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We investigate the angular momentum and kinetic energy of a classical charged Brownian particle in a
static magnetic field within the framework of the generalized Langevin equation with Ornstein—Uhlenbeck
noise. The mean kinetic energy retains its equilibrium value for all times after the external field is switched
on. An analytical expression for the mean time-dependent angular momentum is derived and supported by
high-precision numerical calculations. We show that, in the long-time limit, the mean angular momentum
approaches a finite nonzero value. While this result might appear to contradict the Bohr—van Leeuwen theorem,
we demonstrate that the system considered here does not correspond to a canonical equilibrium ensemble due to
the absence of spatial confinement. In particular, although the velocity distribution thermalizes, the position of
the particle remains unbounded, and the partition function over position space is not normalizable. The obtained
nonzero angular momentum should therefore be interpreted as a property of a nonequilibrium asymptotic
dynamical regime within the Langevin description rather than as a violation of equilibrium statistical mechanics.
The present results provide a transparent analytical reference for stochastic dynamics of charged particles in

magnetic fields and highlight the role of unbounded motion and noncommuting limits in such systems.
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I. INTRODUCTION

One of the basic results that can be found in any textbook
on magnetic phenomena is the Bohr—van Leeuwen (BvL)
theorem [1,2]. This theorem, in its modern formulation [3],
states that, in classical physics, and in thermal equilibrium,
the net magnetization of a system of charged particles is zero.
The magnetic field modifies the particle trajectories but does
not change the total energy of the system, which is what
determines the Boltzmann statistical distribution describing
the thermal equilibrium. At the same time, it is understood
that the BvL theorem breaks down if the system of classical
charged particles uniformly rotates (as an equilibrium state)
after turning on the magnetic field [4] or whenever one takes
into account the internal magnetic fields produced by moving
particles [5]. The theorem has also been questioned in relation
to the Brownian motion (BM) of charged particles in a mag-
netic field [6] if described by the classical Langevin equation
(LE) of motion [7]. However, the work [6] was soon criti-
cized in [8,9], and the existence of diamagnetism predicted
in [6] was refuted. The validity of the BvL theorem implicitly
requires that the spatial degrees of freedom are properly nor-
malized, which is typically ensured by confinement or finite
volume [10-13], and now the BvL theorem is considered valid
for Brownian particles [14,15].
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In the present work, we consider a different situation: a sin-
gle charged Brownian particle (BP) moving in an unbounded
plane under the influence of a magnetic field. Within the
Langevin description, the velocity distribution of the particle
thermalizes, but the spatial distribution remains unbounded
and does not correspond to a normalizable equilibrium en-
semble. As a consequence, the assumptions underlying the
BvL theorem are not fulfilled in this system. In this work, we
are interested in whether the memory in the particle dynamics
affects the mean angular momentum (and thus the magnetic
moment) of BPs at long times after the application of a con-
stant magnetic field. We assumed that the particle dynamics
can be described by the generalized Langevin equation (GLE)
[16], valid both for micrometer-sized BPs but also for atoms
or molecules of the liquid itself. The averaging of the time
correlation functions describing the particle dynamics is ac-
complished using the stochastic force (the colored thermal
noise, not the white one as in the classical LE) included in
the GLE and satisfying the fluctuation-dissipation theorem
(FDT) [16]. As the basic theory in which the GLE is derived,
the popular Zwanzig—Caldeira-Leggett (ZCL) particle-bath
model can be chosen [17-19] if the bath is assumed neutral.
The equations of motion are supplemented with the magnetic
force acting on a charged BP. We have obtained the full-time
dependence of the angular momentum of the BP after turning
on the magnetic field and have come to its nonzero value at
infinite time. It is discussed that this result does not violate the
BvL theorem since the assumptions underlying this theorem
are not satisfied in an unbounded stochastic system.
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II. ANGULAR MOMENTUM OF A CHARGED
BROWNIAN PARTICLE

We consider a system of a charged BP of mass m and
carrying charge Q immersed in a neutral bath. The system is
in equilibrium up to the moment ¢ = 0 when the external con-
stant magnetic field B = (0, 0, B) is switched on. We restrict
ourselves to the dynamics of the BP in the plane x, y, since
its movement along the axis z is not affected by the applied
magnetic field. It is assumed that the BM, in the absence of
external fields, is described by the GLE [16]. The GLE in the
case when the BP is charged and is under the influence of
an external magnetic field was considered in Refs. [20,21],
assuming, within the ZCL model, that the bath particles are
charged as well. Here, a simpler situation of a neutral bath
will be studied. Then the equations of motion of the GLE type
for the BP derived in [20] simplify to two equations,

mu(t) = QBuy (1) — f U (T (e — 1)dt' + f(1),
0

mz')y(t)=—QBvx(t)—/ v,(I"T(@ —t)dt" + f,(t), (1)
0

where v, () = x(¢) and v, (t) = y(¢) are the projections of the
velocity of the BP on the axis x and y, respectively. Here, I'(¢)
is known as the memory kernel (or memory function), and
fx(t) and f,(¢) are the projections of the random thermal force.
These zero-mean forces differ only by changing x to y and,
when it is possible, they will be denoted as f(¢). They are
statistically independent and, assuming the stationarity of the
system, related to the memory function by the FDT [16],

(FaNf@") = kgTT(It" — ")), 2

where (-) means the statistical averaging. Depending

on the system parameters and the distribution of the bath
internal frequencies, I'(#) can be very different [18,22]. In
what follows, we will use the exponentially decaying mem-
ory function I'(t) = (§/7)exp(—t/t) corresponding to the
thermal force called the Ornstein—Uhlenbeck noise, with &
being the friction coefficient of the Stokes force when the
noise is white [["'(z) = 2£§(¢)] and the integral in (1) becomes
—&u,(¢). The parameter T has the sense of the relaxation time
of the random force f.

We are interested in the time behavior of the mean mag-
netic moment (M_(¢)) of the BP in the applied magnetic field
and mainly its value at ¢+ — oo. For this purpose, since the
magnetic moment is proportional to the angular momentum
mL(t), in the following, we will focus on calculating the quan-
tity L(t) = x(¢)y(¢) — y(¢)x(¢), its average value, and (L(¢)) at
infinite times.

To determine the positions and velocities of the BP, it
is suitable to apply the Laplace transform (LT) L{p(¢)} =
o(s) = fooo e(t)e*'dr [the inverse LT will be denoted as
L7 Y@(s)} = ¢(1)] to Egs. (1) and a similar equation for vy(2),
which allows transforming the integrodifferential equations to
algebraic ones. With the rules for the operations of the LT
[23], the solution of these equations can be written in the form

x(0)
s

+ O(5)fe(s) + T () f(5), 3)

i(s) = + mx(0)D(s) + my(0)¥(s)

D(s) = mx(0)sd(s) + my'(O)s@(s)

+5D(5)fe(s) + sV (5)/(s), 4)
where
) -
B(s) ms~ + SZF(S) - )
[ms? + sT'(s)]” + (OBs)
- OBs
U (s) (6)

T s + sT()]” + (OBs)?

with, for the chosen memory function, Is)=¢ /(ts+1).
Similar solutions take place for §(s) and 0y (s) if x is replaced
by y and the terms with ¥ (s) are written with the opposite
sign. Now we have to invert these solutions and, in the time
domain average, the result for L(z) = x(t)uy () — y(t)v,(?).
Taking into account Egs. (3) and (4) and equations for J(s)
and Oy(s), the independence of the different projections of
the thermal force, and the fact that among the products of
the initial values and velocities only (x?(0)) = (y*(0)) and
(x2(0)) = (¥%(0)) = kgT /m could be nonzero, we arrive at the
following terms that could contribute to (L(¢)) (the terms with
x and y contribute equally):

(Lo()) = =2(x(0) L™ {sT () /e (5)}).
(Li(0) = 2m* (F(O) [L™H{sD()} L™ (T (s)}
— L7HOIL s P ()},
Ly(t) = 2[L7 {sD(s) F ()} L {T () F ()}
— LD fOIL sV (). (D

To calculate the mean values, one can, with no loss of
generality, place the origin of the Cartesian axes at the initial
point x(0) = y(0) = 0, so (Ly(¢)) = 0, and it is not necessary
to consider it. The term (L;(¢)) can be rewritten as

(Li(1)) = 2mkpT[®"(1)¥(t) — D)V (1)), ®)

where it was used that (x2(0)) = kzT /m due to equipartition,
and ®(0) = W(0) = 0, so L{P'(t)} = sP(s) and L{V' (1)} =
sW(s) [23]. Att — oo, (L (1)) — 0. This can be proved with
use of the expressions for ®(¢) and W(z), see Sec. Il and the
details of their obtaining in Appendix and Supplemental Ma-
terial, Part II [24]. The time dependence of the mean angular
momentum m(L(¢)) is thus determined by (L(¢)) = (L;(¢)) +
(Ly (1)), while its value at t — oo is given by (L,(¢)):

(La(t)) = 2ksT& / dr’ / dt" v ")
0 0

T

W (YD (Y] exp # ©)

Here, we have used the convolution theorem [23] and the
FDT (2), according to which the time correlation function of
the random force is

EkpT —|t' =17
exp .
T T

(fEHf@) = (10)

Remark. We will derive the formulas for positive values m,
0, B, &, and t. It is evident that changing Ehe sign of the value
QO will change the sign of the functions W (s), W(z), and also

024149-2



ANGULAR MOMENTUM OF AN UNCONFINED CHARGED ...

PHYSICAL REVIEW E 114, 024149 (2026)

W’(¢). This leads to the change of the sign of the mean value
(L(t)) and its limit as t — oo.

An alternative treatment of generalized Langevin dynamics
with memory is based on a Markovian embedding procedure,
in which auxiliary variables are introduced so the result-
ing stochastic dynamics becomes Markovian in an extended
phase space. Such an approach allows the construction of
corresponding Fokker—Planck equations and has recently been
applied to charged Brownian motion in magnetic fields [25].
The present work instead follows a direct analytical route
based on the LT of the GLE. While both approaches are
formally related, the LT method used here provides explicit
time-dependent expressions for the displacement, velocity,
angular momentum, and kinetic energy without introducing
additional variables. We also emphasize that the physical set-
ting considered in Ref. [25] differs from the present work
in that the particle is confined and driven by an additional
nonequilibrium noise violating the FDT, whereas our model
describes an unconfined particle coupled to a thermal bath
satisfying the fluctuation-dissipation theorem.

In the following Secs III-V, we give a short extraction of
the results of the analytical calculations of functions ®(¢) and
W(t), and then the angular momentum and kinetic energy of
the BP given in Appendix and supported by extensive high-
precision analytical and numerical calculations) presented in
detail in the Supplemental Material [24].

IIL. INVERSE LAPLACE TRANSFORM
OF THE FUNCTIONS &(s) AND ¥(s)

As seen from Eqs. (8) and (9), the key role in obtaining the
mean angular momentum (L(z)) = (Li(¢)) + (L»(¢)) in the
time domain is played by the inverse LTs of functions ®(s)
and U (s) from Egs. (5) and (6). The auxiliary functions ®(t)
and W(¢) are searched for using the decomposition in simple
fractions of their LTs:

~ i ~ bi
@(s)zzsfs',w(shzs_sﬁ (11)

It was used here that ®(s) and ¥ (s) have five distinct roots
s;. From Eqgs. (11), one can immediately obtain the wanted
functions in the time domain. However, obtaining the roots
and the coefficients a; and b; is an involved task presented in
Appendix and in more detail in [24]. It is shown there that
ss = 0 and the other roots are complex and have negative real
parts. Also, s3 = s7 and s4 = ;. The coefficient of the partial
fraction decomposition can be determined straightforwardly
by the substitution of roots after subtracting the root factors,
or, formally,

a; = [(s — s)P()ls=s;» bi = [(s — 5)T(S)]|s=s,  (12)

i=1, 2. We also have a3 = aj, as = a5, bz = b}, by = b3,
and

—_ £, 0B
(OB)* +§2 (OB)* + &2

Now, from Eqs. (11), we can write the searched function in
the complex form [23]

13)

(1) = are’”’ + ae”™ +aje’l’ + ajet + as. (14)

It can be shown that by = —ia;, k = 1, 2. Hence,
W(t) = —ia;e"" — iaye®™ + iate’ + iase +bs.  (15)

It is also possible to write functions ®(¢) and W(¢) in real
form; however, the computation of the integrals in (9) is much
simpler in the complex form.

IV. MEAN ANGULAR MOMENTUM AND ITS ¢ — oo LIMIT

So, to calculate the mean value (L(¢)) in Egs. (8) and (9),
we deal with the integral:

t t
Iia(cy, ) = / / dt'dt” explci(t —1')]
0 Jo

|/_ //|

x explea(t — 1) exp +, (16)

where c¢; and ¢, are complex constants. It is possible to use

¢y =0 or ¢; =0 (not simultaneously). Indeed, we are first

interested in the limit lim (L(¢)). To find a formula for such a
—>00

limit, it is sufficient to use the limit
t[t(c1 +¢2) — 2]

(c1 +e)(ter — D(tey = 1)
which is derived using the conditions T > 0, Re(s;) < 0, k =
1,2, 3, and 4.

The integrals I}5(cy, ¢;) were calculated for given values
of ¢ using the computer algebra system Maple. After many
analytical integral calculations and using the numerical tests

with high precision, the full mean angular momentum was
obtained (see [24], Eq. (45) in Part IV):

m[(Li(t)) + (La(1))] = —2mkpT {bs[1 — cos(Im(s)t )eRe2"]

lim [12(6‘1, C2) = (17)
t—00

— as sin(Im(s )t )eRet2"

+ 2Im(a; )[cos(Im(s; )t )R

— cos(Im(sy)r)eRee2 ]

+ 2Re(a;)[sin(Im(s )t )eReC1!
— Sin(Im(Sz)[)gRe(Sz)l‘]}. (18)

Its + — oo limit is determined by the coefficient b5 from
Egs. (13),

2ksTm  QBJE
£ (OB/EY +1

Here, 2kgT /£ is the Einstein diffusion coefficient of the BP
in the plane x, y when the external field is absent. In particular,
for B~ 0 and fixed &, we get lim,_, o (L(t))~ —2kzT QB/£>
and lim,_, o (L(t)) = 0if B — oo.

Figure 1 shows the relative value (L(¢)) divided by the
lim,_, oo (L(?)) as a function of /7 for Q = 1.6 x 10~'°C, and
the rest of the fixed parameters are estimated as for a methane
molecule in water at room temperature, £ = 2.0 - 1072 kg/s,
7=4.0-10""s, and m = 3.0- 1072°. Figure 2 shows that
the mean value (L(¢)) converges to the limit very fast in an
exponentially oscillatory manner.

For the details of the calculation of m(L(t)) and its t — o0
limit, see [24], Part IV.

tlim m(L(t)) = —2kgTmbs = — (19)
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FIG. 1. Mean value (L(¢)) divided by the lim,_ . (L(¢)) as a
function of time.

V. MEAN KINETIC ENERGY

Here, we present the results of the calculation of the mean
kinetic energy of the BP,

(E@®) = m[(v;®)) + (vy(1))] /2. (20)

(v}(1)) = (V7 (1)). With the use of the solution (4) for D(s)
and a similar one for Dy (s), and skipping the terms that, after
averaging, give zero (as it was done in the calculation of the
mean angular momentum), Eq. (20) can be rewritten in the
form

(E@t)) = m[A(t) + B(t) + C(t) + D(1)]

(E1(0)) + (Ex(1)), 2n

N
log|e(1)] it

-15 l | |

S

value of the
lim;_, oo (L(1)),

FIG. 2. Logarithm of the absolute
relative  difference  between  (L(¢)) and
e(r) = ((L(r) = limy— oo (L(1)))/ limy o0 (L(1)).

where
At) = m* (EO) (L s (),
B(t) = m* (2 (0) (L {sT(5)}),
C@) = (L 5B AN,
D) = (L7 {sT ) )N (22)
The term

(Er(1)) = A(t) + B(t) = m*kgT[(®'(1))” + (W'(1))"] (23)

disappears at long times. The explicit formula for (E;(¢)) is
obtained in [24], Part V, Eq. (48):

(E1(1)) = 4m° kT {|ar|[s1 7€ + |aa|? |5y P02
+ 2¢7"/"[(Re(ars1)Re(azs;) + Im(a;s1)Im(ass,))
x cos(E_t/~/2mt) 4+ (Re(a;s1)Im(ays,)
— Im(ars))Re(arsy)) sin(T_1/v2mo)l}).  (24)
The term
(Ex(1)) = m[C(z) + D(1)] (25)

that contributes to the # — oo limit is determined by the
integral

<E2([)> — kBTms/ dl// dl”[(b/(l/)q)/(l//)
0 0

T

—¢ =t
+ W'V (t")] exp % (26)

The formula for (E,(#)) is given in [24], Part V, Eq. (49):

(Ex(1)) :4kaT€: |a1|2|51|2[Re(;1) +1/7] GARe(s1)
T Isi +1/7|"Re(sy)

las|*s2|*[Re(s2) + 1/T]ezke(sz>z
Is2 + 1/7]*Re(s2)
42 e|: aisiayss(sy + 85 +2/7) <51+s;)z]}
(s1+1/7)(s5 + 1/T)(s1 + 55)
+ kgT, (27)

with the limit lim,_, . (E>(¢)) = kgT. Moreover, it is proven
in [24] that the mean energy (20) is (E(?)) = (Ei(¢)) +
(Ey(t)) = kT at any time ¢ > 0, i.e., the same as it was in
equilibrium up to = 0 in accordance with the equipartition
theorem. The dependencies of the parts of the mean energy on
the time are shown in Fig. 3.

VI. CONCLUSIONS

In conclusion, we have considered the classical BM of a
charged particle in a neutral bath when this system is placed in
a constant magnetic field. The dynamics of the BP is described
by the GLE, which naturally incorporates memory effects.
The solution yields a nonzero mean angular momentum of
the BP (and thus a nonzero mean diamagnetic moment) in
the long time limit. This result should be interpreted with
care as a property of a nonequilibrium asymptotic regime of
the unconfined Brownian particle rather than as a steady state.
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0.8 -~

02 -

FIG. 3. Time dependence of the parts (E;(z)) (24) and (E,(t))
(27) giving in sum the full mean kinetic energy (21) (E(t)) = kgT .
The parameters are the same as those used in Fig. 1.

While the velocity distribution thermalizes and quantities such
as the mean angular momentum and kinetic energy approach
constant values, the position distribution continues to broaden
indefinitely because the particle undergoes unbounded dif-
fusion. Consequently, the full phase-space distribution never
becomes stationary and does not correspond to a normalizable
canonical equilibrium ensemble. The obtained nonzero angu-
lar momentum therefore does not represent a violation of the
Bohr—van Leeuwen theorem but rather reflects the nonequi-
librium nature of the asymptotic dynamics in an unconfined
system. The mean kinetic energy of the particle remains equal
to kT for all times after the magnetic field is switched on. Al-
though the velocity degrees of freedom thermalize and satisfy
the equipartition theorem, the absence of spatial confinement
prevents the system from reaching a canonical equilibrium
state. The physical origin of the effect lies in persistent corre-
lations between the particle position and velocity induced by
the magnetic field and stochastic forcing. These correlations
lead to a finite angular momentum even at long times. In con-
trast, if the particle is confined (for example, by a harmonic
potential), the system reaches a proper equilibrium state, and
the BvL theorem is recovered. This highlights the crucial role
of confinement in such systems as discussed in several papers,
in which the magnetic moment of a charged Brownian particle
was calculated within the framework of the ordinary memory-
less Langevin equation with dissipation, classical [10,11,12]
or quantum [13]. Importantly, it was shown in these papers
that taking the limit of long time and vanishing confinement
cannot be interchanged. Within our approach, the result for the
angular momentum at + — oo is the same as in the memory-
less case [26] and also does not depend on the relaxation time
of the random force 7, but the time dependence is different as
a consequence of the memory in the particle dynamics.
Another interesting problem is connected with our coun-
terintuitive finding that, according to the simple formula
proposed by us, the angular momentum (and thus magnetic
moment) of the BP tends to zero as the magnetic field B
approaches infinity. This is in accordance with the behavior

of the mean square displacement of the particle (see [27]
for the ordinary Langevin theory and [28] for the GLE with
Ornstein—Uhlenbeck memory), which becomes zero at any
time ¢t if B is extremely strong (at long times MSD(z) ~
4kpTEt/[E% + (QB)]Z): the BP is pushed to the initial point
where it was before turning on the magnetic field.

In typical Brownian systems, the magnitude of the obtained
effect is extremely small, as can be confirmed by order-of-
magnitude estimates. So, for a micron-sized Brownian particle
(a ~ 1 um) in water (n ~ 1073Pa - s), the friction coefficient
can be estimated using the Stokes formula y = 6mna. At
room temperature (7' =~ 300K), and assuming a strong mag-
netic field of 10 T and a charge Q equivalent to several
elementary charges, Eq. (19) yields a value of of the an-
gular momentum of approximately 10~°kgm?/s. The effect
is therefore unlikely to be directly observable. However, it
may become more pronounced in systems with lower damp-
ing or stronger magnetic fields, such as charged particles in
rarefied gases or plasma environments. For a discussion of a
demanding problem of experimental realization of the studied
classical system, we refer to Ref. [14].

The present analysis highlights the importance of care-
fully distinguishing between equilibrium and nonequilibrium
situations in stochastic dynamics and clarifies the role of
unbounded motion in systems subjected to magnetic fields.
Future work may extend this approach to confined systems,
interacting particles, or more general memory kernels to fur-
ther elucidate the interplay between stochastic dynamics and
magnetic response.
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APPENDIX: CALCULATION OF THE MEAN ANGULAR
MOMENTUM AND KINETIC ENERGY

The purpose of this appendix is to provide an explanation
clarifying the way of obtaining the basic article formulas. The
detailed derivation of the results is given in the Supplemental
Material [24], where every step of calculation is presented in
a controllable way.

1. Auxiliary functions ®(¢) and ¥(¢)

The generalized Langevin Eqgs. (1) are solved using the
Laplace transform, which converts the integrodifferential
equations of motion into algebraic ones. The solution can be
expressed in terms of two auxiliary functions d(s) and U(s)
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given in Egs. (5) and (6). These formulae can be rewritten as
follows:

. 28(S? — S + & /m)
T om(S=1DDES)
_ 0Br’S?

T m2(S — DHD(S)’

(AL)

(A2)

where S = 75 + 1 and

2
D(S) = §* —28° + [1 i (QBT> }52
m m
— ZE_TS+ <%l>2
m m

has a form enabling to find its roots analytically, and to de-
termine the partial fractions decomposition of both functions
&(S) and W(S). The solution of the equation D(S) = 0 gives
the roots S; [24], Part II, from which

—V2m+t ¥, N V20Btr +3_
l
Zﬁm 2/2mt

(A3)

12 =

and s34 = s} ,. Here,

Y =T -I.X, =/ +1=20Bmt/S_,
T = [(QBTY + m(ym — 2E0)]

% [(QBTY? + m(y/m +2J/ED)] ",
1 =m? — 4mét — (QBT)~.

It can be proved that the real parts of these roots are neg-
ative (if £t /m > 0) [24]. This was used in the calculation of
mean values of the angular momentum and kinetic energy.

The coefficients a; and b; in Egs. (11) are obtained using
the concealment method [24] according to Egs. (12). They are
of a rather complicated form ([24], Eq. (35)), except as and bs
shown in Egs. (13).

The functions ®(¢) and W(z¢) have the form

®O(r) =2Re[V(H)] + as, V() =2Im[V ()] + bs, (A4)
where V(1) = aje®’ + axe®™ + aje’i’ + aje'. Thus, only
four coefficients are needed to express the auxiliary functions
®(¢) and W(¢), Egs. (14) and (15). Their time derivatives are

@'(t) = 2Re[W ()], ¥'(t) = 2Im[W (1)],

where W(t) = V/(¢).
Att = 0, we have

®(0) = 2Re(a;) + 2Re(ay) + as = 0,
W(0) = 2Im(a;) + 2Im(ay) + bs = 0.

2. Calculation of the mean angular momentum

The mean values of the angular momentum and kinetic
energy are calculated using many integrals of the following

type, cf. Eq. (16):

Iin(cr, ¢2) = /t ft dtydiyesr et exp 11121
0 Jo T

_ el — o explics = 1/ox]
(=) +1/T) (e + 1/t —1/1)
[(c1 +c2) +2/t]expl(ct + c2)t]

(ci1 +1/t)(c2+1/T)(c1 +¢2)

ci+c—2/t
e o - e ta)

(AS5)

The cases ¢; = 0 or ¢; = 0 are possible, however, |c;| +
|ca| > 0. Because ¢; and ¢, are some nonzero roots s or
conjugate values sx with negative real values, the limit of
the right side of (AS) at + — o0 is equal to the last term (all
exponential terms vanish).

The mean value of the angular momentum m(L(t)) =
m({Li(¢)) + (Ly(¢))) is determined by the functions (L;(t))
and (L,(¢)) from Eqgs. (8) and (9), respectively. Using
Eqgs. (A4), (L;(¢)) can be expressed as

(Li(t)) = 8mkgT ~Re[—iV(t)W*(t) + w}

2[(OB)* + £2]
(A6)

and

4EkBT ! ’ ! ” ”
(La(1)) = /dt / dt"{[ReW (t — 1]
T 0 0
X [2ImV (t — t') + bs] — [ImW ( — t)]

x [2ReV (t — ") + as]te 1 =""1/7. (A7)

After substituting the functions V(r) and W(t) in (A6), we
obtain the final result for the t dependence of (L (¢)) [24]. The
full-time result for (L,(#)) requires calculating many double
integrals of the type of (AS), leading in summary to 160
single integrals arising when V() and W(¢) are put in (A7).
All details of the calculations supported by precise numer-
ical checks are given in [24], Part II. Despite the involved
calculations, the final result for m(L(z)) shown in Eq. (45)
(Eq. (18) in the main text) is quite simple, with the exceed-
ingly simple t — oo limit, Eq. (19). This result shows that the
long-time angular momentum is finite and determined by the
competition between magnetic and dissipative effects. It also
highlights that the asymptotic behavior does not depend on the
detailed structure of the memory kernel but rather on general
features of the Langevin dynamics.

3. Calculation of the mean kinetic energy

The resulting formulae (24) and (27) for the mean kinetic
energy of the BP have been obtained in the following way.
First, the part of the kinetic energy (E;(¢)) (23) can be ex-
pressed through the derivations of the auxiliary functions &
(t) and W(¢) as (see [24], Part V)

(E1(1)) = m*kgT[®' ()] + [V ()] = dmPkgT|W (1)),
(A8)
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The part of the kinetic energy (E»(¢)) that does not disap-
pearatt — oo is

o

4kBTm$ ! ’ ! 1" ’ 1INT,—
(E2(t)) ZT/ di / dt"Re[W (YW (1" )]e~"=
0 0
(A9)

After the substitution of W(¢) in (A8), we obtain Eq. (24)
for (E|(¢)) in the main text. The calculation of (E,(¢)) requires
the use of eight integrals of the type (A5). Collecting all terms
in (E1(¢)) and (E,()), explicitly given in [24], we have proved
that all exponential functions in (E(t)) = (E|(t)) + (Ex(2))
vanish and the mean energy is equal to the + — oo limit of
(E>(1)) only, (E(1)) = 1ksT.
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