
PHYSICAL REVIEW E 114, 054213 (2026)

Nonlinear dynamics of rapidly driven systems
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We consider systems characterized by the presence of a rapidly oscillating force. A general method is
presented for the construction of the effective action governing the large-scale nonlinear dynamics of such
systems order by order in inverse powers of the oscillation frequency ω. The explicit expression for the effective
Lagrangian is derived up to O(1/ω6) next-to-next-to-leading approximation in the strong-drive regime. The
general structure of the high-frequency expansion reveals a broad class of nonlinear systems whose transition
curves are identical to those of the linear Mathieu equation, which enables a fully nonperturbative stability
analysis in the case of strong driving and nonlinearity. The method is generalized to velocity-dependent forces
and configuration space with curvature, characteristic to systems with constraints. Several applications are
discussed in detail, including the dynamical magnetic trapping of electric charges.
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I. INTRODUCTION

Since the classical work [1] the dynamics of particles
in a rapidly oscillating field has been studied in a wide
range of problems from dynamical chaos [2,3] to quantum
computing [4,5] and Floquet engineering of quantum mate-
rials [6,7] with the renowned application in the design of
the ion traps [8] as well as the neutral atom traps [9,10].
Theoretical description of this class of systems is based on
the concept of averaging, when the effect of the oscillating
field is smeared out and the long-time evolution is governed
by the resulting effective interaction naturally obtained as a
series in the ratio of the oscillation period to a characteris-
tic timescale of the averaged system. However, most of the
applications so far deal with the leading-order approximation
in the high-frequency limit. The role of the high-order and
nonlinear effects remains a fundamental open question in the
theory of dynamical stabilization. Given the long history and
the importance of the problem, surprisingly little has been
known about the high-order behavior of the generic non-
linear three-dimensional systems, despite numerous studies
performed within different frameworks (see Refs. [11–20]
and references therein). The main challenge of the pertur-
bative analysis is in finding an algorithm of a systematic
high-frequency expansion for the time-averaged effective ac-
tion, which renders high-order calculations feasible. Such an
algorithm has been recently introduced in a letter [21], where
the explicit next-to-leading result has been obtained for the
three-dimensional systems, and the analysis has been forced
through the next-to-next-to-leading order in the case of one
dimension. A remarkable finding in Ref. [21] is that beyond
the leading order the systems reveal highly nontrivial nonlin-
ear behavior—the trajectories of the particles in the rapidly
oscillating fields coincide with the geodesics in a Riemann
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space with the curvature determined by the spatial distribution
of the oscillating field amplitude, i.e., the systems emulate
post-Newtonian general relativity.

In this paper we give a detailed account of the method [21],
present the calculation of the effective action in any num-
ber of spatial dimensions up to the next-to-next-to-leading
order, and describe the generalization of the method to the
velocity-dependent forces and to the configuration space with
curvature, naturally appearing in the mechanical systems with
constraints. A general criterion is formulated determining
when the stability analysis of a rapidly driven nonlinear sys-
tem can be reduced to that of the linear Mathieu equation to
all orders of the high-frequency expansion, thereby extending
the results beyond the perturbation theory. We present explicit
solutions for a number of mechanical systems including the
classical problem of Kapitza pendulum. Finally, the method
is applied to the charged particle dynamics in the inhomo-
geneous rapidly oscillating magnetic field, which sets up the
foundation for the new type of dynamical magnetic traps [22].

II. GENERAL FORMALISM

Our starting point is the classical equation of motion for
a particle of mass m subjected to a static force −G and a
periodic force −F cos ωt ,

mR̈ + G(R) + F(R) cos ωt = 0, (1)

where the dot stands for the time derivative d/dt and the bold
fonts indicate d-dimensional vectors for any d . The periodic
drive is limited to a single harmonic for the clarity of the
presentation but the inclusion of higher harmonics is rather
straightforward. We do not specify the nature of the external
fields to keep the discussion general and consider the limit
of fast oscillation. Let us quantify this condition as it plays a
crucial role for the determination of the expansion parameter
and the power counting rules. For a system of a character-
istic size L a typical velocity acquired by the particle under
the action of the time-independent force is v ∼ (GL/m)1/2.
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One can define a “reference” velocity c = Lω and the os-
cillations are considered fast when v/c � 1. Our approach
relies on the effective theory concept to separate the “slow”
large-scale dynamics characterized by the velocity v from the
“fast” small-scale dynamics characterized by the velocity c
and manifested through the power corrections in the scale
ratio to the effective action. It is convenient to introduce the
dimensionless variables ωt → t , R/L → R so that the equa-
tion of motion becomes

R̈ + g(R) + f (R) cos t = 0 (2)

with g = G/(Lmω2) and f = F/(Lmω2). Note that in the
rescaled variables c = 1 and the expansion parameter is v.
While g = O(v2) by definition, the scaling of the oscillating
term needs to be determined. The leading contribution of the
oscillating field to the effective action is quadratic in its ampli-
tude and we are interested in the physical systems where the
large-scale dynamics is essentially determined by the effect
of the periodic drive, which should be comparable to the
one of the static field. This requires f = O(v), i.e., with the
rest of the parameters fixed, the amplitude F of the oscillating
field should scale linearly with its frequency. This does not
necessarily mean the actual dependence of the amplitude on
the frequency but rather determines the relevant range for
the oscillating field amplitude at a given ω. This corresponds
to the “strong-drive” scaling relevant for the study of the
dynamical stabilization. The “fixed-drive” regime, where the
amplitude F remains constant in the high-frequency limit,
implies f = O(v2) and can be obtained from the strong-drive
result by dropping the higher powers of f field in the effective
action at a given order of the expansion.

A number of methods have been developed to disentan-
gle the slow and fast dynamics in perturbation theory (see
Refs. [23–28] for a review). They share the principal idea
of introducing independent variables for the fast and slow
evolution with subsequent averaging over the fast one. Its
particular realization, however, is crucial to get an efficient
tool for the high-order analysis. A natural choice of the slow
variable is the path along the smeared trajectory [21]. In this
case the solution of Eq. (2) can be formally written as

R = r + δR,

δR =
∞∑

n=1

[cn(r) cos(nt ) + sn(r) sin(nt )], (3)

where the vector r(t ) describes the smeared slow motion.
Then the total time derivative splits into the slow and fast
components as follows:

d

dt
= v∂ + ∂t , (4)

where ∂ = ∂/∂r.1 Strictly speaking our choice of the slow
variable is well defined only for v �= 0. The resulting effective
Lagrangian, however, is regular in the limit of vanishing ve-
locity and can be continued to v = 0. The slow variation of the

1Throughout the paper for every term with a pair of the boldface
d-dimensional vectors their scalar product is implied.

r variable is manifested by the requirement that its time deriva-
tive v = ṙ scales as O(v) and is a function of r only.2 Thus the
average acceleration a ≡ r̈ = vi∂iv is O(v2).3 By substituting
Eqs. (3) and (4) into Eq. (2), after the expansion in v and in the
Fourier harmonics one gets the algebraic equations on the har-
monic coefficients cn, sn and the differential equation which
determines the time evolution of r order-by-order in the high-
frequency expansion. The resulting equation on r is of the
form a + F eff = 0 and can be understood as the effective
theory equation of motion which governs the slow large-scale
evolution of the system under the action of the effective force
−F eff (r, v).4 The resulting function r(t ) determines the solu-
tion of Eq. (2) through Eq. (3). This approach is reminiscent of
the renowned Krylov-Bogoliubov asymptotic method [23,24]
which has been originally developed for the nonlinear oscil-
lation theory. There are two main distinction, though: (i) The
slow evolution is not limited to the fast-oscillation amplitude
variation, and hence Eq. (3) accommodates the zero harmonic,
and (ii) the fast modes are determined by the external force,
and hence the corrections to the fast-oscillation frequency are
absent.

In practice the high-frequency expansion within this frame-
work is realized through the following steps.

(1) We define the series

v =
∞∑

m=1

v(m)(r), a =
∞∑

m=2

a(m)(r),

cn =
∞∑

m=1

c(m)
n (r), sn =

∞∑
m=1

s(m)
n (r), (5)

where the mth term of each series uniformly scales as O(vm).
Note that the series coefficients of the acceleration and veloc-
ity are related as follows:

a(m) =
m−1∑
l=1

v
(l )
i ∂iv

(m−l ), (6)

and the contribution of the higher harmonics is suppressed:
c(m)

n , s(m)
n = 0 for m < n.

(2) Equations (3), (4), and (5) are substituted into Eq. (2)
where the functions g and f are expanded in the series

g(R) = g(r) +
∞∑

n=1

1

n!
(δRin · · · δRi1 )∂in · · · ∂i1 g(r),

f (R) = f (r) +
∞∑

n=1

1

n!
(δRin · · · δRi1 )∂in · · · ∂i1 f (r). (7)

2Here v is the dimensionless ratio of the parameters of the system
defined above. The function v(r) describes the time dependence of
the velocity on a smeared trajectory r(t ) and does not impose any
constraint on the independent dynamical variables in the effective
theory.

3The summation over the repeating indices is implied throughout
the paper and ∂i ≡ ∂/∂ri.

4The negative sign is introduced for convenience and we will refer
to F eff as the effective force in the rest of the paper.
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Then Eq. (6) is used to combine the velocity gradient terms
into the acceleration at a given order of the expansion.

(3) After the rescaling g → ε2g, f → ε f ,
{v(m), a(m), c(m)

n , s(m)
n } → εm{v(m), a(m), c(m)

n , s(m)
n }, the

resulting Eq. (2) is expanded in the power series in ε and in
Fourier harmonics. Equating the contribution of each Fourier
harmonic to zero in mth order of ε-expansion provides a set of
equations for c(m)

n , s(m)
n , and a(m) in terms of the lower-order

coefficients. The equations on the harmonic coefficients
c(m)

n , s(m)
n are algebraic since their leading contribution

is determined by the fast ∂t part of the time derivative,
Eq. (4), acting on cos(nt ) or sin(nt ) functions in Eq. (3).
The remaining equation a(m) + F (m)

eff = 0 defines the effective
force at O(vm).

(4) The mth-order equations may include the functions a(i)

with i < m, which are eliminated by the lower-order equa-
tions of motion. Moreover, the equations in general include
the higher-order time derivatives ȧ, ä, . . ., which in turn are
eliminated through the relations ȧ = −vi∂iF eff , etc., so that
the effective force is always a function of r and v only.

Let us now present the results of the explicit calculation
through the first few orders of the high-frequency expansion.
At O(v) we get

c(1)
1 = f , s(1)

1 = 0, F (1)
eff = 0. (8)

At O(v2) the harmonic coefficients read

c(2)
1 = 0, s(2)

1 = −2v
(1)
i ∂i f ,

c(2)
2 = 1

8 fi∂i f , s(2)
2 = 0, (9)

and the effective force is given by

F (2)
eff = g + 1

2 fi∂i f . (10)

Note that Eq. (10) is valid for arbitrary functions g and f .
If the corresponding potentials exist so that g = ∂Vg and f =
∂Vf , then Eq. (10) can be understood as the Euler-Lagrange
equation for the effective Lagrangian,

L(2)
eff = v2

2
− V (2)

eff , V (2)
eff = Vg + f 2

4
. (11)

At O(v3) the nonzero harmonic coefficients are

c(3)
1 = 3gi∂i f + fi∂ig + 3

8 fi f j∂i∂ j f − 3v
(1)
i v

(1)
j ∂i∂ j f

+ 25
16 fi(∂i f j )∂ j f ,

s(3)
1 = −2v

(2)
i ∂i f ,

s(3)
2 = − 1

8v
(1)
i f j∂i∂ j f − 3

8v
(1)
i (∂i f j )∂ j f ,

c(3)
3 = 1

72 fi f j∂i∂ j f + 1
144 fi(∂i f j )∂ j f , (12)

while the effective force vanishes F (3)
eff = 0. The expressions

for the O(v4) harmonic coefficients become rather lengthy
and are given in Appendix A. Starting with this order the
effective force is velocity dependent,

F (4)
eff = − 3

2v
(1)
i v

(1)
j

(
∂i∂ j fk

)
∂k f + 1

4 fi f j∂i∂ jg

+ [
3
2 gi(∂i fk ) + 1

2 fi(∂igk ) + 25
32 fi(∂i f j )(∂ j fk )

+ 3
16 fi f j (∂i∂ j fk )

]
∂k f + 1

32 fi f j (∂i fk )∂ j∂k f

+ 1
16 fi f j fk∂i∂ j∂k f , (13)

and the corresponding Lagrangian reads

L(4)
eff = − 3

4viv j (∂i f )∂ j f − V (4)
eff , (14)

with the effective potential

V (4)
eff = 1

4 fi f ∂ig + 1
64 fi f j (∂i f )∂ j f + 1

16 fi f j f ∂i∂ j f . (15)

The higher-order harmonic coefficients become too cumber-
some and we present only the physically relevant results for
the effective force. At O(v5) it reads

F (5)
eff = −3v

(1)
i v

(2)
j (∂i∂ j fk )∂k f , (16)

and can be directly obtained from Eqs. (13) and (14) by keep-
ing the higher-order terms in the expansion of the velocity.
The O(v6) expression for the force is given in Appendix B.
The construction of the corresponding effective Lagrangian,
however, is more subtle and is described in Appendix C.
The equation of motion with the complex dependence of the
effective force on the velocity can only be transformed into
the Euler-Lagrange form by a velocity-dependent coordinate
transformation r → r′(r, v) with

r′ = r + 5
3v

(1)
i v

(1)
j [(∂i∂ j fk )∂ fk − (∂i∂ fk )∂ j fk]. (17)

Note that since the correction term vanishes at zero velocity,
the difference between r and r′ vanishes for the system at an
equilibrium. Adding up all the contributions through O(v6) in
new variables we obtain the effective Lagrangian in the next-
to-next-to-leading order of the high-frequency expansion,

Leff = v′
iv

′
j

2

{
δi j − 3

2
(∂i f )∂ j f + 5

6
v′

kv
′
l [2(∂i∂ j∂k f )∂l f

− (∂i∂ j f )∂k∂l f ] + 5

3
(2gk + fl∂l fk )[(∂i∂ j f )∂k f

− (∂i∂k f )∂ j f ] − 5gk (∂k f )∂i∂ j f − 5gk (∂i f )∂ j∂k f

− 5(∂i fk )(∂kg)∂ j f − 5(∂i fk )(∂ jg)∂k f − 3 fk (∂ j f )∂i∂kg

− 5

2
fk (∂k fl )(∂l f )∂i∂ j f − 43

16
fk (∂k fl )(∂i f )∂l∂ j f

− 11

4
fk (∂i fl )(∂ j f )∂k∂l f − 183

64
fk (∂i fl )(∂l f )∂ j∂k f

− 3

128
fk fl (∂i∂k f )∂ j∂l f − 9

8
fk fl (∂i f )∂ j∂k∂l f

− 379

128
(∂i fk )(∂k fl )(∂l f )∂ j f

}
− Veff + O(v8), (18)

where v′ = ṙ′, ∂ = ∂/∂r′, and the effective potential reads

Veff = Vg + f 2

4
+ 1

4
fi f ∂ig + 1

64
fi f j (∂i f )∂ j f

+ 1

16
fi f j f ∂i∂ j f − 5

4
gig j (∂i f )∂ j f

+ 1

4
fi f j (∂ig)∂ jg − 5

4
gi f j (∂i f )(∂ j fk )∂k f

+ 1

256
fi f j (∂i fk )(∂ j f )∂kg + 1

32
fi f j (∂i fk )(∂k f )∂ jg

+ 3

16
fi f j fk (∂i∂ j f )∂kg + 1

64
fi f j fk f ∂i∂ j∂kg
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+ 1

64
fi f j fk (∂i f )∂ j∂kg − 1435

4608
fi f j (∂i f )(∂ j fk )(∂k fl )∂l f

+ 1

512
fi f j fk (∂i f )(∂ j fl )∂k∂l f + 7

576
fi f j fk (∂ j fl )(∂l f )

× ∂i∂k f + 41

1152
fi f j fk fl (∂i∂ j f )∂k∂l f + 1

192
fi f j fk fl

× (∂i f )∂ j∂k∂l f + 1

384
fi f j fk fl f ∂i∂ j∂k∂l f . (19)

The computer code for Eqs. (18), (19), and (B1) is provided
in Ref. [29].

A few comments are in order. First, due to the time-reversal
invariance of Eq. (2) the high-frequency expansion is in even
powers of 1/ω. Then, to facilitate the practical applications it
is instructive to transform the result into the physical units.
Through the next-to-leading order the effective Lagrangian
becomes

Leff = m
viv j

2

(
δi j − 3

2

(∂iF )∂ jF
m2ω4

)
−

(
Vg + 1

4

F2

mω2

+ 1

4

FiF∂iG
m2ω4

+ 1

64

FiFj (∂iF )∂ jF
m3ω6

+ 1

16

FiFjF∂i∂ jF
m3ω6

)
.

(20)

In higher orders the physical units can be restored by intro-
ducing an extra 1/(mω2) factor per each additional power
of the spatial derivative, and an extra mω factor per each
additional power of velocity, so that vi∂i → vi∂i/ω. Thus,
assuming smooth forces, the expansion parameter for the
effective potential in the physical units is given by a dimen-
sionless ratio of the F and G field gradients to mω2. Note that
our power counting corresponds to the strong-drive regime
with F = O(ω). In the fixed-drive regime with F = O(1) the
last two terms in Eq. (20) become next-to-next-to-leading and
should be omitted.

Finally, we note that the above O(v6) result may be
important for the high-precision analysis of the paramet-
ric resonances in the rapidly driven systems [30] and, in
particular, of the instabilities due to the overlapping reso-
nances [31–38]. This, however, is beyond the scope of the
present work.

III. DYNAMICAL STABILIZATION IN ONE DIMENSION

The structure of the effective theory greatly simplifies in
one-dimensional systems. In particular the correction term in
Eq. (17) vanishes and no coordinate transformation is nec-
essary in the derivation of the effective Lagrangian. For a
generalized coordinate q and arbitrary functions g and f it
takes the following form through O(v6):

Leff = q̇2

2

[
1 − 3

2
f ′2 + 5

6
q̇2(2 f ′ f ′′′ − f ′′2) − 10 f ′ f ′′g

− 10 f ′2g′ − 3 f f ′g′′ − 379

128
f ′4 − 691

64
f f ′2 f ′′

− 3

128
f 2 f ′′2 − 9

8
f 2 f ′ f ′′′

]
− Veff + O(v8), (21)

where dash denotes the derivative d/dq and the effective
potential reads

Veff = Vg + f 2

4
+ f 2g′

4
+ f 2 f ′2

64
+ f 3 f ′′

16
− 5

4
f ′2g2 + f 2g′2

4

− 5

4
f f ′3g + 9

256
f 2 f ′2g′ + 3

16
f 3 f ′′g′ + f 3 f ′g′′

64

+ f 4g′′′

64
− 1435

4608
f 2 f ′4 + 65

4608
f 3 f ′2 f ′′ + 41

1152
f 4 f ′′2

+ f 4 f ′ f ′′′

192
+ f 5 f ′′′′

384
. (22)

Equations (21) and (22) can be obtained from the d-
dimensional expressions Eqs. (18) and (19) by dimensional
reduction [29] and agree with Ref. [21].

The above result is of a particular interest since many
physical systems can be reduced to or decomposed into
the one-dimensional problems. The high-order result not
only is mandatory for establishing the convergence of the
high-frequency expansion and increasing the accuracy of the
theoretical predictions but also reveals nontrivial general fea-
tures of the dynamical stabilization of nonlinear systems. Let
us discuss one of them. The dynamical stabilization is a phe-
nomenon when the presence of the rapidly oscillating field
changes the stability of the static system. Let us assume that
the static system is in equilibrium at q = 0. Excluding the de-
generate cases this implies g(q) = δq + O(q2) with a constant
δ. The rapidly oscillating force generates the effective force
which may change the stability of the system when

∂qFeff |q=q̇=0 = 0. (23)

If f depends on a parameter ε, then Eq. (23) defines δ as a
function of ε, i.e., a transition curve in the parameter space
of the system. Crossing such a curve results in a bifurcation
and qualitative change in the system behavior. For g(q) = δq,
f (q) = εq the problem is reduced to the linear Mathieu equa-
tion, where the transition curves can be obtained, e.g., by the
method of harmonic balance (see Ref. [39] for a review) or
homotopy analysis [40] beyond the perturbation theory for
arbitrary finite values of δ and ε. In general, for the nonlinear
systems the corresponding transition curves are obviously dif-
ferent. Moreover, the high-order contributions to the effective
potential depend on the high-order derivatives of the functions
g and f , which makes it more and more sensitive to the
nonlinear behavior of the forces near the equilibrium position.

There is, however, one remarkable exception. Let us con-
sider an equilibrium point of the static system at q = 0, so
that g(q) = δq + O(q2). By construction, for all the terms in
the effective potential the total number of the derivatives is
less than the total power of the g and f functions by two,
cf. Eq. (22). Thus one immediately finds that if f (0) = 0,
i.e., f (q) = εq + O(q2), then the contribution of the nonlin-
ear terms in the expansion of g(q) and f (q) about q = 0
to Eq. (23) vanishes and the corresponding transition curves
coincide with those of the linear Mathieu equation to all
orders in the high-frequency expansion. The left-hand side of
Eq. (23) for the linear Mathieu equation is known to be an
analytic function of δ and ε near the origin δ = ε = 0 [41],
and the corresponding Taylor series has a finite radius of
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convergence (the explicit result for the series up to O(ε28)
as well as the convergence radius estimate can be found in
Ref. [19]). Hence, by analytic continuation the equivalence
of the transition curves can be extended beyond the high-
frequency expansion to arbitrary values of δ and ε. This proves
the following nontrivial theorem:

For an arbitrary nonlinear system, if the amplitude of the
rapidly oscillating force vanishes at an equilibrium point of
the static interaction, the corresponding transition curves
coincide with those of the linear Mathieu equation.

We should emphasize that if the above condition is not
satisfied, then Eq. (23) for a nonlinear system differs from the
one of its linearized approximation near the static equilibrium
point starting from the next-to-leading order, i.e., the lin-
earization and time-averaging do not commute. An interesting
problem in this context is to study how a small deviation of
f (0) from zero perturbs the transition curves for nonlinear
systems, which, however, is beyond the scope of this paper.

The equivalence of the transition curves extends all
the nontrivial features of the Mathieu equation stability
chart [39,42] to the above class of the nonlinear systems with
arbitrary nonlinearity and driving force amplitude. The class
of the system satisfying the above condition is quite broad.
In particular, it includes all the one-dimensional systems with
vanishing static force g = 0 for dynamical equilibrium at the
zeros of the amplitude f . The generalization of the analysis
to multiple spatial dimensions is more subtle. Indeed, the
stability chart of a d-dimensional nonlinear system satisfying
the above condition reduces to that of a linear system in the
same way. However, already the two-dimensional systems
may have a more complex stability chart than the Mathieu
equation and should be studied casewise (see the example at
the end of Sec. V).

A very illustrative application of this theorem is the
Kapitza pendulum. For the vertically oscillating pivot we
have g = δ sin(θ ), f = ε sin(θ ), where the dimensionless pa-
rameters are δ = g/(Lω2), ε = (�/L). Here θ is the angle
measured from the downward position, L is the pendulum
length, g is the free fall acceleration, and � and ω are
the pivot oscillation amplitude and frequency, respectively.
Note that at the static unstable equilibrium point θ = π

the oscillation amplitude vanishes, so that the system be-
longs to the class discussed above. For the effective potential
we get

V (2)
eff = −δ cos(θ ) − ε2

8
cos(2θ ),

V (4)
eff = 1

16
δε2 cos(θ ) + 1

32
ε4 cos(2θ )

− 1

16
δε2 cos(3θ ) − 5

512
ε4 cos(4θ ),

V (6)
eff = − 367

2048
δε4 cos(θ ) − 1993

73728
ε6 cos(2θ )

+ 479

4096
δε4 cos(3θ ) +

(
1

8
δ2ε2 + 57

2048
ε6

)
cos(4θ )

+ 255

4096
δε4 cos(5θ ) + 65

8192
ε6 cos(6θ ). (24)

Substituting it into Eq. (23) we get

δ = ε2

2
− 7

32
ε4 + 29

144
ε6 + O(ε8), (25)

which coincides with the first transition curve of the Mathieu
equation [39]. It describes a pitchfork bifurcation correspond-
ing to the dynamical stabilization of the upward equilibrium
position discussed in the original work [1]. The corrections
to the effective potential have been analyzed using different
methods in Refs. [17,19]. Upon the use of the equation of
motion, Eqs. (21) and (24) agree with the next-to-leading
effective Lagrangian presented in Ref. [19]. In higher orders
the comparison of the results is not straightforward since in
Ref. [19] the velocity-dependent terms are eliminated from
the equation of motion by using the energy conservation.
Hence the resulting effective potential depends on the total
energy of the system, while we use the standard definition of
the Lagrangian independent of the initial conditions. At the
same time, the transition curve derived from the result [19]
agrees with Eq. (25) through the next-to-next-to-leading order.
The method in Ref. [17] relies on a canonical transformation
to decouple the fast modes and construct the effective static
Hamiltonian for a rapidly driven system. Our result disagrees
with the next-to-leading-order Hamiltonian for the Kapitza
pendulum presented in this work.

By contrast, for the horizontally oscillating pivot we have
f = ε cos(θ ) so that for the static stable equilibrium point
θ = 0 the fast oscillation amplitude does not vanish. In this
case the effective potential reads

V (2)
eff = −δ cos(θ ) + ε2

8
cos(2θ ),

V (4)
eff = 3

16
δε2 cos(θ ) − 1

32
ε4 cos(2θ )

+ 1

16
δε2 cos(3θ ) − 5

512
ε4 cos(4θ ),

V (6)
eff = 73

2048
δε4 cos(θ ) +

(
3

4
δ2ε2 + 1993

73728
ε6

)
cos(2θ )

− 1233

4096
δε4 cos(3θ ) +

(
−1

8
δ2ε2 + 57

2048
ε6

)
cos(4θ )

+ 255

4096
δε4 cos(5θ ) − 65

8192
ε6 cos(6θ ), (26)

and defines a different transition curve

δ = ε2

2
+ 3

32
ε4 + 17

576
ε6 + O(ε8), (27)

which describes a pitchfork bifurcation corresponding to the
dynamical destabilization of the downward equilibrium with
the appearance of two symmetric stable equilibria at a nonzero
value of the polar angle.

Despite the similarity, the two above cases are principally
different for the stability analysis. For the classical setup
with the vertically oscillating pivot from the equivalence of
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FIG. 1. The convergence of the effective potential for the horizontally driven Kapitza pendulum for the near-critical value of the parameters
δ = ε2/2 for (a) ε = 1/2 and (b) ε = 3/4. The long-dashed, short-dashed, and solid lines represent the leading, next-to-leading, and next-to-
next-to-leading approximations.

the transition curves we conclude that, as for the Mathieu
equation, for any δ there are infinitely many narrow stability
islands of rapidly decreasing width for the inverted position
of the pendulum with infinitely growing ε, i.e., the ampli-
tude of the pivot oscillation. The first few of these islands or
“tongues” have been observed by a dedicated numerical study
in Ref. [43] and indeed agree with the Mathieu equation sta-
bility chart. On the contrary, for the horizontally oscillating
pivot (in general, for any oscillation direction except strictly
vertical) we cannot make any conclusions about the dynamical
stabilization beyond the perturbation theory which implies
ε � 1. At the same time we can use the result Eq. (26) to
study the actual convergence region of the high-frequency
expansion. The effective potential at the near-critical value
δ = ε2/2 in different approximations is plotted in Fig. 1,
which clearly indicates breakdown of the perturbation theory
for ε � 1/2. The accuracy of the approximation and the effect
of the corrections for the strongly nonlinear oscillations about
the dynamically stable equilibrium position close to θ = π/2
for different values of the expansion parameter are demon-
strated in Fig. 2.

IV. CONFIGURATION SPACE WITH CURVATURE

In Sec. II the particle position in the d-dimensional space
was described by the Cartesian coordinates R. In many ap-
plications, however, the presence of the constraints requires
introduction of the generalized coordinates. Let us consider a
system with the contravariant generalized coordinates Qμ in
configuration space of arbitrary dimension.5 Then the kinetic
energy can be written as follows gμν (Q)Q̇μQ̇ν/2, where gμν

is a symmetric positively defined tensor which can be under-
stood as the metric tensor on the configuration space. If gμν

cannot be globally reduced to the Euclidean form δμν by a
coordinate transformation, then the configuration space has
nonzero curvature and the effective theory analysis is to be
modified. The equations of motion in this case take the form
[cf. Eq. (2)]

Q̈μ + �
μ
νλ(Q)Q̇νQ̇λ + gμ(Q) + f μ(Q) cos (t ) = 0, (28)

5We use the Greek letter indices in this section to distinguish the
generalized coordinates from the Cartesian coordinates of Sec. II.

FIG. 2. The solution of the exact equation of motion for the planar pendulum with the horizontally oscillating pivot (thin solid line) vs
the leading-order (dashed line), and the next-to-leading-order (solid line) effective theory result for (a) δ = ε2/6, ε = 1/5 and (b) δ = ε2/6,
ε = 1/20. In the second plot the two effective theory curves are indistinguishable.
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FIG. 3. The effective potential for (a) spherical pendulum with δ = ε2/8 (the symmetric minimum at φ = π is not shown), (b) planar
double pendulum with δ = ε2/6, and (c) oscillating magnetic field of the Ioffe-Pritchard trap at z = 0.

where

�
μ
νλ(Q) = gμκ

2
(∂νgκλ + ∂λgνκ − ∂κgνλ), (29)

are the Christoffel symbols, gμν = g−1
μν , ∂μ = ∂/∂Qμ, and the

contravariant components of a force are obtained from the
corresponding potentials in the standard way, e.g., f μ = gμν fν
with fμ = ∂μVf .

The high-frequency expansion can be performed through
the steps described in Sec. II. We substitute the decomposition

Qμ = qμ +
∞∑

n=1

[
cμ

n (q) cos(nt ) + sμ
n (q) sin(nt )

]
, (30)

and d/dt = q̇μ∂μ + ∂t into Eq. (28) and get the equations for
the harmonic coefficients and the time evolution of the slow
variables qμ order by order in inverse frequency. The main
difference with the previous analysis is in the presence
of the additional metric connection term. At O(v) we get
cμ

1
(1) = f μ, and the O(v2) effective theory equation of motion

becomes

q̈μ + �
μ
νλ(q)q̇ν q̇λ + gμ(q) + 1

2 f ν (q)Dν f μ(q) = 0, (31)

where Dν f μ = ∂ν f μ + �
μ
νλ f λ is the covariant derivative. The

corresponding effective Lagrangian reads

Leff = gμν

2
q̇μq̇ν − Veff , Veff = Vg + 1

4
f μ fμ. (32)

The extension of the analysis to higher orders is straightfor-
ward.

As an example let us apply this covariant formalism to two
simplest mechanical systems with the curved configuration
space. First, we consider a spherical pendulum with the pivot
oscillating along the horizontal x axis, where the coordinates
are the spherical angles Qμ = (θ, φ), and the metric tensor is

gμν =
(

1 0
0 sin2(θ )

)
. (33)

The exact equations of motion are

θ̈ − sin(θ ) cos(θ )φ̇2 + δ sin(θ ) + ε cos(t ) cos(φ) cos(θ ) = 0,

sin2(θ )φ̈ + 2 cos(θ ) sin(θ )θ̇ φ̇ − ε cos(t )sin(φ) sin(θ ) = 0,

(34)

that defines the covariant components of the force fθ =
ε cos(φ) cos(θ ), fφ = −ε sin(φ) sin(θ ). The O(v2) effective
potential then reads

Veff = −δ cos(θ ) + ε2

4
(cos2(θ ) cos2(φ) + sin2(φ)), (35)

where we used f μ fμ = gθθ f 2
θ + 2gθφ fθ fφ + gφφ f 2

φ for the co-
variant square of the vector. The system undergoes a pitchfork
bifurcation at δ ≈ ε2/2 with the appearance of two sym-
metric minima of the effective potential; see Fig. 3(a). The
trajectories of the nonlinear oscillations about the dynamical
equilibrium position obtained within the full and the effective
theory are plotted in Figs. 4(a) and 4(b), respectively.

As the second example we consider a symmetric planar
double pendulum with the horizontally oscillating pivot. In
this case the coordinates are the polar angles θ1 and θ2 of
the upper and lower links, respectively, measured from the
vertical position. Thus, we have Qμ = (θ1, θ2) and the cor-

FIG. 4. A trajectory of the spherical pendulum with the horizon-
tally oscillating pivot for δ = ε2/6, ε = 1/100 obtained by solving
(a) the exact equations of motion and (b) the effective theory equa-
tions of motion.
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responding metric tensor can be easily computed

gμν =
(

2 cos(θ1 − θ2)
cos(θ1 − θ2) 1

)
. (36)

The exact equations of motion are

2θ̈1 + cos(θ1 − θ2)θ̈2 + sin(θ1 − θ2)θ̇2
2 + 2δ sin(θ1)

+ 2ε cos(t ) cos(θ1) = 0,

θ̈2 + cos(θ1 − θ2)θ̈1 − sin(θ1 − θ2)θ̇1
2 + δ sin(θ2)

+ ε cos(t ) cos(θ2) = 0, (37)

where the parameters δ and ε are defined as before, with L
and m being the length and the mass of each link of the
pendulum. From Eq. (37) we find the covariant components
fθ1 = 2ε cos(θ1), fθ2 = ε cos(θ2), which along with the metric
Eq. (36) determine the O(v2) effective potential

Veff = −δ(2 cos(θ1) + cos(θ2)) + ε2

2

2 cos2(θ1) + cos2(θ2) − 2 cos(θ1 − θ2) cos(θ1) cos(θ2)

1 + sin2(θ1 − θ2)
. (38)

The stability chart of this system turns out to be quite interest-
ing. At δ ≈ ε2/2 it undergoes a pitchfork bifurcation similar
to the one discussed for the planar and spherical pendula
with the dynamical equilibrium configuration corresponding
to nonzero θ1 and θ2 of the same sign. Then at δ ≈ ε2/4
the second (this time fold) bifurcation takes place and two
extra symmetric local minima of the effective potential appear,
corresponding to θ1 and θ2 of the opposite signs, see Fig. 3(b).

V. DYNAMICAL MAGNETIC CONFINEMENT

In this section we extend the analysis to the systems
characterized by the presence of the velocity-dependent and
nonpotential forces. The most physically interesting problem
in this class is the study of a charged particle motion in the
rapidly oscillating magnetic field and related problem of the
dynamical magnetic confinement [22].

The equation of motion for a particle of mass m and electric
charge e in the rapidly oscillating magnetic field B(t, R) =
cos(ωt )B(R) and the corresponding induced electric field
E(t, R) = sin(ωt )E(R), with ∂ × E(R) = ωB(R), reads6

R̈ − e

m
(E(t, R) + Ṙ × B(t, R)) = 0. (39)

The phase shift between the time-dependent forces, and their
nonpotential character require an adjustment of the analysis.
Equation (39) is invariant with respect to the time reversal up
to the overall phase shift. Hence, the high-frequency expan-
sion is in even powers of 1/ω as in the previous examples.
Following the steps described in Sec. II through O(1/ω4) we
obtain the harmonic coefficients

c1 = − ev j

mω3
(∂Ej + ∂ jE ),

s1 = − eE
mω2

+ e

mω4
viv j (∂i∂ jE + ∂∂iE j + ∂∂ jEi ), (40)

and the effective force

Feff = e2

2m2ω2
Ei∂Ei + e2

2m2ω4
v jvk (−(∂ j∂kEi )∂iE

− (∂k∂iE j )∂Ei − (∂k∂iE j )∂iE + (∂iE j )∂∂iEk

− (∂iE j )∂k∂iE + (∂ jEi )∂∂iEk − (∂ jEi )∂k∂iE ),

(41)

6In this section we keep the standard units to facilitate the connec-
tion with the experiment.

where we kept the terms quadratic in the electric and magnetic
fields and eliminated the latter by the relation B = ∂ × E/ω,
so that the result does not explicitly depend on B. The corre-
sponding effective Lagrangian reads

Leff = m

2
viv j

[
δi j − e2

2m2ω4
(∂Ei∂Ej

+ ∂iE∂Ej + ∂ jE∂Ei )

]
− Veff , (42)

with

Veff = e2

4mω2
E2. (43)

As an important application of this result, let us con-
sider the magnetic field of the commonly used Ioffe-Pritchard
traps [44]

B(z) = B

(
xz

�2
,

yz

�2
, 1 + x2 + y2 − 2z2

2�2

)
, (44)

where B is the value of the homogeneous component of the
field [the superscript of B(z) indicates its direction], and an
adjustable parameter � defines the scale of the field variation
determined by the trap geometry. For the oscillating magnetic
field with the amplitude Eq. (44) the induced electric field
amplitude reads

E = ωB

2

(
−y

(
1 + y2 − 3z2

3�2

)
, x

(
1 + x2 − 3z2

3�2

)
, 0

)
. (45)

For this field configuration the exact equations of motion are

ẍ = ωB

{
−ω y

2

(
1 + y2 − 3z2

3�2

)
sin(ωt )

+
[

ẏ

(
1 + x2 + y2 − 2z2

2�2

)
− ż

yz

�2

]
cos(ωt )

}
,

ÿ = ωB

{
ω x

2

(
1 + x2 − 3z2

3�2

)
sin(ωt )

+
[
−ẋ

(
1 + x2 + y2 − 2z2

2�2

)
+ ż

xz

�2

]
cos(ωt )

}
,

z̈ = ωB

(
ẋ

yz

�2
− ẏ

xz

�2

)
cos(ωt ), (46)

where ωB = eB/m is the cyclotron frequency associated with
the magnetic field oscillation amplitude, and the dimension-
less expansion parameter is given by the ratio ω2

B/ω2. The
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FIG. 5. A trajectory of a charged particle in the oscillating magnetic field of the Ioffe-Pritchard trap for z = 0, ωB/ω = 1/20 obtained by
solving (a) the exact equations of motion and (b) the effective theory equations of motion.

effective potential Eq. (43) for the field Eq. (45) takes the form

Veff = mω2
B

16

[
x2

(
1 + x2 − 3z2

3�2

)2

+ y2

(
1 + y2 − 3z2

3�2

)2
]
.

(47)

For the initial values z = ż = 0 the particle motion described
by Eq. (46) remains planar and the potential Eq. (47) plotted
in Fig. 3(c) provides charge confinement along x and y direc-
tions. An example of the full and effective theory trajectories
for the motion in the z = 0 plane is given in Fig. 5. An
unusual rectangular shape of the confining region is due to
the anharmonic terms in the potential.

The effective potential Eq. (47) vanishes along the “flat
direction” x2 = y2 = 3(z2 − �2) and, hence, does not provide
the confinement in all three dimensions. However, by combin-
ing two orthogonal phase-shifted oscillating Ioffe-Pritchard
fields we get the rotating magnetic field

B(t, r) = B(x) cos(ωt ) − B(y) sin(ωt ), (48)

where B(x) and B(y) are obtained by rotating the field Eq. (44)
into the x and y directions, respectively

B(x) = B

(
1 + y2 + z2 − 2x2

2�2
,

yx

�2
,

zx

�2

)
,

B(y) = B

(
xy

�2
, 1 + z2 + x2 − 2y2

2�2
,

zy

�2

)
. (49)

It is rather straightforward to derive the effective potential for
such a field configuration with the result

Veff = mω2
B

16

[
x2

(
1 + x2 − 3y2

3�2

)2

+ y2

(
1 + y2 − 3x2

3�2

)2

+ z2

(
1 + z2 − 3x2

3�2

)2

+ z2

(
1 + z2 − 3y2

3�2

)2
]
.

(50)

FIG. 6. Same as Fig. 5 but for the three-dimensional magnetic trap and ωB/ω = 1/50.
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This potential does provide the dynamical magnetic confine-
ment in three dimensions and localizes both positive and
negative electric charges in a boxlike region. A typical tra-
jectory in the three-dimensional magnetic trap computed in
the full and effective theories is shown in Fig. 6. Though due
to the strong nonlinear effects the motion is rather irregular,
the effective theory accurately catches the qualitative features
of the exact solution. In the limit � → ∞ the magnetic field
Eq. (48) becomes homogeneous and the confining potential
becomes harmonic, i.e., the effective theory linearizes. Note
that though Eq. (46) linearizes in this limit, the resulting
system is equivalent to a fourth-order ordinary differential
equation with the stability chart different from the Mathieu
equation. This case has been discussed in detail in Ref. [22].
Such a rotating locally homogeneous magnetic field is real-
ized in the time-orbiting potential traps for magnetic moment
of a neutral particle [45,46], where it plays an auxiliary role
to prevent the magnetic moment flip. The inhomogeneous
and nonlinear terms, however, could be mandatory for some
interesting physical applications. Indeed, an oscillating Ioffe-
Pritchard field confines the magnetic moments [22]. Thus,
in principle, a trap with the rapidly rotating inhomogeneous
magnetic field Eq. (48) can be used to simultaneously confine
the positive and negative charges as well as the neutral parti-
cles with nonvanishing magnetic moments, which is crucial,
e.g., for the antihydrogen production [47,48].

VI. SUMMARY

In this work we have developed a systematic perturbative
method for the description of the nonlinear particle dynamics

in the presence of rapidly oscillating forces, thereby providing
a general solution to the entire class of the problems intro-
duced by the original work [1]. The method is optimized for
the calculation of the high-order terms in the high-frequency
expansion and offers a powerful tool for the study of dy-
namical stabilization. It has been applied to a number of real
physical systems and verified through the numerical simu-
lations. By analyzing the general all-order structure of the
high-frequency expansion we have obtained a nonperturba-
tive description of the stability properties for a broad class
of nonlinear systems, including the Kapitza pendulum. Our
results can be used in a wide spectrum of applications from
the high-precision analysis and design of the particle traps to
the Floquet engineering of quantum materials.7

ACKNOWLEDGMENTS

The work of A.A.P. was supported in part by NSERC and
the Perimeter Institute for Theoretical Physics. The work of
A.B. is supported by NSERC.

DATA AVAILABILITY

The data that support the findings of this article are avail-
able from the authors upon request.

7The analysis of the high-frequency effective theory quantization
can be found in Refs. [21,22].

APPENDIX A: O(v4) HARMONIC COEFFICIENTS

The nonvanishing harmonic coefficients in the next-to-leading order of the high-frequency expansion read

c(4)
1 = −6v

(1)
i v

(1)
j ∂i∂ j f ,

s(4)
1 = −2v

(3)
i ∂i f − 4v

(1)
i (∂i f j )∂ jg − 12giv

(1)
j ∂i∂ j f − 2 fiv

(1)
j ∂i∂ jg − 4v

(1)
i (∂ig j )∂ j f − 2v

(1)
i f j (∂i fk )∂ j∂k f

− 49
8 v

(1)
i f j (∂ j fk )∂i∂k f + 4v

(1)
i v

(1)
j v

(1)
k ∂i∂ j∂k f − 3

4v
(1)
i f j fk∂i∂ j∂k f − 35

16v
(1)
i f j (∂i∂ j fk )∂k f

− 37
16v

(1)
i (∂i f j )(∂ j fk )∂k f ,

c(4)
2 = 1

32 fi(∂i f j )∂ jg + 3
32 gi f j∂i∂ j f + 1

32 fi f j∂i∂ jg + 23
32 gi(∂i f j )∂ j f + 1

8 fi(∂ig j )∂ j f + 1
16 fi f j (∂ j fk )∂i∂k f

− 7
16v

(1)
i v

(1)
j (∂i fk )∂ j∂k f + 1

48 fi f j fk∂i∂ j∂k f − 3
32v

(1)
i v

(1)
j fk∂i∂ j∂k f + 7

144 fi f j (∂i∂ j fk )∂k f

− 23
32v

(1)
i v

(1)
j (∂i∂ j fk )∂k f + 53

144 fi(∂i f j )(∂ j fk )∂k f ,

s(4)
2 = − 1

8v
(2)
i f j∂i∂ j f − 3

8v
(2)
i (∂i f j )∂ j f ,

s(4)
3 = − 2

27v
(1)
i f j (∂i fk )∂ j∂k f − 1

216v
(1)
i f j (∂ j fk )∂i∂k f − 1

108v
(1)
i f j fk∂i∂ j∂k f − 5

432v
(1)
i f j (∂i∂ j fk )∂k f

− 11
432v

(1)
i (∂i f j )(∂ j fk )∂k f ,

c(4)
4 = 1

2304 fi f j (∂i∂ j fk )∂k f + 1
4608 fi(∂i f j )(∂ j fk )∂k f + 1

512 fi f j (∂ j fk )∂i∂k f + 1
768 fi f j fk∂i∂ j∂k f . (A1)

APPENDIX B: O(v6) EFFECTIVE FORCE

The effective force in the next-to-next-to-leading order of the high-frequency expansion reads

F (6)
eff = 5

2v
(1)
i v

(1)
j v

(1)
k v

(1)
l (∂i∂ j∂k∂l fm)∂m f + 3

2 (F (4)
eff )i(∂i f j )∂ j f − 3

2 v
(2)
i v

(2)
j (∂i∂ j fk ) ∂k f − 3 v

(1)
i v

(3)
j (∂i∂ j fk )∂k f

+ v
(1)
i v

(1)
j

[ − 3
2 fk (∂i∂ j∂kgl )∂l f − 3

2 fk (∂i∂ j fl )∂l∂kg − 5(∂i fk )(∂ j∂kgl )∂l f
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+ (∂i fk )(∂ j fl )∂k∂lg − 5
2 (∂i∂ jgk )(∂k fl )∂l f − 5(∂i∂ j fk )(∂kgl )∂l f

− 10(∂igk )(∂ j∂k fl )∂l f − 15gk (∂i∂ j∂k fl )∂l f − 9
16 fk fl (∂i∂ j∂k∂l fm)∂m f

− 11
4 fk (∂ j fl )(∂i∂k∂l fm)∂m f − 243

32 fk (∂k fl )(∂ j∂i∂l fm)∂m f − 183
128 fk (∂i∂ j∂k fl )(∂l fm)∂m f

− 3
128 fk fl (∂l∂i∂ j fm)∂k∂m f + 1

4 fk (∂ j fl )(∂i fm)∂k∂l∂m f − 9
16 fk fl (∂i∂ j fm)∂k∂l∂m f

− 21
4 fk (∂i∂k fl )(∂ j∂l fm)∂m f − 11

4 fk (∂ j∂i fl )(∂k∂l fm)∂m f − 11
8 (∂i fk )(∂ j fl )(∂k∂l fm)∂m f

− 219
128 (∂i∂ j fk )(∂k fl )(∂l fm)∂m f − 23

128 fk (∂ j∂i fl )(∂l fm)∂k∂m f − 7
64 fk (∂ j fl )(∂i∂l fm)∂k∂m f

+ 1
16 fk (∂ j fl )(∂i∂k fm)∂l∂m f − 3

32 fk (∂k fl )(∂ j∂i fm)∂l∂m f − 43
8 (∂i fk )(∂k fl )(∂ j∂l fm)∂m f

− 195
64 (∂i fk )(∂ j∂k fl )(∂l fm)∂m f + 3

16 (∂i fk )(∂ j fl )(∂k fm)∂l∂m f
]

+ 1
64 fi f j fk fl∂i∂ j∂k∂lg + 1

64 fi f j fk (∂i fl )∂ j∂k∂lg + 1
16 fi f j fk (∂i∂ j∂kgl )∂l f + 3

2 fig j (∂ j fk )∂i∂kg

+ 1
2 fi f j (∂igk )∂ j∂kg + 3

2 fig j (∂i∂ jgk )∂k f + 25
32 fi f j (∂i fk )(∂k fl )∂ j∂lg + 25

32 fi f j (∂i fk )(∂ j∂kgl )∂l f

+ 1
256 fi f j (∂i fk )(∂ j fl )∂k∂lg + 3

16 fi f j fk (∂i∂ j fl )∂k∂lg + 1
64 fi f j (∂i∂ jgk )(∂k fl )∂l f + 1

64 fi f j fk (∂ j∂kgl )∂i∂l f

+ 5gi(∂i f j )(∂ jgk )∂k f + 5
2 gi(∂ig j )(∂ j fk )∂k f + 1

2 fi(∂ig j )(∂ jgk )∂k f + 81
32 fi(∂i f j )(∂ j fk )(∂kgl )∂l f

+ 161
128 fi(∂i f j )(∂ jgk )(∂k fl )∂l f + 1

128 fi f j (∂i fk )(∂kgl )∂l∂ j f + 3
8 fi f j (∂igk )(∂ j∂k fl )∂l f + 1

32 fi f j (∂i fk )(∂ jgl )∂k∂l f

+ 3
16 fi f j fk (∂igl )∂ j∂k∂l f + 1

32 fi(∂ig j )(∂ j fk )(∂k fl )∂l f + 1
32 fi f j (∂igk )(∂k fl )∂ j∂l f + 3

16 fi f j (∂i∂ j fk )(∂kgl )∂l f

+ 15
2 gig j (∂i∂ j fk )∂k f + 23

128 fig j (∂ j fk )(∂k fl )∂l∂i f + 11
4 fig j (∂ j fk )(∂k∂i fl )∂l f + 243

32 fig j (∂i fk )(∂k∂ j fl )∂l f

+ 9
16 fi f jgk (∂k fl )∂i∂ j∂l f + 3

32 fig j (∂i fk )(∂ j fl )∂k∂l f + 9
16 fi f jgk (∂i∂ j∂k fl )∂l f + 183

128 fig j (∂i∂ j fk )(∂k fl )∂l f

+ 219
128 gi(∂i f j )(∂ j fk )(∂k fl )∂l f + 3

128 fi f jgk (∂ j∂k fl )∂i∂l f + 1
384 fi f j fk fl fm∂i∂ j∂k∂l∂m f

+ 1
192 fi f j fk fl (∂i fm)∂k∂ j∂l∂m f + 5

384 fi f j fk fl (∂i∂ j∂k∂l fm)∂m f + 169
576 fi f j fk (∂i fl )(∂l fm)∂ j∂k∂m f

+ 1
512 fi f j fk (∂i fl )(∂ j fm)∂m∂l∂k f + 41

576 fi f j fk fl (∂i∂ j fm)∂k∂l∂m f + 19
64 fi f j fk (∂i fl )(∂ j∂k∂l fm)∂m f

+ 1
192 fi f j fk (∂i∂ j∂k fl )(∂l fm)∂m f + 1

192 fi f j fk fl (∂ j∂k∂l fm)∂i∂m f + 53
576 fi f j (∂i fk )(∂k fl )(∂l fm)∂ j∂m f

+ 403
288 fi f j (∂i fk )(∂k fl )(∂ j∂l fm)∂m f + 23

32 fi f j (∂i fk )(∂ j∂k fl )(∂l fm)∂m f + 113
2304 fi f j (∂i fk )(∂ j fl )(∂k fm)∂l∂m f

+ 985
512 fi f j (∂i fk )(∂ j fl )(∂k∂l fm)∂m f + 7

576 fi f j (∂i∂ j fk )(∂k fl )(∂l fm)∂m f + 7
576 fi f j fk (∂k∂ j fl )(∂l fm)∂i∂m f

+ 41
288 fi f j fk (∂ j∂k fl )(∂i∂l fm)∂m f + 1

64 fi f j fk (∂i fl )(∂k∂l fm)(∂ j∂m f ) + 7
576 fi f j fk (∂i fl )(∂ j∂k fm)(∂l∂m f )

+ 247
288 fi(∂i f j )(∂ j fk )(∂k fl )(∂l fm)∂m f . (B1)

APPENDIX C: DERIVATION OF THE O(v6)
EFFECTIVE LAGRANGIAN

Let us outline the derivation of the Lagrangian for the
velocity-dependent force Eq. (B1). The general idea is to
list all possible tensor structures with the total number of
spatial derivatives equal 4, the total power of the velocity
equal 2n, the total power of the f field equal 2m, and the
total power of the g field equal 3 − m − n, with n = 0, 1, m =
1, 2, 3, m + n � 3. A large number of the allowed tensor
structures is significantly reduced by eliminating the terms in-
compatible with the known one-dimensional expression. The
Lagrangian is taken as the linear combination of these struc-
tures with arbitrary coefficients, which are then determined
by comparing the corresponding Euler-Lagrange equation to
v̇(6) + F (6)

eff = 0. This can be done for all the terms in Eq. (B1)
except the first one,

5
2viv jvkvl (∂i∂ j∂k∂l fm)∂m f , (C1)

which includes the fourth power of the velocity. The relevant
structure in the Lagrangian is of the form

5
12viv jvkvl [2(∂i∂ j∂k f )∂l f − (∂i∂ j f )∂k∂l f ]. (C2)

It gives the following contribution to the Euler-Lagrange
equation:

− (vl∂l )
2
{

5
3viv j

[
(∂i∂ j fk )∂ fk − (∂i∂ fk )∂ j fk

]}
+ 5

2viv jvkvl (∂i∂ j∂k∂l fm)∂m f + . . . = 0, (C3)

where the second term exactly reproduces Eq. (C1) and the
ellipsis stands for the terms which, after the use of the leading-
order equation of motion, include at most the second power of
the velocity. These terms can be subtracted from the rest of
Eq. (B1) and the part of the Lagrangian Eq. (18) correspond-
ing to the resulting expression can be obtained as described
in the beginning of this section. The first term in Eq. (C3)
cannot be accommodated in this way. However, since for the
slow variables (vl∂l )2 = d2/dt2, this is the second-order time
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derivative which can be absorbed into the acceleration term in
the equation of motion by the coordinate transformation

v̇ + d2

dt2

{
5

3
viv j[(∂i∂ j fk )∂ fk − (∂i∂ fk )∂ j fk]

}
→ v̇′, (C4)

where v′ = ṙ′ and r′ is given by Eq. (17). Then we need to
express the effective Lagrangian in terms of the new variable.
Since the correction term in Eq. (17) is O(v4), to get the
O(v6) approximation the coordinate transformation should be

taken into account in the leading O(v2) part of the effective
Lagrangian only. This is done by substituting

r = r′ − 5
3v′

iv
′
j[(∂i∂ j fk (r′))∂ fk (r′) − (∂i∂ fk (r′))∂ j fk (r′)]

(C5)

into Eq. (11) and expanding the resulting expression in Taylor
series about r′, which generates an additional next-to-next-
to-leading contribution to Eq. (18). Note that in Eq. (C5) we
have replaced r with r′ in the correction term, which is valid
through O(v6).
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