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A wide range of real-world systems, ranging from physical and biological systems to social systems, can be
described as temporal networks, where link temporality has profound effects on many dynamical processes
taking place on networks. Here we study the susceptible-infected-susceptible model on temporal complex
networks, where edges are randomly activated or terminated at each time step. We analytically obtain the
epidemic threshold for temporal complex networks with arbitrary initial degree distributions. The approximate
endemic equilibrium prevalence for temporal complex networks with arbitrary initial degree distributions is
derived analytically for the system close to the epidemic threshold and far away from it. In addition, we
demonstrate that the system undergoes a continuous transition from the disease-free state to the endemic state.
Our results pave the way to understand how the degree distributions will affect a wide variety of binary-state
dynamics on temporal complex networks.
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I. INTRODUCTION

In the last decade, dynamical processes on networks have
been extensively studied with many applications in social,
technological, and biological systems [1–6]. Traditional stud-
ies about this topic mainly focused on static networks [7–10],
whose links offer permanent connections between nodes. Yet,
it is increasingly recognized that many social and natural
systems are characterized by temporal networks where link
temporality affects the dynamical processes that take place
on networks, from information diffusion [11–14] to epidemic
spreading [15–17], cooperation [18–20], and synchronization
[21–25]. For example, social contact networks underlying
the epidemic processes are mostly temporal networks, where
the link temporality can notably slow down or promote the
disease outbreak [26]. The functional brain networks, charac-
terizing the interactions among different regions of the brain,
can also evolve over time, where the link temporality can
affect its temporal stability [27].

The effect of link temporality on the dynamical processes
on networks has been a subject of high interest in many dis-
ciplines [28–36]. A number of analytically tractable modeling
paradigms have been proposed to characterize the link tem-
porality of networks. The edge-Markovian dynamic network
is an analytically tractable framework for temporal networks
that has been widely studied and used [37–39]. Volz and Mey-
ers investigated how social mixing affects disease spreading
within the susceptible-infected-recovered (SIR) framework
[40,41]. They proposed the neighbor-exchange mechanism, in
which two edges are sampled uniformly at random and their
endpoints are swapped, thereby altering the network topology
while preserving node degrees. However, during the evolution
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of many real-world social networks, the degree of each node
is not always preserved. Subsequent representative studies,
notably the edge activation-termination model, relaxed the
fixed-degree assumption by allowing each node to randomly
break existing links and form new links at constant rates
[42–45]. Related models incorporated edge activation and de-
activation with fixed underlying network topology, allowing
each node to temporarily deactivate its links to infectious
neighbors and reactivate them once those neighbors are not
infectious [46,47]. In addition, considering that the network
topology may adaptively change with time depending on the
dynamical state of nodes, many adaptive network models have
been proposed to study the dynamical processes on networks
[48–50]. Despite these developments, previous studies only
focus on the epidemic processes on temporal networks with
initial Poisson degree distribution. Many real-world temporal
networks have heterogeneous degree distributions, such as
scale-free degree distributions [51]. While the effects of het-
erogeneity on epidemic dynamics on temporal networks have
already been investigated in some paradigms, such as activity-
driven networks [33,52,53] and temporal-switching networks
[32,54,55], it is still an open question how the degree distri-
butions will affect the epidemic dynamics on edge-Markovian
dynamics networks.

In this paper, we address the above problem by considering
a prototypical dynamical process, the susceptible-infected-
susceptible (SIS) process, on temporal complex networks with
arbitrary degree distributions, where edges are randomly acti-
vated or terminated. We apply a tractable pair-approximation
approach to analytically derive the epidemic threshold. With
the asymptotic method, analytical approximations for the en-
demic equilibrium prevalence are derived for the system close
to the epidemic threshold and far away from it. Compared
with the traditional closure model, our framework shows bet-
ter agreement with Monte Carlo simulations. In addition, we

2470-0045/2026/114(2)/024306(13) 024306-1 ©2026 American Physical Society

https://orcid.org/0009-0009-3552-5417
https://ror.org/00wk2mp56
https://ror.org/00wk2mp56
https://ror.org/022k4wk35
https://crossmark.crossref.org/dialog/?doi=10.1103/48z3-6cmb&domain=pdf&date_stamp=2026-08-11
https://doi.org/10.1103/48z3-6cmb


ZITING LUO, CHENGZUO ZHUGE, AND WEI CHEN PHYSICAL REVIEW E 114, 024306 (2026)

demonstrate that the system undergoes a continuous transition
from the disease-free state to the endemic state.

This paper is organized as follows. In Sec. II, we study
the SIS model on a temporal complex network with edge
activation and termination. In Sec. III, we derive the degree
moments at the steady state. We derive the epidemic threshold
of the system and demonstrate that a forward transcritical
bifurcation occurs at this critical point. In Sec. IV, we de-
rive the analytical approximation for the endemic equilibrium
states. We analyze the effects of the transmission rate, the
edge activation rate, and the edge termination rate on epidemic
dynamics. Finally, our results will be discussed and concluded
in Sec. V.

II. MODEL

We consider a susceptible-infected-susceptible (SIS)
model in a network consisting of N nodes. The state of the
nodes in the network can be either infected or susceptible.
Infected nodes can infect their susceptible neighbors at a
rate τ , while infected nodes recover from the disease at a
rate γ , becoming susceptible again. The network evolves by
randomly adding edges at a rate α and deleting edges at a rate
ω. This leads to a system of five coupled ordinary differential
equations,

[Ṡ] = γ [I] − τ [SI],

[İ] = τ [SI] − γ [I],

[ṠS] = 2γ [SI] − 2τ [SSI] + α([S]([S] − 1) − [SS]) − ω[SS],

[ṠI] = − (τ + γ )[SI] + τ ([SSI] − [ISI]) + γ [II]

+ α([S][I] − [SI]) − ω[SI],

[İ I] = − 2γ [II] + 2τ ([ISI] + [SI]) + α[I]([I] − 1)

− α[II] − ω[II], (1)

where [S] is the expected number of susceptible nodes and
[I] is the expected number of infected nodes. [AB] repre-
sents the expected number of edges connecting a node in
state A to a node in state B. [ABC] denotes the expected
number of triples, A − B − C, of an individual in state A con-
nected to an individual in state B connected to an individual
in state C. Specifically, [ABC] = ∑

i, j,k ai ja jkAiB jCk , where
G = (ai j )N×N is the adjacency matrix of the network. The
middle node B is the central node of the triple. A, B,C can
be either the state S or I [56,57]. The first two equations de-
scribe susceptible nodes being infected by infected neighbors
through SI edges at a rate τ , and infected nodes recovering to
susceptible nodes at a rate γ . In the third equation, the first
term represents SI edges in which the infected node recovers,
converting SI edges to SS edges; the second term represents
the decrease of SS edges due to susceptible nodes in SSI
triples being infected; the third term represents the addition
of new SS edges among all pairs of susceptible nodes at a rate
α; and the fourth term represents the deletion of existing SS
edges at a rate ω. The dynamics of SI and II edges can be
interpreted in the same way.

Since Eqs. (1) depend on higher-order moments, a closure
approximation is required to obtain a self-consistent solvable
system. To make our model analytically tractable, we apply
a pair-approximation approach, the supercompact pairwise

model [58], to simplify Eqs. (1). This approach leads to the
following formula for the expected number of triples:

[ASI] ≈ [AS][SI]

(
[S]

([SS] + [SI])2
Ã + 1

[SS] + [SI]
B̃

)
, (2)

where Ã = 〈k2〉2−〈k〉〈k3〉
〈k2〉−〈k〉2 and B̃ = 〈k3〉−〈k2〉〈k〉

〈k2〉−〈k〉2 − 1, k is the degree

of a node, 〈k〉 is the average degree, and 〈k2〉, 〈k3〉 are the sec-
ond and third moments of the degree distribution, respectively.

To ensure that the triplet approximation accurately captures
the network dynamics, it is important to describe how the
degree distribution and its moments evolve over time. For any
node with degree k, its k edges may be deleted at a rate ω,
while the remaining N − 1 − k potential edges may be added
at a rate α. The evolution of the degree of the node thus
forms a continuous-time Markov chain. Therefore, we use
the Kolmogorov equation to describe the temporal evolution
of the degree distribution, which is ṗk = α(N − k)pk−1 −
[α(N − 1 − k) + ωk]pk + ω(k + 1)pk+1. The first term of the
equation describes the transition of a node with degree k − 1
to degree k via the addition of a new edge, as a node with
degree k − 1 has N − k potential nonexisting edges, each of
which can be added at a rate α. The second term represents
the loss term, accounting for nodes of degree k leaving the
current state through two processes: addition of a new edge
at a rate α(N − 1 − k) (transition to degree k + 1) or deletion
of an existing edge at a rate ωk (transition to degree k − 1).
The third term describes the transition of nodes with degree
k + 1 to degree k due to the deletion of an existing edge at
a rate ω. To systematically characterize the evolution of the
first three moments of the degree distribution, we apply a gen-
erating function approach, where the generating function for
the degree distribution is defined as g(x, t ) = ∑N−1

k=0 pk (t )xk .
Through direct algebraic manipulation, we derive the follow-
ing partial differential equation satisfied by the generating
function of the degree distribution: ∂g

∂t = (x − 1)(α(N −
1)g − (αx + ω) ∂g

∂x ). Since 〈k〉 = gx(1, t ), 〈k2〉 = gxx(1, t ) +
gx(1, t ), and 〈k3〉 = gxxx(1, t ) + 3gxx(1, t ) + gx(1, t ), we ob-
tain the dynamical equations for the first three moments of the
degree distribution as

˙〈k〉 = α(N − 1) − (α + ω)〈k〉,
˙〈k2〉 = α(N − 1) + (2Nα − 3α + ω)〈k〉 − 2(α + ω)〈k2〉,
˙〈k3〉 = α(N − 1) + (3Nα − 4α − ω)〈k〉

+ (3Nα − 6α + 3ω)〈k2〉 − 3(α + ω)〈k3〉. (3)

Equations (1)–(3) are the mathematical framework of our
model, which describes the epidemic process on heteroge-
neous networks with random edge activation and termination.

To validate the effectiveness of our model, we consider the
traditional closure model based on the widely used triplet ap-
proximation, [ASI] = [(〈k〉 − 1)/〈k〉][AS][SI]/[S] [59]. We
compare the analytical results of our model and the tradi-
tional closure model with the results obtained from Monte
Carlo simulations for Erdös-Rényi networks with random
link addition and deletion dynamics and Barabási-Albert net-
works with random link addition and deletion dynamics as
shown in Fig. 1. As shown in Fig. 1(a), on the Erdős-Rényi
network with random link addition and deletion dynamics,
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FIG. 1. Evolution of infection density and degree distribution. (a)
and (b) Time evolution of the infection density I/N on (a) an Erdős-
Rényi network and (b) a Barabási-Albert network. The Monte Carlo
simulations are averaged over 100 independent realizations. (c) and
(d) The degree distribution P(k) at various time steps t for (c) the
Erdős-Rényi network on a linear scale and (d) the Barabási-Albert
network on a log-log scale. Parameter settings for all panels are N =
1000, τ = 0.08, γ = 1, α = 0.00004, and ω = 0.005.

the results of both analytical methods are consistent with the
Monte Carlo simulations within the error range. The degree
distribution of the network remains approximately Poisson-
like throughout the evolution and gradually converges to the
stationary state in Fig. 1(c). However, in Fig. 1(b), on the
Barabási-Albert network with the random link addition and
deletion dynamics, the results of the traditional closure model
show a significant deviation from the Monte Carlo simulation
results, while the results of our model remain highly consis-
tent with the Monte Carlo simulation results. This is because
the initial degree distribution of the Barabási-Albert network
is heterogeneous. During the early and intermediate transient
stages, the degree distribution is heterogeneous. High-degree
nodes have a significant influence on the spreading dynam-
ics in Fig. 1(d). Since our model explicitly considers degree
heterogeneity, it can more accurately capture this transient
evolution process. To quantitatively compare the predictive
performance of different methods, we use the normalized
Euclidean distance (NED) to measure the error between the
analytical results obtained from our model, those from the
traditional closure model, and the Monte Carlo simulation,
which is defined as

NED =
√∑T

t=t0
[I (t ) − Î (t )]2√∑T

t=t0
[I2(t ) + Î2(t )]

. (4)

In Fig. 1(a), the error between the analytical results of our
model and the Monte Carlo simulation results for the epidemic
prevalence is 2.935%, whereas the error between the analyt-
ical results of the traditional closure model and the Monte
Carlo simulation results is 11.50%. In Fig. 1(b), the error

between the analytical results of our model and the Monte
Carlo simulation results is 2.336%, whereas the error between
the analytical results of the traditional closure model and
the Monte Carlo simulation results is 40.83%. Furthermore,
as Fig. 2 shows, the analytical predictions of the first three
moments are in excellent agreement with Monte Carlo simula-
tions on Barabási-Albert networks with random link addition
and deletion dynamics.

III. THE DERIVATION OF THE EPIDEMIC THRESHOLD

For temporal networks with homogeneous degree distribu-
tions, a closed-form expression for the epidemic threshold,
above which the total number of infected individuals reaches a
finite fraction of the network, has been reported in prior work
[60]. We next calculate the epidemic threshold for temporal
networks with heterogeneous degree distributions by measur-
ing the largest real part of the eigenvalues of the Jacobian
matrix which can be used to determine whether the disease-
free equilibrium is stable. Specifically, the largest real part of
the eigenvalues of the Jacabian matrix is negative once the
disease-free equilibrium is stable, while it is positive once the
disease-free equilibrium is unstable. Therefore, the epidemic
threshold can be identified by determining whether the largest
real part of the eigenvalues of the Jacobian matrix is zero.
To analytically obtain the epidemic threshold, we first reduce
the dimensionality of the system by applying the conservation
equations for the nodes and the edges, i.e., [S] + [I] = N and
[SS] + 2[SI] + [II] = 〈k〉N , respectively. This leads to the
following simplified form of Eqs. (1):

[İ] = τ [SI] − γ [I],

[ṠI] = − (τ + γ )[SI] + γ [II] + τ [SI](〈k〉N − [II] − 3[SI])

×
(

(N − [I])Ã

(〈k〉N − [II] − [SI])2
+ B̃

〈k〉N − [II] − [SI]

)

+ α[(N − [I])[I] − [SI]] − ω[SI],

[İ I] = − 2γ [II] + 2τ [SI] + 2τ [SI]2

(
(N − [I])Ã

(〈k〉N − [II] − [SI])2

+ B̃

〈k〉− [II] − [SI]

)
+ α[[I]([I] − 1)] − (α + ω)[II].

(5)

Then we evaluate the Jacobian matrix of the system
at the disease-free equilibrium based on Eqs. (3) and (5).
Specifically, once the system reaches the disease-free equilib-
rium, the degree distribution becomes stationary and the first
three moments of the degree distribution satisfy ˙〈k〉 = ˙〈k2〉 =

˙〈k3〉 = 0. By applying Eq. (3), we have

〈k〉eq = α(N − 1)

α + ω
,

〈k2〉eq = α2(N − 1)2 + αω(N − 1)

(α + ω)2
,

〈k3〉eq = α3(N − 1)3 + 3ω(N − 1)2α2

(α + ω)3

+ αω(N − 1)(−α + ω)

(α + ω)3
, (6)
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FIG. 2. The evolution of the first, second, and third moments of the degree distribution with time, namely, 〈k〉, 〈k2〉, and 〈k3〉, respectively,
in (a)–(c) on Barabási-Albert networks with random link addition and deletion dynamics, with N = 100, τ = 0.5, γ = 0.05, α = 0.002
and ω = 0.85. Red dots represent the analytical results of our model and the blue solid lines represent the results from Monte Carlo
simulations.

where 〈k〉eq, 〈k2〉eq, and 〈k3〉eq are the first three steady-state
moments of the degree distribution. Here we denote them
by k1, k2, and k3, respectively. Moreover, since all individ-
uals are susceptible at the disease-free equilibrium, we have
([I], [SI], [II]) = (0, 0, 0). We thus obtain the Jacobian ma-
trix at the disease-free (DF) equilibrium as

DF =
[

J1 0

0 J2

]
, (7)

where

J1 =

⎡
⎢⎣

−γ τ 0

Nα −α − γ − ω + τ
(−2 + k2

k1

)
γ

−α 2τ −α − 2γ − ω

⎤
⎥⎦

and

J2 =

⎡
⎢⎣

−α − ω 0 0

2Nα − 3α + ω −2α − 2ω 0

3Nα − 4α − ω 3Nα − 6α + 3ω −3α − 3ω

⎤
⎥⎦.

Since J2 is a lower triangular matrix, its eigenvalues are given
by its diagonal entries, all of which are negative. Therefore,
the stability of the disease-free equilibrium depends on the
eigenvalues of J1, whose characteristic polynomial is given by
λ3 + a1λ

2 + a2λ + a3 with a1 = 2α + 4γ + 2ω − τ ( k2
k1

− 2),
a2 = α2 + 5αγ + 2ωα + 5γ 2 + 5γω + ω2 − τ (Nα − 2α +
k2
k1

α − 4γ + 3γ k2
k1

− 2ω + k2
k1

ω), and a3 = α2γ + 3αγ 2 +
2αγω + 2γ 3 + 3γ 2ω + γω2 − τ (Nα2 + 2Nαγ + Nαω −
3αγ + γα k2

k1
− 2γ 2 + 2γ 2 k2

k1
− 2γω + γω k2

k1
).

To determine the stability of the disease-free equilibrium,
we apply the Routh-Hurwitz criterion [61]. According to this
criterion, all roots of the characteristic polynomial have a
negative real part, i.e., the steady state of the disease-free
equilibrium is asymptotically stable, once a1 > 0, a1a2 > a3,
and a3 > 0 simultaneously hold. As demonstrated in Ap-
pendix A, the condition a3 > 0 is sufficient to imply a1 > 0

and a1a2 > a3. Therefore, the stability of the disease-free
equilibrium is fully determined by the sign of a3, which
equals −Det(J1). By solving the equation Det(J1) = 0 with
respect to the transmission rate τ , we obtain the epidemic
threshold,

τc = (α + γ + ω)γ (α + 2γ + ω)

(α + γ + ω)[Nα + 2γ (k2/k1 − 1)] − γω
. (8)

Specifically for homogeneous networks with the average de-
gree 〈k〉, we simplify the triplet approximation equation (2) to
the traditional closure, [ASI] = [(〈k〉 − 1)/〈k〉][AS][SI]/[S].
Under this simplified form, we obtain the epidemic threshold,

τ̄c = γ (α + 2γ + ω)

Nα + 2γ (k1 − 1)
. (9)

Figure 3(a) shows the critical surface of the epidemic thresh-
old as a function of the edge activation rate and the edge
termination rate by performing simulation with Eq. (8).
Specifically, as Fig. 3(b) shows, for low edge activation rate,
the epidemic threshold decreases rapidly as the edge activa-
tion rate increases, and asymptotically approaches zero. On
the other hand, as Fig. 3(c) shows, the epidemic threshold
increases rapidly with the edge termination rate for low edge
activation rate, while it increases very slowly with the edge
termination rate once the edge activation rate is sufficiently
high.

The investigation into the continuity of phase transitions
in epidemic dynamics is critical for predicting the likelihood
of large-scale spreading events, providing a scientific founda-
tion for the development of effective prevention and control
strategies [32]. Here we apply the left and right eigenvectors
associated with the zero eigenvalue of the Jacobian matrix at
the disease-free equilibrium to determine whether the bifurca-
tion is forward (i.e., the transition is continuous), based on a
theorem proposed by Castillo-Chavez and Song [62]. Specifi-
cally, by reducing Eq. (1) with the conservation equations for
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FIG. 3. (a) Critical surface (τc, α, ω) defined by Eq. (8), with γ = 1 and N = 100. The epidemic threshold τc vs α in (b) and ω in (c).

the nodes and the edges, we obtain

[İ] = τ [SI] − γ [I],

[ṠS] = 2γ [SI] − 2τ [SS]

(
(N − [I])Ã[SI]

([SS] + [SI])2
+ B̃[SI]

[SS] + [SI]

)

+ α(N − [I])(N − [I] − 1) − (α + ω)[SS],

[ṠI] = −(τ + γ )[SI] + γ
(〈k〉N − [SS] − 2[SI]

)
+ τ ([SS] − [SI])

(
(N − [I])Ã[SI]

([SS] + [SI])2
+ B̃[SI]

[SS] + [SI]

)

+ α(N − [I])[I] − (α + ω)[SI]. (10)

By performing a linear analysis around the disease-free equi-
librium, (0, 0, k1N ), and ignoring the higher-order terms, we
obtain the Jacobian matrix of the system with τ = τc,

J (0, 0, k1N )

=

⎡
⎢⎢⎢⎢⎣

−γ τ 0

Nα
− α − 3γ − ω

+τc(−2 + k2/k1) −γ

α(1 − 2N ) 2γ − 2τc
(−1 + k2

k1

) −α − ω

⎤
⎥⎥⎥⎥⎦. (11)

Then we obtain the right non-negative eigenvector
m = [R0 R1 R2]� and the left eigenvector u =
[(Nα2 + 2Nαγ + Nαω − αγ )/(γ 2) (α + ω)/γ −1]�
corresponding to the zero eigenvalue of J (0, 0, k1N ), where
R0 = α2k1 + 3αγ k1 + 2αk1ω + 2γ 2k1 + 3γ k1ω + k1ω

2,
R1 = Nα2k1 + 2Nαγ k1 + Nαk1ω − 3αγ k1 + αγ k2 −
2γ 2k1 + 2γ 2k2 − 2γ k1ω + γ k2ω, and R2 = −2Nα2k1 −
4Nαγ k1 − 2Nαk1ω + α2k1 + 5αγ k1 − 2αγ k2 + αk1ω +
2γ 2k1 − 4γ 2k2 + 2γ k1ω − 2γ k2ω. Thus we have

∑3
k,i, j=1

ukmimj
∂2Fk

∂Xi∂Xj
(X∗, 0) < 0 and

∑3
k,i=1 ukmi

∂2Fk
∂Xi∂φ

(X∗, 0) > 0,

where X1 = [I], X2 = [SI], X3 = [SS], X∗ = (0, 0, k1N ),
φ = τ − τc, and Fk (X, φ) = [Ẋk], k = 1, 2, 3. This indicates
that the phase transition is continuous based on the theorem
proposed by Castillo-Chavez and Song. The detailed
derivation of this result can be found in Appendix B.

IV. THE ENDEMIC EQUILIBRIUM STATES

Due to the high dimensionality and pronounced nonlinear-
ity of Eqs. (1), previous studies have found it intractable to
obtain an exact analytical expression of the endemic equilib-
rium. Here, based on the regular perturbation method [63],
we derive the approximations of the endemic equilibrium on
temporal networks with arbitrary degree distributions. In order
to turn the task of deriving the endemic equilibrium from Eq.
(1) into a perturbation problem, we first nondimensionalize
the system to reduce the number of independent parame-
ters by defining v = [S]/N , w = [I]/N , x = [SI]/k1N , y =
[SS]/k1N , z = [II]/k1N , and T = t/γ , α̃ = α/γ , ω̃ = ω/γ ,
δ = τ/γ , δc = τc/γ , when the system reaches the endemic
equilibrium. By utilizing the equilibrium conditions v̇ = ẋ =
ẏ = 0 at the endemic equilibrium, we reduce Eqs. (1) to the
following polynomial equations:

M(x, y) =
(

δc

δ

)2[
(1 − 2x − y) − (α̃ + ω̃)

(
x + 1

2
y

)

+
(

α̃N

2k1
− α̃

2k1

)]
(x + y)2 + δc

δ

[
−δcx(x + y)2

− λx2 − μx2(x + y) + α̃

2k1
σx(x + y)2

]

+ λσx3 − N α̃

2k1
σ 2x2(x + y)2 = 0, (12)
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N (x, y) =
(

δc

δ

)2[
2x − (α̃ + ω̃)y + α̃N

k1
− α̃

k1

]
(x + y)2

+ δc

δ

[
−2λxy − 2μxy(x + y) − 2

α̃N

k1
σx(x + y)2

+ α̃

k1
σx(x + y)2

]
+ 2λσx2y + N α̃

k1
σ 2x2(x + y)2

= 0, (13)

where σ = k1δc, λ = [(k2
2 − k1k3)/(k2 − k2

1 )]δc/k1, and μ =
[(k3 − k1k2)/(k2 − k2

1 ) − 1]δc. Note that we replace δ with δc ·
δ
δc

to find the small parameter in the system of polynomial
equations (12) and (13).

To convert solving the polynomial equations (12) and (13)
into a perturbation problem in the case that the system is
close to the epidemic threshold, i.e., δ ≈ δc or τ ≈ τc, we
introduce the dimensionless small parameter η = 1 − δc

δ
and

replace δc
δ

in Eqs. (12) and (13) with 1 − η. Once the system
is close to the epidemic threshold, the endemic equilibrium
can be regarded as a small perturbation to the disease-free
steady state, (x, y) = (0, 1). By applying the implicit function
theorem to linearize Eq. (12) around the point (x, y) = (0, 1),
we obtain

y = 1 −
(

2 + 1

1 − η
C

)
x, (14)

where C = (2−α̃)δc

α̃+ω̃+2 . By applying Eq. (14) and the asymptotic
expansions for the variables x, y, and 1

1−η
in terms of η around

x0, y0, and 0, respectively, the left-hand side of Eq. (13)
becomes a polynomial in η. Since the right-hand side of Eq.
(13) is zero, we have that the coefficients at each order of η are
zero. Thus, we obtain the approximate endemic equilibrium as

w∗
1 = 2k2

1γ τc(α + γ + ω)(α + 2γ + ω)

k1τc
[
Nαk1τc

(
k2 − k2

1

) + 2γ τc
(
k2

2 − k1k3
)

+ 2γ 2(k3 − k2k1 − k2 + k2
1

)]
(α + 2γ + ω)

− 2τ 2
c γ (2γ − α)

(
k2

2 − k1k3
)
,

η

x∗
1 = 2k1γ

2(α + γ + ω)(α + 2γ + ω)
(
k2 − k2

1

)
k1τc

[
Nαk1τc

(
k2 − k2

1

) + 2γ τc
(
k2

2 − k1k3
)

+ 2γ 2
(
k3 − k2k1 − k2 + k2

1

)]
(α + 2γ + ω)

− 2τ 2
c γ (2γ − α)

(
k2

2 − k1k3
)
.

η (15)

In the case that the system is far away from the epi-
demic threshold, i.e., δ � δc or τ � τc, we choose ε = δc

δ
as

the small nondimensional parameter. Since the transmission
rate is significantly higher than the recovery rate for δ � δc,
the disease is expected to spread throughout almost the entire
network, leaving very few [SS] edges, which implies y ≈ 0.
In this case, the endemic equilibrium can be regarded as a
perturbation to the steady state, y = 0. Following the approach
outlined in the case of δ ≈ δc, we obtain the approximate

FIG. 4. Epidemic prevalence vs τ in the regime of τ ≈ τc in
(a) and (c), but in the regime of τ � τc in (b) and (d). The results
in (a) and (b) are obtained by our model on a bimodal network with
50 degree three nodes, 50 degree five nodes, γ = 1, α = 0.02, and
ω = 0.05. The results in (c) and (d) are obtained by our model on a
Barabási-Albert network with N = 100, 〈k〉 = 19.8, 〈k2〉 = 704.674,
〈k3〉 = 50 108.802, γ = 1, α = 0.05, and ω = 0.1. Blue lines repre-
sent the approximate results of our model and red lines represent
the analytical results which are obtained by performing numerical
integration of equations for the system.

endemic equilibrium as

w∗
2 = 1 −

(
k3

1 + k3 − 2k1k2
)
γ(

k1k3 − k2
2

)
τc

ε,

x∗
2 = γ

k1τc
ε −

(
k3

1 + k3 − 2k1k2
)
γ 2(

k1k3 − k2
2

)
k1τ 2

c

ε2.

(16)

The full mathematical derivations are systematically pre-
sented in Appendix C for both cases when the system is close
to the epidemic threshold and far away from it. To validate
the accuracy of our approximation, we perform numerical
integration of Eqs. (1) and compare the analytical results of
the epidemic prevalence at steady state I∗/N across varying
values of τ with approximate results w∗

1 and w∗
2 obtained

from our approach. We test our approach on two types of het-
erogeneous networks: a bimodal network composed of nodes
with degree three and five, and a Barabási-Albert network
with average degree 〈k〉 = 19.8. As Figs. 4(a) and 4(c) show,
the approximate results agree well with the analytical results
when the system is close to the epidemic threshold in both
networks. Once the system is far away from the epidemic
threshold, as shown in Figs. 4(b) and 4(d), the approximation
closely matches with the analytical results, indicating the ef-
fectiveness of our approach in capturing epidemic dynamical
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FIG. 5. Epidemic prevalence vs τ for Barabási-Albert networks
with random link addition and deletion dynamics under our model.
Parameters are N = 1000 and 〈k〉 = 8.

behavior under heterogeneous network structures. We further
compare the endemic prevalence predicted by our model and
the traditional closure model with Monte Carlo simulations,
under the same network size, average degree, edge activa-
tion rate, and edge termination rate. As shown in Fig. 5, the
epidemic threshold predicted by our model is more consis-
tent with Monte Carlo simulations than that predicted by the
traditional closure model. Specifically, the epidemic threshold
predicted by our model is smaller than that predicted by the
traditional closure model. This result can also be analytically
derived from Eqs. (8) and (9). We further find that in the whole
study regime, the endemic prevalence predicted by our model
is more consistent with Monte Carlo simulations than that
predicted by the traditional closure model.

V. CONCLUSION

In summary, we have investigated how link temporality
affects a prototypical binary-state dynamics, SIS dynamics, on
complex networks with arbitrary initial degree distributions.
We have analytically obtained the epidemic threshold for SIS
dynamics on temporal networks with arbitrary initial degree
distributions. For the system close to the epidemic thresh-
old and far away from it, we have derived the approximate
result of the endemic equilibrium prevalence with arbitrary
degree distributions. Further, we have demonstrated that the
system undergoes a continuous transcritical bifurcation from
the disease-free state to the endemic state. Our model has been
validated to effectively predict the epidemic dynamics. Our
study offers a theoretical framework for exploring spreading
dynamics on heterogeneous temporal networks and provides
valuable insights for epidemic control.

Our work also raises several questions worthy of future
pursuit. First, while the model captures essential features of
epidemic spreading on dynamic contact networks, it assumes
uniform probabilities for the edge activation and termina-
tion regardless of the infection status of nodes. However,
in real-world scenarios, individuals often adjust their con-
tact behavior based on the health states of both themselves

and their contacts. For example, people are more likely to
disconnect edges with infected individuals while maintain-
ing connections with healthy ones. To reflect this behavioral
heterogeneity, the model can be extended by allowing the
edge activation and termination rates to depend explicitly
on the infection states of the connected nodes. This state-
dependent adaptive mechanism not only provides a more
realistic description of individual behavioral responses dur-
ing epidemic spreading, but may also enhance the predictive
capability of the model in heterogeneous network settings,
despite the increased analytical complexity it entails. Second,
we are able to extend the possibility of predicting critical
threshold and analyzing dynamical behavior to the class of
binary-state dynamics on temporal complex networks with
arbitrary degree distributions. It would be valuable to apply
the tractable pair-approximation approach to a wide variety
of binary-state dynamics on temporal complex networks with
arbitrary degree distributions, such as the voter model [64],
Glauber dynamics [65], and the Ising spin model [66]. In
addition, it would also be interesting to study if our findings
will open a new avenue for understanding how degree distri-
butions affect the dynamical processes other than binary-state
dynamics [67,68].
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APPENDIX A: THE STABILITY
OF THE DISEASE-FREE STEADY STATE

In this appendix, we prove that the condition a3 > 0 is suf-
ficient to imply that the other two Routh-Hurwitz conditions,
a1 > 0 and a1a2 > a3, are also satisfied. We begin by recalling
that the Jacobian matrix of Eqs. (3) and (5) at the disease-free
equilibrium is

DF =
[

J1 0
0 J2

]
, (A1)

where

J1 =
⎡
⎣−γ τ 0

Nα −α − γ − ω + τ
(−2 + k2

k1

)
γ

−α 2τ −α − 2γ − ω

⎤
⎦

and

J2 =
⎡
⎣ −α − ω 0 0

2Nα − 3α + ω −2α − 2ω 0
3Nα − 4α − ω 3Nα − 6α + 3ω −3α − 3ω

⎤
⎦.

The characteristic polynomial of the matrix J1 is
λ3 + a1λ

2 + a2λ + a3 with a1 = 2α + 4γ + 2ω − τ ( k2
k1

− 2),
a2 = α2 + 5αγ + 2ωα + 5γ 2 + 5γω + ω2 − τ (Nα − 2α +
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k2
k1

α − 4γ + 3γ k2
k1

− 2ω + k2
k1

ω), and a3 = α2γ + 3αγ 2 +
2αγω + 2γ 3 + 3γ 2ω + γω2 − τ (Nα2 + 2Nαγ + Nαω −
3αγ + γα k2

k1
− 2γ 2 + 2γ 2 k2

k1
− 2γω + γω k2

k1
). According

to the Routh-Hurwitz criterion [61], all the roots of the
characteristic polynomial have a negative real part, i.e., the
steady state is asymptotically stable, once the following three
conditions hold:

a1 > 0, a1a2 > a3, a3 > 0. (A2)

Then we will prove that the condition a3 > 0 implies that
both a1 > 0 and a1a2 > a3. To do it, we rewrite the above
three coefficients as

a1 = a11 − τa12 = 2α + 4γ + 2ω − τ

(
k2

k1
− 2

)
,

a2 = (α + 2γ + ω)(a21 − τa22),

a3 = γ (α + γ + ω)(a31 − τa32),

(A3)

where a11 = 2α + 4γ + 2ω, a12 = k2/k1 − 2, a21 =
α + 2γ + ω + γ (α + γ + ω)/(α + 2γ + ω), a22 =
k2/k1 − 2 + (k2γ )/[k1(α + 2γ + ω)] + Nα/(α + 2γ + ω),
a31 = α + 2γ + ω, and a32 = k2/k1 − 2 + k2γ /[k1(α +
γ + ω)] + k1(α + ω)/(α + γ + ω) + Nα/γ . Since we
have a11 > a21 > a31 and a12 < a22 < a32, we can
easily obtain a11 − τa12 > a21 − τa22 > a31 − τa32.
This means a3 = γ (α + γ + ω)(a31 − τa32) > 0 implies
a1 = a11 − τa12 > a31 − τa32 > 0. Therefore, a3 > 0
implies a1 > 0.

Further, since a11 − τa12 = a11 − a31 + a31 − τa12 > γ ,
we have

a1a2 = a1(α + 2γ + ω)(a21 − τa22)

= (a11 − τa12)(α + 2γ + ω)(a21 − τa22)

> γ (α + γ + ω)(a31 − τa32) = a3. (A4)

This suggests a3 > 0 implies a1a2 > a3. In summary, our
proof demonstrates that once a3 > 0 holds, we have both
a1 > 0 and a1a2 > a3.

APPENDIX B: THE CONTINUITY OF TRANSCRITICAL
BIFURCATION AT THE DISEASE-FREE EQUILIBRIUM

Here we apply the theorem proposed by Castillo-Chavez
and Song to investigate whether the transcritical bifurcation
is forward or backward [62]. We simplify the system (1) by
applying the conservation equations for the nodes and the
edges, and we obtain

[İ] = τ [SI] − γ [I],

[ṠS] = 2γ [SI] − 2τ [SS]

(
(N − [I])Ã[SI]

([SS] + [SI])2
+ B̃[SI]

[SS] + [SI]

)

+ α[(N − [I])(N − [I] − 1)] − (α + ω)[SS],

[ṠI] = −(τ + γ )[SI] + γ (〈k〉N − [SS] − 2[SI])

+ τ ([SS] − [SI])

(
(N − [I])Ã[SI]

([SS] + [SI])2
+ B̃[SI]

[SS] + [SI]

)

+ α[(N − [I])[I]] − (α + ω)[SI]. (B1)

Then we obtain the Jacobian matrix of the system at the
disease-free equilibrium, (0, 0, k1N ), with τ = τc,

J (0, 0, k1N )

=

⎡
⎢⎢⎢⎢⎣

−γ τ 0

Nα
− α − 3γ − ω

+τc(−2 + k2/k1)
−γ

α(1 − 2N ) 2γ − 2τc
(−1 + k2

k1

) −α − ω

⎤
⎥⎥⎥⎥⎦.

(B2)

It is obvious that zero is a simple eigenvalue of
J (0, 0, k1N ). The right non-negative eigenvector associated to
the zero eigenvalue is

m =
⎡
⎣R0

R1

R2

⎤
⎦, (B3)

where R0 = α2k1 + 3αγ k1 + 2αk1ω + 2γ 2k1 + 3γ k1ω +
k1ω

2, R1 = Nα2k1 + 2Nαγ k1 + Nαk1ω − 3αγ k1 + αγ k2 −
2γ 2k1 + 2γ 2k2 − 2γ k1ω + γ k2ω, and R2 = −2Nα2k1 −
4Nαγ k1 − 2Nαk1ω + α2k1 + 5αγ k1 − 2αγ k2 + αk1ω +
2γ 2k1 − 4γ 2k2 + 2γ k1ω − 2γ k2ω, while the left
eigenvector is

u =

⎡
⎢⎢⎣

Nα2+2Nαγ+Nαω−αγ

γ 2

α+ω
γ

−1

⎤
⎥⎥⎦. (B4)

Therefore, we have

u�m = 2Nα2k1 + 4Nαγ k1 + 2Nαk1ω − α2k1 − 5αγ k1

+ 2αγ k2 − αk1ω − 2γ 2k1 + 4γ 2k2 − 2γ k1ω

+ 2γ k2ω +
(

α + ω

γ

)
(Nα2k1 + 2Nαγ k1 + Nαk1ω

− 3αγ k1 + αγ k2 − 2γ 2k1 + 2γ 2k2 − 2γ k1ω

+ γ k2ω) +
(

Nα2 + 2Nαγ + Nαω − αγ

γ 2

)
(α2k1

+ 3αγ k1 + 2αk1ω + 2γ 2k1 + 3γ k1ω + k1ω
2),

(B5)

where u� is the transpose of the left eigenvector u. We nor-
malize the left eigenvector by defining ũ = u

u�m , so that the
normalization condition ũ�m = 1 holds.

By simple algebraic manipulation, we obtain

a =
3∑

k,i, j=1

ũkmimj
∂2Fk

∂Xi∂Xj
(X, φ)

∣∣
(X∗,0) = P

Nk1u�m
, (B6)

where X1 = [I], X2 = [SI], X3 = [SS], Fk (X) = [Ẋk],
k = 1, 2, 3, φ = τ − τc, X∗ = (0, 0, k1N ), and P = 2(α +
γ + ω)(α + 2γ + ω)2[−Nαk3

1 (α + γ + ω)2 + 2(k1 − k2)
(α + γ + ω)2 + γ (−k1k3 + k2

2 )(α + 2γ + ω)]. Since all
terms of the inner product between the left eigenvector u and
right eigenvector m are positive, we have u�m > 0. Since
k1 − k2 < 0 and k2

2 < k1k3, we have P < 0. Thus, a < 0
holds.
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On the other hand,

b =
3∑

k,i=1

ũkmi
∂2Fk

∂Xi∂φ
(X∗, 0) = R2

1

γ 2k1u�m
> 0. (B7)

Therefore, according to the theorem proposed by Castillo-
Chavez and Song, a < 0 and b > 0 indicate that the transcrit-
ical bifurcation at the epidemic threshold is continuous.

APPENDIX C: THE ANALYTICAL APPROXIMATIONS
OF THE ENDEMIC EQUILIBRIUM

Here we apply the regular perturbation method to derive
the endemic equilibrium for two cases: the system close to the
epidemic threshold (δ ≈ δc, i.e., τ ≈ τc) and far away from it
(δ � δc, i.e., τ � τc). In order to turn the task of deriving
the endemic equilibrium from Eq. (1) into a perturbation
problem, when the system reaches the endemic equilibrium,
we nondimensionalize the system and reduce the number
of independent parameters, which leads to the following
equations:

0 = v̇ = w − k1δx,

0 = ẇ = k1δx − w,

0 = ẋ = z − (δ + 1)x + k2
2 − k1k3

k2 − k2
1

δ

k1

vx(y − x)

(x + y)2

+
(

k3 − k1k2

k2 − k2
1

− 1

)
δ

x(y − x)

x + y
+ α̃vw

N

k1
− (α̃ + ω̃)x,

0 = ẏ = −k2
2 − k1k3

k2 − k2
1

2δ

k1

vxy

(x + y)2
− 2

(
k3 − k1k2

k2 − k2
1

− 1

)
δxy

x + y

+ 2x + α̃
v

k1
(vN − 1) − (α̃ + ω̃)y,

0 = ż = −2z + 2δx + k2
2 − k1k3

k2 − k2
1

2δ

k1

vx2

(x + y)2
− (α̃ + ω̃)z

+ 2

(
k3 − k1k2

k2 − k2
1

− 1

)
δx2

x + y
+ α̃

w

k1
(wN − 1), (C1)

where v = [S]/N , w = [I]/N , x = [SI]/k1N , y = [SS]/k1N ,
z = [II]/k1N , T = t/γ , α̃ = α/γ , ω̃ = ω/γ , δ = τ/γ , and
δc = τc/γ = (α+1+ω)(α+2+ω)

(α+1+ω)[Nα+2(k2/k1−1)]−ω
. Since the conservation

equations hold for nodes and edges, i.e., [S] + [I] = N and
[SS] + 2[SI] + [II] = 〈k〉N , we have v + w = 1 and 2x +
y + z = 1. After substituting these into Eqs. (C1), we obtain a
system of two coupled polynomial equations,

M(x, y) =
(

δc

δ

)2[
(1 − 2x − y) − (α̃ + ω̃)

(
x + 1

2
y

)

+
(

α̃N

2k1
− α̃

2k1

)]
(x + y)2 + δc

δ

[
−δcx(x + y)2

− λx2 − μx2(x + y) + α̃

2k1
σx(x + y)2

]

+ λσx3 − N α̃

2k1
σ 2x2(x + y)2 = 0,

N (x, y) =
(

δc

δ

)2[
2x − (α̃ + ω̃)y + α̃

N

k1
− α̃

k1

]
(x + y)2

+ δc

δ

[
−2λxy − 2μxy(x + y) − 2

α̃N

k1
σx(x + y)2

+ α̃

k1
σx(x + y)2

]
+ 2λσx2y + N α̃

k1
σ 2x2(x + y)2

= 0, (C2)

where σ = k1δc, λ = (k2
2 − k1k3)/(k2 − k2

1 )δc/k1, and μ =
[(k3 − k1k2)/(k2 − k2

1 ) − 1]δc. Note that we replace δ with
δc · δ

δc
to find the small parameter in the system of polynomial

equations. We first consider the situation that the system is
close to the epidemic threshold, i.e., δ ≈ δc or τ ≈ τc. We re-
place δc

δ
with 1 − η in Eqs. (C2), where η is the dimensionless

small parameter, leading to

M(x, y) = (1 − η)2(1 − 2x − y)

(
α̃ + ω̃ + 2

2

)
(x + y)2

+ (1 − η)

[
−δcx(x + y)2 − λx2

− μx2(x + y) + α̃

2k1
σx(x + y)2

]

+ λσx3 − N α̃

2k1
σ 2x2(x + y)2

= 0, (C3)

N (x, y) = (1 − η)2(2x − (α̃ + ω̃)(y − 1))(x + y)2

+ (1 − η)

[
−2λxy − 2μxy(x + y)

− 2(α̃ + ω̃)σx(x + y)2 − α̃

k1
σx(x + y)2

]

+ 2λσx2y + N α̃

k1
σ 2x2(x + y)2 = 0. (C4)

By applying the implicit function theorem to linearize
Eq. (C3) around the point (x, y) = (0, 1), we obtain

y = ỹ − Mx(x̃, ỹ)

My(x̃, ỹ)
(x − x̃)

= 1 −
(

2 + C

1 − η

)
x, (C5)

where Mx(x, y) and My(x, y) denote the partial derivatives of
M(x, y) with respect to x and y, respectively, (x̃, ỹ) = (0, 1)
and C = (2−α̃)δc

α̃+ω̃+2 . Then we substitute Eq. (C5) into the first
term of N (x, y) in Eq. (C4), and divide the resulting formula
of N (x, y) by x, which yields

0 = N (x, y)/x = (1 − η)2

[
2 + (α̃ + ω̃)

(
2 + C

1 − η

)]
(x + y)2

+ (1 − η)
[−2λy−2μy(x + y)−2(α̃ + ω̃)

· σ (x + y)2 − α̃σ

k1
(x + y)2

] + 2λσxy

+ N α̃

k1
σ 2x(x + y)2. (C6)
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Further, we perform asymptotic expansions in terms of η for the variables x, y, and 1
1−η

around x0, y0, and 0, respectively,
which are

x = x0 + x1η + x2η
2 + x3η

3 + · · · , (C7)

y = y0 + y1η + y2η
2 + y3η

3 + · · ·
= 1 − (2 + C)x0 − (Cx0 + (2 + C)x1)η − [Cx0 + Cx1 + (2 + C)x2]η2 + · · · , (C8)

1

(1 − η)
= 1 + η + η2 + η3 + · · · . (C9)

After substituting Eqs. (C7)–(C9) into Eq. (C6) and collecting terms of equal powers of η, the right-hand side of Eq. (C6)
becomes a polynomial in η, while the left-hand side is zero. Therefore, the coefficients of each order of η are zero.

Since the O(1) term in η is zero, we have

Cα̃ + Cω̃ − 2N α̃σ

k1
+ 2α̃ + α̃σ

k1
− 2λ − 2μ + 2ω̃ + 2 + x0

(
−2C2α̃ − 2C2ω̃ + 4CN α̃σ

k1
− 6Cα̃ − 2Cα̃σ

k1
+ 2Cλ

+ 4Cμ − 6Cω̃ − 4C + N α̃σ 2

k1
+ 4N α̃σ

k1
− 4α̃ − 2α̃σ

k1
+ 2λσ + 4λ + 6μ − 4ω̃ − 4

)
+ x2

0

(
C3α̃ + C3ω̃ − 2C2N α̃σ

k1

+ 4C2α̃ + C2σ

k1
− 2C2μ + 4C2ω̃ + 2C2 − 2CN α̃σ 2

k1
− 4CN α̃σ

k1
+ 5Cα̃ + 2Cα̃σ

k1
− 2Cλσ − 6Cμ + 5Cω̃ + 4C

− 2N α̃σ 2

k1
− 2N α̃σ

k1
+ 2α̃ + α̃σ

k1
− 4λσ − 4μ + 2ω̃ + 2

)
+ x3

0

(
C2N α̃σ 2

k1
+ 2CN α̃σ 2

k1
+ N α̃σ 2

k1

)
= 0. (C10)

Since we have k1 = α̃(N − 1)/(α̃ + ω̃) and C = (2 − α̃)δc/(α̃ + ω̃ + 2), the constant term of Eq. (C10) is zero. Thus, we have
x0 = 0 and y0 = 1 − (2 + C)x0 = 1.

Next, due to the coefficient of the O(η) term being zero, we have

− Cα̃ − Cω̃ + 2N α̃σ

k1
− 4α̃ − α̃σ

k1
+ 2λ + 2μ − 4ω̃ − 4 + x1

(
−2C2α̃ − 2C2ω̃ + 4CN α̃σ

k1
− 6Cα̃ − 2Cα̃σ

k1

+ 2Cλ + 4Cμ − 6Cω̃ − 4C + N α̃σ 2

k1
+ 4N α̃σ

k1
− 4α̃ − 2α̃σ

k1
+ 2λ + 4λ + 6μ − 4ω̃ − 4

)
= 0. (C11)

After substituting k1 = α̃(N−1)
α̃+ω̃

and C = (2−α̃)δc

α̃+ω̃+2 into Eq. (C11),
we obtain

x1 = 2(α̃ + ω̃ + 1)

−2λC + N α̃k1δ2
c + 2λσ + 2μ

. (C12)

Further, by retaining the first-order term and second-order
terms of the asymptotic expansion x in Eq. (C7) and neglect-
ing the high-order terms, we derive the approximate endemic
equilibrium for the system close to the epidemic threshold as

x∗
1 = 2k1γ

2(α + γ + ω)(α + 2γ + ω)
(
k2 − k2

1

)
k1τc

[
Nαk1τc

(
k2 − k2

1

) + 2γ τc
(
k2

2 − k1k3
) η

+ 2γ 2
(
k3 − k2k1 − k2 + k2

1

)]
(α + 2γ + ω)

− 2τ 2
c γ (2γ − α)

(
k2

2 − k1k3
)
,

w∗
1 = 2k2

1γ τc(α + γ + ω)(α + 2γ + ω)

k1τc
[
Nαk1τc

(
k2 − k2

1

) + 2γ τc
(
k2

2 − k1k3
)η

+ 2γ 2
(
k3 − k2k1 − k2 + k2

1

)]
(α + 2γ + ω)

− 2τ 2
c γ (2γ − α)

(
k2

2 − k1k3
)
. (C13)

Then we consider another situation that the system is far
away from the epidemic threshold, i.e., δ � δc or τ � τc. We
replace δc

δ
in Eqs. (C2) with the small nondimensional param-

eter ε = δc
δ

and derive the following equations by performing
some straightforward algebraic computations:

0 = Q(x, y) = ε2(x + y)2{[2x − (α̃ + ω̃)(y − 1)]

+ (1 − 2x − y)(α̃ + ω̃ + 2)}
+ ε[−2δcx(x + y)2 − 2λx2 − 2λxy

− 2μx2(x + y) − 2μxy(x + y)

− 2(α̃ + ω̃)σx(x + y)2] + 2λσx2y + 2λσx3, (C14)

0 = T (x, y) = ε2[2x − (α̃ + ω̃)(y − 1)](x + y)2

+ ε

[
− 2λxy − 2μxy(x + y)

− 2σx(α̃ + ω̃)(x + y)2 − α̃

k1
σx(x + y)2

]

+ 2λσx2y + N α̃

k1
σ 2x2(x + y)2. (C15)
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Since the recovery rate is much smaller than the transmission
rate for δ � δc, the disease is expected to spread almost the
entire network with only a small number of remaining [SS]
edges, which implies y ≈ 0. In this case, the endemic equi-
librium can be viewed as a perturbation to the steady state,
(x, y) = (
, 0). By solving Q(
, 0) = 0 for 
, we obtain


 = ε(α̃ε − λ + ω̃ε + ε)

α̃σ ε + α̃ε2 + δcε − λσ + με + ω̃σε + ω̃ε2 + ε2
.

(C16)

By applying the implicit function theorem to linearize Eq.
(C14) around the point (x, y) = (
, 0), we obtain

y = −Qx

Qy

∣∣∣∣∣
(
,0)

(x − 
) = ψ (x − 
), (C17)

where Qx and Qy denote the partial derivatives of
Q(x, y) with respect to x and y, respectively, ψ =
(α̃ε − λ + ω̃ε + ε)(α̃σ ε + α̃ε2 + δcε − λσ + με + ω̃σε +
ω̃ε2 + ε2)/{ε[−(α̃ + ω̃ + 1)2ε2 + 2λε(α̃ + ω̃ + 1) + λ(δc +
μ − σ )]}.

Then we perform asymptotic expansions in terms of ε for
the variables 
, ψ , x, and y around 
0, ψ−1, x0, and y0,
respectively, leading to


(ε) = 
0 + 
1ε + 
2ε
2 + O(ε3)

= 0 + 1

σ
ε + δc + μ − σ

λσ 2
ε2 + O(ε3), (C18)

ψ (ε) = ψ−1
1

ε
+ ψ0 + O(ε)

= λσ

δc + μ − σ

1

ε
− 2λσ (α̃ + ω̃ + 1)

+ (δc + μ − σ )[−α̃σ − δc − μ

+ −ω̃σ − σ (α̃ + ω̃ + 1)]

(δc + μ − σ )2 + O(ε), (C19)

x = x0 + x1ε + x2ε
2 + x3ε

3 + · · · , (C20)

y = y−1ε
−1 + y0 + y1ε + y2ε

2 + y3ε
3 + · · · . (C21)

Substituting Eqs. (C18)–(C20) into Eq. (C17), we have

y = ψ (x − 
)

= ψ−1x0ε
−1 + (ψ−1x1 + ψ0x0 − ψ−1
1)

+ (ψ−1x2 + ψ0x1 − ψ−1
2 − ψ0
1)ε + O(ε2). (C22)

By substituting Eqs. (C20) and (C21) into Eq. (C15) and
collecting terms of equal powers of ε, we obtain that the right-
hand side of Eq. (C15) is a polynomial in ε, while the left-hand
side is zero. Therefore, we obtain that the coefficients of each
order of ε are zero.

Since the O(1) term in ε is zero, we have

x0 = y−1 = 0, (C23)

which suggests the coefficients of the O(ε), O(ε2), and O(ε3)
terms are all zero. Further, since the coefficient of the O(ε4)
term is zero, we obtain y0 = 0. Based on the formula y0 =
(ψ−1x1 + ψ0x0 − ψ−1
1) = ψ−1(x1 − 
1) in Eq. (C22), we
obtain

x1 = 
1 = 1

σ
, (C24)

which suggests that the coefficient of the O(ε5) term is zero.
Due to the coefficient of the O(ε6) term being zero, we obtain
y1 = 0. Based on the formula y1 = ψ−1(x2 − 
2) + ψ0(x1 −

1) = ψ−1(x2 − 
2) in Eq. (C22), we obtain

x2 = 
2 = δc + μ − σ

λσ 2
. (C25)

By applying (C23)–(C25), and retaining only the first-order
term and second-order term of the asymptotic expansion of x
in Eq. (C20), we obtain the approximate endemic equilibrium
when the system is far away from the epidemic threshold as

x∗
2 = γ

k1τc
ε −

(
k3

1 + k3 − 2k1k2
)
γ 2(

k1k3 − k2
2

)
k1τ 2

c

ε2,

w∗
2 = 1 −

(
k3

1 + k3 − 2k1k2
)
γ(

k1k3 − k2
2

)
τc

ε. (C26)
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