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Nonequilibrium fluctuation-response relations for state-current correlations
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Recently, exact identities known as fluctuation-response relations (FRRs) have been derived for nonequi-
librium steady states of Markov jump processes. These identities link the fluctuations of state or current
observables to a combination of responses of these observables to perturbations of transition rates. Here, we
complement these results by deriving analogous FRRs applicable to mixed covariances of one state and one
current observable. We further derive inverse FRRs expressing individual state or current response in terms of a
combination of covariances rather than vice versa. Using these relations, we demonstrate that the breaking of the
Onsager symmetry requires the presence of state-current correlations. On the practical side, we demonstrate the
applicability of FRRs for explaining the behavior of fluctuations in quantum dot devices or enzymatic reaction
networks.
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I. INTRODUCTION

The dynamical behavior of small systems, relevant in fields
as diverse as biochemistry or nanoelectronics, is intrinsi-
cally stochastic, that is, characterized by large fluctuations
around the average behavior. The statistical description of
this stochastic behavior can be provided by analyzing the
ensemble of stochastic trajectories of the system. Within the
field of nonequilibrium statistical physics, one often con-
siders two classes of trajectory-based observables. The first
are time-integrated state observables corresponding, e.g., to
a fraction of time spent by the system in a given state or
a pool of states. They are the focus of a companion paper
[1]. The second ones are time-integrated currents that are
expressed in terms of the number of transitions between the
system states [2]. Physically, such currents may correspond
to the exchange of some quantity (e.g., electric charge or
heat) with the reservoir, number of steps of the molecu-
lar motor, etc. Although the state and current observables
are often considered separately, the properties of their joint
distribution attracted attention in the context of electronic
transport [3–5] and diffusion [6]. In particular, it has been
shown that in the long-time limit of Markovian dynamics,
the covariances of state and current observables vanish at
equilibrium due to the time-reversal symmetry [6]. There-
fore, their presence indicates the nonequilibrium nature of the
system.

At equilibrium, fluctuations of observables are related
to their responses to external perturbations by a seminal
fluctuation-dissipation theorem [7–11]. Away from equilib-
rium, this theorem does not hold, although certain general-
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izations to the nonequilibrium regime have been proposed
[12–21]. Nevertheless, research in recent decades has pro-
duced a wealth of universal laws describing the properties
of fluctuations (e.g., fluctuation theorems [22–25] and ther-
modynamic or kinetic uncertainty relations [26–36]) and
responses [37–54] in Markov processes or chemical reaction
networks. Significant developments have also been made in
connecting responses and fluctuations, in the spirit of the
original fluctuation-dissipation theorem, in systems arbitrarily
far from equilibrium [55–58]. In particular, Refs. [2,59–64]
derived inequalities bounding the precision of response (i.e.,
their ratio to fluctuations) of trajectory-based observables in
terms of entropy production rate or traffic (activity), a quantity
that measures the total number of transitions per unit time in
the system.

Going beyond inequalities, Refs. [1,2] derived exact iden-
tities, called fluctuation-response relations (FRRs), relating
fluctuations and responses of current or state observables in
a nonequilibrium steady state (NESS) of Markov jump pro-
cesses. More precisely, these identities express the covariance
of two current or state observables in terms of combination
of the responses of these observables to perturbations of the
transition rates. Here, we complement this result by deriving
analogous FRRs applicable to mixed covariances of state and
current observables. These relations are further generalized
to correlations between state and generic flux observables,
which recently attracted some attention [65,66]. We also de-
rive inverse relations, called inverse FRRs, expressing a state
or current response to a single perturbation in terms of the
covariances of state and current observables. One of the con-
sequences of these relations is that the breaking of the Onsager
symmetry requires the presence of the state-current covari-
ances. On the practical side, we show how our result can be
used to gain physical insight into the behavior of stochastic
systems relevant for electronic transport (quantum dots) or
biochemistry (enzymatic reactions).

2470-0045/2026/113(2)/024131(11) 024131-1 ©2026 American Physical Society

https://orcid.org/0000-0002-4891-2792
https://orcid.org/0000-0003-2877-203X
https://orcid.org/0000-0002-2249-4035
https://ror.org/01yzad698
https://ror.org/036x5ad56
https://crossmark.crossref.org/dialog/?doi=10.1103/4htr-dfc5&domain=pdf&date_stamp=2026-02-20
https://doi.org/10.1103/4htr-dfc5
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The paper is organized as follows. In Sec. II we describe
our theoretical framework. In Sec. III we define the state and
current observables. In Sec. IV we present the obtained FRRs
and Inverse FRRs. In Secs. V and VI we discuss how FRRs
can be used to calculate fluctuations and gain physical insight
into the behavior of fluctuations in electronic transport or
enzymatic reaction networks. Finally, in Sec. VII we draw the
conclusions. In the Appendixes we present the derivation of
the formula for the state-current covariance, the proof of our
main result, and some additional derivations and expressions.

II. FRAMEWORK

We consider a continuous-time Markov jump process
among N discrete states. It is described by the graph whose
nodes correspond to the system states and the undirected
edges e to the transitions between states. We further make the
graph directed by assigning each edge e a forward (+e) and
reverse (−e) direction, so that the source of the directed edge
±e, labeled s(±e), is a target of the directed edge ∓e, labeled
t (∓e). The transition rate associated with the directed edge
±e is denoted as W±e. The NESS of the system is defined by

dtπ = W · π = 0, (1)

where π = (. . . , πn, . . . )ᵀ is the vector of state probabili-
ties πn with

∑
n πn = 1. The matrix W is the rate matrix

with off-diagonal elements Wnm = ∑
e[W+eδs(+e)mδt (+e)n +

W−eδs(−e)mδt (−e)n], where
∑

e denotes the summation over
the undirected edges e, and the diagonal elements Wnn =
−∑

m �=n Wmn.
We further employ a generic parametrization of the transi-

tion rates [41,44]

W±e = exp(Be ± Se/2), (2)

where Be and Se parametrize the symmetric and antisymmetric
parts of the transition rate, respectively. For physical systems
in contact with thermal reservoirs (rates that satisfy the local
detailed balance), the term Be characterizes the kinetic barrier
between the system states. Physically, it can be controlled by
varying catalyst (e.g., enzyme) concentrations [67], applying
magnetic fields (e.g., via the radical pair mechanism in mag-
netoreception) [68–71], or adjusting tunnel barriers [72–74] or
potential barriers [75,76] by gate voltages in nanoelectronics.
The term ±Se, instead, is the change in entropy in the reservoir
due to a transition along the edge ±e that includes changes in
thermodynamic forces and the energy landscape [41,77,78].

III. STATE AND CURRENT OBSERVABLES

Our object of interest are two kinds of random variables,
time-integrated state and current observables. The state ob-
servables are defined as

ô(t ) ≡ 1

t

∑
n

on

∫ t

0
φn(t ′)dt ′, (3)

where the integral is performed over a stochastic trajec-
tory of the system. Here, o ≡ (. . . , on, . . . )ᵀ is the vector
that defines the observable and φn(t ) is the random variable
taking the value 1 when the state n is occupied and 0 oth-
erwise. Analogously, time-integrated current observables are

defined as

Ĵ (t ) ≡ 1

t

∑
e

xe[k+e(t ) − k−e(t )], (4)

where x ≡ (. . . , xe, . . .) and k±e(t ) is the number of jumps
along directed edge ±e during the time interval [0, t]. We
note that current observables are time-antisymmetric because
jumps along forward and backward edges +e and −e bring
contributions with the same magnitude |xe| but the opposite
sign. In Sec. IV B we will consider a generalization of our
framework to generic flux observables without that property.

The average values of these observables are defined as

O ≡ lim
t→∞〈ô(t )〉 =

∑
n

onπn, (5)

J ≡ lim
t→∞〈Ĵ (t )〉 =

∑
e

xe je, (6)

where 〈·〉 denotes the average over the ensemble of stochastic
trajectories and je ≡ W+eπs(+e) − W−eπt (+e) is the directed
current along the edge e. The covariance of state and current
observables is defined as

〈〈O,J 〉〉 ≡ lim
t→∞ t〈�ô(t )�Ĵ (t )〉, (7)

where �ô(t ) ≡ ô(t ) − 〈ô(t )〉 and �Ĵ (t ) ≡ Ĵ (t ) − 〈Ĵ (t )〉. It is
given by the algebraic expression

〈〈O,J 〉〉 = oᵀCmx, (8)

where Cm = [Cm
ne] is the covariance matrix with elements

defined as

Cm
ne ≡ lim

t→∞ t−1〈θn(t )[�k+e(t ) − �k−e(t )]
〉
, (9)

where θn(t ) ≡ ∫ t
0 [φn(t ′) − πn]dt ′ and �k±e(t ) ≡ k±e(t ) −

〈k±e(t )〉. Here, with the superscript m we denote the “mixed”
state-current covariances. The elements of the covariance ma-
trix can be calculated using a tilted rate matrix [3] W φ (q, ζ)
with off-diagonal elements Wnm = ∑

e[W+eδs(+e)mδt (+e)neqe +
W−eδs(−e)mδt (−e)ne−qe ] and diagonal elements W φ

nn(q, ζ) =
Wnn + ζn. Explicitly, they are given by the expression (see
Appendix A)

Cm
ne = −1ᵀJeW

D1(n)π − 1ᵀ1(n)W DJeπ, (10)

where 1 = (. . . , 1, . . .)ᵀ is the vector of ones and W D is
the Drazin inverse of the rate matrix, which has been gener-
ically defined in Ref. [79]. In our context, it corresponds
to a unique solution of the equation WW D = 1 − π1ᵀ. See
Refs. [53,80–82] for more of its properties and applications
characterizing fluctuations and responses. The matrices

Je ≡ ∂

∂qe
W φ (q, ζ)

∣∣∣∣
q,ζ=0

, (11a)

1(n) ≡ ∂

∂ζn
W φ (q, ζ)

∣∣∣∣
q,ζ=0

= diag(δ1n, δ2n, . . .), (11b)

are the current operator for the edge e (with the property
1ᵀJeπ = je) and the projector operator on the state n (with
the property 1ᵀ1(n)π = πn), respectively.
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It will also be useful to consider covariances of state ob-
servables and currents,

Cs
mn ≡ lim

t→∞ t−1〈θm(t )θn(t )〉, (12a)

Cj
ee′ ≡ lim

t→∞ t−1〈[�k+e(t ) − �k−e(t )][�k+e′ (t ) − �k−e′ (t )]〉,
(12b)

where the superscripts s and j correspond to covariances of
state and current observables, respectively. They can be cal-
culated as [81,83–85]

Cs
mn = −1ᵀ1(m)W D1(n)π − 1ᵀ1(n)W D1(m)π, (13a)

Cj
ee′ = δee′τe − 1ᵀJeW

DJe′π − 1ᵀJe′W DJeπ, (13b)

where τe ≡ W+eπs(+e) + W−eπt (+e) is the undirected traffic at
the edge e.

A. Static responses

We also consider the static responses of the state and
current observables, that is, the linear response of their steady-
state value to some parameter p (e.g., Be or Se) that controls
the transition rates W±e [45]:

dpO ≡ lim
d p→0

O(p + d p) − O(p)

d p
, (14a)

dpJ ≡ lim
d p→0

J (p + d p) − J (p)

d p
. (14b)

Operationally, this involves measuring the responses after a
time interval following the perturbation of the parameter p that
is long enough for the system to relax to its new stationary
state. Throughout our paper, we focus on a situation in which
the vectors o and x defining the observables do not depend on
the perturbed parameter p. For such a case, we have

dpO = oᵀdpπ, (15)

where dpπ is the static response of the stationary probability
vector to the perturbation of transition rates. It can be calcu-
lated as [86]

dpπ = −W D(dpW )π. (16)

We notice that the Drazin inverse form of Eq. (16) is an
alternative to the method from Refs. [44,45]. Analogously, the
static current responses can be calculated as

dpJ = xᵀdp j, (17)

where dp j = (. . . , dp je, . . .)ᵀ. The responses of edge currents
can be calculated as

dp je = dp(1ᵀJeπ) = 1ᵀ(dpJe)π + 1ᵀJedpπ. (18)

Explicitly, this yields

dBe′ je = δee′ je + W+edBe′ πs(+e) − W−edBe′ πt (+e), (19a)

dSe′ je = δee′τe/2 + W+edSe′ πs(+e) − W−edSe′ πt (+e). (19b)

We note that in the case where the vectors o or x depend on
the perturbed parameter p, the results presented later can be
applied upon replacement dpO → dpO − πᵀdpo and dpJ →
dpJ − jᵀdpx.

IV. FLUCTUATION-RESPONSE RELATIONS

The main result of our work are the exact identities, FRRs,
expressing covariances of state and current observables,
〈〈O,J 〉〉, in terms of the combination of static responses of
these observables. They read

〈〈O,J 〉〉 =
∑

e

τe

j2
e

dBeOdBeJ , (20a)

=
∑

e

4

τe
dSeOdSeJ , (20b)

where, recall, je ≡ W+eπs(+e) − W−eπt (+e) is the directed
current at the edge e, τe ≡ W+eπs(+e) + W−eπt (+e) is the undi-
rected traffic, and the parameters Be and Se are defined by
Eq. (2). These relations complement analogous FRRs for co-
variances of two currents, 〈〈J ,J ′〉〉, or two state observables,
〈〈O,O′〉〉, derived in Refs. [1,2].1

The identities (20) result from analogous relations for indi-
vidual covariance matrix elements,

Cm
ne =

∑
e′

τe′

j2
e′

dBe′ πndBe′ je, (21a)

=
∑

e′

4

τe′
dSe′ πndSe′ je, (21b)

whose derivation is discussed in the next section.

A. Inverse fluctuation-response relations

1. Inverse FRRs for state responses

The FRRs (20) and (21) express covariances in terms of
the combination of static responses. They can be derived by
showing their equivalence to inverse identities, called inverse
FRRs, expressing individual state responses dpπn in terms of
the combination of covariances. To show that equivalence, we
use Eq. (19) to expand Eq. (21a) as

Cm
ne = W+e

∑
e′

τe′

j2
e′

dBe′ πndBe′ πs(+e)

− W−e

∑
e′

τe′

j2
e′

dBe′ πndBe′ πt (+e) + τe

je
dBeπn. (22)

Equation (21b) can be expanded analogously. We then apply
FRRs for covariances of state observables,

Cs
mn =

∑
e

τe

j2
e

dBeπmdBeπn =
∑

e

4

τe
dSeπmdSeπn, (23)

that have been derived in the companion paper [1]. Using
them, we identify sums in Eq. (22) with the covariances

1We note that Eq. (20a) may appear not applicable when some
of the edge currents je present in the denominators are equal to
zero, in particular at equilibrium. However, when considering a small
perturbation of the transition rates W±e → W±e + εW ′

±e that makes
the edge currents finite, in the limit of ε → 0, the denominators,
j2
e , and the numerators, τedBeOdBeJ , tend to zero, while their ratios

remain finite.
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Cs
ns(+e) and Cs

nt (+e). As a result, we obtain the mentioned In-
verse FRRs for state responses,

τe

je
dBeπn = 2dSeπn = Cm

ne − W+eC
s
ns(+e) + W−eC

s
nt (+e). (24)

These identities are derived in Appendix B using an algebraic
approach similar to that used in the companion paper [1] for
deriving Eq. (23). In Appendix C, we also present an alterna-
tive derivation based on the recent framework from Ref. [54],
which can be regarded as a development of the nonequilibrium
FDTs from Refs. [12–14].

2. Inverse FRRs for current responses

A certain form of analogous inverse FRRs, expressing the
current responses dp je in terms of covariances, can now be
obtained by inserting Eq. (24) into Eq. (19). However, using
explicit derivation (see Appendixes B and C) we can obtain
more elegant expressions,

τe′

je′
dBe′ je = 2dSe′ je = Cj

ee′ − W+e′Cm
s(+e′ )e + W−e′Cm

t (+e′ )e.

(25)

We now recall that at equilibrium, the mixed covariances Cm
ne

vanish due to the time-reversal symmetry [6]. Consequently,
Eq. (25) leads to the well-known fluctuation-dissipation theo-
rem dSe′ je = Cj

ee′/2.
The other outcome of Eq. (25) is its relation to nonreciproc-

ity, i.e., breaking of the Onsager symmetry dSe′ je = dSe je′ that
can occur far from equilibrium. It can be quantified using the
nonreciprocity measure Nee′ ≡ dSe′ je − dSe je′ . Using Eq. (25)
and the symmetry of covariance matrix elements Cj

ee′ = Cj
e′e,

we found this measure to be strictly related to state-current
covariances,

Nee′ = 1
2

(
W+eC

m
s(+e)e′ − W−eC

m
t (+e)e′ − W+e′Cm

s(+e′ )e

+ W−e′Cm
t (+e′ )e

)
. (26)

Consequently, the breaking of the Onsager symmetry requires
the presence of correlations of the state and current observ-
ables.

Finally, an additional constraint on the state-current co-
variances holds in a situation where the system is out of
equilibrium but two edge currents vanish, je = je′ = 0. Then,
as proven in Ref. [16], one obtains the relation Cj

ee′ = dSe′ je +
dSe je′ that generalizes the equilibrium fluctuation-dissipation
theorem. Using Eq. (25), this implies

W+eC
m
s(+e)e′ − W−eC

m
t (+e)e′ + W+e′Cm

s(+e′ )e − W−e′Cm
t (+e′ )e = 0.

(27)

We emphasize that, away from equilibrium, the individual
covariances included in the expression above may be nonva-
nishing. Adding or substracting 1/2 of the left-hand side of
the above expression to Eq. (26), the nonreciprocity parameter
simplifies to

Nee′ = W+eC
m
s(+e)e′ − W−eC

m
t (+e)e′

= W−e′Cm
t (+e′ )e − W+e′Cm

s(+e′ )e. (28)

B. Generalization to generic flux observables

In our paper, we focus on correlations between state
observables and time-antisymmetric current observables
[Eqs. (3)–(4)], since such observables are most typically
considered in the literature. Here we generalize our frame-
work to correlations between state observables and generic
flux observables (without the time-antisymmetry property)
defined as

F̂ (t ) ≡ 1

t

∑
±e

y±ek±e(t ), (29)

where
∑

±e denotes the summation over the forward and
backward directed edges, and k±e(t ) has been defined below
Eq. (4). Observables of this type attracted some attention, e.g.,
in the context of bounds on entropy production [65,66]. A
well-known example is the total traffic T̂ (t ) = t−1 ∑

±e k±e(t )
that measures the total number of jumps in the Markov net-
work in the time-interval [0, t]. The average flux observables
can be expressed as

F ≡ lim
t→∞〈F̂ (t )〉 =

∑
±e

y±eϕ±e, (30)

where ϕ±e ≡ W±eπs(±e) is the unidirectional probability flux
along the edge ±e.

We now observe that FRRs (20) do not hold if we simply
replace J by F . This is because their derivation relies on the
identity (τe′/ je′ )dBe′ je = 2dSe′ je [44] (see Appendix B) and
Eq. (22), which do not apply to unidirectional fluxes ϕ±e.
However, covariances of state and flux observables obey a
different FRR,

〈〈O,F〉〉 ≡ lim
t→∞ t〈�ô(t )�F̂ (t )〉 =

∑
±e

1

ϕ±e
dX±eOdX±eF ,

(31)

where X±e ≡ ln W±e. This FRR is derived in Appendix D. Its
main difference compared to FRRs in Eq. (20) is that it is ex-
pressed in terms of responses to independent perturbations of
transition rates W±e, while the former are expressed in terms
of responses to symmetric and antisymmetric edge parameters
Be and Se, which affect both forward and backward transition
rates W+e and W−e [see Eq. (2)].

V. APPLICATION FOR CALCULATING FLUCTUATIONS

A. Unicyclic networks

We now show that FRRs (20) and (21) can be used to
analytically calculate fluctuations in Markov networks when
the stationary state π can be analytically determined. Impor-
tantly, this method does not involve the Drazin inverse present
in Eqs. (10) and (13), which for large systems is usually
analytically intractable. We note that the fluctuations can be
also calculated analytically (even without directly determining
π) using the characteristic polynomial method [87,88]. How-
ever, our method is still advantageous in providing an explicit
decomposition of covariances into contributions associated
with responses to perturbations of different edges. As will be
illustrated in Sec. VI, this helps one understand the properties
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FIG. 1. Scheme of a unicyclic network with each state n ∈
{1, N − 1} being a source of a single edge +n pointing to the state
n + 1, and the edge +N pointing from N to 1. The transtion +N is
considered unidirectional (W−N = 0).

of fluctuations (e.g., their sign) based on response properties
of the Markov network.

We first demonstrate our idea on the example of unicyclic
networks with at least one unidirectional transition, presented
in Fig. 1. Such networks describe various physically relevant
setups, e.g., enzymatic reactions [89] or electronic transport
[72,73]. A simple example of such a network is Michaelis-
Menten reaction scheme

E + S
W+1−−⇀↽−−
W−1

ES
W+2−−→ P + E, (32)

where the enzyme E switches between the unbound state (state
1) and the enzyme-substrate complex ES (state 2), and the
unidirectional transition +2 corresponds to the release of the
product P.

The steady state of such networks can be determined ana-
lytically. To that end, we note that due to Kirchhoff’s law all
edge currents are equal, ∀e je = j, with the current equal to

j = W+NπN , (33)

so that πN = j/W+N . Using the formula for the edge current,
j = W+nπn − W−nπn+1, the probabilities of states πn with n <

N can then be determined iteratively as

πn = j + W−nπn+1

W+n
. (34)

The current j can finally be determined using the normaliza-
tion condition

∑N
n=1 πn = 1. Using analytic formulas for the

state probabilities and the current j, the covariances Cm
ne can be

calculated using Eq. (21). We note that for unidirectional tran-
sitions, the parametrization (2) may appear to be ill-defined.
However, the responses to symmetric or antisymmetric per-
turbations are well-defined and given by the formulas [41]

dBn = W+ndW+n + W−ndW−n , (35a)

dSn = (W+ndW+n − W−ndW−n )/2, (35b)

where, recall, dp is our shortened notation for the static
response [see Eq. (14)]. This expression can be applied to uni-
directional transitions with W−n = 0 by taking W−ndW−n = 0.
In networks with only unidirectional transitions (∀n W−n = 0)
the state probabilities, current, and their responses, are given

FIG. 2. Scheme of one-dimensional Markov network with each
state n ∈ {0, N} apart from n = N being a source of several edges
+(n + 1)ν (here ν ∈ {a, b}) pointing to a tip n + 1. The index
ν denotes the channel of transition.

by the explicit formulas

πn = j/W+n, (36a)

j =
(

N∑
n=1

W −1
+n

)−1

, (36b)

dBnπm = 2dSnπm = πn(πm − δnm), (36c)

dBn j = 2dSn j = πn j. (36d)

Using Eq. (21) with ∀e : je = τe = j, the mixed covari-
ances can be then calculated as

∀e : Cm
ne = −πn

(
πn −

N∑
k=1

π2
k

)
= − j2

W 2+n

+ j3

W+n

N∑
k=1

1

W 2
+k

.

(37)

B. Birth-and-death processes

As a second example, let us consider one-dimensional
Markov networks (so-called birth-and-death processes [90])
presented in Fig. 2. Such models have been applied in
many contexts, e.g., to describe chemical bistability (Schlögl
model) [91–93], bistable electric circuits [94,95], magnetic
systems (Curie-Weiss model) [86,96–98], coupled heat en-
gines [99,100], or disease spread [101]. We note that models
with either finite N (such as Curie-Weiss model) or N → ∞
(such as Schlögl model) can be considered within the same
framework. Different transition channels ν denoted in Fig. 2
may correspond, e.g., to transitions induced by different reser-
voirs. To illustrate that on the example, let us consider the
Schlögl model in which two channels ν ∈ {a, b} correspond
to different chemical reactions,

channel a : A + 2X
k+a−⇀↽−
k−a

3X, (38a)

channel b : B
k+b−⇀↽−
k−b

X, (38b)

where k±ν are reaction constants. The transition rates in the
model can be expressed as [92]

W+na = cAk+a(n − 1)(n − 2)

�
, (39a)

W−na = k−an(n − 1)(n − 2)

�2
, (39b)

W+nb = cBk+b�, (39c)

W−nb = nk−b, (39d)

where n is the number of molecules X , cA and cB are
concentrations of species A and B that are kept constant
(chemostated), and � is the volume.
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FIG. 3. (a) Scheme of a quantum dot connected to two reservoirs
1 and 2. The applied voltage induces transitions between states oc-
cupied by N and N + 1 electrons. The voltage is much larger than
the thermal energy kBT , so that the electrons transitions can be con-
sidered unidirectional. (b) A Markov network describing the system.
Here, labels {1, 2} denote the states with N and N + 1 electrons.

For the class of systems considered, although transitions
may occur in several channels ν (which can drive the system
out of equilibrium), the net probability currents between the
system states πn vanish (i.e., the system is detailed balanced).
As a result, the stationary state π can be determined analyti-
cally. To that end one defines the total transition rate

W±n =
∑

ν

W±nν . (40)

The steady state can then be determined as

πn = π0

n∏
m=1

W+m

W−m
, (41)

with π0 given by the normalization condition
∑N

n=0 πn = 1.
Consequently, the covariance of occupation of state m with
the current through the edge nν can be determined analytically
using Eq. (20) as

Cm
m,nν =

N∑
k=1

∑
ν ′

τkν ′

j2
kν ′

dBkν′ πmdBkν′ jnν (42a)

=
N∑

k=1

∑
ν ′

4

τkν ′
dSkν′ πmdSkν′ jnν, (42b)

with

dBnν
= W+nνdW+nν

+ W−nνdW−nν
, (43a)

dSnν
= (

W+nνdW+nν
− W−nνdW−nν

)
/2, (43b)

jnν = W+nνπn−1 − W−nνπn, (43c)

τnν = W+nνπn−1 + W−nνπn. (43d)

VI. EXAMPLES

A. Transport through a quantum dot

Let us now present how our results can be used to gain
insight into the behavior of fluctuations in some physically
relevant systems. As a first example, let us consider a single
quantum dot model presented in Fig. 3. This model describes
the experimental setup from Refs. [72,73]. In those experi-
ments, charge states and electron transitions were monitored
in real time, which could enable experimental verification of
our results. For the model considered, the covariance between
the occupation of the state 1 and the particle current j = j1 =
j2 can be determined as

Cm
11 = Cm(1)

11 + Cm(2)
11 , (44)

FIG. 4. Covariance Cm
11 and its individual components Cm(e)

11

given by Eqs. (44)–(46) as a function of the asymmetry
coefficient a.

where

Cm(1)
11 ≡ −|dB1π1dB1 j|

j
= −π2

1 (1 − π1), (45a)

Cm(2)
11 ≡ |dB2π1dB2 j|

j
= π2π1, (45b)

π1 = W+2/(W+1 + W+2), and π2 = 1 − π1. We note that the
first (second) term is negative (positive) due to dB1π1dB1 j < 0
(dB2π1dB2 j > 0). In fact, the enhancement of the transition
rate W+1 increases the current and reduces the population of
the state π1, while the enhancement of the transition W+2 in-
creases both the current and the population π1. The covariance
Cm

11 can be further expressed in a simple form

Cm
11 = a

4
(1 − a2), (46)

where a = (W+1 − W+2)/(W+1 + W+2) is the asymmetry co-
efficient. The covariance Cm

11 and its individual components
Cm(e)

11 are plotted as a function of the coefficient a in Fig. 4.
Based on this plot, we now unravel the physical meaning of
Eq. (46). We note that for the unidirectional transitions consid-
ered, the steady state and the stationary current are determined
mainly by the slowest process. Consequently, the response to
the perturbation of a smaller transition rate is larger. Thus,
when W+1 < W+2 (a < 0), the term Cm(1)

11 dominates and the
covariance Cm

11 becomes negative. In contrast, in the opposite
regime of W+1 > W+2 (a > 0), the term Cm(2)

11 dominates and
the covariance becomes positive. This shows that the covari-
ance of the state and current observables provide information
about the sign of the asymmetry coefficient a. In contrast, such
information is not provided by fluctuations of state and current
observables alone, which only depend on the absolute value
of a:

Cs
11 = Cs

22 = −Cs
12 = 1

4�
(1 − a2), (47a)

Cj
11 = Cj

22 = Cj
12 = �

4
(1 − a4), (47b)

where � = (W+1 + W+2)/2.
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FIG. 5. Scheme of a Markov model corresponding to reaction
(48). The system can reside in three states n ∈ {ES, E, EI}, cor-
responding to enzyme-substrate complex, unbound enzyme, and
enzyme-inhibitor complex. The transition +1b is associated with the
release of the product P.

B. Enzymatic inhibition

We now consider a more complex model, corresponding to
the competitive enzymatic inhibition scheme,

EI + S
W−2a−−⇀↽−−
W+2a

E + S + I
W−1a−−⇀↽−−
W+1a

ES + I
W+1b−−→ P + I + E. (48)

The corresponding Markov network is presented in Fig. 5. We
focus on the covariance between the time spent in the unbound
state E and the rate of product release j1b. This quantity is ex-
perimentally relevant, as occupations of bound and unbound
states [102], as well as individual product release events [103],
can be monitored in real-time at the single molecule level. It
can be calculated as

Cm
E,1b = Cm(1a)

E,1b + Cm(1b)
E,1b + Cm(2a)

E,1b , (49)

where

Cm(e)
E,1b ≡ 4

τe
dSeπEdSe j1b. (50)

The explicit expressions for Cm(e)
E,1b are presented in the

Appendix E. Interestingly, we find

Cm(1a)
E,1b < 0, Cm(1b)

E,1b , Cm(2a)
E,1b > 0. (51)

Inequality Cm(1a)
E,1b < 0 results from the fact that by enhanc-

ing the transition +1a, one increases the probability of state
E (dS1aπE > 0) while reducing the rate of product release
(dS1a j1b < 0) due to decrease of the population of the enzyme-
substrate complex ES. In contrast, by enhancing transition
+1b, one increases both the rate of product release (dS1b j1b >

0) and the population of state E (dS1bπE > 0), and thus
Cm(1b)

E,1b > 0. Finally, by enhancing transition +2a one reduces
both the population of state E (dS2aπE < 0) and the rate of
product release (dS2a j1b < 0) due to the inhibition effect, i.e.,
trapping in state EI. Consequently, Cm(2a)

E,1b > 0.
In Fig. 6, we plot the behavior of covariance Cm

E,1b and its

individual components Cm(e)
E,1b as a function of the transition

rate W+2a that is proportional to the inhibitor concentration.
As shown, for the parameters considered, the contribution
C(1a)

E,1b dominates for small W+2a, leading to negative covari-
ance. By increasing W+2a, one magnifies the contribution
Cm(2a)

E,1b related to inhibition effects, making the covariance
Cm

E,1b positive. This shows that the sign of Cm
E,1b can provide

information about the magnitude of inhibition effects.

FIG. 6. Covariance Cm
E,1b and its individual components Cm(e)

E,1b

given by Eqs. (49) and (E1) as a function of the transition rate W+2a

for W+1a = 1, W−1a = W−2a = 0.5, W+1b = 0.05.

VII. CONCLUDING REMARKS

We note that analogously to FRRs for state observables
[1] and currents [2], FRRs (20) have an intuitive interpreta-
tion: They mean that the state and current observables can
be positively (negatively) correlated only when they respond
with the same (opposite) sign to at least one symmetric and
antisymmetric edge perturbation. Beyond providing a funda-
mental link between fluctuations and response, this result has
practical relevance putting constraints on Markov models of
physical systems that are consistent with measured data. An
interesting perspective for future research is to extend our
result to continuous-space Langevin dynamics [20,52], where
covariances of state and current observables have recently
received a certain interest [6].
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APPENDIX A: DERIVATION OF EQ. (10)

Using theory from Ref. [3], the covariances Cm
ne can be

calculated as

Cm
ne = ∂

∂ζn

∂

∂qe
λ(q, ζ)

∣∣∣∣
q,ζ=0

, (A1)

where λ(q, ζ) is the eigenvalue of the tilted rate matrix
W φ (q, ζ) with the largest real part; this eigenvalue λ(q, ζ) and
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the corresponding eigenvector v(q, ζ) satisfy

W φ (q, ζ)v(q, ζ) = λ(q, ζ)v(q, ζ), (A2)

with λ(0, 0) = 0 and v(0, 0) = π. Acting on both sides of
Eq. (A2) with the derivative ∂ζn∂qe , we obtain(

∂ζnW
φ
)
∂qev + (

∂qeW
φ
)
∂ζnv + W φ

(
∂qe∂ζnv

)
= (

∂ζn∂qeλ
)
v + (

∂ζnλ
)(

∂qev
) + (

∂qeλ
)
∂ζnv + λ

(
∂ζn∂qev

)
,

(A3)

where we used ∂ζn∂qeW
φ (q, ζ) = 0. At q, ζ = 0, we have

1(n)∂qev + Je∂ζnv + W
(
∂qe∂ζnv

)
= (

∂ζn∂qeλ
)
π + (

∂ζnλ
)(

∂qev
) + (

∂qeλ
)
∂ζnv,

(A4)

where we used λ(0, 0) = 0, v(0, 0) = π, W φ (0, 0) = W , and
definitions from Eq. (11). We further multiply both sides of
Eq. (A4) by 1ᵀ and notice 1ᵀW = 0. Since v is defined up
to normalization, we take 1ᵀv = 1, so that 1ᵀ∂ζnv = 0 and
1ᵀ∂qev = 0. We obtain

Cm
ne = ∂ζn∂qeλ = 1ᵀJe∂ζnv + 1ᵀ1(n)∂qev. (A5)

To determine the derivative ∂ζnv, we apply the derivative ∂ζn

to both sides of Eq. (A2),(
∂ζnW

φ
)
v + W φ∂ζnv = (

∂ζnλ
)
v + λ∂ζnv. (A6)

At q, ζ = 0, we have(
∂ζnW

φ
)
π + W ∂ζnv = (

∂ζnλ
)
π, (A7)

where we again used λ(0, 0) = 0, v(0, 0) = π, W φ (0, 0) =
W . We then act on both sides of Eq. (A7) with the
Drazin inverse W D and use W Dπ = 0 and W DW ∂ζnv =
(1 − π1ᵀ)∂ζnv = ∂ζnv due to 1ᵀ∂ζnv = 0. We obtain

∂ζnv = −W D
(
∂ζnW

φ
)
π = −W D1(n)π, (A8)

where we used definitions from Eq. (11). Applying the same
procedure for ∂qev, we get

∂qev = −W D
(
∂qeW

φ
)
π = −W DJeπ. (A9)

Inserting Eqs. (A8) and (A9) into Eq. (A5), we obtain
Eq. (10).

APPENDIX B: ALGEBRAIC DERIVATION
OF INVERSE FRRs (24) AND (25)

Here we derive inverse FRRs (24) and (25), which provide
a basis for our main result, FRRs (20) and (21) (see Sec. IV A).
To that end, we first use Eqs. (10) and (13a) to express the
right-hand side of Eq. (24) as

Cm
ne − W+eC

s
ns(+e) + W−eC

s
nt (+e)

= −1ᵀDeW
D1(n)π − 1ᵀ1(n)W DDeπ, (B1)

where De = Je − W+e1(s(+e)) + W−e1(t (+e)). This matrix ex-
plicitly reads

(B2)

As one can now realize, De = 2dSeW . We also note
that 1ᵀDe = 0 and thus 1ᵀDeW D1(n)π = 0. Consequently,
Eq. (B1) becomes

Cm
ne − W+eC

s
ns(+e) + W−eC

s
nt (+e) = −21ᵀ1(n)W D(dSeW )π

= 21ᵀ1(n)dSeπ = 2dSeπn, (B3)

where in the second step we used Eq. (16). This proves the
second identity in Eq. (24). The first identity, (τe/ je)dBeπn =
2dSeπn, has been proven in Ref. [44]. This concludes the proof
of Eq. (24).

Equation (25) can be proven analogously. We have

Cj
ee′ − W+e′Cm

s(+e′ )e + W−e′Cm
t (+e′ )e

= δee′τe − 1ᵀDe′W DJeπ − 1ᵀJeW
DDe′π

= δee′τe − 21ᵀJeW
D(dSe′W )π = δee′τe + 21ᵀJedSe′ π

= δee′τe + 2W+edSe′ πs(+e) − 2W−edSe′ πt (+e) = 2dSe′ je,

(B4)

where in the last step we used Eq. (19b). This proves the
second identity in Eq. (25). The first identity, (τe′/ je′ )dBe′ je =
2dSe′ je, has been proven in Ref. [44].

APPENDIX C: DERIVATION OF INVERSE FRRs (24)
AND (25) USING REF. [54]

Here we present an alternative derivation of Inverse FRRs
(24) and (25) using the approach recently presented in
Ref. [54], which can be regarded as a development of nonequi-
librium FDTs from Refs. [12–14]. Within this approach, Â(t )
is an arbitrary observable which is a function of the stochas-
tic trajectory of the system during the time interval [0, t].
The time-integrated state and current observables defined via
Eqs. (3) and (4) are particular instances of such an observable.
We then consider a dynamic response of that observable to
a perturbation of transition rates W±e that starts at moment
t = 0. It can be determined as

dX±e〈Â(t )〉 = 〈�Â(t )[�k±e(t ) − W±eθs(±e)(t )]〉, (C1)

where X±e ≡ ln W±e, �Â(t ) ≡ Â(t ) − 〈Â(t )〉, and the quan-
tities θn(t ) and �k±e(t ) were defined below Eq. (9). This
expression can be generalized to account for perturbations of
any parameter p parametrizing the transition rates W±e; see
Ref. [54] for details.

To derive Eq. (24), we first use the chain rule for
derivatives, 2dSeπn = dX+eπn − dX−eπn. We then note that
the static response corresponds to the infinite-time limit
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of dynamic responses, dX+eπn = limt→∞ t−1
∫ t

0 dt ′dX+e〈φn(t ′)〉. Consequently, we obtain

2dSeπn = dX+eπn − dX−eπn = lim
t→∞ t−1

∫ t

0
dt ′[dX+e〈φn(t ′)〉 − dX−e〈φn(t ′)〉]

= lim
t→∞ t−1〈θn(t )[�k+e(t ) − �k−e(t ) − W+eθs(+e)(t ) + W−eθs(−e)(t )]〉 = Cm

ne − W+eC
s
ns(+e) + W−eC

s
nt (+e). (C2)

Here, in the third step, we used Eq. (C1) and the definition of θn(t ), while in the fourth step we used definitions from Eqs. (9),
(12a), and the property s(−e) = t (+e). This yields the second identity in Eq. (24). As noted in the Appendix B, the first identity,
(τe/ je)dBeπn = 2dSeπn, has been proven in Ref. [44].

The derivation of the second identity in Eq. (25) proceeds analogously,

2dSe′ je = dX+e′ je − dX−e′ je = lim
t→∞ t−1[dX+e′ 〈k+e(t ) − k−e(t )〉 − dX−e′ 〈k+e(t ) − k−e(t )〉]

= lim
t→∞ t−1〈[�k+e(t ) − �k−e(t )][�k+e′ (t ) − �k−e′ (t ) − W+e′θs(+e′ )(t ) + W−e′θs(−e′ )(t )]〉

= Cj
ee′ − W+e′Cm

s(+e′ )e + W−e′Cm
t (+e′ )e, (C3)

with the first identity in Eq. (25) proven in Ref. [44].

APPENDIX D: DERIVATION OF EQ. (31)

To derive Eq. (31), we expand the state-flux covariance as

〈〈O,F〉〉 =
∑
n,±e

ony±e lim
t→∞ t−1〈θn(t )�k±e(t )〉. (D1)

Using Eq. (C1), we obtain

lim
t→∞ t−1〈θn(t )�k±e(t )〉 = W±e lim

t→∞ t−1〈θn(t )θs(±e) )〉 + dX±e lim
t→∞ t−1

∫ t

0
dt ′〈φn(t ′)〉 = W±eC

s
ns(±e) + dX±eπn. (D2)

We then use a version of FRR for state covariances derived in the companion paper (Eq. (12a) in Ref. [1]),

Cs
nm =

∑
±e

1

ϕ±e
dX±eπndX±eπm. (D3)

Inserting this into the expression above, we get

lim
t→∞ t−1〈θn(t )�k±e(t )〉 = W±e

∑
±e′

1

ϕ±e′
dX±e′ πndX±e′ πs(±e) + dX±eπn =

∑
±e′

1

ϕ±e′
dX±e′ πndX±e′ ϕ±e, (D4)

where in the last step we used ϕ±e = W±eπs(±e) and the chain rule of derivatives. Inserting this into Eq. (D1), and using Eqs. (5)
and (30), we obtain Eq. (31).

APPENDIX E: EXPLICIT EXPRESSIONS FOR Cm(e)
E,1b

The explicit expressions for the terms Cm(e)
E,1b defined in Eq. (50) read

Cm(1a)
E,1b = −W−1aW 2

−2aW+1b(2W+1a + W+1b)(W−2a + W+2a)

[W−1aW−2a + (W+1a + W+1b)(W−2a + W+2a)]3
,

(E1a)

Cm(1b)
E,1b = W−1aW 2

−2aW+1b[W−1aW−2a + W+1a(W−2a + W+2a)]

[W−1aW−2a + (W+1a + W+1b)(W−2a + W+2a)]3
,

(E1b)

Cm(2a)
E,1b = 2W−1aW−2aW+1bW+2a(W+1a + W+1b)2

[W−1aW−2a + (W+1a + W+1b)(W−2a + W+2a)]3
.

(E1c)

[1] K. Ptaszyński, T. Aslyamov, and M. Esposito, preceding pa-
per, Phys. Rev. E 113, 024130 (2026).
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