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We perform a first-principles canonical quantization of a massive vector field, often referred to as the
Proca field, in a Schwarzschild spacetime background. While scalar, fermionic, and electromagnetic fields
are well studied in this context, the Proca field requires a more nuanced treatment because of the physical
nature of the longitudinal polarization mode and the constrained dynamics of the field variables. By
implementing the Dirac bracket formalism to treat the constraints inherent in the Proca action, we derive a
consistent framework for the commutator algebra of creation and annihilation operators. Following this
construction, we define the usual Boulware, Unruh, and Hartle-Hawking vacua. Using the Unruh vacuum,
we derive and analyze the Hawking spectrum of the Proca field. Furthermore, we numerically evaluate the
Proca condensate constructed from the two-point correlation function hAμðxÞAνðx0Þi, defined on all three
vacuum states. We find that the condensate becomes significant near the boundary of the future horizon.
Our results highlight the interplay among the different polarization modes and the significance of the Proca
mass in quantum observables.
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I. INTRODUCTION

The semiclassical approach to gravitational interactions,
in which quantum fields propagate on a fixed classical
spacetime background, captures several profound phenom-
ena. It has led to successful predictions in early-Universe
cosmology, particularly regarding structure formation [1].
On the other hand, the same approach led to the discovery of
Hawking radiation [2] and vacuum polarization [3] in black
hole (BH) spacetimes, opening an entirely new arena of
phenomena associated with BH physics. While the imple-
mentation of quantization within the semiclassical frame-
work is relatively well understood in the early Universe [4],
where the background is isotropic, homogeneous, and
expanding, difficulties arise in the presence of horizons
in BH spacetimes (see, e.g., Refs. [5,6]). Consequently,
substantial effort has been devoted over the decades to the
quantization of fundamental fields in BH backgrounds and
to the computation of vacuum expectation values of the
stress-energy tensor [7–10].
Even decades after Hawking’s original discovery [2],

together with several alternative derivations of the radiation
flux [11–20], a complete understanding of the semiclassical
evaporation process remains an active area of research.
Such an understanding requires the computation of the
renormalized stress-energy tensor in order to study the

semiclassical Einstein equation, Gαβ ¼ hTαβi [21]. As a
first step, a major line of investigation has focused on the
canonical quantization of fields. Naturally, the procedure
becomes increasingly difficult as the spin of the matter field
increases, as is evident from the existing literature on spin-0
(scalar) [22–24], spin-1=2 (fermion) [25], and massless
spin-1 (photon) fields [26–28]. However, the inclusion of
mass introduces additional complications. For example,
anomaly-based methods can no longer be utilized to study
near-horizon features [21]. Nevertheless, within the canoni-
cal framework, the extension to the massive case is com-
paratively straightforward for scalar and fermionic fields,
allowing the field modes to exhibit bound states in addition
to scattering states [23]. In contrast, the corresponding
extension for a vector field is nontrivial because the mass
term breaks gauge invariance and thereby promotes the
longitudinal polarization to a physical propagating degree of
freedom. From a computational perspective, this results in a
coupled system of equations that significantly complicates
the numerical analysis [29]. A major breakthrough came
with the work of Frolov, Krtouš, Kubizň’ak, and Santos
(FKKS), who established an exact separable ansatz for the
Proca equations in BH spacetimes [30].
The motivation for a rigorous study of the Proca field

(hereafter used interchangeably with massive vector field) in
a BH background is twofold. First, from a phenomenological
perspective, massive vector bosons, such as dark photons,
constitute compelling dark matter candidates [31–34]. The
longitudinal polarization of a massive vector field, which
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can be understood through the Stueckelberg mechanism
[35–37], represents a physical degree of freedom that is
absent in standard Maxwell electrodynamics. Understanding
how quantization affects the dynamics and thermal proper-
ties of this additional mode is therefore of direct physical
interest.
The explicit breaking of Uð1Þ gauge symmetry by the

Proca mass term also raises an interesting question in the
context of infrared approaches to the BH information
problem. Proposals that relate information retention to soft
hair and large gauge transformations at null infinity rely
crucially on the existence of asymptotic gauge symmetries
and their associated soft sectors [38]. In contrast, a
massive vector field possesses no corresponding large
Uð1Þ symmetry and therefore lacks the standard soft-
photon hair structure familiar from massless electrody-
namics. Furthermore, the study of massive vector fields in
four dimensions has direct implications for string-inspired
phenomenology through their duality with the massive
Kalb-Ramond (KR) two-form field [39]. Since the quan-
tization framework developed here is formulated at the
free-field level, both the equations of motion and the
canonical quantization procedure carry over directly onto
the KR field under this duality.
In the present work, we study the massive vector field in

the test-field approximation on a fixed Schwarzschild back-
ground, leaving the extension to rotating spacetimes for
future investigation. We begin by constructing the classical
solutions using the FKKS ansatz and explicitly verifying that
the modes are orthonormal with respect to the Proca inner
product. This step is particularly important in the even-parity
sector, where the orthogonality of the longitudinal and
transverse degrees of freedom is not guaranteed by parity
alone. Using these orthonormal mode functions, we then
perform a canonical quantization by following the Dirac-
Bergmann approach [40–44] to handle the second-class
constraints of the system [45] and establish the correspond-
ing consistent bracket structure. Subsequently, we define the
Boulware, Unruh, and Hartle-Hawking vacuum states.
As an important quantum observable, the number

operator is evaluated in the past Unruh state to derive
the Hawking spectrum at future null infinity. Compared to
the massless case [46], it is important to understand how the
lifting of degeneracy affects the Hawking spectrum of the
massive field. Motivated by this question, we analyze
the spectrum associated with each polarization of the
Proca field. On the other hand, as a fundamental building
block for the quantum stress-energy tensor and the study of
backreaction, the two-point Green function must be com-
puted as a first step [5,6]. Accordingly, we evaluate this
quantity in all three vacuum states and subsequently
investigate the structure of the Proca condensate through
numerical analysis.
The rest of the paper is organized as follows. In Sec. II,

we use the FKKS ansatz to derive the classical solutions of

the equation of motion (EoM), which form the foundation
of our analysis. In Sec. III, we impose the appropriate
boundary conditions on these solutions and establish the
key properties and identities satisfied by the reflection and
transmission coefficients. Building on these results, in
Sec. IV we introduce the Proca inner product and construct
an orthonormal basis of classical solutions. Using this basis,
in Sec. V we carry out the canonical quantization procedure,
consistently deriving the commutation relations for the
creation and annihilation operators from those of the field
and its conjugate momenta. We then perform the necessary
analytic continuations and define the relevant vacuum
states. In Sec. VI, we derive the Hawking flux from first
principles. Next, in Sec. VII, we compute the two-point
function and discuss its physical implications. Finally, in
Sec. VIII, we summarize our results and outline possible
directions for future work.
In the following analysis, we work in units where

ℏ ¼ c ¼ 1.

II. CLASSICAL SOLUTIONS OF THE MASSIVE
VECTOR FIELD IN SCHWARZSCHILD

SPACETIME

As a first case study of the Proca field, we consider a
static, spherically symmetric BH spacetime described by
the Schwarzschild line element,

ds2¼−fðrÞdt2þfðrÞ−1dr2þ r2dθ2þ r2sin2θdφ2; ð2:1Þ

where fðrÞ ¼ 1 − rh=r, with rh ¼ 2GM, and M denotes
the BH mass. In a generic curved spacetime, the action
for a Proca field minimally coupled to the background
geometry (2.1) is given by

S ¼ −
Z

d4x
ffiffiffiffiffiffi
−g

p �
1

4
FμνFμν þ 1

2
μ2AμAμ

�
; ð2:2Þ

where μ denotes the Proca mass. The corresponding
equations of motion are

1ffiffiffiffiffiffi−gp ∂μð
ffiffiffiffiffiffi
−g

p
FμνÞ ¼ μ2Aν: ð2:3Þ

It follows from the above field equations that

∂μð
ffiffiffiffiffiffi
−g

p
AμÞ ¼ 0: ð2:4Þ

This constraint, commonly referred to as the Lorenz
condition [47], serves as an integrability condition for
the Proca equations. Unlike in Maxwell electrodynamics,
where the Lorenz condition is imposed as a gauge choice,
here it arises directly from the field equations and there-
fore need not be imposed separately on the field modes.
Before proceeding to quantization, however, one must first
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construct the classical solutions that define the mode basis.
Accordingly, in the following discussion, we outline the
treatment of the Proca equations, beginning with a suitable
decomposition that allows the equations of motion to
be decoupled.

A. Vector spherical harmonics basis

For a spin–1 field in the spherically symmetric space-
time (2.1), it is convenient to describe the angular sector
using the following set of vector spherical harmonics
(VSH) [47]:

Zð1Þlm
μ ¼ ½1; 0; 0; 0�YlmðΩÞ;

Zð2Þlm
μ ¼ ½0; f−1; 0; 0�YlmðΩÞ;

Zð3Þlm
μ ¼ rffiffiffiffi

L
p ½0; 0; ∂θ; ∂ϕ�YlmðΩÞ;

Zð4Þlm
μ ¼ rffiffiffiffi

L
p

�
0; 0;

1

sin θ
∂ϕ;− sin θ∂θ

�
YlmðΩÞ; ð2:5Þ

where L ¼ lðlþ 1Þ, and YlmðΩÞ, withΩ≡ ðθ;φÞ, denote
the usual scalar spherical harmonics. The above expres-
sions satisfy the following orthogonality condition:Z

ðZðiÞlm
μ Þ�ημνðZði0Þl0m0

ν Þ sin θdθdφ ¼ δii0δll0δmm0 ; ð2:6Þ

with

ημν ¼ diag½1; f2; 1=r2; 1=ðr2sin2θÞ�: ð2:7Þ

Concerning the transformation under parity, ðθ;φÞ →
ðπ − θ;φþ πÞ, the VSH basis exhibits the following
properties:

Zð1;2;3Þlm ¼ ð−1ÞlZð1;2;3Þlm;

Zð4Þlm ¼ ð−1Þðlþ1ÞZð4Þlm; ð2:8Þ

corresponding to even and odd parity, respectively. Since
Zμ are parity eigenstates, it enforces that the even parity
sector is orthogonal to the odd parity sector. With this setup,
we decompose the vector field as

Aμðt; rÞ ¼
1

r

X4
i¼1

X
lm

cðiÞulðiÞðt; rÞZðiÞlm
μ ðr;ΩÞ; ð2:9Þ

with cð1Þ ¼ cð2Þ ¼ 1 and cð3Þ ¼ cð4Þ ¼ 1=
ffiffiffiffi
L

p
, whereas (r)

stands for (r; θ;ϕ). Substituting the above decomposition
into (2.3), equations of motion for different parity sectors
with decoupled angular part can be obtained. This yields a
set of coupled equations in the even-parity sector [48],

D̂2uð1Þ þ ½ð∂rfÞð∂tuð2Þ − ∂r�uð1ÞÞ� ¼ 0;

D̂2uð2Þ þ
�
ð∂rfÞð∂tuð1Þ − ∂r�uð2ÞÞ −

2f2

r2
ðuð2Þ − uð3ÞÞ

�
¼ 0;

D̂2uð3Þ þ
�
2

r2
flðlþ 1Þuð2Þ

�
¼ 0; ð2:10Þ

with

D̂2 ≡ −∂2t þ ∂
2
r� − f

�
L
r2

þ μ2
�
; ð2:11Þ

where r� denotes the Tortoise coordinate, defined as
dr� ¼ f−1dr. Additionally, the Lorenz condition (2.4) in
the aforementioned notation takes the following form:

∇μAμ ¼
1

rfðrÞ
�
∂r�uð2Þ − ∂tuð1Þ þ

f
r
ðuð2Þ − uð3ÞÞ

�
¼ 0:

ð2:12Þ

Furthermore, using the second equation in the set of
equations given in (2.10), we straightforwardly obtain

D̂2uð2Þ þ
f
r

�
∂rf −

2f
r

�
ðuð2Þ − uð3ÞÞ ¼ 0: ð2:13Þ

The special case l ¼ 0, corresponding to the monopole
mode (m), admits vanishing uð3Þ and uð4Þ as solutions and
hence belongs to the even-parity sector. Nevertheless, one
can recast the above EoM for the monopole mode into the
following equation:

−∂2t uð2Þ þ ∂
2
r�uð2Þ − VðmÞ

eff ðrÞuð2Þ ¼ 0; ð2:14Þ

with

VðmÞ
eff ðrÞ ¼ f

�
2f
r2

−
∂rf
r

þ μ2
�
: ð2:15Þ

Given the static nature of Schwarzschild spacetime, it is
suitable to consider the following separable form:

uðiÞðt; rÞ ¼ e−iωtuðiÞðr;ωÞ: ð2:16Þ

Implementing the above decomposition, the equation for
the monopole mode (2.14) takes the following form:

∂
2
r�uð2Þ þ ½ω2 − VðmÞ

eff ðrÞ�uð2Þ ¼ 0: ð2:17Þ

For nonzero l modes, in addition to the even parity
equations above, we obtain a fully decoupled equation
governing the odd-parity sector,

D2uð4Þ ¼ 0: ð2:18Þ
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Separating the time dependence in the same manner as in
(2.16), the above equation reads

∂
2
r�uð4Þ þ ½ω2 − VðoÞ

eff ðrÞ�uð4Þ ¼ 0; ð2:19Þ

with

VðoÞ
eff ðrÞ ¼ f

�
L
r2

þ μ2
�
: ð2:20Þ

In the massless limit, the effective potential reduces to the
corresponding electromagnetic potential, up to the disap-
pearance of the mass term. Thus, the odd-parity mode
continuously reduces to the physical transverse electro-
magnetic mode.
We are now left with the set of coupled equation for

l ≠ 0 (2.10) in the even-parity sector. To simplify the
construction of solutions, it is convenient to decouple
these equations, and the corresponding procedure is
discussed next.

B. Frolov-Krtouš-Kubizňák-Santos basis

In the even-parity sector (2.10), the equations of motion
do not admit a straightforward decoupling. To address this,
we adopt the FKKS approach [30], previously implemented
in [49,50]. The strategy is to rewrite the components
governing the radial part in the even parity sector as
follows:

uð1Þðω; rÞ ¼ −
ifrðνr∂r þ ω=fÞ

qr
R̄ðω; rÞ;

uð2Þðω; rÞ ¼
frð∂r − ωνr=fÞ

qr
R̄ðω; rÞ;

uð3Þðω; rÞ ¼ LR̄ðω; rÞ; ð2:21Þ

with qr ¼ 1þ ν2r2. Where ν is a separation constant, to
be determined below. Substituting the expression for uð2Þ
and uð3Þ into the last equation of the set (2.10), the
governing equation of R̄ can be obtained straightforwardly
and written as

∂
2
r� þ

2f
rqr

∂r� þ
�
ω2 − f

�
L
r2

þ μ2 þ 2ων

qr

��
R̄ ¼ 0: ð2:22Þ

To determine the separation constant, ν, we substitute the
components from (2.21) into the Lorenz condition (2.4),
which yields

∂
2
r� þ

2f
rqr

∂r� þ
�
ω2 − f

�
3ωνþ qrL

r2
−
2ων3r2

qr

��
R̄ ¼ 0:

ð2:23Þ

The equivalence of the preceding two equations implies
the relation

Lν2 þ ων − μ2 ¼ 0: ð2:24Þ
The roots of this equation are given by

ν� ¼ −
ω

L

241� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4Lμ2=ω2

p
2

35: ð2:25Þ

For the monopole mode, we discard the νþ branch and
retain ν− ¼ μ2=ω, in which case the resulting equation
reduces to (2.14). Importantly, the FKKS ansatz remains
well defined in the massless limit. In this limit, the
ν− branch continuously reduces to a pure gauge configu-
ration [51]. Since the longitudinal polarization resides in
the even parity sector, taking μ → 0 implies ν− → 0, and
the associated vector field reduces to the gradient of a
scalar function. On the other hand, the positive branch,
νþ in the massless limit corresponds to the transverse vector
mode as in the case of the photon. For these reasons, the
ðþÞ=ð−Þ labels in the even parity sector correspond to
vector- and scalar-type modes, respectively [48].
For the sake of completeness, one can express the odd

parity solution in the same notation as follows:

ulð4Þðω; rÞ ¼ R̄ðoÞ
ωlðrÞ: ð2:26Þ

To express the governing equations for both even- and odd-
parity modes in a unified Schrödinger-like form, we rewrite
the radial equation such that the differential operator acts on
the combination

ffiffiffiffiffi
qr

p
R̄=r instead of directly on R̄. With this

choice, the governing equation in the even-parity sector
becomes

½∂2r� þ ω2 − Vevenð�Þ
eff �

� ffiffiffiffiffi
qr

p
r

R̄
�

¼ 0; ð2:27Þ

where the effective potential is given by

Vevenð�Þ
eff ¼ Vodd

eff þ ∂r�

 
f

rqð�Þ
r

!
þ
 

f

rqð�Þ
r

!
2

þ 2fων�
qð�Þ
r

:

ð2:28Þ

An interesting property of the underlying framework, as can
be seen from all the linear second-order master equations,
is that they admit a conservedWronskian [52], which can be
expressed using (2.27) as

WðR̄1; R̄2Þ ¼
r2

qr
ðR̄�

1∂r�R̄2 − ∂r�R̄
�
1R̄2Þ; ð2:29Þ

where R̄1 and R̄2 are two linearly independent solutions
of (2.27). This conserved quantity, as we will see, represents
the radial flux associated with the mode function. Similarly,
the odd parity sector (2.19) also has an associated conserved
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Wronskian, which has a similar form as above, excluding
the overall factor.
Having obtained the decoupled equations of motion in

the form (2.17), (2.19), and (2.27), one can straightaway
impose the relevant boundary conditions and thereby
construct a complete set of orthonormal bases from the
classical solutions. Before proceeding, however, for con-
venience in the analysis, we find it useful to express the
Proca field in a suitable form using the combination of VSH
and FKKS bases, as described below.

C. Combined VSH and FKKS basis

From the above discussion, it becomes clear that the
FKKS decomposition resolves the difficulties associated

with decoupling of the equation of motion in the even
parity sector for l > 0. In addition, for l ¼ 0, it captures
the monopole mode associated with the scalar-type branch
(ν−), which is already decoupled in the VSH basis. The
relevance of both bases has also been emphasized in studies
of the Proca field over the years, where monopole dynamics
in the even parity sector plays a distinguished role in
the structure of the perturbation equations, alongside the
odd parity modes [53–55]. This suggests that an effective
decomposition of the Proca field should incorporate both
the parity sectors. We find that this can be achieved by
combining the FKKS and VSH constructions in the
following way:

Atðt; rÞ ¼ e−iωt
X
lm

�
−
iω
qr

−
iν�rf
qr

∂r

�
N ðe�Þ

ωl R̄ðe�Þ
ωl ðrÞYlmðΩÞ;

Arðt; rÞ ¼ e−iωt
X
lm

�
1

qr
∂r −

ων�r
qrf

�
N ðe�Þ

ωl R̄ðe�Þ
ωl ðrÞYlmðΩÞ;

Aθðt; rÞ ¼ e−iωt
X
lm

�
N ðe�Þ

ωl R̄ðe�Þ
ωl ðrÞ∂θYlmðΩÞ þN ðoÞ

ωl
R̄ðoÞ
ωlðrÞ
L

∂φYlmðΩÞ
sin θ

�
;

Aφðt; rÞ ¼ e−iωt
X
lm

�
N ðe�Þ

ωl R̄ðe�Þ
ωl ðrÞ∂ϕYlmðΩÞ −N ðoÞ

ωl
R̄ðoÞ
ωlðrÞ
L

sin θ∂θYlmðΩÞ
�
; ð2:30Þ

In the above decomposition, we have also included the overall normalization factors, N ðe�Þ
ωl and N ðoÞ

ωl for even and odd
parity, respectively, which will be fixed in Sec. IV. For convenience in the quantization procedure, we label Proca modes in
the respective parity sector:
Even parity sector:

Aðe�Þ
μ ðt; rÞ ¼ e−iωt

X
lm

N ðe�Þ
ωl

0BBBBBBB@

�
− iω

qr
− iν�rf

qr
∂r

�
R̄ðe�Þ
ωl ðrÞYlmðΩÞ�

1
qr
∂r −

ων�r
qrf

�
R̄ðe�Þ
ωl ðrÞYlmðΩÞ

R̄ðe�Þ
ωl ðrÞ∂θYlmðΩÞ

R̄ðe�Þ
ωl ðrÞ∂φYlmðΩÞ

1CCCCCCCA: ð2:31Þ

Odd parity sector:

AðoÞ
μ ðt; rÞ ¼ e−iωt

X
lm

N ðoÞ
ωl

R̄ðoÞ
ωlðrÞ
L

0BBBB@
0

0
∂φYlmðΩÞ

sin θ

− sin θ∂θYlmðΩÞ

1CCCCA:

ð2:32Þ
In the rest of the analysis, the combined set of modes,

altogether, will be referred to as AðζÞ
μ , with ζ ≡ λn;ωlm,

where λ takes care of the parity sectors ðe�Þ and (o),
whereas n stands for the in; up; out, and down modes,
which will be discussed in the following section.

III. ASYMPTOTIC FORMS OF THE PROCA FIELD

In this section, we discuss the asymptotic structure of the
Proca field, which will be used to construct an orthonormal
basis of mode functions in later sections. In the near-horizon
limit, the equation governing the ðe�Þmodes, (2.27), can be
expressed as

½∂2r� þ ω2�R̄ðe�Þ
up ðω; rÞ ¼ 0; ð3:1Þ

whereas, the same equation (2.27) in the limit r → ∞ takes
the following form:

½∂2r þ ω2 − μ2�R̄ðe�Þ
in ðω; rÞ ¼ 0: ð3:2Þ
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The general solution to the above asymptotic equation can
be expressed as the superposition of plane waves. In
general, two different types of boundary condition define
the in- and up-radial modes, as illustrated in Region-I of
Fig. 1, for all three polarizations. Specifically, the modes
incoming from the past null infinity are labeled as in-modes,
whereas the modes outgoing from the past horizon are
referred to as up-modes [22]. Explicitly, these modes are
characterized by the following asymptotic forms [47],

R̄ðλÞin
ωl ðrÞ ¼

(
T ðλÞin

ωl e−iωr� ; r� → −∞;

e−ikr� þRðλÞin
ωl eikr� ; r� → ∞;

ð3:3Þ

and

R̄ðλÞup
ωl ðrÞ ¼

(
eiωr� þRðλÞup

ωl e−iωr� ; r� → −∞;

T ðλÞup
ωl eikr� ; r� → ∞;

ð3:4Þ

With k ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 − μ2

p
, the above set of asymptotic solutions

describes scattering states for ω > μ. For ω < μ, the
relevant bound states correspond to up-modes that
describe an outgoing wave at H− and an ingoing wave
at Hþ, with no flux reaching Iþ. We emphasize that these
solutions are defined for ω∈R and therefore do not
correspond to quasibound states with a discrete spectrum,
which require ω∈C (see, e.g., Ref. [47]). Nevertheless, in
the next section, we will see that the in- and up-modes are
orthogonal. By complex conjugation to these modes, we
can also define the conjugate basis, out- and down-modes,
as [56]

R̄ðλÞout
ωl ðrÞ ¼ R̄ðλÞin�

ωl ðrÞ; R̄ðλÞdown
ωl ðrÞ ¼ R̄ðλÞup�

ωl ðrÞ: ð3:5Þ

Consequently, the asymptotic forms can be expressed as

R̄ðλÞout
ωl ðrÞ ¼

(
T ðλÞin�

ωl eiωr� ; r� → −∞;

eikr� þRðλÞin�
ωl e−ikr� ; r� → ∞;

ð3:6Þ

R̄ðλÞdown
ωl ðrÞ ¼

(
e−iωr� þRðλÞup�

ωl eiωr� ; r� → −∞;

T ðλÞup�
ωl e−ikr� ; r� → ∞;

ð3:7Þ

and illustrated in Fig. 2. Having given the asymptotic forms,
the next task is to determine the reflection and transmission
coefficients and their relations. A straightforward way to
proceed is to utilize the fact that the propagation of modes,
as shown in Figs. 1 and 2, has associated conserved flux,
because of which the induced inner product (defined in the
next section) satisfies the following properties, connecting
the past future null boundaries,

ðAin
ωlm; A

in
ωlmÞI− ¼ ðAin

ωlm; A
in
ωlmÞHþ þ ðAin

ωlm; A
in
ωlmÞIþ ;

ð3:8Þ

ðAup
ωlm; A

up
ωlmÞH− ¼ ðAup

ωlm; A
up
ωlmÞHþ þ ðAup

ωlm; A
up
ωlmÞIþ :

ð3:9Þ

Utilizing these relations, one can show that the coef-
ficients satisfy

jRðλÞin
ωl j2 þ jN ðλÞ in

ωl j2
jN ðλÞ up

ωl j2
jT ðλÞin

ωl j2 ¼ 1; ð3:10Þ

jRðλÞup
ωl j2 þ jN ðλÞ up

ωl j2
jN ðλÞ in

ωl j2
jT ðλÞup

ωl j2 ¼ 1: ð3:11Þ

The asymptotic expressions do not, by themselves, deter-
mine the origin of the mode. Instead, this is fixed by the
choice of boundary conditions, through which one iden-
tifies the incident component and adopts a scattering
normalization in which its amplitude is set to unity. The

reflection and transmission coefficients RðλÞ
ωl and T ðλÞ

ωl are
then determined by solving the radial equations (2.17),
(2.19), and (2.27). For the detailed numerical procedure, we
refer the reader to Ref. [57] (also see Ref. [58] for earlier
works on scattering). The overall normalization is fixed

FIG. 1. Representation of in- and up- radial modes originating
from two different boundary conditions on the Penrose diagram
of Region I.

FIG. 2. Representation of out and down radial modes on the
Penrose diagram of Region I.

CHANDRA PRAKASH and RAJESH KARMAKAR PHYS. REV. D 114, 065013 (2026)

065013-6



subsequently using the inner product, which depends on the
net flux and hence on the full scattering content of the
solution. Accordingly, in defining the modes, one retains
only the outgoing component at the past horizon for the
up-modes and only the ingoing component at null infinity
for the in-modes, thereby specifying their physical origin as
discussed in Sec. IV.
One can reexpress the out and down radial mode

functions as linear combinations of the in- and up- radial
mode functions as follows:

uðλÞoutðiÞωl ðrÞ ¼ RðλÞin�
ωl uðλÞinðiÞωlðrÞ

þ jN ðλÞ in
ωl j2

jN ðλÞ up
ωl j2

T ðλÞin�
ωl uðλÞupðiÞωlðrÞ; ð3:12Þ

uðλÞdownðiÞωl ðrÞ ¼ RðλÞup�
ωl uðλÞupðiÞωlðrÞ

þ jN ðλÞ up
ωl j2

jN ðλÞ in
ωl j2

T ðλÞup�
ωl uðλÞinðiÞωlðrÞ; ð3:13Þ

where the transmission and reflection coefficient satisfy
few additional properties,

jN ðλÞ in
ωl j2T ðλÞin

ωl ¼ jN ðλÞ up
ωl j2T ðλÞup

ωl ; ð3:14Þ

jN ðλÞ in
ωl j2RðλÞup�

ωl T ðλÞin
ωl ¼ −jN ðλÞ up

ωl j2T ðλÞup�
ωl RðλÞin

ωl : ð3:15Þ

For deriving these equations, one needs to use the
normalized radial solution. The first one can be found
by equating WðN in

ωlR̄
in;N up�R̄up�Þjr¼rh and WðN in

ωlR̄
in;

N up�R̄up�Þjr¼∞ while the latter can be deduced
from WðN inR̄in;N down�R̄down�Þjr¼rh and WðN inR̄in;
N down�R̄down�Þjr¼∞. The out-modes are constructed as
specific linear combinations of the in- and up-modes such
that no flux propagates down the event horizon. In contrast,
the down-modes are defined so that there is no outgoing
flux at infinity. Since both the out- and down-modes take
their simplest form on the Cauchy surface at t → ∞, it is
common to normalize these solutions on that hypersurface.

IV. INNER PRODUCT AND THE
NORMALIZATION OF THE PROCA FIELDS

The quantization procedure relies on determining the
correct symplectic structure and inner product in order to
pass down the canonical commutation relations from the
fields and their conjugate momenta to the creation and
annihilation operators [5]. To this end, a suitable definition
of the inner product can be obtained by exploiting the
conserved current associated with the matter action [52],
which allows one to construct an inner product in curved
spacetime [27]. For the Proca field, the associated con-
served current takes the following form:

JμðA; A0Þ ¼ −iðAνF0νμ� − FνμA0�
ν Þ: ð4:1Þ

Using the antisymmetry of the field-strength tensor, Fμν,
and the equation of motion (2.3), it is straightforward to
show that∇μJμ ¼ 0. Therefore, using the above form of the
conserved current, we define the inner product as

ðAðζÞ; Aðζ0ÞÞ ¼ −i
Z
Σ
dΣμJμ½AðζÞ; Aðζ0Þ�; ð4:2Þ

where dΣμ ¼ ϵnμ
ffiffiffiffiffiffijhjp

d3y denotes the directed surface
element, with nμ the future-directed normal, satisfying
ϵ ¼ nμnμ ¼ �1, and fyig with i≡ 1, 2, 3, representing
the intrinsic coordinates on the hypersurface. Here h
denotes the determinant of the induced metric on the
hypersurface. In this description, it is important to note
that in the null limit, where the induced metric becomes
degenerate and its determinant is ill-defined, the surface
measure is instead constructed from the spacetime volume
element and therefore involves

ffiffiffiffiffijgjp
[59].

Importantly, given the in- and up-modes vanish
at H− and I−, respectively, it is imperative to consider
H− ∪ I− as the Cauchy surface, which splits the inner
product for such modes as ðAðζÞ; Aðζ0ÞÞ ¼ ðAðζÞ; Aðζ0ÞÞH− þ
ðAðζÞ; Aðζ0ÞÞI− [60]. Since null hypersurfaces are degener-
ate, no natural spacelike transverse direction exists on
them. Instead, one uses a null coordinate to define the
integration measure. Accordingly, to determine the nor-
malization constant, we evaluate the inner product directly
on the null hypersurfaces in their intrinsic null coordinates.
For this purpose, we work in the double-null Eddington-
Finkelstein coordinates, described as

ds2 ¼ −fðrÞdudvþ r2dΩ2;
ffiffiffiffiffi
jgj

p
¼ fðrÞ

2
r2 sin θ:

ð4:3Þ

The key feature of this procedure is that the orthogonality
of basis modes is independent of the explicit radial profile;
it is instead fixed by the asymptotic behavior and the
boundary conditions required for normalization. The pre-
cise definition of these modes are given in Sec. V. Since the
inner product is hypersurface independent, we normalize
the solution on t ¼ −∞ hypersurface, where the mode is
simplest. The up-mode describes an outgoing wave on the
past horizon (H−), and vanishes on past null infinity (I−).
To approach these boundaries suitably, we proceed by
considering the following null normal vectors. In the limit
r� → −∞, the future directed null normal vector is given by

nμ ¼ ð0;−1; 0; 0Þ ¼ −δvμ; nμ ¼ 2

f
ð1; 0; 0; 0Þ ¼ 2

f
δμu:

ð4:4Þ
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Using this normal vector, the inner product (4.2) near H−

can be redefined as

ðAðζÞ; Aðζ0ÞÞH− ¼ −i
Z

r2dudΩJv½AðζÞ; Aðζ0Þ�: ð4:5Þ

On the other hand, the future-directed null normal vector
near I− is given by

nμ ¼ ð−1; 0; 0; 0Þ ¼ −δuμ; nμ ¼ ð0; 2; 0; 0Þ ¼ 2δμv:

ð4:6Þ

Therefore, near I−, the inner product (4.2) takes the
following form,

ðAðζÞ; Aðζ0ÞÞI− ¼ −i
Z

r2dvdΩJu½AðζÞ; Aðζ0Þ�: ð4:7Þ

In the rest of this section, we utilize the preceding two
definitions (4.5) and (4.7) to determine the normalization
constants of each modes for the Proca field. To proceed, it is
useful to express the components of the Proca field in the
null coordinates as

Au ¼
At − fðrÞAr

2
; Av ¼

At þ fðrÞAr

2
; ð4:8Þ

Aθ ¼ Aθ; Aφ ¼ Aφ: ð4:9Þ

It is then straightforward to use the asymptotic form of the
Proca field obtained in the previous section to determine the
inner product among the components in the different parity
sectors (2.31) and (2.32). Since the solutions behave as
plane waves at the asymptotic boundaries, they can be
readily expressed in ðu; vÞ coordinates using the above
formula and evaluate the inner product from (4.5) and (4.7).
The detailed discussion is given in Appendix A, we outline
the main results here. For the even parity sector, the inner
product between two solutions of the same polarization
simplifies to

ðAðe�Þ up;ωlm; Aðe�Þ up;ωlmω0l0m0 ÞH−

¼ 4πωr2h
q�h

ðμ2 þ ν2�LÞjN ðe�Þ up
ωl j2δðω − ω0Þδll0δmm0 :

The norm is positive definite for ω > 0. In the limit μ → 0,
the ν− branch becomes pure gauge and has vanishing
norm which agrees with massless case. Requiring
ðA; A0ÞH− ¼ δll0δmm0δðω − ω0Þ fixes the normalization of
these solution as

jN ðe�Þ up
ωl j ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4πjωjr2h
q�h

ðμ2 þ ν2�LÞ
r : ð4:10Þ

Following the similar procedure, the normalization con-
stant for odd parity up-modes is found to be

N ðoÞ up
ωl ¼

ffiffiffiffiffiffiffiffiffiffiffi
L

4πjωj

s
: ð4:11Þ

Notably, since no flux reaches Iþ, the bound-state
solutions for ω < μ admit a normalization analogous to
the ω > μ case, as the procedure is independent of this
separation of regimes.
The solution orthogonal to up- modes on the same

Cauchy surface are in- modes. They originate from the
past null infinity as purely ingoing waves and vanish onH−.
This simplifies the inner product, and we can directly
evaluate the inner product over I− to normalize the solution.
For the in-modes of even parity, the inner product can be
expressed as follows:

ðAðe�Þ in;ωlmωlm; Aðe�Þ in;ωlmω0l0m0 ÞI−

¼ 4πk

�
μ2

ν2�
þ L

�
jN ðe�Þ in

ωl j2δðω − ω0Þδll0δmm0 : ð4:12Þ

Notably, for ω < μ, the solution is not normalizable as it
diverges at the null infinity. Therefore, we restrictω > μ and
require ðA; A0ÞI− ¼ δll0δmm0δðω − ω0Þ for in- modes, which
then fixes the normalization as

jN ðe�Þ in
ωl j ¼ jν�jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4πkðμ2 þ ν2�LÞ
p : ð4:13Þ

Here, taking the limit μ → 0 of (4.2) is subtle. Unlike the
case of up-modes where the final expression remained
well-defined in the massless limit, the inner product here
becomes indeterminate because the asymptotic limit
r → ∞ does not commute with the ν− → 0 limit. Since
the ν− branch becomes pure gauge in the massless limit,
consistency requires taking the ν− → 0 limit first in order
to ensure that the pure-gauge mode indeed carries vanish-
ing norm.
Following the same procedure, one can derive the

normalization constant for in- modes in the odd parity
sector as

N ðoÞ in
ωl ¼

ffiffiffiffiffiffiffiffi
L
4πk

r
: ð4:14Þ

Whereas, even parity polarizations eþ and e− are found to
be orthogonal to each other under (4.2),

ðAðeþÞ in
ωlm ; Aðe−Þ in

ωlm Þ ¼ 0; ðAðeþÞ up
ωlm ; Aðe−Þ up

ωlm Þ ¼ 0: ð4:15Þ
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Therefore, the full orthonormality relation is given by

ðAðλÞn;ωlm; Aðλ0Þn0;ω0l0m0 Þ ¼ δλλ
0
δnn0δll0δmm0δðω − ω0Þ:

ð4:16Þ

V. CANONICAL QUANTIZATION AND
THE STRUCTURE OF VACUA

Having discussed the construction of the orthonormal
classical modes via the inner product in the previous section,
the commutator algebra can now be derived directly from the
fields and their associated conjugate momenta. As we shall
see, however, a naïve implementation of this procedure does
not yield the correct commutation relations. To see where the
problem arises, let us begin with the Lagrangian density of
the Proca field corresponding to the action in (2.2),

L ¼ −
1

4
FμνFμν −

1

2
μ2AμAμ: ð5:1Þ

The conjugate momenta density is found to be

Πμ ¼ ∂
ffiffiffiffiffiffi−gp

L
ð∂0AμÞ

¼ ffiffiffiffiffiffi
−g

p
Fμ0: ð5:2Þ

An important feature appears immediately, that for the
temporal component, conjugate momentum vanishes, i.e.,
Π̂0 ¼ 0. As a result of this primary constraint [45], one can
not directly impose

½Â0ðxÞ; Π̂0ðyÞ�x0¼y0 ¼ ig00δðx − y0Þ: ð5:3Þ

A similar situation arises for the electromagnetic field as
well. Generically, in the framework of a gauge field, one
typically either adds a gauge fixing term in the action [27],
which preventsΠ0 from vanishing or fixes the constraints at
the level of the equation of motion (such as the imple-
mentation of Coulomb gauge). For the latter case, with the
inconsistency in the above commutator relation, promoting
Poisson brackets straightforwardly to commutators does
not generate the consistent algebra.
To proceed in this situation, we follow the Dirac bracket

formalism [40–43,61–65](for a simple introduction to this
topic see e.g., Refs. [43,44]) for quantizing the massive
vector field in a BH background as opposed to reduced
phase space formalism [66,67], where we integrate out A0

and then quantize the whole system as often done in the
context of early Universe cosmology (see Refs. [68,69]).
However, since the algebraic structure becomes intuitive
once the temporal components are fixed, one may express it
in terms of the canonical momentum using the equation of
motion of the Proca field (2.3) as

Â0 ¼ ∂iΠ̂i

μ2
ffiffiffiffiffiffi−gp : ð5:4Þ

Now, we present here the commutators of the dynamical
variables as follows:

½Π̂iðxÞ; Π̂jðyÞ�x0¼y0 ¼ 0; ð5:5Þ

½ÂiðxÞ; ÂjðyÞ�x0¼y0 ¼ 0; ð5:6Þ

½ÂiðxÞ; Π̂jðyÞ�x0¼y0 ¼ igijδ3ðx − yÞ; ð5:7Þ

and defer the detailed derivation to Appendix B. The
remaining Dirac brackets are automatically satisfied and
do not require separate treatment, as can be realized by
utilizing (5.4) and the above commutators,

½Â0ðxÞ; Π̂jðyÞ�x0¼y0 ¼
1

μ2
ffiffiffiffiffiffi−gp ½∂iΠ̂iðxÞ; Π̂jðyÞ�x0¼y0 ¼ 0;

ð5:8Þ

½Â0ðxÞ; ÂjðyÞ�x0¼y0 ¼ −
i

μ2
ffiffiffiffiffiffi−gp ∂

jδ3ðx − yÞ: ð5:9Þ

An important consequence of the above algebraic structure
is that although the field operator may be decomposed as
Âμ ¼ ðÂ0; ÂiÞ, the temporal component is not an indepen-
dent dynamical degree of freedom. As shown in (5.4), the
operator Â0 is completely determined by the spatial sector.
Hence, it inherits the creation and annihilation operators
from Π̂i and thereby bAi.
In constructing the field expansion, an important prop-

erty of the inner product (4.2) is that a mode is orthogonal
to its complex conjugate, i.e., ðAωlm; A�

ωlmÞ ¼ 0. Hence,
one can decompose Â in the orthonormal basis of Aζ

μ

and Aζ�
μ ,

Âμ ¼
Z

μ

0

dω
X
λlm

âðλÞωlmA
ðλÞ up
μωlmðxÞ þ aðλÞ†ωlmA

ðλÞ up�
μωlm ðxÞ

þ
X
n

Z
∞

μ
dω
X
λlm

âðλÞnωlmA
ðλÞn
μωlmðxÞ þ aðλÞn†ωlm AðλÞn�

μωlmðxÞ:

ð5:10Þ

In the first line of the above expansion, representing the
bound state regime, ω < μ, only up-modes appear as
discussed previously. Whereas, in the regime of scattering
states, ω > μ, both in- and up-modes must be taken into
account. This is included through the summation over n,
which, as mentioned before, provides the directionality of
the modes. With this setup, the mode expansion for the
conjugate momentum can readily be expressed, using the
definition (5.2), as
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Π̂μ ¼
Z

μ

0

dω
X
λlm

âðλÞωlmΠ
ðλÞμ
ωlmðxÞ þ aðλÞ†ωlmΠ

ðλÞμ�
ωlm ðxÞ

þ
X
n

Z
∞

μ
dω
X
λlm

âðλÞωlmΠ
ðλÞμ
ωlmðxÞ þ aðλÞ†ωlmΠ

ðλÞμ�
ωlm ðxÞ;

ð5:11Þ

where the directionality follows the field, Aμ. Next, to pass
down the commutator structure of the fields and their
conjugate momentum to the creation and annihilation
operators, let us consider the following combination:Z

d3x
h
ΠðλÞμ

ωlmðt; xÞ�Âμðt; xÞ − AðλÞμ
ωlmðt; xÞ�Π̂μðt; xÞ

i
:

ð5:12Þ

Substituting (5.10) and (5.11) in above and using the
normalization condition,Z

d3x
h
ΠðλÞ�

μωlmA
ðλ0Þμ
ω0l0m0 − AðλÞμ�

ωlmΠðλ0Þ
μω0l0m0

i
¼ iδλλ

0
δll0δmm0δðω − ω0Þ; ð5:13Þ

we obtainZ
d3x½ΠðλÞμ

ωlmðt; xÞ�Âμðt; xÞ − AðλÞμ
ωlmðt; xÞ�Π̂μðt; xÞ�

¼ iδλλ
0
δll0δmm0

Z
dω0δðω − ω0Þâðλ0Þω0l0m0 : ð5:14Þ

In order to write the rhs of (5.12), one needs to use (4.2)
with the conjugate momentum expressed in the following
manner:

Πμ ¼ ϵnν
ffiffiffi
h

p
Fμν; ð5:15Þ

where nμ denotes the future-directed timelike unit normal
to the hypersurface Σt, h is the determinant of the induced
spatial metric on Σt, and ϵ ¼ nμnμ ¼ −1. Then, one
directly obtains from (5.14) the following formula for
the annihilation operator,

âðλÞωlm ¼ −i
Z

d3x
h
ÂμΠ

ðλÞμ
ωlm

� −Π̂μAðλÞμ
ωlm

�i
¼ ðÂðt; xÞ; AðλÞ

ωlmÞ: ð5:16Þ

Therefore, the commutator of the creation and annihi-
lation operator boils down to

½âðλÞωlm; â
ðλ0Þ†
ω0l0m0 � ¼

h
ðÂðt; xÞ; AðλÞ

ωlmÞ; ðÂðt; xÞ; Aðλ0Þ
ω0l0m0 Þ†

i
¼ ðAðλ0Þ

ω0l0m0 ; A
ðλÞ
ωlmÞ: ð5:17Þ

The analysis up to this point closely parallels the flat
spacetime treatment [70]. The essential difference in the
BH backgrounds is the absence of a globally defined
timelike Killing vector, which renders the notion of
particles and vacuum observer dependent [5]. The non-
uniqueness begins with the choice of positive-frequency
modes. Defining positive frequency modes with respect to
the Schwarzschild time t is natural for asymptotic observ-
ers, whereas regularity across the horizon requires analy-
ticity in the Kruskal coordinates U and V. These choices
lead to inequivalent vacuum states with distinct physical
interpretations [71]. In Schwarzschild spacetime, it gives
rise to the three standard vacua: the Boulware, Unruh, and
Hartle-Hawking states. Below, we provide the definition of
the three vacuum states usually defined in the BH back-
ground and discuss the associated mode functions relevant
for the present analysis.

A. Boulware vacuum

For asymptotic observers, the positive frequency modes
are defined with respect to the timelike Killing vector of the
Schwarzschild geometry. These modes are characterized by

L∂t
fω ¼ −iωfω; ω > 0; ð5:18Þ

throughout the exterior region r > 2GM (see Fig. 3).
Quantization with respect to these modes defines the
Boulware vacuum [72]. By construction, this state contains
no incoming radiation from I− and no outgoing flux at Iþ,
and therefore corresponds to the vacuum perceived by static
observers at infinity.
The field operator on I− may then be expanded in a

complete basis of in-modes,n
AðλÞ in
μωlm; A

ðλÞ in�
μωlm

o
;

which satisfy the orthonormality relations,�
AðλÞ in
ωlm ; A

ðλ0Þ in
ω0l0m0

�
¼ δλλ

0
δll0δmm0δðω − ω0Þ; ð5:19Þ

FIG. 3. Penrose diagram from Region I.
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�
AðλÞ in�
ωlm ; Aðλ0Þ in�

ω0l0m0

�
¼ −δλλ0δll0δmm0δðω − ω0Þ: ð5:20Þ

Similarly, the set, n
AðλÞ up
μωlm; A

ðλÞ up�
μωlm

o
;

forms a complete orthonormal basis on the past horizon
H−, satisfying analogous normalization conditions. The
field operator in Region I may therefore be expanded in
terms of both the in- and up- sectors as

Âμ ¼
Z

∞

μ
dω
X
λlm

h
âðλÞωlmA

ðλÞ in
μωlm þ âðλÞ†ωlmA

ðλÞ in�
μωlm

i
þ
Z

∞

0

dω
X
λlm

h
b̂ðλÞωlmA

ðλÞ up
μωlm þ b̂ðλÞ†ωlmA

ðλÞ up�
μωlm

i
: ð5:21Þ

The Boulware vacuum j0Bi is then defined through

âðλÞωlmj0Bi ¼ 0; b̂ðλÞωlmj0Bi ¼ 0; ð5:22Þ

for all ω; λ;l; m, and the creation and annihilation oper-
ators obey,h

aðλÞωlm; a
ðλ0Þ†
ω0l0m0

i
¼ δðω − ω0Þδλλ0δll0δmm0 ; ð5:23Þ

h
bðλÞωlm; b

ðλ0Þ†
ω0l0m0

i
¼ δðω − ω0Þδλλ0δll0δmm0 : ð5:24Þ

Here, the rest of the commutators vanish. An identical
construction may be carried out on Iþ ∪ Hþ by replacing
the in- and up- bases withn

AðλÞ out
μωlm ; A

ðλÞ out�
μωlm

o
;

n
AðλÞ down
μωlm ; AðλÞ down�

μωlm

o
;

defined on Iþ and Hþ, respectively. The corresponding
vacuum state defines the future Boulware vacuum.
By construction, the Schwarzschild notion of positive

frequency becomes ill-defined at the event horizon. As a
result, while the mode functions remain regular at spatial
infinity, the renormalized stress tensor diverges near the
future horizon Hþ. Consequently, the Boulware vacuum
fails to define a regular quantum state on the BH horizon.

B. Unruh vacuum

Unlike the Boulware vacuum, the Unruh vacuum is
not defined by positive frequency with respect to
the Schwarzschild Killing time everywhere [8]. The
Schwarzschild coordinates become singular at the horizon,
and therefore regularity of the quantum state requires
positive frequency with respect to the affine Kruskal
coordinates on the corresponding null horizon.

For the past Unruh vacuum, the in-modes remain
positive frequency modes on past null infinity I−,

Ain
μ ∼ e−iωv; ω > 0; ð5:25Þ

where v ¼ tþ r�. These modes are naturally associated
with the asymptotic time translation generated by ∂t. The
nontrivial sector is the up-modes, since these originate from
the past horizon H−. Such modes must instead be positive
frequency with respect to the affine Kruskal coordinate U.
These coordinates are defined as [73]

U ¼ −
1

κ
e−κu; V ¼ 1

κ
eκv; ð5:26Þ

with u ¼ t − r�. Then the outgoing near horizon modes in
Region I behave as

RðIÞλup
ωl e−iωt ∼ e−iωu ¼ ei

ω
κ lnð−κUÞΘð−UÞ: ð5:27Þ

These up-modes are only defined in Region I and Region
IV corresponding to U < 0. The mode function on the
second independent branch can be given as

R̄ðIIIÞλup
ωl e−iωt ¼ ei

ω
κ lnðκUÞΘðUÞ; ð5:28Þ

which is defined only in Region II and Region III. The
second branch mode function is related to (5.27) via the Z2

isometry of the maximally extended Schwarzschild geom-
etry (see Fig. 4),

ðU;VÞ → ð−U;−VÞ; ð5:29Þ

which maps Region I to Region III. To determine which
linear combinations correspond to positive frequency with
respect to the affine Kruskal coordinate U, one uses the
analyticity criterion. A function is positive frequency with
respect to U if it admits the Fourier decomposition,

FIG. 4. Penrose diagram of maximally extended Schwarzschild
spacetime.
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fðUÞ ¼
Z

∞

0

dpcðpÞe−ipU: ð5:30Þ

Equivalently, its Fourier transform has no support on the
opposite frequency-branch,Z

∞

−∞
dUe−ipUfðUÞ ¼ 0; p > 0: ð5:31Þ

This condition is equivalent to analyticity of fðUÞ and
boundedness in the lower half complex U-plane.
The required analytic continuation follows from

the standard lemma that for positive real p and arbitrary
real q [74]:Z

∞

−∞
dXe−ipX½e−iq lnXΘðXÞ þ e−πqe−iq lnð−XÞΘð−XÞ�

¼ 0; ð5:32Þ

provided the branch of log is chosen such that the integrand
is analytic on lower half plane.
Using Eq. (5.32), one finds that the unique positive

frequency combination with respect to the affine coor-
dinate U is

R̄ðλÞ upþ
ωl ¼ e

πω
2κ R̄ðIÞλup

ωl þ e−
πω
2κ R̄ðIIIÞλup

ωlffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 sinhðπω=κÞp ; ð5:33Þ

while the orthogonal combination,

R̄ðλÞ up−
ωl ¼ e−

πω
2κ R̄ðIÞλup

ωl þ e
πω
2κ R̄ðIIIÞλup

ωlffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 sinhðπω=κÞp ; ð5:34Þ

is analytic in the upper half-plane and therefore corre-
sponds to negative Kruskal frequency.
Using these globally analytic modes, the field operator

may be expanded as

Âμ ¼
X
λlm

Z
∞

μ
dω½âðλÞωlmA

ðλÞ in
μωlm þ âðλÞ†ωlmA

ðλÞ in�
μωlm �

þ
X
λlm

Z
∞

0

dω½b̂ðλÞωlmA
ðλÞ upþ
μωlm þ b̂ðλÞ†ωlmA

ðλÞ up−
μωlm �: ð5:35Þ

The past Unruh vacuum is then defined by

âðλÞωlmj0Ui ¼ b̂ðλÞωlmj0Ui ¼ 0: ð5:36Þ

Thus the state contains no incoming particles from I− but
contains an outgoing flux of Hawking radiation at future
null infinity Iþ while regular on the future horizon Hþ, it
diverges on the past horizonH−. The future Unruh vacuum

is constructed analogously by imposing analyticity of the
down-modes across the future horizon Hþ. In that case,
the affine coordinate V replaces U throughout the above
analysis.

C. Hartle-Hawking state

The Hartle-Hawking state is defined as the unique
regular thermal state on the maximally extended
Schwarzschild spacetime [11]. In contrast to the Unruh
vacuum, where analyticity is imposed only on the outgoing
sector associated with the affine coordinate U, the Hartle-
Hawking construction requires analyticity in both Kruskal
coordinates ðU;VÞ. As a result of this analyticity, both the
outgoing and ingoing sectors satisfy the Kubo-Martin-
Schwinger (KMS) condition [75],

Gþðt − iβHÞ ¼ G−ðtÞ; βH ¼ 2π

κ
; ð5:37Þ

corresponding to a thermal state at the Hawking temper-
ature TH ¼ κ=ð2πÞ. Physically, this describes a black hole
in thermal equilibrium with an incoming bath of Hawking
quanta.
The analytic continuation of the outgoing up- modes

proceeds identically to the Unruh construction discussed
previously. One must additionally impose the same analy-
ticity condition on the ingoing in- modes across the future
horizon Hþ. The near-horizon behavior of the in-modes in
Region I is therefore

R̄ðIÞλin
ωl e−iωt ¼ e−iωv ¼ e−i

ω
κ lnðκVÞΘðVÞ: ð5:38Þ

Under the Z2 isometry

ðU;VÞ → ð−U;−VÞ; ð5:39Þ

the corresponding branch in Region III becomes

R̄ðIIIÞλin
ωl e−iωt ¼ e−i

ω
κ lnð−κVÞΘð−VÞ: ð5:40Þ

Following the same procedure as before, the globally
analytic combinations are therefore

R̄inþ
ωl ¼ e

πω
2κ R̄ðIÞλin

ωl þ e−
πω
2κ R̄ðIIIÞλin

ωlffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2j sinhðπω=κÞjp ; ð5:41Þ

R̄in−
ωl ¼ e−

πω
2κ R̄ðIÞλin

ωl þ e
πω
2κ R̄ðIIIÞλin

ωlffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2j sinhðπω=κÞjp : ð5:42Þ

Together with the analytically extended up-modes defined
previously, the field operator admits the expansion,
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Âμ ¼
X
λlm

Z
jωj>μ

dω
h
âðλÞωlmA

ðλÞ inþ
μωlm þ âðλÞ†ωlmA

ðλÞ in−
μωlm

i
þ
X
λlm

Z
∞

−∞
dω
h
b̂ðλÞωlmA

ðλÞ upþ
μωlm þ b̂ðλÞ†ωlmA

ðλÞ up−
μωlm

i
: ð5:43Þ

In Region I, this reduces to

Âμ ¼
X
λlm

Z
jωj>μ

dω
AðλÞ in
μωlmffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij2 sinhðπω=κÞjp h

e
πω
2κ âðλÞωlm þ e−

πω
2κ âðλÞ†ωlm

i
þ
X
λlm

Z
∞

−∞
dω

AðλÞ up
μωlmffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij2 sinhðπω=κÞjp h

e
πω
2κ b̂ðλÞωlm þ e−

πω
2κ b̂ðλÞ†ωlm

i
:

ð5:44Þ

The Hartle-Hawking vacuum is then defined by

âðλÞωlmj0HHi ¼ b̂ðλÞωlmj0HHi ¼ 0: ð5:45Þ

Contrary to Unruh vacuum, Hartle Hawking state describes
a thermal state at Iþ and I−, while remaining regular on
Hþ and H−. We now move on to show how Hawking
radiation appears from the vacuum structure defined above.

VI. CALCULATION OF HAWKING FLUX

The asymptotic observer at future null infinity Iþ
defines a basis of positive-frequency physical out-modes

AðλÞ;out
ωlm . These modes are normalized on Iþ according to

ðAðλÞout
ωlm ; AðλÞout

ω0lm ÞIþ ¼ δðω − ω0Þ: ð6:1Þ

The analysis is performed in the Heisenberg picture, where
the quantum state is fixed and the dynamics is encoded in
the field operators. In curved spacetime, however, the
decomposition of the field operator into positive- and
negative-frequency sectors is observer dependent. As a
result, the annihilation operators associated with the
asymptotic past basis on I− ∪ H− need not be the same
on Iþ ∪ Hþ.
To characterize the Hawking flux, we choose the

vacuum j0i, which is defined to be empty with respect
to positive-frequency in-modes on I−. Although the state
itself does not evolve in the Heisenberg picture, the notion
of vacuum defined by future asymptotic observers differs
from that defined in the asymptotic past. Consequently,
the expectation value of the future number operator in the
state j0i becomes nonvanishing, corresponding to a
thermal population of outgoing particles at Iþ.
The out-modes may therefore be expanded in terms of

the complete basis on Σpast ¼ I− ∪ H−, consisting of the
in- and up-modes,

AðλÞout
ωlm ¼

Z
∞

μ
dω00

h
αout;inðλÞωω00 AðλÞin

ω00lm þ βout;inðλÞωω00 AðλÞin�
ω00lm

i
þ
Z

∞

0

dω00
h
αout;upðλÞωω00 AðλÞup

ω00lm þ βout;upðλÞωω00 AðλÞup�
ω00lm

i
:

ð6:2Þ

For the subsequent analysis, we will keep this limit of the
ω-integral implicit and suppress the polarization label λ to
simplify the notation wherever necessary. Nevertheless, the
conservation of the inner product leads to�
AðλÞout
ωlm ; AðλÞout

ω0lm

�
I−

þ
�
AðλÞout
ωlm ; AðλÞout

ω0lm

�
H−

¼ δðω − ω0Þ:
ð6:3Þ

Upon substitution the integral (6.2) becomesZ
dω00

�
αout;inωω00 αout;in�ω0ω00 − βout;inωω00 βout;in�ω0ω00 þ αout;upωω00 αout;up�ω0ω00

− βout;upωω00 βout;up�ω0ω00

�
¼ δðω − ω0Þ; ð6:4Þ

with the Bogoliubov coefficients,

αn;n
0ðλÞ

ωω00 ¼
�
AðλÞn0
ωlm; A

ðλÞn
ω00lm

�
I−∪H−

;

βn;n
0ðλÞ

ωω00 ¼ −
�
AðλÞn0
ωlm; A

ðλÞn�
ω00lm

�
I−∪H−

: ð6:5Þ

Now we impose the classical boundary conditions. Given
the static nature of the underlying spacetime, if we trace the
physical out-mode backward in time from Iþ to I−, it is
simply the fraction of the wave that classically reflected off
the potential. Because classical scattering off a static
background does not mix positive and negative frequen-
cies, the reflected wave is purely positive-frequency. Using
(6.5), the Bogoliubov coefficients mapping to the in-mode
are given by

αout;inðλÞωω00 ¼ RðλÞ in�
ωl δðω − ω00Þ; βout;inðλÞωω00 ¼ 0: ð6:6Þ

It further simplifies the inner product (6.4), which can now
be expressed asZ

∞

μ
dω00jRðλÞ up

ωl j2δðω − ω00Þδðω0 − ω00Þ

þ
Z

∞

0

dω00
�
αout;upωω00 αout;up�ω0ω00 − βout;upωω00 βout;up�ω0ω00

�
¼ δðω − ω0Þ: ð6:7Þ
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This can be simplified using

jαout;upðλÞωω0 j ¼ e
πω
κ jβout;upðλÞωω0 j: ð6:8Þ

One can derive1 this by using the analytically continued
near-horizon form of the up-modes and utilizing (6.5).
Similarly, one can find

âoutðλÞωlm ¼
Z

dω00
�
αout;inðλÞ�ωω00 âinðλÞω00lm − βout;inðλÞ�ωω00 âinðλÞ†ω00lm

þ αout;upðλÞ�ωω00 âupðλÞω00lm − βout;upðλÞ�ωω00 âupðλÞ†ω00lm

�
: ð6:9Þ

Next we calculate the particle density on Iþ,

h0jNout ðλÞ
ωlm j0i ¼

Z
∞

0

dω0jβout;upðλÞωω0 j2 ¼ ð1 − jRðλÞ up
ωl j2Þ

e
2πω
κ − 1

:

ð6:10Þ

The spectrum is thermal with graybody factor

ð1 − jRðλÞ up
ωl j2Þ. Notably, for ω < μ, the transmission coef-

ficient vanishes, and therefore there is no flux at Iþ in this
regime. To find where this missing flux goes, one needs to
consider what happens to number operator near the
horizon. To find the particle density crossing the future
event horizon Hþ, we can similarly expand the physical

down-modes AðλÞdown
ωlm in the past basis. Then following the

procedure as above particle density crossing Hþ in the
vacuum state can be given as

h0jNdown ðλÞ
ωlm j0i ¼

Z
∞

0

dω0jβdown;upðλÞωω0 j2 ¼ jRðλÞ up
ωl j2

e
2πω
κ − 1

:

ð6:11Þ

FIG. 5. The Hawking spectrum has been plotted for different polarizations. Comparisons have been made between different
l modes at Iþ.

1The structure of the analysis is similar to the scalar case with
identical behavior of the modes near the boundary. For this, we
refer the reader to Chapter 4 of Ref. [6] for scalar field.
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This result shows that the flux that was missing at Iþ
(ω < μ), is localized near the horizon.
The key distinction between the massless [46] and

massive vector cases is the presence of an additional
physical degree of freedom corresponding to the longi-
tudinal polarization of the Proca field. Numerically, we
observe that the eðþÞ, even-parity sector, and the odd-
parity sector remain nearly degenerate even in the massive
case, as can be seen from Fig. 5. Whereas the additional
eð−Þ sector exhibits a comparatively weaker Hawking
flux. This suggests that the extra longitudinal degree of
freedom predominantly manifests through this component.
The comparatively smaller flux associated with this sector
is also consistent with the general suppression of massive
particle emission in Hawking radiation. As the angular
momentum number l increases, the centrifugal barrier
suppresses the overall flux for all sectors. Nevertheless,
the e− mode appears to become comparatively less
suppressed relative to the other polarizations at larger l,
indicating a nontrivial polarization dependence in the
Hawking spectrum of Proca field.

VII. VACUUM EXPECTATION VALUES OF
TWO POINT FUNCTIONS AND THE

PROCA CONDENSATE

The expectation values of the quadratic operator are fully
determined by the following two-point function [27],

GΨ
μν0 ðx; x0Þ ¼ hΨjÂμðxÞÂν0 ðx0ÞjΨi; ð7:1Þ

for jΨi∈ fj0Bi; j0Ui; j0HHig. A particularly useful local
observable is the Proca condensate, defined as

hÂμÂ
μiΨ ¼ lim

x0→x
gμν

0
GΨ

μν0 ðx; x0Þ: ð7:2Þ

Being a scalar in nature, the condensate provides a
coordinate-independent description of vacuum polarization
effects in the BH background. Furthermore, it can be used
directly to compare the behavior of different quantum states
near the future horizon and in the asymptotic region.
Following the discussion on the past vacuum states from,
the two-point functions corresponding to the Boulware,
Unruh, and Hartle-Hawking vacua are given by

GB
μν0 ðx; x0Þ ¼

X
λ;l;m

�Z
∞

μ
dωAðζÞin

μ ðxÞAðζÞin�
ν0 ðx0Þ þ

Z
∞

0

dωAðζÞup
μ ðxÞAðζÞup�

ν0 ðx0Þ
�
; ð7:3Þ

GU
μν0 ðx; x0Þ ¼

X
λ;l;m

�Z
∞

μ
dωAðζÞin

μ ðxÞAðζÞin�
ν0 ðx0Þ þ

Z
∞

0

dω coth

�
πω

κ

�
AðζÞup
μ ðxÞAðζÞup�

ν0 ðx0Þ
�
; ð7:4Þ

GHH
μν0 ðx; x0Þ ¼

X
λ;l;m

�Z
∞

μ
dω coth

�
πω

κ

�
AðζÞin
μ ðxÞAðζÞin�

ν0 ðx0Þ þ
Z

∞

0

dω coth
�
πω

κ

�
AðζÞup
μ ðxÞAðζÞup�

ν0 ðx0Þ
�
: ð7:5Þ

Notably, the in- and up-modes are displayed along with ζ. Nevertheless, the above two-point functions contain the usual
ultraviolet divergences associated with the coincidence limit of local quantum field operators [76]. Similar to a scalar field,
one may construct finite observables by subtracting the Boulware contribution as follows [22],

ΔGΨ−B
μν ¼ hΨjÂμÂνjΨi − h0BjÂμÂνj0Bi: ð7:6Þ

This subtraction removes the universal local divergent structure of the correlator. The resulting expression is ultraviolet
finite, since the thermal factor suppresses the integrand exponentially for ω ≫ κ. Consequently, the remaining nontrivial
behavior arises from the infrared region, which we will discuss for each quantum state and one must therefore analyze the
ω → 0 limit separately for each quantum state.

A. Future horizon

We now study the behavior of the Proca condensate near the future event horizonHþ. Since the Unruh vacuum is regular
on the future horizon, the corresponding condensate provides a natural probe of the vacuum fluctuation experienced by
infalling observers. The relative condensate with respect to the Boulware vacuum is given by (for detailed discussion see
Appendix C)

hÂμÂ
μiU−B ¼

X
λ;l

2lþ 1

4πr2

Z
∞

0

dω

�
2

e
πω
κ − 1

� 
−juðλÞ up1 j2 þ juðλÞ up2 j2

f
þ juðλÞ up3 j2 þ juðλÞ up4 j2

L

!
; ð7:7Þ
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hÂμÂ
μiHH−B

¼
X

n∈ fin; upg

X
λ;l

2lþ 1

4πr2

Z
∞

ωmin

dω

�
2

e
πω
κ − 1

�

×

 
−juðλÞ n1 j2 þ juðλÞ n2 j2

f
þ juðλÞ n3 j2 þ juðλÞ n4 j2

L

!
: ð7:8Þ

To integrate the above equation, one needs to use the
frequency-dependent numerical solution and further per-
form the integration numerically. Given the complexity, we
estimate and evaluate the above expression in the near-

horizon limit where juðe�Þ
ð1Þ j ¼ juðe�Þ

ð2Þ j. Following this pro-

cedure, we obtain,

hÂμÂ
μiU−B ∼

X
λ;l

2lþ 1

4πr2L

Z
∞

0

dω

�
2

e
πω
κ − 1

�
×
�
juðλÞ up3 j2 þ juðλÞ up4 j2

�
ð7:9Þ

and

hÂμÂ
μiHH−B ∼

X
n∈ fin; upg

X
λ;l

2lþ 1

4πr2L

Z
∞

ωmin

dω

�
2

e
πω
κ − 1

�
×
�
juðλÞ n3 j2 þ juðλÞ n4 j2

�
: ð7:10Þ

An interesting consequence of the above expressions is that
the monopole mode, which resides entirely in the longi-
tudinal polarization branch ðν−Þ, does not contribute to the
condensate at r ¼ rh. In contrast, this mode contributes
nontrivially in the asymptotic region, as we discuss in the
next section. Moreover, since the radial solutions become
purely oscillatory near the horizon, the phase factors cancel
out. Consequently, the residual radial dependence in (7.9)
and (7.10) arises solely from the overall factor of 1=r2.
Nevertheless, the integrand of (7.10) diverges in the
infrared limit ω → 0. This divergence originates from
using the Boulware vacuum as the reference state and
reflects its singular behavior at the horizon. It is therefore
more physical to consider the condensate relative to the
Unruh vacuum, which remains regular on Hþ. The corre-
sponding expression can be written as

hÂμÂ
μiHH−U

¼
X
λ;l

2lþ 1

4πr2

Z
∞

μ
dω

�
2

e
πω
κ − 1

�

×

 
−juðλÞ in1 j2 þ juðλÞ in2 j2

f
þ juðλÞ in3 j2 þ juðλÞ in4 j2

L

!
:

ð7:11Þ

Near the horizon ðr → rhÞ, it becomes

hÂμÂ
μiHH−U ∼

X
λ;l

2lþ 1

4πr2L

Z
∞

μ
dω

�
2

e
πω
κ − 1

�
×
�
juðλÞ in3 j2 þ juðλÞ in4 j2

�
: ð7:12Þ

In evaluating the integral, one should notice that the
expression is exponentially suppressed for high frequen-
cies. On the other hand, concerning the summation over the
l modes, transmission for in-modes becomes very small as
we increase l, specifically in the low frequencies, and also
dominated by the l ¼ 1 mode (barring the monopole
mode). Therefore, we evaluate the above expression by
numerically performing the integration for the first few l
modes. In Fig. 6, the behavior of the condensate has been
illustrated for three different closely spaced values of Proca
mass, μ. The mass-dependency of the condensate, man-
ifested in the figure, can be understood from the expression
of the effective potentials (see Sec. II), by realizing the
increase of the barrier height with μ for all the parity modes,
which naturally leads to the in-modes being transmitted in
lesser amounts.

B. Future null infinity

We have seen that the monopole mode, in which the
additional longitudinal degree of freedom has its dominant
contribution, is absent from the near-horizon condensate.
This naturally motivates studying the condensate in the
asymptotic region, where the longitudinal sector can
contribute nontrivially, as reflected in the Hawking flux
at Iþ. Moreover, physical observables associated with
Hawking radiation are ultimately measured by asymptotic
observers at future null infinity rather than by local probes
near Hþ. It is therefore important to examine the

FIG. 6. The Proca condensate has been plotted with respect to
the radial distance for three different field masses. This con-
densate is measured by a stationary observer near the future
horizon.
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asymptotic behavior of the condensate and compare how the different quantum states encode the outgoing thermal flux.
Taking the asymptotic limit ðr → ∞Þ of (7.8), (7.7), and (7.11), we obtain

hÂμÂ
μiU−B ∼

X
λ;l

2lþ 1

4πr2

Z
∞

0

dω

�
2

e
πω
κ − 1

� 
−juðλÞ up1 j2 þ juðλÞ up2 j2 þ juðλÞ up3 j2 þ juðλÞ up4 j2

L

!
; ð7:13Þ

hÂμÂ
μiHH−B ∼

X
n∈ fin; upg

X
λ;l

2lþ 1

4πr2

Z
∞

ωmin

dω

�
2

e
πω
κ − 1

� 
−juðλÞ n1 j2 þ juðλÞ n2 j2 þ juðλÞ n3 j2 þ juðλÞ n4 j2

L

!
; ð7:14Þ

hÂμÂ
μiHH−U ∼

X
λ;l

2lþ 1

4πr2

Z
∞

μ
dω

�
2

e
πω
κ − 1

� 
−juðλÞ in1 j2 þ juðλÞ in2 j2 þ juðλÞ in3 j2 þ juðλÞ in4 j2

L

!
: ð7:15Þ

Notably, the asymptotic structure of the up-modes at Iþ

depends on the transmission coefficients T ðλÞ
ωl (see Sec. III),

rendering the ω → 0 limit well-defined. In contrast, for the
in-modes, the condition ω > μ structurally removes any
potential infrared divergence. This is consistent with the
fact that none of these vacuum states is singular at
asymptotic null infinity.
The two-point functions and the associated condensates

hÂμÂ
μiΔ provide a local description of quantum fluctua-

tions in the different vacuum states of the Proca field on a
Schwarzschild background. In particular, they reveal how
the near-horizon geometry suppresses the longitudinal
monopole contribution, while the asymptotic region
remains sensitive to the additional Proca degree of freedom.
The comparison between the Boulware, Unruh, and Hartle-
Hawking states further makes explicit how the infrared
structure of the condensate is tied to the regularity of the
underlying vacuum at the horizon. These observables,
therefore, provide a useful probe of vacuum polarization
and quantum-state dependence for massive vector fields in
curved spacetime.

VIII. CONCLUSION AND OUTLOOK

In the present work, we have presented a framework
for the canonical quantization of a massive vector field in
a Schwarzschild BH background, and explored the
significance of the mass term in the ultimate quantum
mechanical observables. The procedure begins with the
evaluation of classical mode functions, where we have
introduced a combination of VSH and FKKS basis to
handle the field components based on earlier classical
analysis of the Proca field [47,50]. Moving forward to the
quantization steps, a central difficulty of the Proca theory,
absent in the scalar case [22,23], is the presence of
second-class constraints associated with the vanishing of
the timelike component of conjugate momenta [45,64].
To overcome this step, we implemented the Dirac-
Bergmann algorithm [43,64], explicitly identified the

symplectic structure of the constrained system, and
constructed the commutator algebra.
Using the orthonormalized basis, we define the Boulware,

Unruh, and Hartle–Hawking vacua and, as a primary
observable, derived Hawking flux and two-point correlation
functions. The Hawking spectrum exhibits several charac-
teristic features unique to the Proca field due to the presence
of an additional physical longitudinal polarization. We
observed that the exact degeneracy between the eþ and
omodes, expected in the massless limit, is mildly lifted for a
massive Proca field. Nevertheless, the two sectors remain
remarkably close numerically even for finite mass. In the
massless limit, the e− polarization becomes pure gauge. On
the other hand, in the massive case, it is a physical degree of
freedom. Importantly, the monopole mode being contained
entirely in this new degree of freedom, the analogue of its
dynamical behavior is completely absent in the massless
case. The total Hawking flux is dominated by the monopole
mode, with higher modes being suppressed due to the
centrifugal barrier. In the latter case, we also find that
polarization of e− is relatively suppressed compared to eþ
and o polarizations. Nevertheless, the relative suppression
of the e− sector becomes weaker at larger l, indicating a
nontrivial polarization dependence in the Proca graybody
factors [77].
The Proca mass μ also introduces a physically important

threshold in the spectrum. For frequencies satisfying
ω > μ, the field exhibits standard Hawking radiation
together with the additional longitudinal emission channel
absent in Maxwell theory. By contrast, modes with ω < μ
are unable to propagate to null infinity due to the effective
gravitational potential barrier. Instead, these low-frequency
excitations remain localized near the BH and behave as
trapped Proca fluctuations, potentially relevant for the
accumulation of ultralight dark photon configurations
around BHs [47].
We further analyzed differences of expectation values

between distinct quantum states, which provide finite
observables without the need for explicit renormalization
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(see Ref. [22] for the scalar field). In particular, near the
horizon, or asymptotically, we find that

hÂμÂ
μiHH−B; hÂμÂ

μiU−B; ð8:1Þ

exhibit a leading-order behavior proportional to 1=r2 with
complicated radial dependence in the intermediate region.
The strong near-horizon enhancement reflects the growth
of quantum fluctuations in the thermal states relative to the
Boulware vacuum. The vacuum states and two-point
functions constructed here provide the necessary starting
point for future computations of the renormalized stress-
energy tensor hTμνi [78]. Such analyses are essential for
understanding the semiclassical backreaction of massive
vector fields on BH geometries.
Based on the present work, several directions can be

explored in future. A natural extension is the quantization
of the Proca field in rotating BH backgrounds, where one
must carefully derive the appropriate symplectic structure
and analyze the role of superradiant modes in the con-
struction of physical vacua [79]. Another important con-
cern arises in the consistent definition and renormalization
of quantum states inside the BH horizon (r < rh) [80,81].
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APPENDIX A: DERIVATION OF THE
NORMALIZATION FACTORS

Let us first consider the even parity sector ðe�Þ. In the
near-horizon limit, the equation governing the even parity
modes can be expressed as

½∂2r� þ ω2�R̄ðe�Þ
up ðω; rÞ ¼ 0: ðA1Þ

The up-modes are governed by the radial solution of the
form; R̄upðω; rÞ ¼ eiωr� , which leads to f∂rR̄up ¼ iωR̄up.
On v ¼ −∞, r� → −∞ and r → rhðconstÞ. The asymptotic

limit as r → rh yields

uðe�Þ
ð1Þ ðω; rÞ ¼ −

irðνðe�Þr∂r� þ ωÞ
qðe�Þ
r

R̄ðe�Þðω; rÞ;

uðe�Þ
ð2Þ ðω; rÞ ¼ rð∂r� − ωνðe�ÞrÞ

qðe�Þ
r

R̄ðe�Þðω; rÞ: ðA2Þ

we can write the mode function in near horizon limit as

uð1Þðω; rÞ !r→rh ωrh
qh

ðνrh − iÞR̄up; ðA3Þ

uð2Þðω; rÞ !r→rh − ωrh
qh

ðνrh − iÞR̄up: ðA4Þ

The vector field in null coordinates (t ¼ uþv
2
; r� ¼ v−u

2
) can

be given as

Au ¼
uð1Þ − uð2Þ

2r
Ylm; Av ¼

uð1Þ þ uð2Þ
2r

Ylm; ðA5Þ

Aθ ¼ Aθ; Aφ ¼ Aφ: ðA6Þ

The knowledge of radial solution allows us to write the
mode function in near horizon limit as

uð1Þðω; rÞ→
r→rh ωrh

q�h
ðν�rh − iÞR̄ðe�Þ

up ; ðA7Þ

uð2Þðω; rÞ→
r→rh −

ωrh
q�h

ðν�rh − iÞR̄ðe�Þ
up : ðA8Þ

Accordingly, in the null coordinates the components of
the vector field could be stated as follows. Due to the
structure of solution, Fuv vanishes on the past horizon
and guv → −∞ however the combined product stays
well-defined. The resulting object in the near horizon
limit can be given as

guvFvu ¼ i

�
ν�rV0ðrÞ

q�r
−
ν�
q�r

∂r� −
2ων2�r

q�2
r

�
× R̄ðe�Þ

up ðr�ÞYlme−iωt; ðA9Þ

where

V0ðrÞ ¼
�
L
r2

þ μ2 þ 2ων

qr

�
: ðA10Þ

Evaluating the inner product on the null boundary dΣu ¼
guvdΣv ¼ −r2hdudΩ yields
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ðAðe�Þ
ωlm; A

ðe�Þ
ω0l0m0 ÞH−

¼ −i
Z

dΣugνα½Að�Þ
αωlmF

ð�Þ�
νuω0l0m0 − Fð�Þ

νuωlmA
ð�Þ�
αω0l0m0 �

¼ i
Z

∞

−∞
du
Z

dΩr2h½AuF�
tr − FtrA0�

u �

þ i
Z

∞

−∞
du
Z

dΩr2hgAB½AAF0�
Bu − FBuA0�

A �

¼ 4πωr2h
q�h

ðμ2 þ ν2�LÞjN ðe�Þ up
ωl j2δðω − ω0Þδll0δmm0 ;

ðA11Þ

where the inverse metric on the two-sphere is

gAB ¼ 1

r2

�
1 0

0 csc2θ

�
; A; B∈ fθ;ϕg; ðA12Þ

with A and B denoting angular coordinates. To calculate
the normalization constant for the up-modes, we first
determine the asymptotic form of the Proca field near I−.
At leading order in r, the first two components take
the form

Av ≡ cv
r
e−iΩþv−iΩ−uYlm; ðA13Þ

Au ≡ cu
r
e−iΩþv−iΩ−uYlm; ðA14Þ

where

Ωþ ≡ ωþ k
2

; Ω− ≡ ω − k
2

; ðA15Þ

and

c�v ¼ −
Ωþ
ν�

N ðe�Þ in
ωl ; c�u ¼ Ω−

ν�
N ðe�Þ in

ωl : ðA16Þ

These expressions automatically satisfy the Lorenz con-
dition, ∇μAμ ¼ 0, through the relation

Au ¼ −
Ω−

Ωþ
Av: ðA17Þ

At the same order, the electromagnetic field strength
tensor simplifies to

Fuv ≈ −2iΩ−Av; ðA18Þ

which agrees with (A9) at Oðr−1Þ upon using V0 ≈ μ2.
Evaluating the inner product on the null boundary with

dΣv ¼ guvdΣu ¼ −r2dvdΩ; ðA19Þ

we obtain

ðAð�Þωlm; Að�Þω0l0m0 ÞI−

¼ −i
Z

dΣugνα½Að�Þ
αωlmF

ð�Þ�
νvω0l0m0 − Fð�Þ

νvωlmA
ð�Þ�
αω0l0m0 �

¼ −2i
Z

∞

−∞
dv
Z

dΩr2ðAvF0�
uv − FuvA0�

v Þ

þ i
Z

∞

−∞
dv
Z

dΩr2gCDðACF0�
Dv − FDvA0�

CÞ

¼ 4π½4Ω−jc�v j2 þΩþLjN ðe�Þ in
ωl j2�δðΩþ −Ω0þÞδll0δmm0 ;

ðA20Þ

where dΩ ¼ sin θdθdφ. Now, using [82],

δðΩþ −Ω0þÞ ¼
k

jΩþj
δðω − ω0Þ; ðA21Þ

we find the following:

ðAðe�Þ in;ωlmωlm; Aðe�Þ in;ωlmω0l0m0 ÞI−

¼ 4πk

�
μ2

ν2�
þ L

�
jN ðe�Þ in

ωl j2δðω − ω0Þδll0δmm0 : ðA22Þ

The only nontrivial case is the mixed inner product
between the eþ and e− modes. On H−, the inner product
reduces to

ðAþ; A−ÞH− ¼ −i
Z

dΣugνα½Aþ
α F−�

νu − Fþ
νuA−�

α �

¼ i
Z

∞

−∞
du
Z

dΩr2hðAþ
u F−�

tr − Fþ
trA−�

u Þ

þ i
Z

∞

−∞
du
Z

dΩr2hgABðAþ
BF

−�
Au − Fþ

AuA
−�
B Þ:

ðA23Þ

The expression involving the radial component in the
above equation can be simplified and expressed as
follows:

Aþ
u F−�

tr − Fþ
trA−�

u

¼ ωN ðeþÞ up
ωl N ðe−Þ up�

ωl

qþh q
−
h

�
ðνþ − ν−Þrh

�
μ2 þ L

r2h

�
− i

	
2νþν−r2h

�
μ2 þ L

r2h

�
þ ωðνþ þ ν−Þ


�
: ðA24Þ

The angular contribution follows from

F�
Au ¼ ∂AA�

u − ∂uA�
A : ðA25Þ

Separating the terms involving ∂uA�
A from those involv-

ing ∂AA�
u , one obtains
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i
Z

∞

−∞
du
Z

dΩr2hgABðAþ
BF

−�
Au − Fþ

AuA
−�
B Þ

¼ 4πωLN ðeþÞ up
ωl N ðe−Þ up�

ωl

�
1 −

2 − iðνþ − ν−Þrh
2ð1þ iν−rhÞð1 − iνþrhÞ

�
δðω − ω0Þδll0δmm0 : ðA26Þ

The mixed inner product becomes

ðAðeþÞ up
ωlm ; Aðe−Þ up

ω0l0m0 ÞH− ¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðμ2 þ ν2þLÞðμ2 þ ν2−LÞ

p "ð2νþν−r2h þ irhðνþ − ν−ÞÞðμ2 þ L
r2h
Þ þ ωðνþ þ ν−Þffiffiffiffiffiffiffiffiffiffiffi

qþh q
−
h

p
þ 2L

ffiffiffiffiffiffiffiffiffiffiffi
qþh q

−
h

p
r2h

�
1 −

2 − iðνþ − ν−Þrh
2ð1þ iν−rhÞð1 − iνþrhÞ

�#
δðω − ω0Þδll0δmm0 : ðA27Þ

Finally, using Eq. (2.24), the above expression vanishes
identically. Hence,

ðAðeþÞ up
ωlm ; Aðe−Þ up

ω0l0m0 ÞH− ¼ 0: ðA28Þ

Similarly for in- modes

ðAðeþÞ in
ωlm ; Aðe−Þ in

ω0l0m0 ÞI− ¼ ðμ2 þ νþν−LÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðμ2 þ ν2þLÞðμ2 þ ν2−LÞ

p
¼ 0: ðA29Þ

This concludes the analysis regarding the orthonormality of
the FKKS ansatz.

APPENDIX B: DERIVATION OF
DIRAC BRACKET

For singular Hamiltonian systems such as ours, the
canonical momenta cannot be inverted uniquely to express
all generalized velocities [61,64]. As a result, the system
possesses constraints, and special care is required in defining
the Hamiltonian evolution. Without introducing the appro-
priate Lagrange multipliers and the correct bracket structure,
the equations of motion derived from the Hamiltonian
formalism need not reproduce the Euler-Lagrange equations
consistently. For this reason, one employs the Dirac bracket
formalism to correctly handle the constraints. From the
definition of the conjugate momentum given in the main
text, (5.2), we find that

Π0 ¼ 0; Πi ¼ ffiffiffiffiffiffi
−g

p
Fi0: ðB1Þ

The vanishing of conjugate momenta is the primary con-
straint that the system possesses [45,64],

Φ1ðxÞ≡ Π0ðxÞ ≈ 0: ðB2Þ

The last weak equality helps one to proceed with the primary
constraint and include it in the Hamiltonian density corre-
sponding to the Proca action (2.2), by the use of a Lagrange

multiplier as

H ¼ 1

2
ffiffiffiffiffiffi−gp gijΠiΠj þ

ffiffiffiffiffiffi−gp
4

FijFij þ Πi
∂iA0

þ 1

2
μ2

ffiffiffiffiffiffi
−g

p ð−A2
0 þ gijAiAjÞ þ λΠ0: ðB3Þ

To determine which physical degree of freedom is encoded
with the Lagrange multiplier, we consider Hamilton’s
equation of A0,

Ȧ0 ¼ fA0; Hg ¼ λ: ðB4Þ

Then, for the consistent evolution of the system, we require
that the constraint does not evolve in time, i.e., Φ̇1 ≈ 0, thus
we find the secondary constraint. To explicitly determine the
expression associated with the secondary constraint, let us
consider the following equation of motion:

Φ2 ¼ Π̇0ðxÞ ¼ fΠ0ðxÞ; Hg: ðB5Þ

The above Poisson bracket can be directly evaluated from
the Hamiltonian by utilizing the fundamental Poisson
brackets (B8), and we get

Φ2 ¼ ∂iΠiðxÞ − μ2
ffiffiffiffiffiffi
−g

p
A0ðxÞ: ðB6Þ

To check whether the above form indeed leads to the
secondary constraint, let us check its evolution as follows:

Φ̇2 ¼ f∂iΠiðxÞ − μ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gðt; xÞ

p
A0ðxÞ; Hg þ ∂Φ2

∂t
¼ ∂i½∂jð

ffiffiffiffiffiffi
−g

p
FjiÞ − μ2

ffiffiffiffiffiffi
−g

p
gijAj�

− μ2
ffiffiffiffiffiffi
−g

p
Ȧ0 − μ2∂0ð

ffiffiffiffiffiffi
−g

p ÞA0

¼ −μ2
ffiffiffiffiffiffi
−g

p ð∇iAi þ∇0A0Þ ¼ 0: ðB7Þ

It is interesting to realize that the Lorenz condition (2.4),
used in the last line, appears here as an integrability
criterion, which fixes the Lagrange multiplier and prevents
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tertiary and higher-order constraints from appearing in the
system. Here we have also treated A0 as a fundamental phase
space variable and that it evolves explicitly under the
Poisson bracket with respect to the Hamiltonian ð∂tA0 ¼ 0Þ.
The fundamental equal-time Poisson brackets are as

follows:

fAμðxÞ;ΠνðyÞg ¼ δμ
νδð3Þðx − yÞ; ðB8Þ

fAμ; Aνg ¼ fΠμ;Πνg ¼ 0: ðB9Þ

As discussed earlier, above does not hold true for constraint
ðΠ0 ¼ 0Þ. Therefore, at this stage one introduces the notion
of weak equality and enforce that we do not use the primary
constraint inside the Poisson bracket but only after evalu-
ating the derivatives. This means, in particular, that it has
nonzero Poisson brackets with the canonical variables.
Since A0 ¼ g0αAα, the fundamental equal time Poisson
bracket for it becomes

fA0ðxÞ;Π0ðyÞg ¼ g00ðxÞδð3Þðx − yÞ: ðB10Þ

Next, to determine the consistent Dirac brackets, we must
compute the nonvanishing Poisson brackets among the
constraints, which are given by

fΦ1ðxÞ;Φ2ðyÞg ¼ fΠ0ðxÞ;−μ2
ffiffiffiffiffiffiffiffiffiffiffiffi
−gðyÞ

p
A0ðyÞg

¼ −μ2
ffiffiffiffiffiffiffiffiffiffiffiffi
−gðyÞ

p
g00ðyÞδð3Þðx − yÞ;

and similarly,

fΦ2ðxÞ;Φ1ðyÞg ¼ μ2
ffiffiffiffiffiffiffiffiffiffiffiffi
−gðxÞ

p
g00ðxÞδð3Þðx − yÞ: ðB11Þ

Since all other constraint brackets vanish by virtue of the
antisymmetry of the Poisson bracket, the constraint matrix
takes the form,

Cabðx; yÞ ¼ fΦaðxÞ;ΦbðyÞg

¼ μ2
ffiffiffiffiffiffiffiffiffiffiffiffi
−gðxÞ

p
g00ðxÞ

�
0 −1
1 0

�
δð3Þðx − yÞ:

The next step is to determine the inverse of this constraint
matrix by solving the following equation:Z

d3zðC−1Þacðx; zÞCcbðz; yÞ ¼ δabδ
ð3Þðx − yÞ: ðB12Þ

This gives us the inverse of constraint matrix as follows:

ðC−1Þabðx; yÞ ¼ 1

μ2
ffiffiffiffiffiffiffiffiffiffiffiffi
−gðxÞp

g00ðxÞ

�
0 −1
1 0

�
δð3Þðx − yÞ:

ðB13Þ

With this structure in place, we now evaluate the Dirac
bracket given by

fF;GgD ¼ fF;Gg −
Z

d3ud3vfF;ΦaðuÞg

× ðC−1Þabðu; vÞfΦbðvÞ; Gg: ðB14Þ

Notably, not all of the fundamental Poisson brackets are
modified by the Dirac bracket construction. Therefore, here
we only outline the ones that receive nontrivial corrections.
The first of which can be found from

fA0ðxÞ;ΠiðyÞgD
¼ fA0ðxÞ;ΠiðyÞg|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

¼0

−
Z

d3ud3vfA0ðxÞ;ΦaðuÞg

× ðC−1Þabðu; vÞfΦbðvÞ;ΠiðyÞg: ðB15Þ

To evaluate this, we need the following Poisson brackets
of constraints with field and conjugate momenta,

fA0ðxÞ;Φ1ðuÞg ¼ fA0ðxÞ;Π0ðuÞg ¼ g00ðxÞδð3Þðx − uÞ;
ðB16Þ

fA0ðxÞ;Φ2ðuÞg ¼ 0; ðB17Þ

fΦ2ðvÞ;ΠiðyÞg ¼ f∂kΠkðvÞ;ΠiðyÞg
− μ2

ffiffiffiffiffiffiffiffiffiffiffiffi
−gðvÞ

p
fA0ðvÞ;ΠiðyÞg ¼ 0;

ðB18Þ

fΦ1ðvÞ;ΠiðyÞg ¼ 0: ðB19Þ

Using these, (B15) yields

fA0ðxÞ;ΠiðyÞgD ¼ 0: ðB20Þ

The next nontrivial Dirac bracket that differs from their
Poisson bracket counterpart can be given as

fA0ðxÞ; AiðyÞgD
¼ fA0ðxÞ; AiðyÞg|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

¼0

−
Z

d3ud3vfA0ðxÞ;ΦaðuÞg

× ðC−1Þabðu; vÞfΦbðvÞ; AiðyÞg: ðB21Þ

The relevant Poisson brackets for evaluating it can be
given as

fA0ðxÞ;Φ1ðuÞg ¼ fA0ðxÞ;Π0ðuÞg ¼ g00ðxÞδð3Þðx − uÞ;
ðB22Þ

fA0ðxÞ;Φ2ðuÞg ¼ 0; ðB23Þ
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fΦ2ðvÞ; AiðyÞg ¼ f∂kΠkðvÞ; AiðyÞg ¼ −∂iδð3Þðv − yÞ;
ðB24Þ

fΦ1ðvÞ; AiðyÞg ¼ 0: ðB25Þ

Thus, (B21) becomes

fA0ðxÞ; AiðyÞgD ¼ −
1

μ2
ffiffiffiffiffiffiffiffiffiffiffiffi
−gðxÞp ∂xiδ

ð3Þðx − yÞ: ðB26Þ

Rest of the Dirac bracket are identical to their Poisson
bracket counterpart. Therefore, collectively we can state
them here as

fAiðxÞ;ΠjðyÞgD ¼ δjiδ
ð3Þðx − yÞ; ðB27Þ

fAi; AjgD ¼ fΠi;ΠjgD ¼ 0; ðB28Þ

fA0ðxÞ;ΠiðyÞgD ¼ 0; ðB29Þ

fA0ðxÞ; AiðyÞgD ¼ −
1

μ2
ffiffiffiffiffiffiffiffiffiffiffiffi
−gðxÞp ∂xiδ

ð3Þðx − yÞ; ðB30Þ

where x ¼ ðx1; x2; x3Þ and y ¼ ðy1; y2; y3Þ. In order to
quantize the system we promote f; gD ⟶ 1

i ½; �. Then the
analysis from Sec. V follows.

APPENDIX C: TWO-POINT CORRELATORS AND
ASYMPTOTIC STRUCTURE

Using the mode expansion in (5.10), the quantized Proca
field can be written as

Âμ ¼
Z

μ

0

dω
X
λlm

âðλÞωlmA
ðλÞ up
μωlmðxÞ þ aðλÞ†ωlmA

ðλÞ up�
μωlm ðxÞ

þ
X
n

Z
∞

μ
dω
X
λlm

âðλÞnωlmA
ðλÞn
μωlmðxÞ þ aðλÞn†ωlm AðλÞn�

μωlmðxÞ:

ðC1Þ

The evaluation of the two-point function reduces to

computing AðλÞ
μωlmðxÞAðλÞ�

νωlmðx0Þ using the mode function
decomposition given in (2.9) and subsequently sum over
l; m. It is convenient to first perform the sum over m. For
fixed polarization λ and angular momentum l, one obtains

lim
x→x0

Xl
m¼−l

AðλÞ
μωlmðxÞAðλÞ�

νωlmðx0Þ ¼
2lþ 1

4πr2

0BBBBBBB@

juðλÞ1 j2 uðλÞ
1
uλ⋆
2

f 0 0

uλ⋆
1
uðλÞ
2

f
juðλÞ

2
j2

f2 0 0

0 0
r2ðjuðλÞ

3
j2þjuðλÞ

4
j2Þ

2L 0

0 0 0
r2ðjuðλÞ

3
j2þjuðλÞ

4
j2Þ

2L sin2θ

1CCCCCCCA; ðC2Þ

where we have used the following relations,

Xl
m¼−l

jYlmj2 ¼
2lþ 1

4π
;

X
m

∂AYlm∂BYlm ¼ Lð2lþ 1Þ
8π

diagð1; sin2θÞ;
X
m

Ylm∂AȲlm ¼ 0: ðC3Þ

The resulting correlator is stationary, with no explicit dependence on the Schwarzschild time coordinate. Furthermore, the
angular sector becomes independent of the radial falloff apart from the overall prefactor.
Following ΔGΨ−B

μν ¼ hΨjÂμÂνjΨi − h0BjÂμÂνj0Bi and utilizing (7.3)–(7.5) for the Unruh vacuum ðjΨi ¼ j0UiÞ, one can
identify that the finite contribution to the two-point function is given by

ΔGðU−BÞ
μν ðrÞ ¼

X
λ;l

2lþ 1

4πr2

Z
∞

0

dω

�
2

e
πω
κ − 1

�
0BBBBBBB@

juup1 j2 uup
1
uup�
2

f 0 0

uup�
1

uup
2

f
juup

2
j2

f2 0 0

0 0
r2ðjuup

3
j2þjuup

4
j2Þ

2L 0

0 0 0
r2ðjuup

3
j2þjuup

4
j2Þ

2L sin2θ

1CCCCCCCA: ðC4Þ

Here, and in the expression below, the polarization index, λ, with the radial functions should be assumed. Similarly, for the
Hartle-Hawking vacuum ðjΨi ¼ j0HHiÞ one finds
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ΔGðHH−BÞ
μν ðrÞ ¼

X
n∈ fin; upg

λ;l

2lþ 1

2πr2

Z
∞

0

dω
1

e
πω
κ − 1

0BBBBBBB@

jun1j2 un
1
un�
2

f 0 0

un�
1
un
2

f
jun

2
j2

f2 0 0

0 0
r2ðjun

3
j2þjun

4
j2Þ

2L 0

0 0 0
r2ðjun

3
j2þjun

4
j2Þ

2L sin2θ

1CCCCCCCA: ðC5Þ

To understand the behavior of these correlators, it is useful
to examine the asymptotic form of the mode functions.
For the even-parity up-modes near the future

horizon ðHþÞ, together with (3.4), the radial amplitudes
behave as

uðe�Þ
ð1Þ ðω; rÞ→r→rh −N ðe�Þ up

ωl
ωrh
q�h

ðν�rh þ iÞRðe�Þ up
ωl e−iωr� ;

ðC6Þ

uðe�Þ
ð2Þ ðω; rÞ→r→rh −N ðe�Þ up

ωl
ωrh
q�h

ðν�rh þ iÞRðe�Þup
ωl e−iωr� ;

ðC7Þ

uðe�Þ
ð3Þ ðω; rÞ→r→rh N ðe�Þ up

ωl LRðe�Þup
ωl e−iωr� ; ðC8Þ

uðe�Þ
ð4Þ ðω; rÞ→r→rh

0: ðC9Þ

For the odd parity sector, near the future horizon ðHþÞ,
we get

uðoÞð1Þðω; rÞ→
r→rh

0; ðC10Þ

uðoÞð2Þðω; rÞ→
r→rh

0; ðC11Þ

uðoÞð3Þðω; rÞ→
r→rh

0; ðC12Þ

uðoÞð4Þðω; rÞ→
r→rh N ðoÞ up

ωl RðoÞup
ωl e−iωr� : ðC13Þ

At future null infinity ðIþÞ, the even-parity sector be-
haves as

uðe�Þ
ð1Þ ðω; rÞ→r→∞ k

ν
N ðe�Þ up

ωl T λup
ωl e

ikr� ; ðC14Þ

uðe�Þ
ð2Þ ðω; rÞ→r→∞

−
ω

ν
N ðe�Þ up

ωl T λup
ωl e

ikr� ðC15Þ

uðe�Þ
ð3Þ ðω; rÞ→r→∞

N ðe�Þ up
ωl LT ðe�Þup

ωl eikr� ; ðC16Þ

uðe�Þ
ð4Þ ðω; rÞ→r→∞

0: ðC17Þ

For the odd parity sector, at future null infinity ðIþÞ,
we have

uðoÞð1Þðω; rÞ→
r→rh

0; ðC18Þ

uðoÞð2Þðω; rÞ→
r→rh

0; ðC19Þ

uðoÞð3Þðω; rÞ→
r→rh

0; ðC20Þ

uðoÞð4Þðω; rÞ→
r→rh N ðoÞ up

ωl T ðoÞup
ωl eikr� : ðC21Þ

The corresponding expressions for the in-modes follow
from the replacements

N ðλÞ up
ωl → N ðλÞ in

ωl ; T ðλÞup
ωl → RðλÞin

ωl ; ðC22Þ
with λ ¼ ðe�; oÞ.
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7 (2018).
[52] W. Unruh, Phys. Rev. D 14, 3251 (1976).
[53] X.-H. Ge, M. Matsumoto, and K. Zhang, Phys. Rev. D 112,

046024 (2025).
[54] R. A. Konoplya, Phys. Rev. D 73, 024009 (2006).
[55] R. A. Konoplya, A. Zhidenko, and C. Molina, Phys. Rev. D

75, 084004 (2007).
[56] V. Balakumar, Aspects of quantum charged scalar field

theory in curved spacetime: Black hole superradiance and
Hadamard renormalisation, Ph.D. thesis, Sheffield Univer-
sity, 2022.

[57] K. M. Vispute and R. Karmakar, arXiv:2606.13217.
[58] C. L. Benone, E. S. de Oliveira, S. R. Dolan, and L. C. B.

Crispino, Phys. Rev. D 89, 104053 (2014).
[59] E. Poisson, A Relativist’s Toolkit: The Mathematics of

Black-Hole Mechanics (Cambridge University Press, Cam-
bridge, England, 2009).

[60] I. Novikov and V. Frolov, Physics of Black Holes (Springer
Science & Business Media, Dordrecht, Netherlands, 2013),
Vol. 27.

[61] M. Henneaux and C. Teitelboim, Quantization of Gauge
Systems (Princeton University Press, Princeton, NJ, 1994).

[62] H. J. Rothe and K. D. Rothe, Classical and Quantum
Dynamics of Constrained Hamiltonian Systems (World
Scientific, Singapore, 2010).

[63] A.W. Wipf, Lect. Notes Phys. 434, 22 (1994).
[64] J. D. Brown, Universe 8, 171 (2022).
[65] R. Vathsan, J. Math. Phys. (N.Y.) 37, 1713 (1996); 37, 6590

(E) (1996).
[66] P. Chingangbam and P. Sharan, arXiv:quant-ph/9910049.
[67] H. P. Pavel and V. N. Pervushin, Int. J. Mod. Phys. A 14,

2285 (1999).
[68] P. W. Graham, J. Mardon, and S. Rajendran, Phys. Rev. D

93, 103520 (2016).
[69] E.W. Kolb and A. J. Long, J. High Energy Phys. 03 (2021)

283.
[70] W. Greiner and J. Reinhardt, Field Quantization (Springer

Science & Business Media, Berlin, 2013).
[71] A. Das, S. Dalui, C. Chowdhury, and B. R. Majhi, Phys.

Rev. D 100, 085002 (2019).
[72] D. G. Boulware, Phys. Rev. D 11, 1404 (1975).
[73] M. D. Kruskal, Phys. Rev. 119, 1743 (1960).
[74] I. D. Novikov and V. P. Frolov, Physics of Black Holes

(Kluwer Academic, Dordrecht, Netherlands, 1989).
[75] S. A. Fulling and S. N. M. Ruijsenaars, Phys. Rep. 152, 135

(1987).
[76] S. M. Christensen, Phys. Rev. D 14, 2490 (1976).

CHANDRA PRAKASH and RAJESH KARMAKAR PHYS. REV. D 114, 065013 (2026)

065013-24

https://doi.org/10.1103/PhysRevD.29.1618
https://doi.org/10.1103/PhysRevD.29.1618
https://doi.org/10.1103/PhysRevLett.53.403
https://doi.org/10.1103/PhysRevLett.53.403
https://doi.org/10.1103/PhysRevD.13.2188
https://doi.org/10.1103/PhysRevD.13.2188
https://doi.org/10.1016/0375-9601(76)90178-X
https://doi.org/10.1103/PhysRevLett.83.1494
https://doi.org/10.1103/PhysRevLett.83.1494
https://doi.org/10.1103/PhysRevD.60.024007
https://doi.org/10.1103/PhysRevD.60.024007
https://doi.org/10.1103/PhysRevLett.85.5042
https://doi.org/10.1103/PhysRevLett.85.5042
https://doi.org/10.1103/PhysRevLett.95.011303
https://doi.org/10.1103/PhysRevLett.95.011303
https://doi.org/10.1103/PhysRevD.79.044005
https://doi.org/10.1016/j.physletb.2009.04.005
https://doi.org/10.1103/PhysRevD.97.025016
https://doi.org/10.1103/PhysRevD.97.025016
https://doi.org/10.1016/j.physletb.2008.02.044
https://doi.org/10.1103/PhysRevD.15.2088
https://doi.org/10.1103/PhysRevD.15.2088
https://doi.org/10.1103/PhysRevD.106.125013
https://doi.org/10.1103/PhysRevD.106.125013
https://doi.org/10.1103/PhysRevD.107.025001
https://doi.org/10.1103/PhysRevD.107.025001
https://doi.org/10.1103/PhysRevLett.70.1739
https://doi.org/10.1103/PhysRevLett.70.1739
https://doi.org/10.1103/PhysRevD.12.350
https://doi.org/10.4213/tmf11036
https://doi.org/10.4213/tmf11036
https://doi.org/10.1103/PhysRevD.63.124008
https://doi.org/10.1103/PhysRevD.63.124008
https://doi.org/10.1103/PhysRevD.24.297
https://doi.org/10.1103/PhysRevD.24.297
https://doi.org/10.1103/PhysRevD.85.024005
https://doi.org/10.1103/PhysRevD.85.024005
https://doi.org/10.1103/PhysRevLett.120.231103
https://doi.org/10.1103/PhysRevLett.120.231103
https://doi.org/10.1103/PhysRevD.106.055020
https://doi.org/10.1103/PhysRevD.106.055020
https://doi.org/10.1007/978-3-030-62519-1
https://doi.org/10.1007/978-3-030-62519-1
https://doi.org/10.1103/PhysRevD.111.103511
https://doi.org/10.1103/PhysRevD.111.103511
https://doi.org/10.1103/rwn4-8ywh
https://doi.org/10.1103/rwn4-8ywh
https://doi.org/10.5169/seals-110852
https://doi.org/10.1142/S0217751X04019755
https://doi.org/10.1142/S0217751X04019755
https://doi.org/10.1103/PhysRevD.93.044063
https://doi.org/10.1103/PhysRevD.93.044063
https://doi.org/10.1103/PhysRevLett.116.231301
https://doi.org/10.1103/PhysRevLett.116.231301
https://doi.org/10.1088/1475-7516/2022/01/056
https://doi.org/10.4153/CJM-1950-012-1
https://doi.org/10.1103/PhysRev.75.680
https://doi.org/10.1103/PhysRev.98.531
https://arXiv.org/abs/1010.2062
https://doi.org/10.1103/PhysRevD.13.198
https://doi.org/10.1103/PhysRevD.85.044043
https://doi.org/10.1103/PhysRevD.85.044043
https://doi.org/10.1103/v425-4yvq
https://doi.org/10.1103/PhysRevD.102.104055
https://doi.org/10.1103/PhysRevD.102.104055
https://doi.org/10.1103/PhysRevD.105.044017
https://doi.org/10.1016/j.nuclphysb.2018.06.019
https://doi.org/10.1016/j.nuclphysb.2018.06.019
https://doi.org/10.1103/PhysRevD.14.3251
https://doi.org/10.1103/3dwl-gg8g
https://doi.org/10.1103/3dwl-gg8g
https://doi.org/10.1103/PhysRevD.73.024009
https://doi.org/10.1103/PhysRevD.75.084004
https://doi.org/10.1103/PhysRevD.75.084004
https://arXiv.org/abs/2606.13217
https://doi.org/10.1103/PhysRevD.89.104053
https://doi.org/10.1007/3540583394
https://doi.org/10.3390/universe8030171
https://doi.org/10.1063/1.531790
https://doi.org/10.1063/1.531792
https://doi.org/10.1063/1.531792
https://arXiv.org/abs/quant-ph/9910049
https://doi.org/10.1142/S0217751X99001159
https://doi.org/10.1142/S0217751X99001159
https://doi.org/10.1103/PhysRevD.93.103520
https://doi.org/10.1103/PhysRevD.93.103520
https://doi.org/10.1007/JHEP03(2021)283
https://doi.org/10.1007/JHEP03(2021)283
https://doi.org/10.1103/PhysRevD.100.085002
https://doi.org/10.1103/PhysRevD.100.085002
https://doi.org/10.1103/PhysRevD.11.1404
https://doi.org/10.1103/PhysRev.119.1743
https://doi.org/10.1016/0370-1573(87)90136-0
https://doi.org/10.1016/0370-1573(87)90136-0
https://doi.org/10.1103/PhysRevD.14.2490


[77] S. Bunjusuwan and C.-H. Chen, Phys. Rev. D 113, 084015
(2026).

[78] V. P. Frolov and K. S. Thorne, Phys. Rev. D 39, 2125
(1989).

[79] W. G. Unruh, Phys. Rev. D 10, 3194 (1974).
[80] A. Lanir, A. Levi, A. Ori, and O. Sela, Phys. Rev. D 97,

024033 (2018).

[81] A. Lanir, A. Levi, and A. Ori, Phys. Rev. D 98, 084017
(2018).

[82] M.Abramowitz and I. A. Stegun,Handbook ofMathematical
Functionswith Formulas,Graphs, andMathematical Tables,
National Bureau of Standards Applied Mathematics Series
Vol. 55 (U.S. Government Printing Office, Washington, DC,
1964), reprinted by Dover Publications, 1965.

CANONICAL QUANTIZATION OF A MASSIVE VECTOR FIELD … PHYS. REV. D 114, 065013 (2026)

065013-25

https://doi.org/10.1103/zp3s-bh4g
https://doi.org/10.1103/zp3s-bh4g
https://doi.org/10.1103/PhysRevD.39.2125
https://doi.org/10.1103/PhysRevD.39.2125
https://doi.org/10.1103/PhysRevD.10.3194
https://doi.org/10.1103/PhysRevD.97.024033
https://doi.org/10.1103/PhysRevD.97.024033
https://doi.org/10.1103/PhysRevD.98.084017
https://doi.org/10.1103/PhysRevD.98.084017

	Canonical quantization of a massive vector field in a Schwarzschild black hole background
	I. INTRODUCTION
	II. CLASSICAL SOLUTIONS OF THE MASSIVE VECTOR FIELD IN SCHWARZSCHILD SPACETIME
	A. Vector spherical harmonics basis
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