

coefficients βq are the corresponding generalized chemical
potentials which can be tuned to target specific {nq}, that is,
determining β(n) by empirically inverting n(β). This method
should give access to the full 4D equilibrium phase diagram
of the MCPCA for the square lattice. In the current work,
we choose to use the simpler one-parametric Bernoulli model
which is rich enough to display the transition between two
phases and leave exploration of the full phase diagram for
future work.

IV. THE HAMMING DISTANCE AND
THE PHASE TRANSITION

For two configurations on a N × N square lattice sA = {sA
r }

and sB = {sB
r } (here and elsewhere r = (x, y) ∈ Z2

N are coor-
dinates on a lattice) with r running over all 2N2 edges of the
lattice (two sublattices of edges per unit cell) the Hamming
distance is defined as the number of bits differing between the
two configurations:

Hd (sA, sB) ≡
∑

r

|sA
r − sB

r |. (12)

Interpreting sA and sB as two different initial conditions for
t = 0 in our cellular automata, one can study the evolution of
the Hamming distance with time

Hd (t ) = Hd (sA(t ), sB(t )), s(t ) = �(t )(s). (13)

We will be mostly interested in the situation where sA and
sB differ by one bit, i.e., initially Hd (0) = 1. In this setting,
Hd (t ) tracks how a single-bit error spreads through the system,
directly analogous to the butterfly effect in classical chaotic
dynamics [9–11].

FIG. 2. The Hamming distance as a function of time, Hd (t ), for
different lattice sizes N × N and for two values of the sampling prob-
ability p = 0.15 (top panel, delocalized phase) and p = 0.3 (bottom
panel, localized phase). The top panel is in the delocalized phase
(note equal steps in log10 H̄d for a geometric sequence of N), while
the lower panel is in the localized phase.

In practice, we generate sA from a chosen ensemble, spec-
ified for instance by the set of densities nq or by a Bernoulli
sampling parameter p. The perturbed configuration sB is then
obtained by flipping a single randomly selected bit in sA. We
then average Hd (t ) over both the ensemble of initial condi-
tions and the random choice of the flipped bit.

The dynamics of the Hamming distance, Hd (t ), generally
proceeds in two stages. At early times, it grows monotoni-
cally, with the growth bounded by t2 on a two-dimensional
lattice—a consequence of the locality of the dynamical map.
At later times, Hd (t ) saturates to a steady-state value that can
be expressed as the long-time average

H̄d = lim
T →∞

1

T

T −1∑
t=0

Hd (t ). (14)

The saturation value can be extensive in the number of
degrees of freedom H̄d ∼ N2. For example, this is the case
for the top panel of Fig. 2, where the initial microscopic error
in one cell spreads on a macroscopic scale. If an ensemble
of states has this property, we will label this ensemble as
belonging to the phase of delocalized information spreading.

Conversely, if the saturation value is subextensive H̄d ∼
Nα , α < 2, the information about the initial local error re-
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FIG. 3. The density of the Hamming distance as a function of the
sampling probability p for different lattice sizes N × N . The density
of Hamming distance converges to nonzero values for p < 0.25,
while for p > 0.25 it goes to 0. The inset is the magnified data for
p ∈ [0.225, 0.275] (the red box). The black line shows an extrapola-
tion for N → ∞ found by linear fitting of hd as a function of 1/ ln N .

mains confined and fails to propagate macroscopically. This
behavior is illustrated in the lower panel of Fig. 2, where H̄d

shows little or no dependence on system size, corresponding
to the case α = 0. We refer to this regime as the phase of
localized information spreading.

Taking the above definitions of these two phases, one can
observe that the density of the saturation value of the Ham-
ming distance hd = limN→∞ 1

2N2 H̄d can be interpreted as a
convenient order parameter:

Delocalized Information Phase : hd > 0

Localized Information Phase : hd = 0
(15)

in analogy with the magnetization density in the ferro-to-para-
magnet second-order phase transition.

As Fig. 2 already illustrates, for small enough values of the
sampling parameter p, where the plaquette charges with q = 0
dominate, n0 � n±1,±2 (see Fig. 1), our system belongs to the
delocalized phase. For large enough values of p up to 1/2,
where the dominance of q = ±1 and q = ±2 plaquettes takes
place, n±1,±2 > n0, the system is localized. This indicates a
possibility of critical scaling in the transition between the two
phases.

Further analyzing the density of the Hamming distance
hd as a function of the sampling parameter p for increasing
system size N , see Fig. 3, we observed a behavior that is
reminiscent of the standard picture of the second-order phase
transition with critical parameter pc ≈ 0.25. While for p < pc

hd seems to tend to a nonzero constant value as N is increas-
ing, for p > pc it is converging to zero. Near the critical point
pc, the Hamming distance density behaves as hd ∼ (pc − p)β

with the critical exponent β ≈ 0.368 (see Fig. 4).
We note that our findings of this phase transition are

reminiscent of the works done on damage spreading phase
transition for stochastic models where such transitions were
demonstrated to generically belong to the directed percolation
universality class [16,48]. However, the value of the critical
exponent β found here for the MCPCA information spreading

FIG. 4. Fitting of the critical exponent β from the extrapolated
data of hd in the limit of N → ∞.

phase transition differs significantly from the directed perco-
lation universality class, indicating that the MCPCA is in a
different class.

One can then wonder if the observed results depend on
the (non)stochasticity of the model. In order to investigate
this issue that preserves the conservation of the staggered
magnetization around closed loops:

(16)

where δ = 1 − γ ∈ [0, 1] is the probability that the all-empty
configuration (0,0,0,0) around the vertex flips to the all-full
(1,1,1,1), or vice versa. Thus, taking γ = 1 corresponds to
the deterministic model. Introducing stochastic deformation
to the model was shown to render smooth the multifractal
response of the power spectrum of the MCPCA [39]. Sur-
prisingly, we observe that the value of probability γ does
not affect the critical behavior. The Hamming-distance profile
remains identical to that of the deterministic limit, even for
γ = 0.5 (see Fig. 5). This hints at the importance of the
conserved staggered magnetization of the MCPCA, or more
generally of the discrete 1-form symmetry into a different
(yet unknown) universality class. Other models where damage
spreading transition has been found not to belong to directed
percolation class were stochastic models where the transition
coincides with another thermodynamic phase transition, such
as in Glauber dynamics of 2D Ising model [49,50]. However,
this last possibility is excluded in deterministic models.

V. THE CLASSICAL DECORRELATOR AND
THE CORRELATION LENGTH

We proceed with our phenomenological study of the
phase transition by means of another dynamical quantity—the
decorrelator. This quantity allows us to define the analog of
the correlation length and to study its divergence near the
critical point, leading to the computation of another critical
exponent.
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FIG. 5. The density of the Hamming distance as a function of
the sampling probability p for the stochastically deformed MCPCA
(blue) with γ = 0.5 and the deterministic MCPCA (orange) both for
system size 256 × 256.

The decorrelator for initial configurations sA and sB is
defined as

D(r, t ) ≡ 〈|sA
r (t ) − sB

r (t )|〉, (17)

which can be interpreted as the spatially resolved Hamming
distance (12). The bracket here again denotes an average over
an ensemble of initial states with fixed p (or fixed {nq}). Due
to spatial resolution we now consider sB to differ from sA by
a bit flip at a fixed position r0 = (0, 0), implying the initial
value

D(r, 0) = δr,0, (18)

indicating localization of the initial error. The Hamming dis-
tance, in turn, is nothing but an integrated decorrelator:

Hd (t ) =
∑

r

D(r, t ). (19)

For later times, the error spreads out, and the support of the
decorrelator typically grows, see Fig. 6.

Similarly, we will be interested in the long-time behavior
of this quantity

D̄(r) = lim
T →∞

1

T

T −1∑
t=0

D(r, t ). (20)

In the delocalized phase, where the Hamming distance density
hd is nonzero, one can expect that as a function of r the
time-averaged decorrelator D̄(r) will behave approximately
as a constant (this constant will then coincide with hd as
H̄d = ∑

r D̄(r)). On the other hand, in the localized phase, the
information about the error should spread only within a finite
distance from the initial point. And so, D̄(r) should decay with
the distance from the origin |r|. Such behavior indeed takes
place, as shown in Fig. 7.

Moreover, Fig. 7 shows that in the localized phase the
decorrelator decays exponentially, D(r) ∼ e−|r|/ξ , which al-
lows us to define the correlation length ξ . In this regime
ξ remains finite, but it grows rapidly as the system ap-
proaches the critical point. At p → pc + 0 the correlation
length diverges, and it stays infinite throughout the delocalized

FIG. 6. Example of the time evolution of the classical decorre-
lator for the square lattice of size 256 × 256, the upper plots are for
the system in the delocalized phase (p = 0.15) while the lower plots
are for the system in the localized phase (p = 0.35). We note that we
rotate the lattice by 45° for visualization purposes.

phase (see Fig. 8). Near the critical point, the correlation
length diverges as ξ ∼ (p − pc)−ν , with an exponent ν ≈ 1.
At the transition p = pc, the decorrelator no longer decays
exponentially but instead follows a power law, D̄(r) ∼ |r|−η,
with η ≈ 0.25 (see Fig. 9).

VI. ON THE MULTIFRACTALITY OF DYNAMICAL
STRUCTURE FACTOR

In the previous sections, we showed the effects of the
symmetries of the MCPCA and its initial state on its dynam-
ics. Specifically, how changing the densities of the plaquette
charges leads to a dynamical phase transition from localized
to delocalized phase of information spreading. In this section,
we show how these symmetries influence the multifractal be-
havior of the correlation function that was previously reported
in [39]. In this previous work, the effect of the symmetries

FIG. 7. The time-averaged decorrelator D̄(r) as a function of the
distance |r| for different values of the sampling probability p of
initial state. The data shown is from simulations of the square lattice
of size 256 × 256 up to times T = 8000 with N ≈ 4 × 104 Monte
Carlo samples.
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FIG. 8. The plateau of the decorrelator D̄(∞) as a function of the
probability p in blue (left axis) and the decay rate 1/ξ in red (right
axis).

has not been considered. The initial states were sampled uni-
formly from the maximum entropy ensemble p = 1/2.

Firstly, we study how the behavior of the correlation func-
tion changes in different charge sectors, showing that the
multifractal dynamical response, reported in [39], is becoming
more and more smooth by decreasing the sampling parame-
ter p. After that, we illustrate that the multifractality of the
correlation function is related to dynamical localization of
information observed here, and to the appearance of the local
time-periodicities in the system.

A. The density-density correlation function across the transition

On each vertex v of the square lattice, we define a local ob-
servable, i.e., shifted particle density nv = 1

4

∑
e∈v Ze. Then,

the two-point correlation function averaged over an ensemble
of states is defined as

C(r, t ) = 〈nv+r(�t [s])nv (s)〉. (21)

We start our analysis by studying the time-averaged cor-
relation function C̄(r) = limT →∞ 1

T

∑T −1
t=0 C(r, t ) in order to

FIG. 9. The power-law decay of the decorrelator as a function of
the distance |r| at the critical point pc = 0.25 for different system
sizes N × N . We plot the best power-law fit in magenta.

FIG. 10. Time-averaged correlation function as a function of the
distance |r| and for different sampling probabilities p.

check if the properties of this quantity are similar to the decor-
relator (20). It turns out that for all values of p the behavior
of the correlator is qualitatively the same: initial exponential
decay with the saturation at bigger values of |r|, see Fig. 10.
Thus, the time-averaged two-point correlation function is not
sensitive to the phase transition in contrast with dynamics of
the Hamming distance, Fig. 2, and the decorrelator, Fig. 7.

In addition, we explore the dynamical structure factor at
r = 0, i.e., the power spectrum

S(ω) =
∑
t∈Z

C(r = 0, t ) exp(2π itω). (22)

As we can see in Fig. 11, the multifractal response of the
correlation function that was observed in [39] appears contin-
uously in p, when the sampling parameter p varies from 0 to
0.5, even though subharmonic response delta-spikes become
weaker/sparser for smaller p. Thus, similarly to the time-
averaged correlation function, even the multifractality of the
two-point function S(ω) cannot be an indicator of the phase
transition.

B. Local periodicities and the multifractality

As we showed in previous sections, in the localized phase,
the local error in the initial configuration can propagate only
up to subextensive distances. For instance, for the case of p =
0.5, the saturated value of the Hamming distance is almost
independent of the system size. This hints at the fact that, even
though the global period, i.e., Poincaré recurrence time, of the
initial states of the system is usually exponential in the system
size N , different local regions, in principle, can have much
lower approximate periodicities. For example, a region in the
system accidentally isolated with a closed loop that is in the
Néel configuration (maximal loop charge) will evolve without
any interaction with the rest of the system, resulting in a
motion with a period that is much smaller than the global one.
But even in less exceptional cases, the restrictions imposed
by the loop charges are decreasing the effective interaction
between different regions of the system. As a result, different
subsystems can behave approximately periodically with small
periodicities (of order one).
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FIG. 11. Power spectra S(ω) of the local density-density correlation function for system size 64 × 64; the time signal was calculated up to
the final time Tf = 215 and for different sampling probability p (different panels).

For a practical illustration, to calculate the local periods
of the MCPCA for a specific sampling probability p, we
first sample a random initial configuration s, and then let the
system evolve until time of t = 2N steps to ensure effective
equilibration. After that, we evolve the system again up to
times Tf = 215 and record the evolution of the local density
observable nv (t ) on each vertex v of the array. If the Fourier
transform of the time evolution of the signal nv (t ) has a
prominent peak (or a series of equidistant peaks), we assign
to it a local frequency (and its harmonic multiplicities), see
Fig. 12. By this method, we are able to reliably resolve periods
up to Tmax ≈ 150.

We have found that the distribution of local periods P(T )
decays with T as a power law

P(T ) ∼ T −α (23)

with the exponent α that depends on the sampling parameter
p, see Fig. 13. We also note here that the fraction of vertices
with unresolved local period T > Tmax is smoothly decreasing
as we increase the parameter p, since the dynamics is be-
coming more and more constrained, see Fig. 14. This fraction
should match with the total relative weight of the continuous
part of the dynamical response function Sreg(ω) as discussed
in [39]. And again, this quantity is also not a good indicator
of the phase transition discussed above.

However, the existence of local periods is directly related
to the observation of the multifractality in MCPCA. Indeed,
sampling a set of periods {Ti}Ni=1 from the probability dis-
tribution (23), one can assign to each period Ti a uniform
power-spectrum Si(ω) = 1

Ti

∑Ti−1
k=0 δ(ω − k

Ti
). Then, the aver-

age power-spectrum S̄(ω) = 1
N

∑
i Si(ω) has qualitatively the

same multifractal structure of peaks as the dynamical response
function in Fig. 11.

To find a quantitative similarity, one can consider the
weights of peaks Ap,q at rational frequencies ω = p

q of the
power-spectrum S(ω) of the correlation function. In [39], it
has been found that the total period-q spectral weight Bq =∑

p Ap,q has a power-law decay with q: Bq ∼ q−μ. Assuming
again our simplified picture of uniform spectral weights from

all local periods, one can see that the total weight Bq should
be just proportional to the probability P(T = q), and so the
power α in Eq. (23) should coincide with the power μ of
the decay of the spectral weight Bq. Both these exponents are
indeed in very good agreement, showing that in our system
the multifractality of the spectrum is a consequence of the
presence of a multitude of local periodicities.

(a)

(b)

(c)

(a)

(b)

(c)

FIG. 12. Example of the calculation of the local frequencies for
three different local vertices v. On the left panels we show the
real-time signal nv (t ), and on the right panels we show the Fourier
transform of this signal, all for the same (typical) initial configuration
s for a lattice of size N = 32 × 32. (a) a local observable with a
period that we could not resolve—perhaps supporting the continuous
part of the spectrum, (b) a signal with a simple local frequency
ωl = 1/2, (c) a more complex local frequency ωl = 1/86 (notice that
the peaks are equidistant from one another).
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(a)

(b)

FIG. 13. The calculation of the decay exponent α of the local
period distribution. (a) shows the distribution of local periods for a
fixed sampling probability p = 0.5 for different system sizes N ×
N and the best fit for the decay exponent α. The plot for N = 64
for visualization purposes. (b) shows the power law exponent of the
distribution of local periods as a function of the sampling probability
p.

In contrast to the results of the probabilistic Kauffman
cellular automata [17], we note no different behavior between
the localized and delocalized information phases with respect
to the local period. We see that the decay factor does not
experience an important change as a function of p. We can
then conclude that while the local periodicities are related to
the observation of multifractality, they are not an indicator of
the information spreading phase transition. Therefore, the two
striking phenomena observed in MCPCA, namely the mul-
tifractal dynamical response, and dynamical phase transition
in information spreading, can be physically unrelated, even
though both arise as consequences of the symmetries of the
model.

VII. SUMMARY AND CONCLUSION

We have discovered and analyzed a localization phase
transition in the information spreading of deterministic
momentum-conserving parity-check automata. These re-
versible automata belong to a class of systems that
possess an extensive set of local conserved quantities—1-
form symmetries—which can be constructed as staggered-
magnetization operators along all closed loops of the lattice

FIG. 14. Fraction of the vertices with an unresolved period (T >

150), fl , as a function of the sampling probability p for two different
system sizes N × N .

[46]. We demonstrated that, depending on the sector defined
by these symmetries, the system dynamics can belong either
to a delocalized or a localized phase of information spreading.

As an order parameter distinguishing these two phases, we
employed the long-time limit of the density of the Hamming
distance between two many-body trajectories that initially
differ by a single cell. In the delocalized phase, a local error in
the initial state propagates to an extensive scale, resulting in a
finite Hamming-distance density. Conversely, in the localized
phase, the error spreads only to a subextensive scale, leading
to a vanishing density in the thermodynamic limit. Our numer-
ical analysis indicates that these two regimes are separated
by a second-order phase transition: The Hamming-distance
density exhibits behavior analogous to the magnetization den-
sity in ferromagnetic-paramagnetic transitions. This transition
is further characterized by the divergence of the correlation
length, defined as the exponential decay length of the classical
decorrelator. A summary of the scaling behavior across the
different regimes is presented in Table I.

We also examined the multifractality of the power spec-
trum of the two-point correlation function, first observed in
[39]. Our findings show that the multifractal behavior of the
spectrum is insensitive to the phase transition: The multi-
fractal fraction evolves smoothly across the critical point.
Nevertheless, we established a connection between multifrac-
tality and the emergence of approximate local periodicities
in the system. These local periods arise from symmetry con-

TABLE I. Scaling behavior of the Hamming-distance density hd ,
the time-averaged decorrelator D̄(r), and the correlation length ξ

across the delocalized (p < pc), critical (p = pc), and localized (p >

pc) phases. The estimated value of the critical sampling parameter is
pc ≈ 0.25.

hd D̄(r) ξ

p < pc ∼(pc − p)0.37 const ∞
p = pc 0 ∼|r|−0.25 ∞
p > pc 0 ∼e−|r|/ξ ∼(p − pc )−1
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straints, which are more pronounced in the localized phase.
Moreover, we observed that the distribution of local periods
follows a power-law form (23), consistent with the decay of
the total period-q spectral weight Bq introduced in [39]. It is
worth noting that we observe this phase transition only in the
square lattice. For MCPCA on the honeycomb lattice (as in
[39]), we find no phase transition, and the system remains
delocalized in terms of information spreading. Further details
on the honeycomb case are given in the Appendix.

Our study opens several promising directions for future
research.

First, while in the present work we employed a simplified
sampling procedure, it will be important to extend the analysis
to Gibbs-type states (11) and to explore the full phase dia-
gram as a function of all corresponding chemical potentials.
In addition, a more extensive numerical study is required in
order to obtain more precise estimates of the critical point
and the associated critical exponents. Second, since much of
the analysis in this work is numerical, it remains important to
clarify to what extent the observed phase transition can be de-
scribed analytically, for example using renormalization-group
techniques. In particular, computing the critical exponents
and identifying the universality class of this transition is a
straightforward open problem. Third, classical momentum-
conserving parity-check cellular automata MCPCA represents
a special case of a broader family of quantum circuits con-
structed from staggered-magnetization-conserving gates [46].
Extending the investigation to the quantum domain would
therefore be a natural and intriguing next step. Finally, we
have not explored the transport properties of the system. Since
the two topological charges of MCPCA are extensive local
conserved quantities, it would be of considerable interest to
study their transport behavior across the different phases.
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FIG. 15. The density of plaquettes nq as a function of the proba-
bility of sampling p for the honeycomb lattice.

APPENDIX: HONEYCOMB LATTICE

We show the effect of changing the sampling probability
on the honeycomb lattice. It is important to note that in the
honeycomb lattice, the smallest plaquette is the following:

(A1)

The plaquettes of the honeycomb lattice have 64 possible
configurations with seven values for the staggered magneti-
zation instead of the 16 configurations of the square lattice
with five possible values. We first show the relation of the
density of plaquettes nq as a function of the sampling prob-
ability p in Fig. 15. We note that the fraction of the frozen
configurations (Mγ = ±3) is much smaller than in the square
lattice.

In Fig. 16 we show the limit of t → ∞ of the normalized
Hamming distance. We see that the Hamming distance is

FIG. 16. The density of the saturation values of the Hamming
distance hd as a function of the sampling probability p for the hon-
eycomb lattice for different lattice sizes N × N .
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lower for p = 0.5 but it is still nonzero. Moreover, since the
Hamming distance is the spatial integral of the decorrelator, a
finite Hamming-distance density in the thermodynamic limit
necessarily implies that the time-averaged decorrelator ap-
proaches a nonzero constant at large distances.

The honeycomb lattice then does not exhibit a phase tran-
sition as the square lattice does. This observation may explain
the fact that the multifractal regime in the honeycomb lattice
forms a smaller fraction of the total weight of the spectra than
that of the square lattice [39].
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