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We perform a first-principles canonical quantization of a massive vector field, often referred to as the
Proca field, in a Schwarzschild spacetime background. While scalar, fermionic, and electromagnetic fields
are well studied in this context, the Proca field requires a more nuanced treatment because of the physical
nature of the longitudinal polarization mode and the constrained dynamics of the field variables. By
implementing the Dirac bracket formalism to treat the constraints inherent in the Proca action, we derive a
consistent framework for the commutator algebra of creation and annihilation operators. Following this
construction, we define the usual Boulware, Unruh, and Hartle-Hawking vacua. Using the Unruh vacuum,
we derive and analyze the Hawking spectrum of the Proca field. Furthermore, we numerically evaluate the
Proca condensate constructed from the two-point correlation function (A, (x)A,(x')), defined on all three
vacuum states. We find that the condensate becomes significant near the boundary of the future horizon.
Our results highlight the interplay among the different polarization modes and the significance of the Proca

mass in quantum observables.
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I. INTRODUCTION

The semiclassical approach to gravitational interactions,
in which quantum fields propagate on a fixed classical
spacetime background, captures several profound phenom-
ena. It has led to successful predictions in early-Universe
cosmology, particularly regarding structure formation [1].
On the other hand, the same approach led to the discovery of
Hawking radiation [2] and vacuum polarization [3] in black
hole (BH) spacetimes, opening an entirely new arena of
phenomena associated with BH physics. While the imple-
mentation of quantization within the semiclassical frame-
work is relatively well understood in the early Universe [4],
where the background is isotropic, homogeneous, and
expanding, difficulties arise in the presence of horizons
in BH spacetimes (see, e.g., Refs. [5,6]). Consequently,
substantial effort has been devoted over the decades to the
quantization of fundamental fields in BH backgrounds and
to the computation of vacuum expectation values of the
stress-energy tensor [7—10].

Even decades after Hawking’s original discovery [2],
together with several alternative derivations of the radiation
flux [11-20], a complete understanding of the semiclassical
evaporation process remains an active area of research.
Such an understanding requires the computation of the
renormalized stress-energy tensor in order to study the
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semiclassical Einstein equation, G,z = (T,5) [21]. As a
first step, a major line of investigation has focused on the
canonical quantization of fields. Naturally, the procedure
becomes increasingly difficult as the spin of the matter field
increases, as is evident from the existing literature on spin-0
(scalar) [22-24], spin-1/2 (fermion) [25], and massless
spin-1 (photon) fields [26-28]. However, the inclusion of
mass introduces additional complications. For example,
anomaly-based methods can no longer be utilized to study
near-horizon features [21]. Nevertheless, within the canoni-
cal framework, the extension to the massive case is com-
paratively straightforward for scalar and fermionic fields,
allowing the field modes to exhibit bound states in addition
to scattering states [23]. In contrast, the corresponding
extension for a vector field is nontrivial because the mass
term breaks gauge invariance and thereby promotes the
longitudinal polarization to a physical propagating degree of
freedom. From a computational perspective, this results in a
coupled system of equations that significantly complicates
the numerical analysis [29]. A major breakthrough came
with the work of Frolov, Krtous, Kubizi’ak, and Santos
(FKKS), who established an exact separable ansatz for the
Proca equations in BH spacetimes [30].

The motivation for a rigorous study of the Proca field
(hereafter used interchangeably with massive vector field) in
a BH background is twofold. First, from a phenomenological
perspective, massive vector bosons, such as dark photons,
constitute compelling dark matter candidates [31-34]. The
longitudinal polarization of a massive vector field, which
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can be understood through the Stueckelberg mechanism
[35-37], represents a physical degree of freedom that is
absent in standard Maxwell electrodynamics. Understanding
how quantization affects the dynamics and thermal proper-
ties of this additional mode is therefore of direct physical
interest.

The explicit breaking of U(1) gauge symmetry by the
Proca mass term also raises an interesting question in the
context of infrared approaches to the BH information
problem. Proposals that relate information retention to soft
hair and large gauge transformations at null infinity rely
crucially on the existence of asymptotic gauge symmetries
and their associated soft sectors [38]. In contrast, a
massive vector field possesses no corresponding large
U(1) symmetry and therefore lacks the standard soft-
photon hair structure familiar from massless electrody-
namics. Furthermore, the study of massive vector fields in
four dimensions has direct implications for string-inspired
phenomenology through their duality with the massive
Kalb-Ramond (KR) two-form field [39]. Since the quan-
tization framework developed here is formulated at the
free-field level, both the equations of motion and the
canonical quantization procedure carry over directly onto
the KR field under this duality.

In the present work, we study the massive vector field in
the test-field approximation on a fixed Schwarzschild back-
ground, leaving the extension to rotating spacetimes for
future investigation. We begin by constructing the classical
solutions using the FKKS ansatz and explicitly verifying that
the modes are orthonormal with respect to the Proca inner
product. This step is particularly important in the even-parity
sector, where the orthogonality of the longitudinal and
transverse degrees of freedom is not guaranteed by parity
alone. Using these orthonormal mode functions, we then
perform a canonical quantization by following the Dirac-
Bergmann approach [40-44] to handle the second-class
constraints of the system [45] and establish the correspond-
ing consistent bracket structure. Subsequently, we define the
Boulware, Unruh, and Hartle-Hawking vacuum states.

As an important quantum observable, the number
operator is evaluated in the past Unruh state to derive
the Hawking spectrum at future null infinity. Compared to
the massless case [46], it is important to understand how the
lifting of degeneracy affects the Hawking spectrum of the
massive field. Motivated by this question, we analyze
the spectrum associated with each polarization of the
Proca field. On the other hand, as a fundamental building
block for the quantum stress-energy tensor and the study of
backreaction, the two-point Green function must be com-
puted as a first step [5,6]. Accordingly, we evaluate this
quantity in all three vacuum states and subsequently
investigate the structure of the Proca condensate through
numerical analysis.

The rest of the paper is organized as follows. In Sec. II,
we use the FKKS ansatz to derive the classical solutions of

the equation of motion (EoM), which form the foundation
of our analysis. In Sec. III, we impose the appropriate
boundary conditions on these solutions and establish the
key properties and identities satisfied by the reflection and
transmission coefficients. Building on these results, in
Sec. IV we introduce the Proca inner product and construct
an orthonormal basis of classical solutions. Using this basis,
in Sec. V we carry out the canonical quantization procedure,
consistently deriving the commutation relations for the
creation and annihilation operators from those of the field
and its conjugate momenta. We then perform the necessary
analytic continuations and define the relevant vacuum
states. In Sec. VI, we derive the Hawking flux from first
principles. Next, in Sec. VII, we compute the two-point
function and discuss its physical implications. Finally, in
Sec. VIII, we summarize our results and outline possible
directions for future work.

In the following analysis, we work in units where
h=c=1.

II. CLASSICAL SOLUTIONS OF THE MASSIVE
VECTOR FIELD IN SCHWARZSCHILD
SPACETIME

As a first case study of the Proca field, we consider a
static, spherically symmetric BH spacetime described by
the Schwarzschild line element,
ds>=—f(r)de* + f(r)~'dr* + r*d0* + r’sin®0dep?, (2.1)
where f(r) =1—r,/r, with r, =2GM, and M denotes
the BH mass. In a generic curved spacetime, the action

for a Proca field minimally coupled to the background
geometry (2.1) is given by

1 1
S=-— / d4x,/*—g<ZFwFﬂv+§y2AﬂAﬂ>, (2.2)

where p denotes the Proca mass. The corresponding
equations of motion are

1
——0,(\/—gF") = p*A>. 2.3
It follows from the above field equations that
9, (y/—gA*) = 0. (2.4)

This constraint, commonly referred to as the Lorenz
condition [47], serves as an integrability condition for
the Proca equations. Unlike in Maxwell electrodynamics,
where the Lorenz condition is imposed as a gauge choice,
here it arises directly from the field equations and there-
fore need not be imposed separately on the field modes.
Before proceeding to quantization, however, one must first
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construct the classical solutions that define the mode basis.
Accordingly, in the following discussion, we outline the
treatment of the Proca equations, beginning with a suitable
decomposition that allows the equations of motion to
be decoupled.

A. Vector spherical harmonics basis

For a spin—1 field in the spherically symmetric space-
time (2.1), it is convenient to describe the angular sector
using the following set of vector spherical harmonics
(VSH) [47]:

Z™ = [1,0,0,0]Y"(Q),
Z7" = [0.£71.0,0]Y""(Q).

(3)¢m r ‘m
7 =—=1[0,0,0y,0,] Y™ (Q),
P \/Z[ o 0] Y™ ()
(4)fm . r 1 : m
w VL [0’ 0.0, =sin00,| Y"(Q).  (2.5)

where L = £(¢ + 1), and Y ,,,,(Q), with Q = (0, ¢), denote
the usual scalar spherical harmonics. The above expres-
sions satisfy the following orthogonality condition:

/ (Z}(ti)fm)*rlﬂb (Zl(/i/)l/m/) sin eded(p = 5ii’5ff’5mm” (26)
with

n" = diag[1, f2,1/r%,1/(r*sin’9)). (2.7)
Concerning the transformation under parity, (6,¢) —
(r—60,p+r), the VSH basis exhibits the following
properties:

m _ (_l)lz(l.2,3)fm

_ (_1)(Z+1)Z(4)fm’ (28)
corresponding to even and odd parity, respectively. Since
Z, are parity eigenstates, it enforces that the even parity

sector is orthogonal to the odd parity sector. With this setup,
we decompose the vector field as

(r Q), (2.9

ch July (

i

with ¢(j) = ¢(p) = 1 and ¢3) = c(y) = 1/+/L, whereas (r)
stands for (r, 8, ¢p). Substituting the above decomposition
into (2.3), equations of motion for different parity sectors
with decoupled angular part can be obtained. This yields a
set of coupled equations in the even-parity sector [48],

Dougyy + [(0,f) Q) — 9,.u(1))] =0,
2f2
Dyua) [(@f)(a ug o)) =5 (up) — M(3))] =0,
~ 2
with
~ L
Dzz—a%+a%*—f[—2+ﬂ2], (2.11)
r

where r, denotes the Tortoise coordinate, defined as
dr, = f~'dr. Additionally, the Lorenz condition (2.4) in
the aforementioned notation takes the following form:

VHA, =

1 f
w70 |0 te) ~ Oy + T (e —up) | = 0.

(2.12)

Furthermore, using the second equation in the set of
equations given in (2.10), we straightforwardly obtain

2
Doug) f<rf——f>( 2) — @) = 0.

The special case [ =0, corresponding to the monopole
mode (m), admits vanishing u3) and u4) as solutions and

(2.13)

hence belongs to the even-parity sector. Nevertheless, one
can recast the above EoM for the monopole mode into the
following equation:

—(),21/!(2) + a%*u(z) - Vgp(r)u(z) =0, (2.14)
with
m 2f o.f
Viff>(r) :f(ﬁ— p +ﬂ2)- (2.15)

Given the static nature of Schwarzschild spacetime, it is
suitable to consider the following separable form:
u(t.r) = e ug (r, ). (2.16)
Implementing the above decomposition, the equation for
the monopole mode (2.14) takes the following form:
Rugy + [0 =V (Dup =0, (2.17)
For nonzero # modes, in addition to the even parity
equations above, we obtain a fully decoupled equation
governing the odd-parity sector,
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Separating the time dependence in the same manner as in
(2.16), the above equation reads

G+ [0 = VE(Plug =0, (2.19)
with
o L
v =1 (5 (2.20)

In the massless limit, the effective potential reduces to the
corresponding electromagnetic potential, up to the disap-
pearance of the mass term. Thus, the odd-parity mode
continuously reduces to the physical transverse electro-
magnetic mode.

We are now left with the set of coupled equation for
[ #0 (2.10) in the even-parity sector. To simplify the
construction of solutions, it is convenient to decouple
these equations, and the corresponding procedure is
discussed next.

B. Frolov-Krtous-Kubiznak-Santos basis

In the even-parity sector (2.10), the equations of motion
do not admit a straightforward decoupling. To address this,
we adopt the FKKS approach [30], previously implemented
in [49,50]. The strategy is to rewrite the components
governing the radial part in the even parity sector as
follows:

_ifrwro, + /) 4
qr

(w,r),

u(l)(a), r) =

(2.21)

with g, = 1 + ?r?. Where v is a separation constant, to
be determined below. Substituting the expression for u )

and u@3) into the last equation of the set (2.10), the

governing equation of R can be obtained straightforwardly
and written as

2f

o+
rqy

0,*+[a)2—f<%+/42+ ﬂR—O. (2.22)

r

To determine the separation constant, v, we substitute the
components from (2.21) into the Lorenz condition (2.4),
which yields

The equivalence of the preceding two equations implies
the relation

Lv* + ov—p? =0. (2.24)
The roots of this equation are given by
1 £+/1+4Ly? | 0?
vy :—% Z w7 (205

For the monopole mode, we discard the v, branch and
retain v_ = p?/w, in which case the resulting equation
reduces to (2.14). Importantly, the FKKS ansatz remains
well defined in the massless limit. In this limit, the
v_ branch continuously reduces to a pure gauge configu-
ration [51]. Since the longitudinal polarization resides in
the even parity sector, taking 4 — 0 implies v_ — 0, and
the associated vector field reduces to the gradient of a
scalar function. On the other hand, the positive branch,
v, in the massless limit corresponds to the transverse vector
mode as in the case of the photon. For these reasons, the
(+)/(=) labels in the even parity sector correspond to
vector- and scalar-type modes, respectively [48].

For the sake of completeness, one can express the odd
parity solution in the same notation as follows:

ulyy (@, 7) = RS)(r).

% (2.26)

To express the governing equations for both even- and odd-
parity modes in a unified Schrodinger-like form, we rewrite
the radial equation such that the differential operator acts on
the combination ,/g,R/r instead of directly on R. With this
choice, the governing equation in the even-parity sector
becomes

02 + a? — Vo] (ﬁl‘e> =0, (2.27)
r

where the effective potential is given by

2
even(+) 1 0dd f f szl/i
Veff - Veff + a&( (i)) + ( (i)) + q(i) :

rqgr rqgr
(2.28)

An interesting property of the underlying framework, as can
be seen from all the linear second-order master equations,
is that they admit a conserved Wronskian [52], which can be
expressed using (2.27) as

2

W(R,.Ry) = —(R:9, Ry — 0, RiRy). (2.29)
. .

r

where R, and R, are two linearly independent solutions
of (2.27). This conserved quantity, as we will see, represents
the radial flux associated with the mode function. Similarly,
the odd parity sector (2.19) also has an associated conserved
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Wronskian, which has a similar form as above, excluding
the overall factor.

Having obtained the decoupled equations of motion in
the form (2.17), (2.19), and (2.27), one can straightaway
impose the relevant boundary conditions and thereby
construct a complete set of orthonormal bases from the
classical solutions. Before proceeding, however, for con-
venience in the analysis, we find it useful to express the
Proca field in a suitable form using the combination of VSH
and FKKS bases, as described below.

C. Combined VSH and FKKS basis

From the above discussion, it becomes clear that the
FKKS decomposition resolves the difficulties associated
|

with decoupling of the equation of motion in the even
parity sector for £ > 0. In addition, for £ = 0, it captures
the monopole mode associated with the scalar-type branch
(v_), which is already decoupled in the VSH basis. The
relevance of both bases has also been emphasized in studies
of the Proca field over the years, where monopole dynamics
in the even parity sector plays a distinguished role in
the structure of the perturbation equations, alongside the
odd parity modes [53-55]. This suggests that an effective
decomposition of the Proca field should incorporate both
the parity sectors. We find that this can be achieved by
combining the FKKS and VSH constructions in the
following way:

i o ivirf (e) ple) .\ yre
A1) = oy (——— a,)Nw RH (nyom(Q
(1) >\~ ;R (r)Y"(Q),
» 1 a)vir) () 5 (et)
A (t,r) = e —0, — NSRS Yom(Q
G.5) ;(qr q.f ¢ Rag" (NT(Q).
( 0) ‘m
— iy | VERES fm(Q R,(r)9,Y™"(Q)
AH(Z’ l‘) =e - |:wa w? ( )a Y ( ) +wa L sin @
: (e) ple) ()R(O)(r)
A, (t,r) = e ! g {wa oz (r)0,Y™(Q) = N s =222 sin Qang’"(Q)], (2.30)
‘m

In the above decomposition, we have also included the overall normalization factors, N S; ) and N S} for even and odd
parity, respectively, which will be fixed in Sec. IV. For convenience in the quantization procedure, we label Proca modes in

the respective parity sector:
Even parity sector:

(_

A;(fi) (t, I') _ e—ia)IZNS;:)

‘m

Odd parity sector:

0
(©) = (o) RS)(r) 0
Ag(tr)=e WZN wt wL 9,Y/"(Q)
‘m sin @
—sin 00y Y™ (Q)

(2.32)

In the rest of the analysis, the combined set of modes,

altogether, will be referred to as Afp, with { = An; wfm,
where 1 takes care of the parity sectors (e+) and (o),
whereas n stands for the in,up,out, and down modes,

which will be discussed in the following section.

i;i,) lUt:’fa) ( )( )Yfm(Q)

(30— 2R (@) (2.31)
R (r)oy"(9)
RS (r)o, Y ™(Q)

[
III. ASYMPTOTIC FORMS OF THE PROCA FIELD

In this section, we discuss the asymptotic structure of the
Proca field, which will be used to construct an orthonormal
basis of mode functions in later sections. In the near-horizon
limit, the equation governing the (e+) modes, (2.27), can be
expressed as

02 + o? IR (w.r) = 0, (3.1)
whereas, the same equation (2.27) in the limit » — oo takes
the following form:

0% + o = IR

(w,r) =0. (3.2)
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s it
in

H T+
1‘,“
H z
e
FIG. 1. Representation of in- and up- radial modes originating

from two different boundary conditions on the Penrose diagram
of Region L.

The general solution to the above asymptotic equation can
be expressed as the superposition of plane waves. In
general, two different types of boundary condition define
the in- and up-radial modes, as illustrated in Region-I of
Fig. 1, for all three polarizations. Specifically, the modes
incoming from the past null infinity are labeled as in-modes,
whereas the modes outgoing from the past horizon are
referred to as up-modes [22]. Explicitly, these modes are
characterized by the following asymptotic forms [47],

N T(@ine—iwr*’ r, = —o0,
ROy =4 " A (3.3)
wl . (A)in
e—lkr* _,’_wa ezkr*’ r, = o,
and
R () = el + RUIPe . r > —co, (3.4)
ot - T(]“) P ikr. )
Wl e, r, —> o0,

With k := \/@> — u?, the above set of asymptotic solutions
describes scattering states for @ > u. For @ <y, the
relevant bound states correspond to up-modes that
describe an outgoing wave at H~ and an ingoing wave
at H™", with no flux reaching Z*. We emphasize that these
solutions are defined for w € R and therefore do not
correspond to quasibound states with a discrete spectrum,
which require w € C (see, e.g., Ref. [47]). Nevertheless, in
the next section, we will see that the in- and up-modes are
orthogonal. By complex conjugation to these modes, we
can also define the conjugate basis, out- and down-modes,
as [56]

(4)ou 5 (4)inx 5 (4)down 5 (4)upx
o™ () = Roy™ (). Ryy“™(r) = R™ (). (3.5)

Consequently, the asymptotic forms can be expressed as

T(l)in*eiwr*
»(4)oul wl ’
R = {

ikr, (A)inx —ikr,
e +R; e, r,— 00,

r, —> —00,

(3.6)

it

down

FIG. 2. Representation of out and down radial modes on the
Penrose diagram of Region I.

—i (A)upx
R(A)down(r) _ e r + Ra}fup el(ﬂr*’ ry = _w7 (3 7)
wt - . :
Tﬁf}up*e—tkm’ r, — o,

and illustrated in Fig. 2. Having given the asymptotic forms,
the next task is to determine the reflection and transmission
coefficients and their relations. A straightforward way to
proceed is to utilize the fact that the propagation of modes,
as shown in Figs. 1 and 2, has associated conserved flux,
because of which the induced inner product (defined in the
next section) satisfies the following properties, connecting
the past future null boundaries,

+ (Aigfm’ Aial}fm)IJr ’
(3.8)

(Az?fm’ Aij)lfm) (Ag)lfm’ Aizr)lfm)

Ar, AY

wfm’? (ufm)

(Awfm’ anfm)?fr + (Az)l;m’ A;l)[;m )IJr .

(3.9)

Utilizing these relations, one can show that the coef-
ficients satisfy

(4)in)2 A
2 |Nw»f’ | |T(l)1“‘2 -1

IR 4 ot (3.10)
N

|2 |waup| | |2

Ry
|wam|2

(3.11)

The asymptotic expressions do not, by themselves, deter-
mine the origin of the mode. Instead, this is fixed by the
choice of boundary conditions, through which one iden-
tifies the incident component and adopts a scattering
normalization in which its amplitude is set to unity. The

reflection and transmission coefficients R((j; and T((j} are
then determined by solving the radial equations (2.17),
(2.19), and (2.27). For the detailed numerical procedure, we
refer the reader to Ref. [57] (also see Ref. [58] for earlier
works on scattering). The overall normalization is fixed
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subsequently using the inner product, which depends on the
net flux and hence on the full scattering content of the
solution. Accordingly, in defining the modes, one retains
only the outgoing component at the past horizon for the
up-modes and only the ingoing component at null infinity
for the in-modes, thereby specifying their physical origin as
discussed in Sec. IV.

One can reexpress the out and down radial mode
functions as linear combinations of the in- and up- radial
mode functions as follows:

u(ﬂ)out(r) _ 7z(ﬂ)in»k (4)in (V)

(i)t 4 (i)t
N2 ine yup
T o uy (), (3.12)
)y ot (i)t
Voo P
A)down Aupx_ (A)u
uEi))wf }") = Rr(u; b MEi))a)[; }")
(4)up2
|Nw | A)up*_ (4)in
el TR (). (3.13)

VP

where the transmission and reflection coefficient satisfy
few additional properties,

WORRTON = INOWPRTER (3.14)
INRpR B Wi — N e R (3.15)

For deriving these equations, one needs to use the
normalized radial solution. The first one can be found
by equating W(N,R™ N'P*R**)| _ ~and W(ND,R™,
NUP*RW*)| _  while the latter can be deduced
from W(Ninkim Ndown*Rdown*) |r=rh and W(NinRin’
Ndowns Rdowns)| The out-modes are constructed as
specific linear combinations of the in- and up-modes such
that no flux propagates down the event horizon. In contrast,
the down-modes are defined so that there is no outgoing
flux at infinity. Since both the out- and down-modes take
their simplest form on the Cauchy surface at t — oo, it is
common to normalize these solutions on that hypersurface.

IV. INNER PRODUCT AND THE
NORMALIZATION OF THE PROCA FIELDS

The quantization procedure relies on determining the
correct symplectic structure and inner product in order to
pass down the canonical commutation relations from the
fields and their conjugate momenta to the creation and
annihilation operators [5]. To this end, a suitable definition
of the inner product can be obtained by exploiting the
conserved current associated with the matter action [52],
which allows one to construct an inner product in curved
spacetime [27]. For the Proca field, the associated con-
served current takes the following form:

JH(AA') = —i(A F"™ — FAL). (4.1)
Using the antisymmetry of the field-strength tensor, F,,
and the equation of motion (2.3), it is straightforward to
show that V”J” = 0. Therefore, using the above form of the
conserved current, we define the inner product as

(A, A€)) = _,-/dzyju[A@),A(c')], (4.2)

z

where d%, = en, \/Wd3y denotes the directed surface
element, with n, the future-directed normal, satisfying
e =n"n, = £1, and {y'} with i =1, 2, 3, representing
the intrinsic coordinates on the hypersurface. Here h
denotes the determinant of the induced metric on the
hypersurface. In this description, it is important to note
that in the null limit, where the induced metric becomes
degenerate and its determinant is ill-defined, the surface
measure is instead constructed from the spacetime volume

element and therefore involves \/@ [59].

Importantly, given the in- and up-modes vanish
at ‘H™ and 77, respectively, it is imperative to consider
‘H= UZ~ as the Cauchy surface, which splits the inner
product for such modes as (A€), A€)) = (A©), AE)), +
(A©), ALD)_ [60]. Since null hypersurfaces are degener-
ate, no natural spacelike transverse direction exists on
them. Instead, one uses a null coordinate to define the
integration measure. Accordingly, to determine the nor-
malization constant, we evaluate the inner product directly
on the null hypersurfaces in their intrinsic null coordinates.
For this purpose, we work in the double-null Eddington-
Finkelstein coordinates, described as

ds® = —f(r)dudv + r2dQ* /|g| = @’2 sin&.
(4.3)

The key feature of this procedure is that the orthogonality
of basis modes is independent of the explicit radial profile;
it is instead fixed by the asymptotic behavior and the
boundary conditions required for normalization. The pre-
cise definition of these modes are given in Sec. V. Since the
inner product is hypersurface independent, we normalize
the solution on t = —oo hypersurface, where the mode is
simplest. The up-mode describes an outgoing wave on the
past horizon (H ™), and vanishes on past null infinity (Z7).
To approach these boundaries suitably, we proceed by
considering the following null normal vectors. In the limit
r, — —oo, the future directed null normal vector is given by

n, = (0,-1,0,0) = -4}, nt =

2
1,0,0,0) = =&
( ) =7

N

(4.4)
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Using this normal vector, the inner product (4.2) near H~
can be redefined as

(A©, A, = —i / PdudQJ'[AC), AL, (4.5)

On the other hand, the future-directed null normal vector
near 7~ is given by

= (=1,0,0,0) = =8, n*=(0,2,0,0) = 25"

(4.6)

My

Therefore, near 7,
following form,

the inner product (4.2) takes the

(A9, A, = — / rdvdQJ' A A (4.7)

In the rest of this section, we utilize the preceding two
definitions (4.5) and (4.7) to determine the normalization
constants of each modes for the Proca field. To proceed, it is
useful to express the components of the Proca field in the
null coordinates as

A, — A A A
Au:#(”)r’ AU:LU)’, (4.8)
2 2
Ay = Ay, A,=A,. (4.9)

It is then straightforward to use the asymptotic form of the
Proca field obtained in the previous section to determine the
inner product among the components in the different parity
sectors (2.31) and (2.32). Since the solutions behave as
plane waves at the asymptotic boundaries, they can be
readily expressed in (u,v) coordinates using the above
formula and evaluate the inner product from (4.5) and (4.7).
The detailed discussion is given in Appendix A, we outline
the main results here. For the even parity sector, the inner
product between two solutions of the same polarization
simplifies to

et) up;w? ed) up;wfma' e’ m’'
(A( )pa)m’A( ) up;w¢ma m)H’

4 > et)u
= ﬂairh( L)|N o) P‘Za(w a))aff’émm

h

The norm is positive definite for @ > 0. In the limit 4 — 0,
the v_ branch becomes pure gauge and has vanishing
norm which agrees with massless case. Requiring
(A A")y- = 64p8,w6(w — @) fixes the normalization of
these solution as

(4.10)

1
Wl =

e

+ ViL)

Following the similar procedure, the normalization con-
stant for odd parity up-modes is found to be

L
dr|ow|

NP (4.11)

Notably, since no flux reaches Z', the bound-state
solutions for w < p admit a normalization analogous to
the w > u case, as the procedure is independent of this
separation of regimes.

The solution orthogonal to up- modes on the same
Cauchy surface are in- modes. They originate from the
past null infinity as purely ingoing waves and vanish on H ™.
This simplifies the inner product, and we can directly
evaluate the inner product over Z~ to normalize the solution.
For the in-modes of even parity, the inner product can be
expressed as follows:

et) inwlmawtm et)in;wlma''m’
(A( ) ,AleE) )7

_4ﬂk< +L>| CER25(0 — @)y Sy (4.12)

Notably, for @ < p, the solution is not normalizable as it
diverges at the null infinity. Therefore, we restrict ® > y and
require (A, A")7- = 8448, 8(@ — @") for in- modes, which
then fixes the normalization as

WERm) = . (4.13)
drk(u* + VL)

Here, taking the limit 4 — 0 of (4.2) is subtle. Unlike the
case of up-modes where the final expression remained
well-defined in the massless limit, the inner product here
becomes indeterminate because the asymptotic limit
r — oo does not commute with the v_ — 0 limit. Since
the v_ branch becomes pure gauge in the massless limit,
consistency requires taking the v_ — 0 limit first in order
to ensure that the pure-gauge mode indeed carries vanish-
ing norm.

Following the same procedure, one can derive the
normalization constant for in- modes in the odd parity
sector as

0)in L
N =172

. 4.14
drk ( )

Whereas, even parity polarizations e+ and e— are found to
be orthogonal to each other under (4.2),

(Al AL

—0. (A(CH up A up)

wfm

(4.15)
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Therefore, the full orthonormality relation is given by

(A(A)n;wfm,A(l’)n’;a)’f’m’) _

51/1/5n11’5t’f’5n1m’5(w - 0),) .
(4.16)

V. CANONICAL QUANTIZATION AND
THE STRUCTURE OF VACUA

Having discussed the construction of the orthonormal
classical modes via the inner product in the previous section,
the commutator algebra can now be derived directly from the
fields and their associated conjugate momenta. As we shall
see, however, a naive implementation of this procedure does
not yield the correct commutation relations. To see where the
problem arises, let us begin with the Lagrangian density of
the Proca field corresponding to the action in (2.2),

1

1
L= 4Fﬂ,,F/‘ - z;ﬂAﬂA“. (5.1)
The conjugate momenta density is found to be
0/—gL
o =2Y"9% g, (5.2)

B (aoAM)

An important feature appears immediately, that for the
temporal component, conjugate momentum vanishes, i.e.,
I1° = 0. As a result of this primary constraint [45], one can
not directly impose

~

[A(x), T ()] oy = ig™5(x —y').

A similar situation arises for the electromagnetic field as
well. Generically, in the framework of a gauge field, one
typically either adds a gauge fixing term in the action [27],
which prevents I1° from vanishing or fixes the constraints at
the level of the equation of motion (such as the imple-
mentation of Coulomb gauge). For the latter case, with the
inconsistency in the above commutator relation, promoting
Poisson brackets straightforwardly to commutators does
not generate the consistent algebra.

To proceed in this situation, we follow the Dirac bracket
formalism [40-43,61-65](for a simple introduction to this
topic see e.g., Refs. [43,44]) for quantizing the massive
vector field in a BH background as opposed to reduced
phase space formalism [66,67], where we integrate out A
and then quantize the whole system as often done in the
context of early Universe cosmology (see Refs. [68,69]).
However, since the algebraic structure becomes intuitive
once the temporal components are fixed, one may express it
in terms of the canonical momentum using the equation of
motion of the Proca field (2.3) as

(5.3)

(5.4)

Now, we present here the commutators of the dynamical
variables as follows:

1T (x), TV (y)],0_y0 = O, (5.5)
[A"(x), AT (y)] oy =0, (5.6)
[A'(x), TH (y)] o—yo = ig"8> (x —y), (5.7)

and defer the detailed derivation to Appendix B. The
remaining Dirac brackets are automatically satisfied and
do not require separate treatment, as can be realized by
utilizing (5.4) and the above commutators,

A%(x), TV 0_0 = ! Hx J 0 =
[A"(x), IV ()] oy ﬂz\/—g[ AT (x), TV (3)] oy = O,
(5.8)
[A%(x), AT (y)]0—y0 = V& (x-y). (59

ﬂ\/_

An important consequence of the above algebraic structure
is that although the field operator may be decomposed as
A = (A, A;), the temporal component is not an indepen-
dent dynamical degree of freedom. As shown in (5.4), the

operator AO is completely determined by the spatial sector.
Hence, it inherits the creation and annihilation operators

from IT' and thereby Xi.

In constructing the field expansion, an important prop-
erty of the inner product (4.2) is that a mode is orthogonal
to its complex conjugate, i.e., (A,zn. AL,,) = 0. Hence,
one can decompose A in the orthonormal basis of Aj
and Ai*,

/ dCUE : Aoptm y(:}fm +

ACm

A

[ A( )up*( )

Aoptm Hot'm

A4 p) Ant 4 (A)n*
dary i Al (%) + agnl Al ().
Alm

(5.10)

In the first line of the above expansion, representing the
bound state regime, w < py, only up-modes appear as
discussed previously. Whereas, in the regime of scattering
states, @ > y, both in- and up-modes must be taken into
account. This is included through the summation over n,
which, as mentioned before, provides the directionality of
the modes. With this setup, the mode expansion for the
conjugate momentum can readily be expressed, using the
definition (5.2), as
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g, T ()

I :/ d(l)z Aootm wfm

Alm
~(A A
dwy_al), ek (x) +

+Zn://“ Am

( )t H( )H*( ),

Arm* Lotm
(5.11)

where the directionality follows the field, A*. Next, to pass
down the commutator structure of the fields and their
conjugate momentum to the creation and annihilation
operators, let us consider the following combination:

[ x[Mr0)° Ay 1.0) - AL 1.2 T, )
(5.12)

Substituting (5.10) and (5.11) in above and using the
normalization condition,

3 ()
/d |: wamAwf’m’ wlm = ua''m’'

_ A(A)M*H(l/), :|

= i 816 (@ — @), (5.13)
we obtain
[ G 0 00 = AL 12070 1. 0)
= i 8,06, / do'8(w — a)a%), . (5.14)

In order to write the rhs of (5.12), one needs to use (4.2)
with the conjugate momentum expressed in the following
manner:

I, = en”\/_F,w,

(5.15)

where n* denotes the future-directed timelike unit normal
to the hypersurface %,, & is the determinant of the induced
spatial metric on %, and e =n'n, = —1. Then, one
directly obtains from (5.14) the following formula for
the annihilation operator,

ah = —i/ch[A iy, —fealh |
= (A(r,x),4%),,). (5.16)

Therefore, the commutator of the creation and annihi-
lation operator boils down to

00,0000 = (A1), A%,). (A1), A%, )]
=A%), A% . (5.17)

The analysis up to this point closely parallels the flat
spacetime treatment [70]. The essential difference in the
BH backgrounds is the absence of a globally defined
timelike Killing vector, which renders the notion of
particles and vacuum observer dependent [5]. The non-
uniqueness begins with the choice of positive-frequency
modes. Defining positive frequency modes with respect to
the Schwarzschild time ¢ is natural for asymptotic observ-
ers, whereas regularity across the horizon requires analy-
ticity in the Kruskal coordinates U and V. These choices
lead to inequivalent vacuum states with distinct physical
interpretations [71]. In Schwarzschild spacetime, it gives
rise to the three standard vacua: the Boulware, Unruh, and
Hartle-Hawking states. Below, we provide the definition of
the three vacuum states usually defined in the BH back-
ground and discuss the associated mode functions relevant
for the present analysis.

A. Boulware vacuum
For asymptotic observers, the positive frequency modes
are defined with respect to the timelike Killing vector of the
Schwarzschild geometry. These modes are characterized by

Lofo=—l0f, @>0,

(5.18)
throughout the exterior region r > 2GM (see Fig. 3).
Quantization with respect to these modes defines the
Boulware vacuum [72]. By construction, this state contains
no incoming radiation from Z~ and no outgoing flux at Z*,
and therefore corresponds to the vacuum perceived by static
observers at infinity.

The field operator on Z~ may then be expanded in a
complete basis of in-modes,

{A(@ in A(z) in*}’

pofm’ “ uwtm

which satisfy the orthonormality relations,

(Agf}j;‘,Agj’;,i,‘;,) — S,y S0 — @), (5.19)

R Region I i

FIG. 3. Penrose diagram from Region I.
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(A(z)m* A(a;)m) _

wlm o m! _512/5ff'6mm/6(w - CU/). (520)

Similarly, the set,

{4 A,

Huwtm’ “uowlm
forms a complete orthonormal basis on the past horizon
‘H~, satisfying analogous normalization conditions. The

field operator in Region I may therefore be expanded in
terms of both the in- and up- sectors as

All :/ da)Z[ Aotm ﬂwfm
)T 4 (4) up
+ A de[ wlm ua)fm + b((ufm /lwfrl::l ]
Aem

The Boulware vacuum |0p) is then defined through

wfm*puwtm

&(m A(z) in*]

(5.21)

05) =0, 05) =0, (5.22)

mf m (uf m

for all w, 1,7, m, and the creation and annihilation oper-
ators obey,

|:al(jblm’ a((j’lbl’%m/] = 5((0 - a)/)éM/éff’(SmmU (523)
[bfj}m, bfj,'};,] = 5(w — ) Sy Sy, (5.24)

Here, the rest of the commutators vanish. An identical
construction may be carried out on Z* U H* by replacing
the in- and up- bases with

{A(/l) out A(/l) out*}’ {A(ﬂ) down7A

puwfm’ “uwtm puwtm

(1) downs }

uwtm

defined on Z* and H™, respectively. The corresponding
vacuum state defines the future Boulware vacuum.

By construction, the Schwarzschild notion of positive
frequency becomes ill-defined at the event horizon. As a
result, while the mode functions remain regular at spatial
infinity, the renormalized stress tensor diverges near the
future horizon H*. Consequently, the Boulware vacuum
fails to define a regular quantum state on the BH horizon.

B. Unruh vacuum

Unlike the Boulware vacuum, the Unruh vacuum is
not defined by positive frequency with respect to
the Schwarzschild Killing time everywhere [8]. The
Schwarzschild coordinates become singular at the horizon,
and therefore regularity of the quantum state requires
positive frequency with respect to the affine Kruskal
coordinates on the corresponding null horizon.

Future Singularity r» = 0

it

Past Singularity r = 0

FIG. 4. Penrose diagram of maximally extended Schwarzschild
spacetime.

For the past Unruh vacuum, the in-modes remain
positive frequency modes on past null infinity 7,
Alllﬂ ~ e—zan"

w >0, (5.25)

where v = ¢+ r,. These modes are naturally associated
with the asymptotic time translation generated by d,. The
nontrivial sector is the up-modes, since these originate from
the past horizon H~. Such modes must instead be positive
frequency with respect to the affine Kruskal coordinate U.
These coordinates are defined as [73]

1
U=——e", V =—¢e, (5.26)
K K

with u = t — r,. Then the outgoing near horizon modes in
Region I behave as

~ oion — ei%hl(—KU)@(—U)_ (527)

Eg)pr e—ia)t
These up-modes are only defined in Region I and Region
IV corresponding to U < 0. The mode function on the
second independent branch can be given as

RSI;)/{UPe—i(M = e'x “’ln(KU)@(U)’

(5.28)
which is defined only in Region II and Region IIl. The
second branch mode function is related to (5.27) via the Z,
isometry of the maximally extended Schwarzschild geom-
etry (see Fig. 4),

(U,V) > (=U,-V), (5.29)
which maps Region I to Region III. To determine which
linear combinations correspond to positive frequency with
respect to the affine Kruskal coordinate U, one uses the
analyticity criterion. A function is positive frequency with
respect to U if it admits the Fourier decomposition,
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f) = /Ooo dpc(p)e=iPY. (5.30)

Equivalently, its Fourier transform has no support on the
opposite frequency-branch,

p>0. (531

/_ ¥ dUe P F(U) = 0

This condition is equivalent to analyticity of f(U) and
boundedness in the lower half complex U-plane.

The required analytic continuation follows from
the standard lemma that for positive real p and arbitrary
real g [74]:

/ " dXem P [ E(X) + e e X)E(=X)]
—0, (5.32)

provided the branch of log is chosen such that the integrand
is analytic on lower half plane.

Using Eq. (5.32), one finds that the unique positive
frequency combination with respect to the affine coor-
dinate U is

At _ eﬁ%”p + ‘Z_R(HI)’MP (5.33)
(014 - - ’ :
2 sinh(zw/x)
while the orthogonal combination,
rw- _ R + ER (5.34)
(14 - . ’ :
2 sinh(zw/x)

is analytic in the upper half-plane and therefore corre-
sponds to negative Kruskal frequency.

Using these globally analytic modes, the field operator
may be expanded as

AW 4 ()i

Aotm nwtm ]

4 A)in
A}l = Z/ da)[ i)}mA;(mem
Aem JH

/ da) u)fm /4{1);51+ + b((u;mA;(m)};rI:L } (535)
Am
The past Unruh vacuum is then defined by

a)fm|0U> = bmfm|0U> =0. (536)

Thus the state contains no incoming particles from Z~ but
contains an outgoing flux of Hawking radiation at future
null infinity Z while regular on the future horizon H™, it
diverges on the past horizon H~. The future Unruh vacuum

is constructed analogously by imposing analyticity of the
down-modes across the future horizon H™. In that case,
the affine coordinate V replaces U throughout the above
analysis.

C. Hartle-Hawking state

The Hartle-Hawking state is defined as the unique
regular thermal state on the maximally extended
Schwarzschild spacetime [11]. In contrast to the Unruh
vacuum, where analyticity is imposed only on the outgoing
sector associated with the affine coordinate U, the Hartle-
Hawking construction requires analyticity in both Kruskal
coordinates (U, V). As a result of this analyticity, both the
outgoing and ingoing sectors satisfy the Kubo-Martin-
Schwinger (KMS) condition [75],

G i=if) =G (). Pa=2. (537)
corresponding to a thermal state at the Hawking temper-
ature Ty = «/(2x). Physically, this describes a black hole
in thermal equilibrium with an incoming bath of Hawking
quanta.

The analytic continuation of the outgoing up- modes
proceeds identically to the Unruh construction discussed
previously. One must additionally impose the same analy-
ticity condition on the ingoing in- modes across the future
horizon H*. The near-horizon behavior of the in-modes in
Region I is therefore

Rg)fii“e—iwt — piov — e—i’f]n(xV)@(v)' (538)
Under the Z, isometry
(U, V) = (=U,-V), (5.39)
the corresponding branch in Region III becomes
RUAR pmivr — p=i2n(—xV)@ (V). (5.40)

Following the same procedure as before, the globally
analytic combinations are therefore

(I)Ain () Ain

_ exR e %R
2’)1; _ ot + ot , (541)
2| sinh(zw/x)|
2R (1 )/hn (IH)ﬁm
_ e mRWAn . Rl
Rin> = . (5.42)

2\ 51nh(7ra)/1<)|

Together with the analytically extended up-modes defined
previously, the field operator admits the expansion,
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A A(2) 4 (2)int T -
A= [ dofal, Al +alai] +
atm el>n

In Region I, this reduces to

A(/I) in

a0 ;m)fm PN () _w A
All - § : [ Aoptm te 2Kaa)fm + § :

\/|2 sinh(zw/x)|

Alm \w|>/4

The Hartle-Hawking vacuum is then defined by

(2 22

a) 10uw) = b [Opy) = 0. (5.45)
Contrary to Unruh vacuum, Hartle Hawking state describes
a thermal state at Z+ and Z~, while remaining regular on
H*t and H~. We now move on to show how Hawking
radiation appears from the vacuum structure defined above.

VI. CALCULATION OF HAWKING FLUX

The asymptotic observer at future null infinity Z7
defines a basis of positive-frequency physical out-modes
A(/I),out

wrm - These modes are normalized on Z* according to

(A(/I)Out A(/{)Out)z _ 6(60 C())

wfm o' tm

(6.1)

The analysis is performed in the Heisenberg picture, where
the quantum state is fixed and the dynamics is encoded in
the field operators. In curved spacetime, however, the
decomposition of the field operator into positive- and
negative-frequency sectors is observer dependent. As a
result, the annihilation operators associated with the
asymptotic past basis on Z~ U ’H~ need not be the same
onZT UHT.

To characterize the Hawking flux, we choose the
vacuum |0), which is defined to be empty with respect
to positive-frequency in-modes on Z~. Although the state
itself does not evolve in the Heisenberg picture, the notion
of vacuum defined by future asymptotic observers differs
from that defined in the asymptotic past. Consequently,
the expectation value of the future number operator in the
state |0) becomes nonvanishing, corresponding to a
thermal population of outgoing particles at Z™.

The out-modes may therefore be expanded in terms of
the complete basis on X, =7~ U H™, consisting of the
in- and up-modes,

(A)out o0 s | out,in(4) out.in(4 (l)in*
Au)fm - dw X Aw”fm + ﬂam)” (u”fm
u

*© do" OmsUP(
+ A o \a,

out up up*
//fm + ﬂ I/fm i|

(6.2)

/lfm -
fl’lp Q) (
uw m —m
+ e xb
gy /— \/|2 sinh(zw/x) [ Patm wfm}
(5.44)

|
For the subsequent analysis, we will keep this limit of the
w-integral implicit and suppress the polarization label 4 to
simplify the notation wherever necessary. Nevertheless, the
conservation of the inner product leads to

(A(A)out A(A/)out)zi + (A(/I)out A(l)out)}ﬁ _ 5(60 _ 0)/).

wfm *w'tm wflm *w'tfm
(6.3)
Upon substitution the integral (6.2) becomes
/1 ( outin out,inx out,in pout,in out,up out,up*
/ da) (awwﬂ aw/w// - ﬂww// ﬂa)/w// + aww// w/w”
— PRI ) = 8w - o), (6.4)
with the Bogoliubov coefficients,
nn'(d) (A)n" 4 (A)n
X = (Aa)fm’ Aa)”)f’m) T-UH-
nn' () n’ (A)n*
ﬁmu/’ - (Awfm ’ A(;)”fm) T-UH- . (65)

Now we impose the classical boundary conditions. Given
the static nature of the underlying spacetime, if we trace the
physical out-mode backward in time from Z* to Z~, it is
simply the fraction of the wave that classically reflected off
the potential. Because classical scattering off a static
background does not mix positive and negative frequen-
cies, the reflected wave is purely positive-frequency. Using
(6.5), the Bogoliubov coefficients mapping to the in-mode
are given by

out,in(1)
"

ﬂout,in(/l) -0

= RU™§(w — ), o (6.6)

It further simplifies the inner product (6.4), which can now
be expressed as

/ " do' |[RA™ 25(w — w")5(o — o)

u"

0]
1/ out,up _out,up*
+ / dw (aww// pawrwrrp
0

=6(w— o).

ﬂoul up ﬁout up*)
(6.7)
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Hawking flux 1
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FIG. 5.

¢ modes at 7.

This can be simplified using

|a0ut,/up | _

mu |ﬂ0m ,up(1 |
[ol0)

(6.8)

One can derive' this by using the analytically continued
near-horizon form of the up-modes and utilizing (6.5).
Similarly, one can find

~out(4)
wfm

o i outin(A)x ~in(d) _ poutin(i)« Ain(4)t
- / dw (a(uw” Aot ém 'B oo Aot em

out,up(A)x* Aup out, up * Aup(i)
+a -p Qo

wa” 04 f m ww”

(6.9)

Next we calculate the particle density on Z¥,

"The structure of the analysis is similar to the scalar case with
identical behavior of the modes near the boundary. For this, we
refer the reader to Chapter 4 of Ref. [6] for scalar field.

T T T T

0.0010f Hawking flux ]
=1,VYm .
L — Even parity (+)
0.0008 1
r -- Even parity (-)
~ 0.0006} - Oddparity |}
3 [
\Z/ L
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wry
Hawking flux
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3x 1078 .
— Even parity (+)
§ 2%10-8F | Even parity (-) ]
\Z/ - Odd parity
1x1078 .
of : | | ]
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wry

The Hawking spectrum has been plotted for different polarizations. Comparisons have been made between different

ou out,u 1- 'R,(}L> UP|2
N 10) = [ awpep = U= Rac D),
0 Z
(6.10)
The spectrum is thermal with graybody factor

(1 = |RY'P2). Notably, for @ < u, the transmission coef-
ficient vanishes, and therefore there is no flux at Z* in this
regime. To find where this missing flux goes, one needs to
consider what happens to number operator near the
horizon. To find the particle density crossing the future

event horizon H", we can similarly expand the physical

down-modes A2 in the past basis. Then following the

procedure as above particle density crossing H* in the
vacuum state can be given as

R(/l) up 2
(0[N W0y = / doypomnip _ R 1 '1
0 €« —

(6.11)
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This result shows that the flux that was missing at Z+
(w < p), is localized near the horizon.

The key distinction between the massless [46] and
massive vector cases is the presence of an additional
physical degree of freedom corresponding to the longi-
tudinal polarization of the Proca field. Numerically, we
observe that the e(+), even-parity sector, and the odd-
parity sector remain nearly degenerate even in the massive
case, as can be seen from Fig. 5. Whereas the additional
e(—) sector exhibits a comparatively weaker Hawking
flux. This suggests that the extra longitudinal degree of
freedom predominantly manifests through this component.
The comparatively smaller flux associated with this sector
is also consistent with the general suppression of massive
particle emission in Hawking radiation. As the angular
momentum number £ increases, the centrifugal barrier
suppresses the overall flux for all sectors. Nevertheless,
the e— mode appears to become comparatively less
suppressed relative to the other polarizations at larger 7,
indicating a nontrivial polarization dependence in the
Hawking spectrum of Proca field.

G (x,x") = Z [ / ” dw coth (?) AT AD (xry 4 A ” do coth (?)A,&C)UP()C)AIEQUP* (x )} .
Alm L H

VII. VACUUM EXPECTATION VALUES OF
TWO POINT FUNCTIONS AND THE
PROCA CONDENSATE

The expectation values of the quadratic operator are fully
determined by the following two-point function [27],

b4
G, (

for |¥) €{]0g),]0y),|04u)}. A particularly useful local
observable is the Proca condensate, defined as

xx') = (PIA, (A, ()] P). (7.1)

(A A"y = Timg™ G, (x, x).

X' —x

(7.2)

Being a scalar in nature, the condensate provides a
coordinate-independent description of vacuum polarization
effects in the BH background. Furthermore, it can be used
directly to compare the behavior of different quantum states
near the future horizon and in the asymptotic region.
Following the discussion on the past vacuum states from,
the two-point functions corresponding to the Boulware,
Unruh, and Hartle-Hawking vacua are given by

(7.5)

Notably, the in- and up-modes are displayed along with {. Nevertheless, the above two-point functions contain the usual
ultraviolet divergences associated with the coincidence limit of local quantum field operators [76]. Similar to a scalar field,
one may construct finite observables by subtracting the Boulware contribution as follows [22],

AGEE = (W[A,A,[¥) - (05]A,A,105). (7.6)
This subtraction removes the universal local divergent structure of the correlator. The resulting expression is ultraviolet
finite, since the thermal factor suppresses the integrand exponentially for @ > x. Consequently, the remaining nontrivial

behavior arises from the infrared region, which we will discuss for each quantum state and one must therefore analyze the
@ — 0 limit separately for each quantum state.

A. Future horizon

We now study the behavior of the Proca condensate near the future event horizon H . Since the Unruh vacuum is regular
on the future horizon, the corresponding condensate provides a natural probe of the vacuum fluctuation experienced by
infalling observers. The relative condensate with respect to the Boulware vacuum is given by (for detailed discussion see

Appendix C)
A)u ) u Nu Du
(A AR,y = Z@/wdw E G O 7

S 7 4 o e —1 f L ’

(7.7)
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<A”Aﬂ > HH-B

2041 [ 2
= g — do|—m
N 471'1" - ek — 1
n € {in, up} min

x4

[QRT) ()np2 (Dnpp ()np2
=[u)" )+ fuy |”3 * + Juy |
+ . 7.8
x( f L ( )

To integrate the above equation, one needs to use the
frequency-dependent numerical solution and further per-
form the integration numerically. Given the complexity, we
estimate and evaluate the above expression in the near-

| = \ugﬁ Following this pro-

Zf-l- 1/
4ﬂr2L e —

Au Au
x (|u§> PR+ Juf’ "|2)

horizon limit where |uETT)
cedure, we obtain,

<A/4AM> U-B "~
(7.9)

and

<AMA#>HH—B ~ Z

ne {in,up} 47

x (1" + "

\
S
= 8
I
S
| e
(0]
>:§
‘N
|
—_
| I

4nr?
|2). (7.10)

An interesting consequence of the above expressions is that
the monopole mode, which resides entirely in the longi-
tudinal polarization branch (v_), does not contribute to the
condensate at r = r. In contrast, this mode contributes
nontrivially in the asymptotic region, as we discuss in the
next section. Moreover, since the radial solutions become
purely oscillatory near the horizon, the phase factors cancel
out. Consequently, the residual radial dependence in (7.9)
and (7.10) arises solely from the overall factor of 1/r2.
Nevertheless, the integrand of (7.10) diverges in the
infrared limit @ — 0. This divergence originates from
using the Boulware vacuum as the reference state and
reflects its singular behavior at the horizon. It is therefore
more physical to consider the condensate relative to the
Unruh vacuum, which remains regular on H". The corre-
sponding expression can be written as

204+1 [ 2
4dxr? dw e —1
07 u
"2+ |

A)i A)in A)in A)in
O o O o el
f L '

(7.11)

Near the horizon (r — r},), it becomes

Proca Condensate — ur,=0.01
- urp,=0.03 |4
- ur,=0.05
2 4 6 8 10

FIG. 6. The Proca condensate has been plotted with respect to
the radial distance for three different field masses. This con-
densate is measured by a stationary observer near the future
horizon.

N 2041 [ 2
A, A* ~ do|——
< # )tit-u ; 4xr?L /ﬂ @ LT — 1}

A)in A)in
x<|u§> 2+ ul? |2). (7.12)

In evaluating the integral, one should notice that the
expression is exponentially suppressed for high frequen-
cies. On the other hand, concerning the summation over the
¢ modes, transmission for in-modes becomes very small as
we increase 7, specifically in the low frequencies, and also
dominated by the £ =1 mode (barring the monopole
mode). Therefore, we evaluate the above expression by
numerically performing the integration for the first few ¢
modes. In Fig. 6, the behavior of the condensate has been
illustrated for three different closely spaced values of Proca
mass, 4. The mass-dependency of the condensate, man-
ifested in the figure, can be understood from the expression
of the effective potentials (see Sec. II), by realizing the
increase of the barrier height with y for all the parity modes,
which naturally leads to the in-modes being transmitted in
lesser amounts.

B. Future null infinity

We have seen that the monopole mode, in which the
additional longitudinal degree of freedom has its dominant
contribution, is absent from the near-horizon condensate.
This naturally motivates studying the condensate in the
asymptotic region, where the longitudinal sector can
contribute nontrivially, as reflected in the Hawking flux
at ZT. Moreover, physical observables associated with
Hawking radiation are ultimately measured by asymptotic
observers at future null infinity rather than by local probes
near H*. It is therefore important to examine the
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asymptotic behavior of the condensate and compare how the different quantum states encode the outgoing thermal flux.
Taking the asymptotic limit (r — o) of (7.8), (7.7), and (7.11), we obtain

2
" drr

o 2641 [o 2 . P A e
(A g~ /) da)Ln%—_]] <—|”<1> PR a4 3 ! .

IR 20+ 1 [
(ALA") gy ~ Z Z o Lmin do L%

ne {in,up} 4.7

A A 254— 1 o0 2 (4)in (4)in |M<A)in|2 + |I/t(/1)in|2
u ~ _ 2 2 3 4
<A;4A >HH—U ; dar //4 dw L% _ J < |“1 | + |”2 | + I .

Notably, the asymptotic structure of the up-modes at Z

depends on the transmission coefficients 7° Ef} (see Sec. III),
rendering the @ — 0 limit well-defined. In contrast, for the
in-modes, the condition @ > y structurally removes any
potential infrared divergence. This is consistent with the
fact that none of these vacuum states is singular at
asymptotic null infinity.

The two-point functions and the associated condensates
(Aﬂf\"> A provide a local description of quantum fluctua-
tions in the different vacuum states of the Proca field on a
Schwarzschild background. In particular, they reveal how
the near-horizon geometry suppresses the longitudinal
monopole contribution, while the asymptotic region
remains sensitive to the additional Proca degree of freedom.
The comparison between the Boulware, Unruh, and Hartle-
Hawking states further makes explicit how the infrared
structure of the condensate is tied to the regularity of the
underlying vacuum at the horizon. These observables,
therefore, provide a useful probe of vacuum polarization
and quantum-state dependence for massive vector fields in
curved spacetime.

VIII. CONCLUSION AND OUTLOOK

In the present work, we have presented a framework
for the canonical quantization of a massive vector field in
a Schwarzschild BH background, and explored the
significance of the mass term in the ultimate quantum
mechanical observables. The procedure begins with the
evaluation of classical mode functions, where we have
introduced a combination of VSH and FKKS basis to
handle the field components based on earlier classical
analysis of the Proca field [47,50]. Moving forward to the
quantization steps, a central difficulty of the Proca theory,
absent in the scalar case [22,23], is the presence of
second-class constraints associated with the vanishing of
the timelike component of conjugate momenta [45,64].
To overcome this step, we implemented the Dirac-
Bergmann algorithm [43,64], explicitly identified the

-1

7 (7.13)

(A)n2 (A)n2
}<_|u(li)n|2+|uéﬁ)n|2+|u3 | ‘Lf'|”4 |>’ (7.14)
(7.15)

symplectic structure of the constrained system, and
constructed the commutator algebra.

Using the orthonormalized basis, we define the Boulware,
Unruh, and Hartle-Hawking vacua and, as a primary
observable, derived Hawking flux and two-point correlation
functions. The Hawking spectrum exhibits several charac-
teristic features unique to the Proca field due to the presence
of an additional physical longitudinal polarization. We
observed that the exact degeneracy between the e+ and
o modes, expected in the massless limit, is mildly lifted for a
massive Proca field. Nevertheless, the two sectors remain
remarkably close numerically even for finite mass. In the
massless limit, the e— polarization becomes pure gauge. On
the other hand, in the massive case, it is a physical degree of
freedom. Importantly, the monopole mode being contained
entirely in this new degree of freedom, the analogue of its
dynamical behavior is completely absent in the massless
case. The total Hawking flux is dominated by the monopole
mode, with higher modes being suppressed due to the
centrifugal barrier. In the latter case, we also find that
polarization of e— is relatively suppressed compared to e+
and o polarizations. Nevertheless, the relative suppression
of the e— sector becomes weaker at larger 7, indicating a
nontrivial polarization dependence in the Proca graybody
factors [77].

The Proca mass p also introduces a physically important
threshold in the spectrum. For frequencies satisfying
@ > u, the field exhibits standard Hawking radiation
together with the additional longitudinal emission channel
absent in Maxwell theory. By contrast, modes with @ < u
are unable to propagate to null infinity due to the effective
gravitational potential barrier. Instead, these low-frequency
excitations remain localized near the BH and behave as
trapped Proca fluctuations, potentially relevant for the
accumulation of ultralight dark photon configurations
around BHs [47].

We further analyzed differences of expectation values
between distinct quantum states, which provide finite
observables without the need for explicit renormalization
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(see Ref. [22] for the scalar field). In particular, near the
horizon, or asymptotically, we find that

A Ay, (8.1)
exhibit a leading-order behavior proportional to 1/r? with
complicated radial dependence in the intermediate region.
The strong near-horizon enhancement reflects the growth
of quantum fluctuations in the thermal states relative to the
Boulware vacuum. The vacuum states and two-point
functions constructed here provide the necessary starting
point for future computations of the renormalized stress-
energy tensor (T,,) [78]. Such analyses are essential for
understanding the semiclassical backreaction of massive
vector fields on BH geometries.

Based on the present work, several directions can be
explored in future. A natural extension is the quantization
of the Proca field in rotating BH backgrounds, where one
must carefully derive the appropriate symplectic structure
and analyze the role of superradiant modes in the con-
struction of physical vacua [79]. Another important con-
cern arises in the consistent definition and renormalization
of quantum states inside the BH horizon (r < r;,) [80,81].

<AMAM>HH—B’
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APPENDIX A: DERIVATION OF THE
NORMALIZATION FACTORS

Let us first consider the even parity sector (e+). In the
near-horizon limit, the equation governing the even parity
modes can be expressed as

02 + RS (@, r) = 0. (A1)
The up-modes are governed by the radial solution of the
form; Ry, (@, r) = ™", which leads to f0,R,, = iwR,,.

On v = —oo, r, & —oo and r — rj,(const). The asymptotic

limit as » — r;, yields

ir(u(ei)rO,X + w)

et D(e
”‘El) )(a), r)=-— q(ei) R() (w,7),
3, —awv,ur)
WD (o, r) = Mmei) (@, 7). (A2)
2) q(ﬁ:)

we can write the mode function in near horizon limit as

r—r, Ory -

uy (@, r) — —=(vry = i) Ry, (A3)
4qn
ug) (@, r) = — hd 3 (vry, — i)Ry,. (A4)

qn

The vector field in null coordinates (r = %, r, =" can
be given as

ua) +ugp)

Yo, A, =
‘m 2

Yfm ’ (AS)

Ag — Ag, A — A (A6)

@-

The knowledge of radial solution allows us to write the
mode function in near horizon limit as

(o, r) =3 “;— (ern —DRGY. (A7)
h
ug) (@, r) = - % (vary, — i)l_?l(l;i>. (A8)
h

Accordingly, in the null coordinates the components of
the vector field could be stated as follows. Due to the
structure of solution, F,, vanishes on the past horizon
and ¢"’ - —oco however the combined product stays
well-defined. The resulting object in the near horizon
limit can be given as

V 2012
gm}qu = i|:yir i()(r) - V_Ziar - wizir:|
qr qr qr
x REH (r,)Y e, (A9)
where
L 2
Vo(r) = (ﬁ o+ ;’”). (A10)

Evaluating the inner product on the null boundary d* =
gvvdr, = —r,zldudQ yields
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(e) 4(e£)
(Au;cfm’ Ame’f’m’)H_

u L0 +)+ +
/dz gyl[ m;)fsz(/u{E) Om' T Ff/uu)meA((za)z;/ /]

—i / ” du / dQP (A FY, — F Al
-H/mw/ﬁwﬁwmﬁg_mﬁm
drnwr?

(et)u
- qi ('uz + yi )|N ; p|25(w w )6ff’6mm s
h

(Al1)

where the inverse metric on the two-sphere is

1 /1 0
B_
g r? <0 CSC29>’

with A and B denoting angular coordinates. To calculate
the normalization constant for the up-modes, we first
determine the asymptotic form of the Proca field near 7~.
At leading order in r, the first two components take
the form

A,Be {0, ¢}, (A12)

Av = ﬁe—iQ“J—iQ_uYKm’ <A13)
,
Cu s .
A, =—e L0 ’quYf (A14)
r
where
w+k w—k
Q =—, Q =—, Al5
+=— > (A15)
and
Q et)in
o = - Nl = —NM (A16)
vy

These expressions automatically satisfy the Lorenz con-
dition, VﬂA” = 0, through the relation

(A17)

At the same order, the electromagnetic field strength
tensor simplifies to
~—2iQ_A,, (A18)

which agrees with (A9) at O(r~!) upon using V, ~ u°.
Evaluating the inner product on the null boundary with

Az’ = g"'ds, = —rdvdQ, (A19)

we obtain
(A(j:)wfm7A(:t)aJ’f’m’)17

/dzugva[ F(i)* _F(i) A(i>* ]

awtm” pva'¢'m’ vvwlm*  aw' 'm’'

= =2i / " dv / dQr*(A,Fl, — F,,AY)
+i / dv / dQr?g°P(AcF}y, — Fp,Az)
4n[AQ_|cE P + QL LIN " P16(Q, — Q)840 S
(A20)

where dQ = sinfdOdgp. Now, using [82],

5(Q, ) 5w — o), (A21)

0y
we find the following:
(A(ej:) in;wfmotm A(ej:) in;{ofmw’f’m’)z_

= 47zk< + L) NI 28(0 — )88y (A22)

The only nontrivial case is the mixed inner product
between the e+ and e— modes. On H~, the inner product
reduces to

(A% A )y = —i / dZh AL Fr — FiAT]

—i/ du/er%(AjF;*—F?;A;*)
—00
(&)
+i / du / dQri*B(AfF: — Ff Ag).
(A23)
The expression involving the radial component in the

above equation can be simplified and expressed as
follows:

ATFF —FFAL*
ol u‘} A of )upe { L
= : : (v —v )| W+
a5 a5 ' ! i
. o 5 L
—iq2v,v_r; | p +r—2 +olve+uv)e|. (A24)
h
The angular contribution follows from
Fi =0,Af —0,A%. (A25)

Separating the terms involving 0,A% from those involv-
ing d,A;f, one obtains
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i / " du / dQrig*? (A Fa, — F1LAG")

« 2—i(vy —v_)ry
— drwI N PN - = (@ = )840 Bpr- A26
T N N 2<1 +iy_rh)(1 —il/+r]1) (w 0)) "' Omm ( )
The mixed inner product becomes
4w ) 1 Quyv_rs +ir(vy —v) W +4) + oy, +v)
wfm o't THT —
o 2y/(W* +AL) (W2 +2L) Va, 4,
2L Clh qn 2—i(vy —v)ry
1- S(w — @' )Ssp Sy - A27
+ r 21+ iv_ry)(1 —ivyry,) e (A27)
|
Finally, using Eq. (2.24), the above expression vanishes  multiplier as
identically. Hence,
i \4 g 1 13
(AL glejuey . (A28) 2,/—9”H [V 5= FybV + oA
1 .
Similarly for in- modes +§ﬂ2\/ —9(=A§ + gVAA;) +11°. (B3)
( Alet)in 4 (e) in) _ (W +vyv L) To determine which physical degree of freedom is encoded
wtm ol t'm' /1 \/ (”2 4 yi L)(,,Z +12L) with the Lagrange multiplier, we consider Hamilton’s
—o. (A29) equation of A,

This concludes the analysis regarding the orthonormality of
the FKKS ansatz.

APPENDIX B: DERIVATION OF
DIRAC BRACKET

For singular Hamiltonian systems such as ours, the
canonical momenta cannot be inverted uniquely to express
all generalized velocities [61,64]. As a result, the system
possesses constraints, and special care is required in defining
the Hamiltonian evolution. Without introducing the appro-
priate Lagrange multipliers and the correct bracket structure,
the equations of motion derived from the Hamiltonian
formalism need not reproduce the Euler-Lagrange equations
consistently. For this reason, one employs the Dirac bracket
formalism to correctly handle the constraints. From the
definition of the conjugate momentum given in the main
text, (5.2), we find that

° =0, I = /=gF™.
The vanishing of conjugate momenta is the primary con-
straint that the system possesses [45,64],

®;(x) =

The last weak equality helps one to proceed with the primary
constraint and include it in the Hamiltonian density corre-
sponding to the Proca action (2.2), by the use of a Lagrange

(B1)

I1°(x) ~ 0. (B2)

Then, for the consistent evolution of the system, we require
that the constraint does not evolve in time, 1.e., (i>1 ~ 0, thus
we find the secondary constraint. To explicitly determine the
expression associated with the secondary constraint, let us
consider the following equation of motion:
®, = [1°(x) = {I1°(x). H}. (BS)
The above Poisson bracket can be directly evaluated from
the Hamiltonian by utilizing the fundamental Poisson
brackets (B8), and we get
@, = 9T (x) — pu?\/=gAo(x). (B6)
To check whether the above form indeed leads to the
secondary constraint, let us check its evolution as follows:

0D
d, = {0,IT (x) — u>\/—g(1, x)A°(x) ). H} +=2 2
= 0i[0;(\/—9F"[) — 12\/=99"A}]

— > /=9A" = 0y (v/=g)A°
= 2 /ZG(VAT + VA?) =0, (87)
It is interesting to realize that the Lorenz condition (2.4),
used in the last line, appears here as an integrability
criterion, which fixes the Lagrange multiplier and prevents
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tertiary and higher-order constraints from appearing in the
system. Here we have also treated A, as a fundamental phase
space variable and that it evolves explicitly under the
Poisson bracket with respect to the Hamiltonian (9,4, = 0).

The fundamental equal-time Poisson brackets are as
follows:

{A”(X), H”(y)} = 5ﬂyé(3)(x - y)’

{A,, A} = {TI, T} = 0.

(B8)
(B9)

As discussed earlier, above does not hold true for constraint
(IT° = 0). Therefore, at this stage one introduces the notion
of weak equality and enforce that we do not use the primary
constraint inside the Poisson bracket but only after evalu-
ating the derivatives. This means, in particular, that it has
nonzero Poisson brackets with the canonical variables.
Since A? = ¢"?A,, the fundamental equal time Poisson
bracket for it becomes

{A%(x). 1(y)} =

Next, to determine the consistent Dirac brackets, we must
compute the nonvanishing Poisson brackets among the
constraints, which are given by

g6V (x~y).  (B10)

), =2/ —g(y)A%(y

—g(y)g™ (y)6® (x - y),

{®(x). D,y(y)} = {II°(x)

:_ﬂ

and similarly,

)} =1/ —9(x)g% (x) - ).

Since all other constraint brackets vanish by virtue of the
antisymmetry of the Poisson bracket, the constraint matrix
takes the form,

{®2(x). @ (BI1)

Cap(%,y) = {Pu(x), Pp(y) }

= u? —g(X)goo(X)(o N

Lo >6<3>(x —y).

The next step is to determine the inverse of this constraint
matrix by solving the following equation:

[ e a)Calzy) = 559 -y). (B12)

This gives us the inverse of constraint matrix as follows:

Syab(y y) — 1 O =1\ so(p -
(e p? —Q(X)goo(x)<1 0)5 &=2)

(B13)

With this structure in place, we now evaluate the Dirac
bracket given by

(F.G}, = {F.G} - / Pud v{[F, ®,(u)}

x (C™N (u, v){®,(v), G}. (B14)
Notably, not all of the fundamental Poisson brackets are
modified by the Dirac bracket construction. Therefore, here
we only outline the ones that receive nontrivial corrections.
The first of which can be found from

(A, TL() )
— {(A%(x). TL,(y)} - / Pud v {A(x). ®, (1))
=0

X (C1) (u, 1) (@5 (1), T, ()}

To evaluate this, we need the following Poisson brackets
of constraints with field and conjugate momenta,

(B15)

{A%(x). @ (u)} = {A°(x). TI(u)} = g ()8 (x — w),
(B16)
{A°(x), @y (u)} =0, (B17)
{@2(v). I;(y)} = {0 IT*(v). IL; ()}
— 1 /=g(0){A°(v).TT ()} = 0,
(B13)
{@(v). ()} = 0. (B19)
Using these, (B15) yields
{A%(x).T;(y) }p = 0. (B20)

The next nontrivial Dirac bracket that differs from their
Poisson bracket counterpart can be given as

(A0, 4,0)}
— (A%, A,()]} — / Pud v {A(x). ®, (1)}

=0
< (€7D (u, v){ @y (v). Ai ()}

The relevant Poisson brackets for evaluating it can be
given as

(B21)

{A%(x), @ (u)} = {A%(x). () } = g% (x)6%) (x — u),
(B22)
{A%(x). @, (u)} =0, (B23)
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{@,(v),A;(y)} = {aknk<v)’Ai()7)} = —ai5(3>(U =),
(B24)
{@1(v).A;(»)} = 0. (B25)
Thus, (B21) becomes
[A°@). A ()} p = ———A——0,80)(x ). (B26)
1/ =g(x)

Rest of the Dirac bracket are identical to their Poisson
bracket counterpart. Therefore, collectively we can state
them here as

A IVG) ) = 860 (x—y),  (B27)

{Ai’Aj}D = {Hi7nj}D =0, (B28)

{A%(). T (1)} = O, (B29)

(A%, A0}y = - 0,80 (x =), (B30)
#/—=g(x)

|

i

20 + 1 1f2

lim g A% X) =
oy /uufm ya)fm( ) 471'7‘2

where we have used the following relations,

ZaA YfmaBYfm =
m

where x = (xy,x5,x3) and y = (y1,y,,y3). In order to
quantize the system we promote {, }, — +[,]. Then the
analysis from Sec. V follows.

APPENDIX C: TWO-POINT CORRELATORS AND
ASYMPTOTIC STRUCTURE

Using the mode expansion in (5.10), the quantized Proca
field can be written as

/ dw§ :amfm ;uufm

ACm
A 4, (A)n
dwzafn}mA;(m))fm (X)

+
;/ﬂ Am

( )t A( )up*( )

Aootm puwtm

+alT A% (x).

wfm “uwtm
(C1)

The evaluation of the two-point function reduces to

computing A% (x)A%"

A .
noem(X)A oz (X') using the mode function

decomposition given in (2.9) and subsequently sum over
¢, m. It is convenient to first perform the sum over m. For
fixed polarization A and angular momentum #, one obtains

% 0 0
|ug)\2 0 0
f? , (C2)
P P+ )
0 o 0
() ()
0 0 2l P4 P in2g
L(2¢ +1 _
gdiag(l, sin0); Y Y04Y s, =0. (C3)

T
m

The resulting correlator is stationary, with no explicit dependence on the Schwarzschild time coordinate. Furthermore, the
angular sector becomes independent of the radial falloff apart from the overall prefactor.

Following AG"8 = (P|A A,|¥) —

(05/A,A,|05) and utilizing (7.3)~(7.5) for the Unruh vacuum (|¥) =

|0y)), one can

identify that the f1n1te contribution to the two-point function is given by

lu

(U-B) 20+ 1 /°° 2
AG,, = do|—=m——
w (1) /I.Zf 4z Jo “leE

ML]‘p* MuP

S =

1P, uP

'IJP|2 1 }z 0 0
o 0 0
f
0 ([ P ?) 0 (C4)
2L
0 0 2T Gin2g

Here, and in the expression below, the polarization index, 4, with the radial functions should be assumed. Similarly, for the

Hartle-Hawking vacuum (|¥) = |0yy)) one finds
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AGE" () = 3

n€ {in,up}
Al

2f—|—1/°° 1
5 dC()T
2nre )y ex —1

To understand the behavior of these correlators, it is useful
to examine the asymptotic form of the mode functions.

For the even-parity up-modes near the future
horizon (H™), together with (3.4), the radial amplitudes
behave as

”Ei?ﬂ(“’ r) = N o) a;;ch (vary + ’)R(e;) Peior,
(C6)

(0.1 = =N e, R
| (C7)
uE3>i)(w r) — = N((:f uPLR (e£)up i, (C8)
ugi)i)(a), r) = (C9)

For the odd parity sector, near the future horizon (H™"),
we get

r=ry

uy) (@.r) =0, (C10)
uy)(w.r) =0, (C11)
u)(w.r) =0, (C12)
). r) ZE N IR e (c13)

|} |? f 0 0
A 0 0
f 7 (CS)
AP +ul ) ’
0 0 el 0
0 0 o - Claliel g

2L

At future null infinity (Z7), the even-parity sector be-
haves as

=% kN (e) upTiUP ikr.

(a) r) — (C14)
uE;T)(a), r) =S ‘% (B ke (C15)

r—o0

u (@.r) ZENSPLTE e (C16)

(8i>(a) r) 0.

Uy (C17)

For the odd parity sector, at future null infinity (Z7),
we have

(0) r—ry,

u(?)(w, r) — 0, (C18)
ugy)(@.r) =0, (C19)
ugs)(@.r) =0, (C20)
u) (@, r) NPT Ptk (C21)

The corresponding expressions for the in-modes follow
from the replacements

NN TR (o)

with 1 = (e+,0).
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