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We reformulate the stellar structure equations in the language of dynamical systems and show that the
maximummass of stellar sequences arises from the existence of a fixed point in the relativistic regime. In an
appropriate representation of the Tolman-Oppenheimer-Volkoff equations, this fixed point becomes
manifest and is directly associated with the turnover of the mass-radius curve. The existence of a fixed point
implies an effective reduction in dimensionality near the onset of instability, which provides a simple
explanation for several equation of state–insensitive relations and predicts new ones. In the weakly
relativistic limit, we identify a complementary universal structure shared by stellar sequences at their
maximum mass, which we term the “compressible limit,” and derive distinct universal relations governing
the maximum mass in the Newtonian and post-Newtonian regimes. Combining these theoretical results
with current astrophysical constraints, we show that the J0740þ 6620 pulsar is unlikely to lie near the
Tolman-Oppenheimer-Volkoff maximum mass unless the equation of state exhibits a strong first-order
phase transition at densities just above its central density.
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I. INTRODUCTION

Understanding the structure of compact stars has long
been intertwined with fundamental physics. At its core lies
the problem of hydrostatic equilibrium: pressure gradients
must balance gravity (or, in general relativity, pressure
gradients must balance the curvature of spacetime, which is
sourced by energy density and pressure), in order to sustain
a static configuration. This balance determines the self-
consistent internal structure of a nonrotating, spherically
symmetric, self-gravitating fluid. Because the equilibrium
equations couple pressure and energy density directly, their
solutions are governed by the relation between them, i.e.
the equation of state (EoS).
As one considers stars with increasingly large central

densities, matter in their stellar cores is driven into
increasingly extreme regimes, where the microphysics
becomes uncertain and often strongly nonlinear. At suffi-
ciently high compactness, relativistic effects become indis-
pensable, introducing additional couplings between
pressure, energy density, and geometry. The stellar struc-
ture problem thus becomes a nonlinear system in which
gravity and microphysics interact in a tightly constrained
but highly nontrivial way. Understanding how global
properties emerge from this interplay (and why they
sometimes display unexpected “quasiuniversal” or “EoS-
insensitive” behavior) requires looking beyond individual

solutions and toward the structure of the equations
themselves.
The most extreme compact stars realized in nature are

very likely neutron stars. Yet the composition and EoS of
matter in their cores remain uncertain, and therefore so do
their precise macroscopic properties. For the purposes of
this work, we adopt a broad definition: by “neutron star”
we shall mean any stable, self-gravitating configuration of
baryonic matter that solves the nonvacuum Einstein
equations at densities exceeding those found in maxi-
mum-mass white dwarfs, i.e. central energy densities
ec ≳ 1010 g cm−3 ∼ 5 × 10−3 MeV fm−3. In this sense,
we do not distinguish between “conventional” neutron
stars, hybrid stars, quark stars, or strange stars unless
explicitly noted. What unifies these objects is not their
microscopic composition, but the structure of the equilib-
rium equations they obey. As we will show, viewing those
equations through the lens of dynamical systems theory
[1,2] reveals organizing principles that transcend the details
of the EoS and provide a unified explanation for the
emergence and breakdown of quasiuniversal behavior.
Stars in hydrostatic equilibrium in general relativity are

governed by the Tolman-Oppenheimer-Volkoff (TOV)
equations [3,4]. In the limit of small compactness,
GM=ðRc2Þ ≪ 1, and low pressure, p ≪ e, these equations
reduce to the familiar Newtonian equations of hydrostatic
equilibrium (see, e.g., [5]). The standard formulation of the
TOV system, however, is numerically inconvenient. In this
approach, one integrates the TOV equations outward in*Contact author: ilegred2@illinois.edu
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areal radius to an a priori unknown location, where the
pressure (one of the dynamical variables) vanishes and
the stellar surface is reached. This introduces a free-
boundary problem that is both conceptually and numeri-
cally awkward.
Lindblom reformulated the TOV equations in terms of

the logarithm of an enthalpylike variable, which serves as a
natural monotonic parameter labeling the stellar interior
[6]. In this formulation the surface corresponds to a known
value of the integration variable, and the central value
uniquely labels the stellar model, eliminating the free-
boundary difficulty. More generally, any formulation of the
TOV equations that is based on a thermodynamic variable
whose surface value is known in advance would suffice.
The log-enthalpy variable, however, possesses additional
structural advantages: it renders the equations manifestly
regular at the center, provides a natural ordering of
configurations by central density, and, as we will show,
it reveals an underlying dynamical-systems structure that is
largely hidden in the traditional radial formulation.
Some hints of this structure have been with us for

decades, encoded in qualitative features of TOV solutions
that were initially viewed as surprising. For example, it was
noticed early on that in the ultrarelativistic, high-density
regime, when the curvature scale set by the central energy
density is much shorter than the stellar size,
GecR2=c4 ≫ 1, the solutions exhibit an approximately
periodic or “spiraling” behavior as one moves along
sequences of increasing central density. Figure 1 shows
a few examples of this spiraling behavior for different
EoSs. This feature was understood relatively early in the
theory of neutron stars, even before the observational
discovery of astrophysical neutron stars (see, e.g., [7]
and references therein), but it is less appreciated today.
In part, this is because these spiraling solutions are
violently unstable and are therefore often dismissed as
astrophysically irrelevant. Nevertheless, their existence
raises a more basic question: what parameters actually
control the high-density behavior of the TOV equations?
Another clue, also recognized early on, is that this near

periodicity is closely tied to the appearance of a maximum
mass. This connection became clear through the now well-
known correspondence between turning points of the M-R
curve and changes in the number of unstable radial
oscillation modes. That correspondence naturally leads
to a further question. Is the underlying mechanism purely
relativistic, or does an analogous organizing structure
already appear in the Newtonian equations of hydrostatic
equilibrium? It is tempting to attribute the existence of a
maximum mass entirely to general relativity, but this is not
correct. A termination of stable stellar sequences, and thus
an effective maximum mass, can arise even within a
Newtonian treatment once the equation of state softens
sufficiently. Any satisfactory explanation of the high-
density behavior of compact stars must therefore

distinguish between instability driven by genuinely rela-
tivistic effects and instability that occurs while a Newtonian
description is still adequate.
In this paper, we reformulate the stellar structure problem

in the language of dynamical-systems theory, with the goal
of isolating the pieces of the structure equations that control
the approach to instability and the emergence of quasiu-
niversal/EoS-insensitive behavior. The basic idea is to stop
thinking of a stellar model as a single numerical solution.
Instead, we should view an entire sequence of stars as a
family of trajectories in a low-dimensional phase space. In
this picture, EoS dependence enters as a controlled “driv-
ing” of the flow; quasiuniversal relations, then, arise when
the dynamics becomes effectively insensitive to details of
that driving over the interior part of the star that dominates
the global observables.
We begin by working in the enthalpy-based formulation

of the relativistic TOV equations and rewriting the system
as a two-dimensional, nonautonomous flow in a compact
set of variables. In that form, a distinguished structure
becomes obvious. There is a fixed point of the frozen
system in the ðẽ; vÞ plane, where ẽ ∝ r2e and v ¼
GmðrÞ=ðrc2Þ are dimensionless versions of the energy
density and the enclosed mass. The location of the fixed
point is set by a small set of thermodynamic combinations,
essentially the ratio of pressure to energy density, w ¼ p=e,
and the speed of sound squared, c2s ¼ dp=de, evaluated in
the high-density regime. The fact that a fixed-point appears

FIG. 1. Spiraling behavior of the M-R curve. Every EoS at
extremely high densities has similar behavior, where it approaches
a particular fixed point in M-R space. In this paper, we discuss
how this picture arises from the treatment of the stellar structure
equations as a dynamical system, and how such a treatment
explains certain quasiuniversality. The SFHo [8] and BSk22 [9]
EoSs are given a constant speed of sound c2s ¼ 1 above the
densities where they become acausal. SFHo∶2∶0.33 transitions
from SFHo to a c2s ¼ :33 constant speed of sound EoS at twice
nuclear saturation density. Gray dashed lines mark configurations
of constant compactness. Among other pathologies, each EoS
displays regions of decreasing compactness with respect to
increasing central density.
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and can be used to interpret the stellar structure was first
introduced by Ref. [2], but only under the hypothesis of a
particular functional form of the EoS.1

We show that high-mass relativistic stars generically
evolve near this fixed point over the region where the bulk
of the mass is accumulated. This produces the familiar
spiral and turnover behavior of theM-R curve and provides
a dynamical-systems explanation for why the termination
of relativistic stellar sequences is remarkably insensitive to
EoS details, once the EoS is forced to be physical. From
this viewpoint, the maximum mass is not an accident of
numerics, or a coincidence of the form of the EoS. It is
controlled by the geometry of the flow near the fixed point
and by a few EoS-controlled scales that determine where
the star exits the high-density, near-fixed-point regime. This
leads to simple scaling estimates and quasiuniversal rela-
tions for Mmax in terms of high-density stiffness, and it
clarifies when and why those relations should fail.
We then ask whether the same organizing structure is

present in the Newtonian equations, appropriate for
describing weakly gravitating stars. We show that periodic
or spiraling behavior can indeed appear in the Newtonian
system, in agreement with results of [10],2 but only under
special conditions. In practice, it requires tuning the EoS so
that it approaches an approximately constant sound speed
in the relevant density range, which is not generic in
Newtonian physics. This immediately explains why the
“spiral mechanism” that organizes relativistic termination
almost never controls the end of Newtonian stellar sequen-
ces (even though fundamentally it is the same mechanism).
Nonetheless, Newtonian sequences still terminate in a
quasiuniversal way, but for a different reason. Near the
onset of instability, we find that stellar configurations
develop a common internal structure that is largely inde-
pendent of microphysical details. We identify this as a
useful limiting case in stellar structure, dual to the incom-
pressible limit, and we refer to it as the “compressible
limit.” In that limit, we derive a separate quasiuniversal
relation for the maximum mass in terms of central quan-
tities, and we extend the construction to the post-
Newtonian regime. The outcome is a clear distinction
between two mechanisms for termination, one controlled
by the relativistic fixed-point geometry and one controlled
by near-critical structure in the weak-field regime, together
with an explanation for why both mechanisms can give

similar numerical predictions in the density range relevant
for astrophysical neutron stars.
These results are new and important for two reasons.

First, they turn a collection of empirical observations about
quasiuniversality into a statement about the structure of the
differential equations themselves, with explicit control
parameters. Second, they provide a clean diagnostic for
strong phase transitions. In the Newtonian and post-
Newtonian regimes, a sufficiently strong softening can
terminate sequences abruptly and drive apparent violations
of the compressible-limit relation. In the highly relativistic
regime, a strong transition can shift the effective fixed point
and substantially alter the termination of the spiral. We
illustrate the utility of this viewpoint by combining our
analysis with current astrophysical constraints. In particu-
lar, we argue that J0740þ 6620 is unlikely to be very near
the TOV maximum mass unless there is a strong first-order
phase transition at densities just above its core density.
Because the same high-density stiffness that controls the
maximum mass also controls the tidal response of high-
mass stars, the dynamical-systems picture provides a useful
bridge between mass constraints and gravitational-wave-
based bounds on dense-matter stiffness.
The rest of the paper presents the details behind the

summary above. In Sec. II, we briefly review the dynamical
systems concepts we will use and fix notation. In Sec. III,
we rewrite the enthalpy formulation of the TOV equations
as a two-dimensional flow, identify the fixed point, and
show how it organizes the spiral and turnover of the M-R
curve. In Sec. IV, we turn to the Newtonian and post-
Newtonian limits, explain why the spiral mechanism is
nongeneric, and develop the compressible limit and its
associated quasiuniversal relation. We extend the com-
pressible-limit analysis to the post-Newtonian regime,
where it can be understood along with neutron star
observations, and compare it to the highly relativistic
fixed-point mechanism. We conclude in Sec. VI with
implications for phase transitions and with an application
to current constraints, and we collect technical material and
supporting analyses in the Appendixes.

II. DYNAMICAL SYSTEMS PRIMER

The main technical goal of this paper is to reexpress the
stellar structure problem in a way that makes its qualitative
behavior (as one varies the central enthalpy) as transparent
as possible. The appropriate language for that is dynamical-
systems theory. In this language, the TOVequations define
a flow on a low-dimensional “phase space,” once one
chooses convenient state variables and an evolution param-
eter. Because most readers may be somewhat unfamiliar
with dynamical systems theory and some mathematical
theorems we will make use of, we provide here a brief
review of the concepts that we will repeatedly invoke in
later sections. Those readers that are already experts in

1We also make a different choice for the independent variable
of the dynamical system (ln h, instead of a function of r in [2]),
and, whereas [2] builds a 3-variable system of autonomous
equations, we, in contrast, analyze a nonautonomous system
of two variables. We discuss our system setup in Sec. III and
differences with previous works in Sec. VI.

2The recasting of the Newtonian stellar structure equations into
the form a dynamical system is well established, usually related to
the study of structural homology. See, for example, [11].
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dynamical systems theory may wish to skip to the next
section.
Throughout this primer, we will use the generic notation

dx
dτ

¼ Fðx; τÞ; ð1Þ

where xðτÞ∈Rn is a vector of state variables and τ is an
evolution parameter. In the next sections, we will take τ ¼
ln h and x ¼ ðẽ; vÞ, where h is the enthalpy per unit rest
mass, ẽ≡ 4πr2Ge=c4 is a dimensionless energy-density
variable, and v≡GmðrÞ=ðrc2Þ is the compactness of the
enclosed massmðrÞ at radius r. We will reserveM ≔ mðRÞ
for the total gravitational mass, and R for the areal radius of
the star.

A. Phase space, flows, and what “autonomous”
really means

If F in Eq. (1) has no explicit dependence on τ,

dx
dτ

¼ FðxÞ; ð2Þ

we say the system is autonomous. Geometrically, F is a
vector field on the state space and solutions are its integral
curves. One can think of Eq. (2) as defining a family of
maps (a “flow”) ϕΔτ that takes an initial condition xðτ0Þ to
its evolved value xðτ0 þ ΔτÞ.
If F depends explicitly on τ, the system is nonautono-

mous. In our application, this happens because the micro-
physics enters through functions that depend on the EoS,
such as

wðτÞ≡ p
e
; c2sðτÞ≡ dp

de
; ð3Þ

which vary with τ ¼ ln h as the density changes within the
star. Nonautonomous systems still define unique trajecto-
ries for given initial data, but many of the simplest geo-
metric statements (e.g. fixed points that are time
independent) must be carefully. A decent approximation
that we will repeatedly employ is the frozen-time (or
quasiautonomous) picture: for a given τ, we temporarily
treat the parameters wðτÞ; c2sðτÞ as constants, analyze the
resulting autonomous system, and then track how that
analysis evolves as τ changes. Wewill see that this is a good
approximation near the fixed point of our problem.

B. Fixed points, linearization, and
the trace–determinant plane

For the autonomous system of Eq. (2), a fixed point (or
equilibrium point) x� satisfies

Fðx�Þ ¼ 0: ð4Þ

Near x ¼ x�, we use perturbation theory and write x ¼
x� þ δx to obtain the linearized system

dδx
dτ

¼ J0δxþOðjδxj2Þ; ðJ0Þij ≔
∂Fi

∂xj

����
x¼x�

: ð5Þ

Thus, the local behavior is governed by the eigenvalues of
the Jacobian J0, a square matrix of size n × n for a state
vector x of length n.
In two dimensions, as will be applicable to us in the next

sections, this all becomes especially concrete. Let λ� be the
eigenvalues of the 2 × 2 Jacobian, which can be written in
terms of the latter’s trace and determinant via

λ� ¼ trJ0
2

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
trJ0
2

�
2

− det J0

s
: ð6Þ

The qualitative behavior of the solution near the fixed point
is then classified by the signs of ðtrJ0; det J0Þ. In particular,
if det J0 > 0 and ðtrJ0Þ2 < 4 det J0, then

λ� ¼ σ� iω; σ ¼ trJ0
2

; ω¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detJ0−

ðtrJ0Þ2
4

r
; ð7Þ

with σ;ω∈R and x� is a focus: trajectories spiral inward if
σ < 0 and spiral outward if σ > 0. This focus structure,
transplanted into the TOV variables, will be the geometric
engine behind the turnover of the M-R curve and the
appearance of spirals at high central density.
A caution that matters specifically for our application is

the direction of integration.We integrate the stellar structure
equations from the center (h ¼ hc) to the surface (h → 1),
so τ ¼ ln h decreases as we move outward (and
becomes 0 at the surface). Equivalently, if one defines
an outward evolution parameter s ≔ ln hc − ln h, so that
d=ds ¼ −d=dτ, a fixed point that is unstable in forward τ
(e.g. σ > 0) can act as an attractor when one evolves
outward in the star (forward s). We will use this “backward-
in-ln h” viewpoint repeatedly in the next sections, and we
will try to be as explicit as possible about it whenever the
stability language could be confusing.

C. A harmonic-oscillator-level example

The simplest example we can think of that captures
almost everything we need is (unsurprisingly) the damped
harmonic oscillator

q̈þ 2γq̇þ Ω2q ¼ 0; ð8Þ

with damping rate γ and natural frequency Ω. Let us
introduce the first-order variables x1 ¼ q and x2 ¼ q̇,
so that
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d
dt

x ¼ Ax;

d
dt

�
x1
x2

�
¼
�

0 1

−Ω2 −2γ

��
x1
x2

�
: ð9Þ

The origin x� ¼ ðx1;�; x2;�Þ ¼ ð0; 0Þ is a fixed point
because Ax obviously vanishes there. The eigenvalues
of A are

λ� ¼ −γ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2 −Ω2

q
: ð10Þ

If γ < Ω, then λ� ¼ −γ � i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ω2 − γ2

p
and the origin is a

stable focus: phase-space trajectories spiral into the origin
with an envelope jxj ∝ e−γt while rotating with angular
speed ωd ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ω2 − γ2

p
.

Two features of this example can be directly imported to
our stellar problem of the next sections. First, spiraling is
controlled by the pair ðσ;ωÞ. The real part σ sets the decay/
growth per unit “time,” while the imaginary part ω sets the
phase advance. Second, a discrete “return map” compresses
the long-time behavior into one number. The amplitude at
successive peaks satisfies Anþ1 ¼ Ane−γT , where T ≃
2π=ωd is the oscillation period. Thus, the spiral can be
characterized by a multiplier μ ≔ e−γT without solving the
Ordinary Differential Equation in closed form. In our stellar
application, an analogous multiplier will quantify how
quickly trajectories approach the quasifixed point as one
integrates from the core to the surface. Finally, note the role
of time reversal. If one evolves Eq. (9) backward in t, the
stable focus becomes an unstable focus: the spiral runs
outward rather than inward.

D. Non-autonomous systems and frozen-time equilibria

Consider now the nonautonomous system of Eq. (1). A
time-dependent equilibrium in the strict sense is generally
not available because Fðx; τÞ changes with τ. Nevertheless,
for each fixed value of τ ¼ τfr one may define the frozen
fixed point x�ðτfrÞ by

Fðx�ðτfrÞ; τfrÞ ¼ 0; ð11Þ

and study the corresponding Jacobian J0ðτfrÞ ≔
∂xFjx¼x�ðτfrÞ. In the limit that the parameters of the system
drift slowly or adiabatically with τ, solutions can “track”
the moving equilibrium and inherit the same local spiral
structure as the frozen system. This treatment is analogous
to that of osculating orbits in celestial dynamics, or
osculating geodesics in extreme mass-ratio modeling
(see e.g. [12]).
A convenient way to see this is to define y ≔ x − x�ðτÞ

and expand in small jyj to obtain

dy
dτ

¼ J0ðτÞy −
dx�
dτ

þOðjyj2Þ: ð12Þ

The additional term −dx�=dτ is a forcing that measures
how quickly the state solution drifts from the equilibrium
point. If the drift is slow compared to the local linear
rates set by the eigenvalues of J0ðτÞ, then y remains
small and the trajectory remains close to the frozen
equilibrium.

III. THE MAXIMUM MASS OF RELATIVISTIC
STARS: A DYNAMICAL SYSTEMS

APPROACH

The maximum mass of a stellar configuration can
provide a global diagnostic of high-density microphysics.
In this section, we recast the TOV system as a two-
dimensional dynamical system in ðẽ; vÞ driven by the
enthalpy ln h. This makes a quasifixed-point structure
explicit and gives a simple explanation for the generic
spiral/turnover behavior of the M-R curve, as well as a
compact scaling estimate for the maximum mass Mmax.

A. Reinterpreting the TOV equations

Let us start our analysis from the Lindblom formulation
of the TOV equations [13], but in slightly different
variables. Let us define

u≡ r2; v≡GmðrÞ
rc2

; ð13Þ

where r is the (areal) radial coordinates of the usual
spherically symmetric spacetime metric (Schwarzschild-
like, Oppenheimer-Volkoff coordinates [4]) and mðrÞ is the
enclosed mass function. Let us further define the following
thermodynamic variables

e ≔ energy density

p ≔ pressure

ρ ≔ rest-mass density

9>=
>;⇒

(
h ≔ eþp

ρc2 ;

w ≔ p
e :

ð14Þ

The last thermodynamic quantity, h, is colloquially called
the “enthalpy” in general relativity, although, in reality, it is
the relativistic specific enthalpy (i.e. the enthalpy per
baryon mass).
The TOV equations in their standard form are3

dp
dr

¼ −
G
c2

ðeþ pÞðmþ 4πr3p=c2Þ
r2½1 − 2Gm=ðrc2Þ� ; ð15Þ

3There is a third equation of structure that relates the rate of
change of a metric variable to other thermodynamic variables. We
will not make use of this equation here.
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dm
dr

¼ 4πr2
e
c2

; ð16Þ

but in our variables, they become

du
d ln h

¼ −2uð1 − 2vÞ
4πGup=c4 þ v

; ð17Þ

dv
d ln h

¼ −ð1 − 2vÞ 4πGue=c
4 − v

4πGup=c4 þ v
: ð18Þ

Let us further define the dimensionless thermodynamic
variable

ẽ≡ 4πG
c4

r2e ¼ 4πG
c4

ue; ð19Þ

so that the TOV equations now become

dẽ
d ln h

¼ ẽ

�
−2ð1 − 2vÞ
wẽþ v

þ d ln e
d ln h

�
ð20Þ

dv
d ln h

¼ −ð1 − 2vÞ
wẽþ v

ðẽ-vÞ; ð21Þ

where we have used the definition for w in Eq. (14). The
right-hand side of the TOV equations then depend on the
EoS only through the w and the d ln e=d ln h factors, the
latter of which is controlled by c2s :

d ln e
d ln h

¼ 1

c2s
ð1þ wÞ; with c2s ≔

dp
de

: ð22Þ

We consider only barotropic EoSs here, so pwill always be
a function of e only and not other thermodynamic variable.
Before solving these equations numerically, let us con-

sider the structure of the TOV equations (and their
solutions) near the center of the star. The dimensionless
quantity w ¼ p=e is small in the low-density region
(subsaturation density) for any realistic EoS. We can
intuitively understand this in the Newtonian limit, where
e ∼ ρc2 and p ∼ ρv2F, where vF is the typical Fermi particle
velocity, so then w ∼ ðvF=cÞ2 ≪ 1. The quantity
d ln ed ln h of Eq. (22), however, is never small, because
typically c2s is not close to unity for realistic EoSs.
Nonetheless, near the center of the star, we have that

ðẽc; vcÞ → 0 as ln h → ln hc. Since ðd ln e=d ln hÞ ¼ ð1þ
wÞ=c2s remains finite for finite c2s , while 2ð1 − 2vÞ=ðwẽþ
vÞ diverges as wẽþ v → 0, the latter term dominates the
near-center dynamics. Moreover, over this small neighbor-
hood we may freeze the EoS function wðln hÞ to its central
value, wðln hÞ ¼ wc þOðln hc − ln hÞ. With these approx-
imations, we then have

dẽ
d ln h

∼ −2
ẽ

wcẽþ v
; ð23Þ

dv
d ln h

∼ −
ẽ-v

wcẽþ v
; ð24Þ

near the center of the star. Taking as an ansatz ẽðln hÞ ¼
ẽ1ðln hc − ln hÞ and vðln hÞ ¼ v1ðln hc − ln hÞ, the above
equations can be solved to obtain

ẽðln hÞ ¼ 6

1þ 3wc
ðln hc − ln hÞ þOðln hc − ln hÞ2 ð25Þ

vðlnhÞ ¼ 2

1þ 3wc
ðlnhc− lnhÞþOðlnhc− lnhÞ2; ð26Þ

where note v ¼ ẽ=3þOðln hc − ln hÞ2. In summary, the
leading-order, near-center behavior is insensitive to the
EoS; it depends only on the local value wc ¼ pc=ec (and
remains regular for finite c2s).
Let us now explore some solutions to the TOVequations

expressed in these new variables.
Figure 2 shows four solutions to Eqs. (20) and (21),

using a polytropic, pðρÞ ¼ KρΓ, Γ ¼ 2 EoS for illustrative
purposes.4 We display “partial solutions” to the TOV
equations in the sense that the integrations do not reach
the stellar surface per se. Since ln h and r are in one-to-one
correspondence inside the star, we can think of the different
panels as snapshots of the TOV integration that have
reached a certain radius or a certain ln h.
This figure also shows a vector flow, defined by the

right-hand sides of Eqs. (20) and (21). This flow indicates
the direction in which the solution evolves as the density or
enthalpy decrease.
Let us now emphasize a couple of key points. First, as

seen in Fig 2, up to a certain value of ln h or r, the solutions
ẽðln hÞ and vðln hÞ are determined almost entirely by the
near-core behavior of Eqs. (25) and (26).
Second, looking at the bottom row of Fig. 2, very near

the surface of the star, the equations are again “universal” in
some sense, as the homogeneity in ẽ and the rapid growth
of 1=c2s in the right-hand side of the equation for ẽmean the
system generically approaches the surface ẽ ¼ 0 in quali-
tatively the same way. On the other hand, in between the
near core and the surface behavior, there is a turnover in ẽ
depending on the relative sizes of v; w; ẽ, and c2s . This
region is evidently where most of the complexity of the
solution comes from. In the next section, we will tackle this
complexity from a dynamical-systems approach.

4Note that, in the TOV equations as formulated above, the
polytropic constant K is irrelevant for the variables v and ẽ, and it
only enters as a “postprocessing step,” when r2 ¼ ẽ=ð4πeðρÞÞ
(see [14,15] for related polytrope rescaling relations).
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B. A dynamical-systems approach to TOV equations
and their fixed point

The discussion of Sec. III A already hints at the key
simplification: once written in terms of ðẽ; vÞ and
parametrized by ln h, the stellar structure problem
becomes a two-dimensional flow whose explicit EoS
dependence enters through only a small set of thermo-
dynamic combinations. In this subsection, we make
that statement precise, identify the relevant frozen-time
fixed point, and show how its local geometry controls
the high-density behavior of relativistic stellar
sequences.
Let us begin by showing explicitly how the TOV

equations can be cast as a nonautonomous flow problem.
Let us define the state vector and time variable as

xðτÞ ¼ ðẽðτÞ; vðτÞÞ; τ ¼ ln h: ð27Þ

The TOVequations then become Eq. (1), or more precisely,

dx
dτ

¼ Fðx; τÞ ¼

0
B@ ẽ
h
− 2ð1−2vÞ

wẽþv þ 1þw
c2s

;
i

− ð1−2vÞðẽ−vÞ
wẽþv :

1
CA ð28Þ

For a barotropic EoS, the remaining logarithmic derivative
is fixed by the sound speed, as shown in Eq. (22). The TOV
equations recast in this way are therefore a driven
(nonautonomous) two-dimensional system: the vector
field is universal, and the EoS enters only through the

FIG. 2. Partial solutions to the TOV equation (orange lines), integrated from the central value, ln hc until a particular ln h or radius
(orange circle), together with vector flows that represent the evolution of the TOV solution [i.e. the right-hand side of Eqs. (20) and (21)].
The inset on the top, right corner of each panel indicates the maximum radius to which each partial integration goes relative to the size of
the star (shaded in gray). Two dashed lines demarcate the regions where ẽ and v change behavior (they change from increasing to
decreasing or vice-versa). Top left: when ln h is very close to ln hc, the functions ẽðln hÞ and vðln hÞ are nearly universal, and they are
determined by the near-core expansion of Eqs. (25) and (26). Top right: the trajectory begins to subtly deflect from the near-core
(v ¼ ẽ=3) expansion. Bottom left: the solution is near the maximum value of ẽ ¼ 4πr2e. This is the region of the star where most of the
mass is accumulated. The system is complicated, depending sensitively on c2s and w, which determine the structure of the slope field
when both ẽ and v are not small compared to unity. Bottom right: the solution is very near the surface of the star. The equation for ẽ is
nearly homogeneous and independent of v. The variable v changes very little relative to ẽ, since the right-hand side of the ẽ equation
contains 1=c2s , which is very large near the surface.
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“time-dependent parameters” wðln hÞ and c2sðln hÞ. Such a
nonautonomous flow is exactly the setting of Sec. II D.
Whenever w and c2s drift slowly or adiabatically with

ln h, we say the system is approximately autonomous, and a
stability analysis yields approximate solutions. This is the
case at large densities (nB ≫ nsat), in the inner core where
one may find asymptotically free quarks [16,17]. In these
cases, it is useful to analyze the associated frozen system
obtained by temporarily holding w and c2s fixed at some
frozen τfr. The resulting system then admits a frozen
equilibrium or fixed point x⋆ðτfrÞ, defined by

Fðx⋆; τfrÞ ¼ 0: ð29Þ

Away from the unphysical surface v ¼ 1=2, corresponding
to r ¼ 2GmðrÞ=c2, the second component of Eq. (28)
implies immediately that the equilibrium lies on the
diagonal,

ẽ⋆ ¼ v⋆: ð30Þ

Substituting this into the first component of Eq. (28), and
using Eq. (22), yields the second condition,

2ð1 − 2v⋆Þ
½1þ wðτfrÞ�v⋆

¼ 1þ wðτfrÞ
c2sðτfrÞ

; ð31Þ

which can be solved in closed form

v⋆ðτfrÞ ¼ ẽ⋆ðτfrÞ ¼
2c2sðτfrÞ

4c2sðτfrÞ þ ½1þ wðτfrÞ�2
: ð32Þ

Let us pause here to emphasize several points. First, the
fixed point is “relativistic” in a very concrete sense: v⋆ and
ẽ⋆ become order unity (and thus, the enclosed compactness
becomes of order unity) only if the EoS is sufficiently stiff,
so that wðτfrÞ and c2sðτfrÞ are not everywhere small. In
particular, if ðw; c2sÞ ≪ 1, then v⋆ ≃ 2c2s ≪ 1, and the
equilibrium sits near the origin, where the flow is domi-
nated by the universal near-core structure discussed in
Sec. III A.
Second, the location of the equilibrium is controlled by

only a couple of thermodynamic numbers at the density
scale being probed. For example, in the maximally stiff (but
not particularly physical) limit c2s → 1 and w → 0, one
finds v⋆ ¼ e⋆ → 2=5. Since v at the surface is the stellar
compactness C ¼ GM=ðRc2Þ, this suggests an upper scale
on the compactness of relativistic stars of less than
approximately 2=5, which is similar to the Tolman-
Buchdahl bound [3,18]. This configuration is unphysical
though; becausew and c2s are related to each other, typically
w and c2s are the same in order of magnitude. For more
typical ultrarelativistic stiffness, where both w and c2s are
order unity, one gets v⋆ ∼ 0.2–0.3; e.g. w ¼ c2s ¼ 1 gives
v⋆ ¼ ẽ⋆ ¼ 1=4, which the limiting case of many

relativistic hadronic EoS models [8,9]. These are roughly
the values encountered in the region of the star where ẽ is
largest and where the bulk of the mass is accumulated
(cf. Fig. 2).

C. Spiral evolution toward the fixed point

The fixed point becomes dynamically relevant because,
for the frozen system, it is generically a focus, but for the
dynamical systems, spiraling occurs around that focus.
Linearizing about x⋆ via x ¼ x⋆ þ δx as in Sec. II B,
we find

d
d ln h

δx ¼ J⋆δxþOðjδxj2Þ; ð33Þ

where the Jacobian matrix at equilibrium can be written
purely in terms of w and c2s :

J⋆ ¼

0
B@

wðτfrÞ
c2sðτfrÞ

1þwðτfrÞþ4c2sðτfrÞ
c2sðτfrÞ½1þwðτfrÞ�

− 1þwðτfrÞ
2c2sðτfrÞ

1þwðτfrÞ
2c2sðτfrÞ

1
CA: ð34Þ

The trace and determinant are

trJ⋆ ¼ 3wðτfrÞ þ 1

2c2sðτfrÞ
; detJ⋆ ¼ 4c2sðτfrÞ þ ½1þwðτfrÞ�2

2c4sðτfrÞ
;

ð35Þ

so det J⋆ > 0 for any physical (stable) EoS with c2s > 0.
Moreover, for the range relevant to compact-star
cores (w≲ 1 and c2s ≲ 1), the discriminant is negative
and the eigenvalues are a complex conjugate pair,
λ�ðτfrÞ ¼ σðτfrÞ � iωðτfrÞ, with

σðτfrÞ ¼
3wðτfrÞ þ 1

4c2sðτfrÞ
;

ωðτfrÞ ¼
1

4c2sðτfrÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32c2sðτfrÞ − w2ðτfrÞ þ 10wðτfrÞ þ 7

q
:

ð36Þ

Thus, the frozen-time equilibrium is an unstable focus
when evolved forward in ln h.
But recall that, for stellar models, we integrate from the

core to the surface, so toward decreasing ln h, as we had
mentioned already in Sec. II B. From this viewpoint, then
the frozen-time equilibrium should really be a stable focus
when evolved from the core to the surface. Let us make this
explicit by defining the outward evolution variable s ≔
ln hc − ln h (so that d=ds ¼ −d=d ln h). The linearized
system then becomes d=dsδx ¼ −J⋆δx, and the real parts
of the eigenvalues flip sign. In other words, the same focus
that is unstable in forward ln h acts as an attractor along the
physical (outward) integration direction. As a concrete
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example, consider an EoS such that, at some frozen time τfr,
we have wðτfrÞ ¼ c2sðτfrÞ ¼ 1. Then, the Jacobian matrix is

J⋆ ¼
�

1 3

−1 1

�
; λ� ¼ 1� i

ffiffiffi
3

p
; ð37Þ

so trajectories spiral toward x⋆ ¼ ðẽ⋆; v⋆Þ ¼ ð1=4; 1=4Þ,
as one evolves outward in the star.
We have thus far held w and c2s fixed at some frozen

value τfr, but in true stellar problems, these quantities must
drift with ln h, and the equilibrium x⋆ðln hÞ must move
accordingly. The relevant question is then whether solu-
tions can track this moving equilibrium, in the sense of
Sec. II D, or whether the evolution away from the fixed
point is fast enough to leave the frozen system in the dust. A
quick diagnostic is provided by the drift rates of the
thermodynamic parameters. For example,

dw
d ln h

¼ ð1þ wÞ
�
1 −

w
c2s

�
; ð38Þ

while the evolution of c2sðln hÞ depends on higher deriv-
atives of the EoS, i.e.

d
d ln h

�
1

c2s

�
¼ −

1

c4s

dc2s
d ln h

: ð39Þ

When w and c2s vary moderately over Δ ln h ∼Oð1Þ—as is
typically the case once the EoS enters a stiff, relativistic
regime—Eq. (38) shows that dw=d ln h is at most Oð1Þ
(and can be smaller when w ≃ c2s). Thus, over intervals
Δ ln h≲ 1, the parameters change moderately, and the
vector field may be approximated locally by that of the
frozen system. In this regime, the focus structure discussed
above provides an effective geometric description of the
dynamics: trajectories are drawn toward the instantaneous
focus and execute a damped rotation about it, with local
rates set by σ and ω in Eq. (36). By contrast, if the EoS
contains a strong first-order phase transition, c2s can change
on a much shorter ln h scale; in that case x⋆ðln hÞ shifts
rapidly and the tracking picture can break down.
The situation is different in the Newtonian limit (as we

will see in more detail in the next section), where w ≪ 1

and c2s ≪ 1. In that case, the relative variation of the
coefficients entering Eq. (28) can become large even when
dw=d ln h itself is not parametrically large, because the
flow depends on ratios such as w=c2s and on inverse powers
of c2s . Consequently, as ln hc → 0 the frozen-time approxi-
mation is generically poor: there is no extended range of
ln h over which the system can be treated as approximately
autonomous. This explains why the spiral mechanism is not
generic in Newtonian stellar sequences.
There is, however, an important exception. If the EoS is

tuned so that c2s is (approximately) constant in ln h—for
example, in the isothermal limit corresponding formally to

a polytrope with n → ∞—the system becomes effectively
autonomous and the fixed-point structure regains predictive
power even outside the relativistic regime. Thus, general
relativity is not strictly required for a fixed point to exist,
but special relativity, through the requirement of a finite and
eventually non-negligible sound speed, ensures that real-
istic high-density equations of state inevitably enter a
regime where the fixed-point picture becomes applicable.
The linearized systemofEq. (33) explains the existenceofa

local focus and provides the characteristic spiral rates set by
the eigenvalues λ�ðτfrÞ of J⋆. Let us then end this discussion
by estimating how large a neighborhood around x⋆ is
reasonably described by this linear picture. To do so, let us
expand the forcing function F to second order in δx to find

Fðx⋆þ δx;τfrÞ ¼ J⋆δxþ
1

2

 
δxTHẽδx

δxTHvδx

!
x¼x⋆

þOðjδxj3Þ;

ð40Þ

whereHẽ andHv are the Hessians of the two components of
the frozen vector field with respect to x ¼ ðẽ; vÞ,

ðHẽÞij ≔
∂
2Fẽ

∂xi∂xj

����
τ¼τfr

; ðHvÞij ≔
∂
2Fv

∂xi∂xj

����
τ¼τfr

: ð41Þ

Because the only nonlinear dependence on ðẽ; vÞ of F in
Eq. (28) enters through rational factors of the form
ðwẽþ vÞ−1, the Hessians scale schematically as
ðwẽþ vÞ−3. However, this nonlinearity also introduces fac-
tors of ẽ and v in the numerators of the Hessians, so a naïve
ðwẽþ vÞ−3 estimate overestimates their magnitude near the
fixed point.
Let us then make a more careful estimate. At x⋆, one has

wẽ⋆ þ v⋆ ¼ ð1þ wÞv⋆, and the relevant small parameter
controlling truncation is

kHkjδxj2
kJkjδxj ∼

kHk
kJk jδxj; ð42Þ

rather than kHk=kJk by itself. The Hessians of Eq. (41)
evaluate to

Hẽ ¼
2

ðwẽþ vÞ3
� −2vwð2v − 1Þ 4ẽvw − ẽwþ v

4ẽvw − ẽwþ v −2ẽð2ẽwþ 1Þ

�
;

ð43Þ

Hv ¼
1þ w

ðwẽþ vÞ3
� −2vwð2v − 1Þ 4ẽvw − ẽwþ v

4ẽvw − ẽwþ v −2ẽð2ẽwþ 1Þ

�
:

ð44Þ

For representative relativistic values (e.g. w ¼ c2s ¼ 1 so
that v⋆ ¼ ẽ⋆ ¼ 1=4 and wẽ⋆ þ v⋆ ¼ 1=2), the explicit
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Hessians evaluate to coefficients of Oð10Þ, while the
Jacobian has coefficients of Oð1Þ. Thus, the linear focus
picture is self-consistent for jδxj≲ 0.1, i.e. for the moderate
neighborhoods around x⋆ actually explored by the sol-
utions near the ẽ turnover (cf. Fig. 2). This analysis
therefore justifies treating the local flow as a damped
rotation about a (slowly moving) focus when trajectories
remain in a moderate neighborhood of x⋆.
The above estimate also clarifies two limits in which the

focus picture is less useful. First, sufficiently close to the
center, wẽþ v → 0 and the rational structure of Eq. (28)
dominates, consistent with the separate universal near-core
analysis of Sec. III A. Second, in the weak-field regime,
where c2s ≪ 1 (and, hence, v⋆ ≃ 2c2s ≪ 1), the equilibrium
is pushed toward the origin and the coefficients controlling
the nonlinear corrections grow. In that case, a frozen-time/
near-focus description is generically not an efficient way to
organize the dynamics unless the EoS is tuned so that
wðln hÞ and c2sðln hÞ drift exceptionally slowly. We will
return to this point in Sec. IV, where we explain why
the spiral mechanism is nongeneric in Newtonian stars
and identify a different universal structure near their
termination.
The main takeaway here is that the complicated inter-

mediate region between the “universal core behavior” and
the “universal surface behavior” is organized by a simple
geometric object: a (moving) focus in the ðẽ; vÞ plane
whose location and local linear rates are controlled by w
and c2s in the high-density regime. In Sec. III E, we will
exploit this fixed-point structure to obtain scaling estimates
and quasiuniversal relations for the maximum mass.

D. Understanding the M-R curve through dynamical
systems

We now have all of the ingredients we need to under-
stand the whole picture. At large ln h (near the center of the
star), the slope field changes only slowly, and all solutions
share the same universal near-core behavior. Different EoS
families of trajectories largely collapse onto one another at
a fixed ln h. As the integration moves to lower densities, the
vector field drifts because wðln hÞ and c2sðln hÞ drift, and
trajectories peel away depending on how long they spend in
the neighborhood of the focus and with what phase. Once ẽ
begins to fall and the integration approaches the surface, ẽ
evolves nearly homogeneously, while v changes compa-
ratively slowly, so the “phase” accumulated near the
maximum of ẽ is carried out to the surface. Because the
surface values determine the M-R curve, this inherited
phase structure is what ultimately produces the turnover
and spiral behavior at high central enthalpy.
We can visualize this story neatly in Fig. 3. This figure

shows the slope-field Fðx; τÞ of Eq. (28) at several values of
ln h (shown at the top of each panel). Overplotted are the
snapshots of the trajectories of partial solutions to the TOV
equations xðτ0Þ with τ0 ∈ ½τ; ln hc�, each with a different

value of the central densities (represented with different
colored lines). The “current state” of each solution is
marked by a dot of the same color, which represents
xðτÞ. We connect solutions with a black dashed line purely
for visualization purposes. Each partial solution reaches a
different “phase” of the star, at a different fractional radius
r=R, and energy density e=ec, but each is locally governed
by the same dynamical system. A star’s central ln h value is
equal to the value of ln h at which the solution appears at
ẽ ¼ v ¼ 0, and thus, not all solutions are represented in
all plots.
Now that we understand the basic features of this figure,

let us dissect it panel by panel. The top left panel shows the
high enthalpy case (ln h ¼ 3), for which the current state
has c2s ≈ 1 ≈ w. All partial solutions have very high central
density and present nearly universal behavior (i.e. they all
overlap each other in this panel). The system is dominated
by the near-core, Taylor expansion of Eqs. (25) and (26).
Nonetheless, the solutions also show signs of initial-
condition-independent autonomy, with each solution fol-
lowing a similar orbit to solutions at higher central density.
The system is not explicitly dependent on ln h, a character-
istic sign of this is that the black dashed line (interpolation
of current state solutions) coincides with the history of each
solution curve.
The top right panel presents a lower enthalpy case, where

the current state now has c2s ≈ 0.65 and w ≈ 0.46. This time
we see explicit central density dependence of the solutions,
as the different-colored lines cease overlapping with each
other and fan out. The system is no longer completely
autonomous, because w and c2s are not independent of ln h.
However, the fixed point is still an attractor and an effective
description of the system. With sufficient evolution, the
partial solutions reconverge to the fixed point, despite
having diverged from their shared initial trajectory.
The bottom left panel shows almost complete integra-

tions, where at the current state c2s ≈ 0.1 and w ≈ 0.05. The
system is strongly explicitly dependent on ln h, and is no
longer nearly autonomous, except very close to the center
of the star. However, the degree to which autonomy is
violated (i.e. the degree to which solutions with different
central densities diverge from each other) creates nontrivial
structure in the distribution of solutions, which will lead to
nontrivial structure in the M–R curve. If the system is
(nearly) autonomous then ẽðln hÞ and ṽðln hÞ for solutions
with central ln h are nearly coincident. Consider solution 1
with ln hc;1 and 2 with ln hc;2 ¼ ln hc;1 þ δ ln h,

ẽ1ðln hÞ ¼ ẽ2ðln hþ δ ln hÞ ≈ ẽ2ðln hÞ þ ẽ0δ ln h ð45Þ

v1ðln hÞ ¼ v2ðln hþ δ ln hÞ ≈ v2ðln hÞ þ v0δ ln h; ð46Þ

so nearby solutions differ globally only by terms that can be
determined locally, which limits complexity. Conversely,
nonautonomous evolution will lead to highly dissimilar
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behavior in ẽ-v space. This makes this region of parameter
space the most challenging to analyze physically.
The bottom, right panel presents the full integrations,

where the current state has c2s ≈ 0 ≈ w. The system is
almost entirely homogeneous in ẽ, and it is dominated by
the attractor of the ẽ-axis rather than the fixed point.5 The
overall pattern of the ẽ-v solution is “frozen-in,” making it
possible to discuss the “surface” properties of the star, such
as the total mass and stellar radius, in terms of the solutions
near the fixed point. In particular, the spiral pattern in the
ẽ-v plane for very high central density stars reflects the
structure of the dynamical system in that region. Such

solutions spend most of their “dynamical time” evolving in
a nearly autonomous system, since we have (effectively)
fixed the speed of sound to be constant at high enthalpies
by using a polytrope. The change to the regime where the
sound speed scales like ln h is abrupt for these solutions, the
structure in the ẽ-v plane is frozen in and the system
undergoes nearly homogeneous evolution in ẽ. Therefore,
ẽ=e ∝ r2 remains nearly constant near the terminal value of
4πR2, and v decreases by a small constant, but it is very
near the terminal value M=R for each solution. For the
same configurations as bottom right panel of Fig. 3, we plot
the values of ẽ=e vs v in Fig. 4. Qualitatively, a spiral in ẽ-v
directly corresponds to a spiral in ẽ=e–v which is identical
to a spiral in M=R–R2, which then leads to a spiral in the
M-R plane. We display the M=R–R2 and M-R curves in
Fig. 5. For the EoS we use here, Γ ¼ 2, the maximum mass

FIG. 3. Partial solutions to the TOVequations and flow vectors (with a Γ ¼ 2 polytropic EoS for illustrative purposes). This figure is
qualitatively similar to Fig. 2), but carried out for many different central densities (different colored lines) and for snapshots that are
integrated to different enthalpies (different final energy densities). Observe that the earliest snapshot (top left panel) presents near-core
universal behavior, with all solutions overlapping each other. As one integrates to lower energy densities (top right panel), solutions with
different central densities fan out, because the system stops being formally autonomous, although all trajectories are still attracted by the
(slowly drifting) fixed point. As one integrates further to even lower energy densities (bottom left panel), the system becomes purely
nonautonomous, and the spiral behavior becomes evident. When one integrates all the way to the surface (bottom right panel), the spiral
structure is maintained because the ẽ evolution is nearly homogeneous. The dashed curve is, to a good approximation, simply scaled
horizontally. See Fig. 4 for a version rescaled by eðln hÞ.

5This attractor only exists for the portion of the axis where the
bracketed terms in Eq. (20) sum to greater than zero, but when
ln h small this generically becomes the entire axis.
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point marks the onset where the fixed point becomes an
effective description for the system. For EoSs where the
speed of sound rises more sharply just above saturation
density, we expect the transition to the fixed-point descrip-
tion to become effective before the maximum mass is
achieved.

E. Implications of the dynamical-systems view on
astrophysical observables

Let us now connect the dynamical-systems picture of the
previous subsections to two practical estimates: an approxi-
mate relation between high-density stiffness and the maxi-
mum mass of stars, and (more tentatively) an estimate of
the radius at the maximum-mass point. The logic is simple.
For relativistic stellar sequences near their termination, we
find the solution typically spends a substantial portion of its
“dynamical time” in the neighborhood of the moving focus,
identified in the previous subsections. The star’s macro-
scopic properties are then largely set by how and when the
trajectory exits that near-fixed-point regime.
Let us begin by connecting our state vector x ¼ ðẽ; vÞ to

a more physical state vector x0 ¼ ðm; rÞ, which can be
thought of as a coordinate transformation of phase space.
Using the definitions of ðẽ; vÞ in Eqs. (13) and (19), we
immediately obtain

r2 ¼ c4

4πG
ẽ
e
; mðrÞ ¼ c2

G
vr ¼ c4

G
v

ffiffiffiffiffiffiffiffiffiffiffi
ẽ

4πGe

r
: ð47Þ

This is then the coordinate transformation that will allow us
to bridge the phase-space description to the global quan-
tities ðM;RÞ.
Before building this bridge, let us first make a critical

observation about the behavior of the dynamical system
near the surface of the star. As discussed in Sec. III D, once
the star enters sufficiently low densities, the ẽ equation
becomes nearly homogeneous. We can see this directly

from Eq. (20), which, when c2s becomes small and v varies
only slowly, reduces approximately to

dẽ
d ln h

≃ ẽ
d ln e
d ln h

;⇒ ẽ ∝ e: ð48Þ

Hence, the ratio ẽ=e is approximately constant in the outer
layers. By Eq. (47), this implies that r2 ∝ ẽ=e changes only
mildly as the surface is approached. The radial scale is
effectively frozen in once the sound speed becomes small.
Because very little mass resides in the outermost layers, the
total mass is likewise largely determined at the density
scale where the system exits the near-fixed-point regime.
The density scale e0 at which the system transitions out

of the stiff, near-fixed-point regime into a much softer
region is therefore important. Let us assume that the
maximum-mass configuration exits this regime while still
close to the diagonal ẽ ≃ v. At the fixed point of the frozen
system, we showed that ẽ⋆ ¼ v⋆, so evaluating Eq. (47) at
e ¼ e0 gives

FIG. 4. Same as the dots in the bottom right panel of Fig. 3, but
with the x axis rescaled by eðln hÞ for that panel.

FIG. 5. Top: the M=R–R2 curve for the TOV solutions from
Fig. 3. Bottom: the M-R curve for the same solutions. The
maximum mass configuration is marked with a cross.
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Mmax ≃
c4

G
v3=2⋆ffiffiffiffiffiffiffiffiffiffiffiffiffi
4πGe0

p ; ð49Þ

where we have used the fact that the enclosed mass does not
increase much after the energy decreases drops below e0.
Using the fixed-point location of Eq. (32), we obtain the
scaling relation

Mmax ≃
c4

G

�
2c2s;typ

4c2s;typ þ ð1þ wtypÞ2
�

3=2 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
4πGe0

p : ð50Þ

Here c2s;typ and wtyp represent typical stiffness parameters in
the high-density region where most of the mass accumu-
lates. Figure 6 illustrates how this scaling varies with the
representative stiffness parameters and with the choice of
exit density e0; the dependence on e0 simply reflects that it
sets the curvature scale at which the trajectory leaves the
near-fixed-point regime.
To make Eq. (50) directly usable, one needs an opera-

tional definition of c2s;typ andwtyp in the high-density region,
where ẽ is largest. A simple choice is to average c2sðeÞ and
wðeÞ over the inner core of the maximum-mass configu-
ration, for example over e∈ ½ec;max=2; ec;max�, or alterna-
tively to evaluate them at the density where ẽ attains its
maximum. In practice, these choices differ only at the
Oð10%Þ level for the EoSs we consider. One may also
adopt a more “thermodynamic” proxy motivated by qua-
siuniversality arguments: recent work [21] shows that an

appropriately defined average sound speed in a star tracks
the ratio pc=ec (see Eq. (1) in [21]), so for stiff cores one
may take c2s;typ ∼ κwc with κ ¼ Oð1Þ. In this sense, wtyp and
c2s;typ can be viewed as two closely related stiffness
measures rather than independent inputs.
The leading-order estimate in Eq. (50) assumes the

trajectory sits exactly at the fixed point. In reality, the
maximum mass solution executes roughly half a spiral
before exiting the fixed-point regime. This approximates
the condition

�
∂ẽv

ffiffiffĩ
e

p
∂vv

ffiffiffĩ
e

p 	⊥
 dẽ
d ln h

dṽ
d ln h

�
ð51Þ

exactly when the system leaves the fixed-point regime. In
the very coarse approximation c2s ≪ 1=v; 2v ≪ 1, and
w ≪ 1, this renders the critical point at ẽ ≈ v, which is
one half-cycle away from the initial point, (0, 0).
In the frozen approximation, linearized evolution in the

outward variable s ¼ ln hc − ln h yields

jδxðsÞj ∼ e−σs × ðrotation with frequencyωÞ; ð52Þ

with σ and ω given in Eq. (36). After approximately half a
turn, ωs ≃ π, so the amplitude is suppressed by

μ ¼ exp

�
−σ

π

ω

�
: ð53Þ

For representative relativistic stiffness—where both wtyp

and c2s;typ are of order unity, as is typical in the high-density
cores of maximum-mass configurations—this yields
μ ∼ 0.1–0.2, with only mild variation across realistic
equations of state (the ratio σ=ω varies by less than a
factor of two for 0.3≲ ðw; c2sÞ≲ 1). Motivated by Fig. 3,
we parametrize the resulting overshoot by

ẽðln h0Þ ≃ αẽ⋆; vðln h0Þ ≃ αv⋆; α ≈ 1.2; ð54Þ

with ln h0 the value of ln h where e0 ¼ eðln hÞ, or equiv-
alently the ln h value where the speed of sound drops below
the chosen threshold. We display this process schematically
in Fig. 7. In the top panel we show the frozen system, for
c2s ¼ 0.2, w ¼ 0.1, and its solution in blue, and the solution
to the Jacobian approximation in red. The linearized,
Jacobian approximation initially diverges from the exact
solution, but then eventually converges as both solutions
approach the fixed point. This convergence serves to
control the error in the approximation. In the bottom panel,
we show how c2s ≈ 0 solutions are attached. The location
where this stitching occurs, as well as ẽ and v at this point,
determines the macroscopic properties at leading approxi-
mation (marked by a star and diamond for the exact and
approximate solutions respectively). The maximum mass

FIG. 6. Parametric dependence of the fixed-point estimate for
Mmax [Eq. (50)] as a function of c2s;typ for several representative
choices of wtyp and e0. We consider “neutron-star like” configu-
rations with e0 near ρnucc2, the mass density of atomic nuclei
(≈2.8 × 1014 g=cm3). Solid lines vary wtyp while keeping e0 ¼
ρnucc2 fixed, while dash-dot and dotted lines vary e0 while
keeping wtyp ¼ 0.7c2s;typ fixed. These results are qualitatively
consistent with, e.g. [19,20]. This plot is intended to illustrate the
structure of the scaling, not to define a unique prescription for
ðwtyp; e0Þ.
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level set, marked by dotted lines, agree relatively well event
though the solutions are distinct.
With these we refine Eq. (49) to

Mmax ≃ α3=2
c4

G
v3=2⋆ffiffiffiffiffiffiffiffiffiffiffiffiffi
4πGe0

p : ð55Þ

The parameter α encodes a dynamical correction arising
from the finite damping of the spiral, and should be viewed
as distinct from the Oð10%Þ variation associated with how
c2s;typ and wtyp are operationally defined. Fundamentally,
α≳ 1 is a statement that the maximum mass configuration

is associated with a trajectory that passes near to the fixed
point, but exits the c2s ≈ const regime while at a larger v

ffiffiffĩ
e

p
(in Fig. 3, up and to the right). This is equivalent to the
statement that the focus of the spiral in the M–R curve is
consistently at a lower radius and typically lower compact-
ness than the maximum mass solution (and, by definition,
also has a lower mass, cf. Fig. 1).
Put another way, we have effectively estimated

that the maximum-mass configuration has a trajectory
ðẽðln hÞ; vðln hÞÞ that, by the time sound speed drops to
a “small” value, at ln h ¼ ln h0, has evolved to very nearly
its maximum value of v

ffiffiffĩ
e

p
, which is also the global

maximum value of v
ffiffiffĩ
e

p
. This happens if there is sufficient

time to undergo a “half-cycle” of evolution, which requires
Δ ln h ¼ π=ω, or ln hc − Δ ln h ¼ π=ω. Therefore, we have
implicitly identified the maximum central ln hc;max≈
ln h0 þ π=ω. However, we also point out that the error
in this approximation leads only to an error to the correction
factor α in Eq. (55), which is why we do not seek to refine it
further.
A similar estimate applies to the radius of the maximum

mass stars. Using Eq. (47) and carrying out the same
refinement through gives

Rmax ≃ α1=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c4

4πG
v⋆
e0

s �
1 −

ð1 − 2αv⋆Þ
αv⋆

ln h0

�
−1
; ð56Þ

where we kept the leading low-density correction only.
Unlike the maximummass, the radius depends explicitly on
ln h0, and is therefore more sensitive to the details of the
low-density EoS. Despite this, under the approximation to
which we carry out the calculation, there are no additional
“free” parameters relative to the relation for Mmax.
Therefore, in practice, in the next sections, we will fit
the Mmax relation first, and then merely tolerate the
comparatively large error in the radius relation that results
from that choice of parameters.
In summary, the fixed-point geometry yields compact

scaling relations for Mmax and Rmax in terms of (i) a high-
density stiffness scale ðc2s;typ; wtypÞ that determines the fixed
point, and (ii) an exit density e0 that marks where the star
leaves the near-fixed-point regime. The dimensionless
correction factor α encodes the finite spiral evolution
before that exit.
To assess the accuracy of the fixed-point estimate in a

realistic setting, we can evaluate Eq. (55) on an ensemble of
candidate EoS using a single operational prescription for
the input quantities. Concretely, for each EoS we define the
“exit” point ln h0 as the location where the sound speed
falls below a small fixed threshold, c2sðln h0Þ ¼ c2s;0, and set
e0 ≔ eðln h0Þ. We then define c2s;typ and wtyp by averaging
c2sðeÞ and wðeÞ over the high-density portion of the
maximum-mass configuration, e.g. e∈ ½ec;max=2; ec;max�.
With α fixed to the representative value inferred from

FIG. 7. Schematic diagram showing the approach to estimating
the maximum mass for a system with constant sound speed. Top:
the integrated solution under the “frozen fixed point” approxi-
mation, and the same but approximating the system by the
Jacobian. Bottom: the integrated solution for a frozen fixed point
transitioning at a given ln h to a c2s ¼ 0 solution (in blue,
transition marked by a star). The trajectory that gives the
maximum mass is plotted. In red, we plot the same but for the
Jacobian approximation to the dynamical system, and transition-
ing to the c2s ¼ 0 solution at ẽ ¼ v, (e.g. after a phase of π from
the initial condition at ðẽ; vÞ ¼ ð0; 0Þ. The level set of ffiffiffĩ

e
p

v ∝ M
of the maximum mass is marked with a blue dotted line, and the
corresponding estimate for the maximum mass that motivates
Eq. (92) is given by the red dotted line.
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the spiral geometry (cf. Fig. 3), the resulting prediction
recoversMmax at the ∼10% level for the Relativistic Mean-
Field Theory (RMFT)-informed Gaussian-process ensem-
ble shown in the left panel of Fig. 8. As anticipated, the
corresponding radius estimate exhibits larger scatter,
reflecting the enhanced sensitivity of Rmax to low-density
physics; see right panel of Fig. 8 and the discussion
around Eq. (56).

IV. INSTABILITY IN NEWTONIAN STARS: THE
COMPRESSIBLE LIMIT

In the previous section, we explained why, in relativity,
stable stellar sequences generically terminate using a
dynamical-systems approach: the M-R curve is organized
by the fixed-point structure of the dynamical system once
the core becomes sufficiently relativistic. In contrast, purely
Newtonian sequences need not turn over at all. When a
Newtonian sequence does terminate, the cause is
different. If the EoS softens sufficiently at high density
(or, equivalently, if the speed of sound does not increase
quickly enough with density), equilibrium configurations
become strongly centrally condensed, and, eventually, they
violate the Newtonian (Chandrasekhar) stability criterion

that the appropriately averaged effective polytropic
exponent exceed 4=3 [14].6 We refer to such a regime of
highly centrally concentrated configurations as the com-
pressible limit. In this section, we recast this classic
Newtonian instability in our enthalpy formulation, and
use it to motivate a simple scaling relation between
the termination point and the central pressure ratio
wc ≡ pc=ec ≃ pc=ðc2ρcÞ.

A. The Newtonian equations

We continue to work with the Lindblom variables
introduced in Sec. III, namely Eq. (13), and we keep
ln h as the independent variable. The Newtonian limit
corresponds to the weak-field and low-pressure regime,
in which the enclosed compactness and the pressure-to-
energy-density ratio satisfy v ≪ 1 and w ≪ 1. In this
regime, 4πGup=c4 ≪ v and 1 − 2v ≃ 1. One may also

FIG. 8. Comparison between the true maximum massesMmax (left panel) and the true radii of the maximum mass stars (right panel) of
∼500 RMFT-informed Gaussian-process EoSs relative to the predictions of Eqs. (55) and (56), evaluated using a single operational
prescription for ðc2s;typ; wtyp; e0Þ (see text). The lower panels show fractional residuals. Observe the high accuracy of the predictions of
the maximum mass, and the deterioration of this accuracy for the radii of those stars.

6Under certain assumptions this notion of an “average”
polytropic exponent can be made precise, see, for example,
Ref. [14], Eq. (6.7.11). For our purposes it suffices that the stellar
structure of the configuration is sufficiently similar to a 4=3
polytrope.
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use e ≃ ρc2 at leading order, but we will not do so
systematically; the presentation is cleaner if we keep e
as an energy density and retain the same phase-space
variables as in the relativistic discussion.
With this in mind, let us take the Newtonian limit of our

structure equations. Expanding Eqs. (15)–(16) in v ≪ 1
and w ≪ 1 and keeping only the leading-order terms yields

du
d ln h

¼ −
2u
v
; ð57Þ

dv
d ln h

¼ −
4πG
c4

e
u
v
þ 1: ð58Þ

In the second equation we have retained the leading self-
gravity contribution from the energy density e and dropped
corrections that are higher order in v and w.
For comparisons across EoS families, it is convenient to

nondimensionalize lengths using the central energy density
ec of the configuration under consideration. Let us define

ū≡ 4πGec
c4

u; ē≡ e
ec

; ð59Þ

so that ū is dimensionless and ēðln hcÞ ¼ 1 at the center.
Equations (57)–(58) become

dū
d ln h

¼ −
2ū
v
; ð60Þ

dv
d ln h

¼ −ē
ū
v
þ 1: ð61Þ

Finally, the dimensionless combination that repeatedly
appears in the Newtonian analysis is the mass scaled byffiffiffiffiffiffiffiffiffiffi
4πec

p
. With G and c explicit, the corresponding dimen-

sionless mass is

M̄≡ vð0Þ
ffiffiffiffiffiffiffiffiffi
ūð0Þ

p
¼ GM

c4
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4πGec

p
; ð62Þ

where vð0Þ ¼ GM=ðRc2Þ and uð0Þ ¼ R2 are evaluated at
the surface (ln h ¼ 0).

B. The compressible limit

Given the form of Eqs. (60) and (61), all of the impact of
the EoS on the stellar structure can be encapsulated by a
function ēðln hÞ, which can be thought of as the density
profile of the star. For a concrete example, note that for
polytropes

ēðln hÞ ¼
�
ln h
ln hc

�
n
: ð63Þ

Since ēðln hÞ is nondecreasing, and bounded between 0 and
1, there are two canonical limiting cases. First, ēðln hÞ ¼ 1

everywhere, dropping to 0 only at ln h ¼ 0. This is the
familiar case of a constant density star (n ¼ 0 polytrope),
which can be thought of as the “incompressible limit” of
the equations. However, there is an additional case which is
“dual” to the previous one: ēðln hÞ drops to zero immedi-
ately at ln h ¼ ln hc and stays at zero all the way down to
ln h ¼ 0. This star is maximally centrally condensed, and
can be associated with an n ¼ ∞ polytrope, so here we will
term this the “compressible limit” of the equations.
This configuration is, of course, physically uninteresting
because it is highly unstable. However, we show below
that by thinking of configurations near this limiting
case, the structure of marginally stable stars can be better
understood.
Newtonian configurations become radially unstable once

the EoS is sufficiently soft that the star approaches the
Chandrasekhar threshold, i.e. an average polytropic expo-
nent near 4=3 [14]. Restated in terms of ēðln hÞ, this implies
that overall the density profile must behave like

ēðln hÞ ∼
�
ln h
ln hc

�
3

: ð64Þ

This is qualitatively similar to the compressible limit: most
of the mass resides in a compact core, while an extended
envelope carries little mass but a large fraction of the radius.
This separation of scales motivates a simple core-envelope
matching description that we will use to characterize the
structure of marginally stable, Newtonian stars.

1. Near-core expansion

Let us use the outward evolution variable introduced in
Sec. II, s ≔ ln hc − ln h, so that s ¼ 0 at the center and
increases monotonically toward the surface. Expanding the
Newtonian structure equations [Eqs. (60)-(61)] about s ¼ 0
leads to the near-core solution

ūðsÞ ¼ 6sþ 9

5c2s;c
s2 þOðs3Þ; ð65Þ

vðsÞ ¼ 2s −
3

5c2s;c
s2 þOðs3Þ; ð66Þ

where c2s;c ≔ c2sðln hcÞ is the sound speed squared evalu-
ated at the center of the star.
A convenient quantity to track is the ratio

v
ū
¼ mðrÞc2

4πecr3
¼ 1

3

heir
ec

; ð67Þ

i.e. 3v=ū is the enclosed mean-density ratio. Using
Eqs. (65)–(66), we find near the center
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3
v
ū
¼ 1 −

3

5c2s;c
sþOðs2Þ: ð68Þ

Meanwhile, in the Newtonian regime w ≪ 1, Eq. (22)
implies d ln ē=d ln h ≃ 1=c2s , so that

ēðsÞ ¼ 1 −
s
c2s;c

þOðs2Þ: ð69Þ

Comparing Eqs. (68) and (69), we are naturally led to the
resummed closure

3
v
ū
≃ ē3=5; ð70Þ

which reproduces the first nontrivial term in the near-core
expansion.
For intuition, one may also combine Eqs. (60)–(61) to

obtain an evolution equation for the enclosed mean-density
ratio

d
d ln h

�
v
ū

�
¼ 1

v

�
3
v
ū
− ē

�
: ð71Þ

This equation shows that the difference ð3v=ū − ēÞ controls
the drift of the mean-density ratio. Near the center, this
difference is positive at OðsÞ, consistent with the fact that
the enclosed mean density must lie above the local density
for any decreasing profile.
The closure of Eq. (70) cannot hold all the way to the

surface. This is because ē → 0 near the surface, while 3v=ū
approaches the finite mean-density ratio 3M=ð4πR3ec=c2Þ.
A natural point to transition to an envelope description is
where the “self-gravity” term in Eq. (61) becomes Oð1Þ,
i.e. ē ū =v ∼ 1. Using Eq. (70), this occurs at a characteristic
density

ēs ≃ 3−5=2 ≈ 6.4 × 10−2: ð72Þ

In the compressible limit, this provides a convenient and
nearly EoS-independent matching scale.

2. Stitching to a crust solution

In the low-density envelope, where ē ≪ v=ū (equiva-
lently ē ū =v ≪ 1), Eq. (61) simplifies to

dv
d ln h

≃ 1; ð73Þ

so integrating inward from the surface (ln h ¼ 0) gives

vðln hÞ ¼ v0 þ ln h; ð74Þ

where v0 ≔ vð0Þ ¼ GM=ðRc2Þ. Using Eq. (60), one
obtains

ūðln hÞ ¼ ū0

�
v0

v0 þ ln h

�
2

; ð75Þ

with ū0 ≔ ūð0Þ.
In this regime,

ūv2 ¼ ū0v20 ¼ M̄2; ð76Þ

where M̄≡ vð0Þ ffiffiffiffiffiffiffiffiffi
ūð0Þp

is the dimensionless mass defined
in Eq. (62). Thus, once the star enters the low-density
envelope, M̄ is effectively frozen in: the envelope carries
little additional mass while contributing substantially to the
radius.

3. Controlled regimes and a polytropic benchmark

The stitching picture above becomes controlled in two
limits. In the incompressible limit, the density profile is
nearly uniform and the core expansion remains accurate
essentially to the surface. In the compressible limit, the
density drops rapidly enough that the envelope approxi-
mation becomes valid relatively deep inside the star
(around ē ∼ ēs), giving an overlap region for matching.
We want to extend the picture beyond the polytropic cases
analyzed above in order to understand to what extent stars
with arbitrary EoS can be analyzed in this picture. To do
this, we aim to approximate stars by the polytropic cases
above, and control the error introduced by making this
approximation by understanding neglected higher-order
terms.
An obvious way forward is to identify a star by a

polytrope with the same core sound speed, which leads us
to define

n≡ ln hc
c2s;c

; ð77Þ

which coincides with the usual Lane-Emden index when
the EoS is truly polytropic. For polytropes, in terms of the
normalized variable ŝ ≔ s= ln hc, the near-core expansion
of v takes the form

v ¼ ln hc

�
2ŝ −

3n
5
ŝ2 þ nð17n − 50Þ

175
ŝ3 þOðŝ4Þ

�
: ð78Þ

The cubic coefficient is proportional to (17n − 50) and is
therefore anomalously small near n ≃ 50=17 ≃ 2.94, i.e.
close to the n ≃ 3 regime associated with marginal
Newtonian stability. This helps explain why low-order
core expansions, combined with the envelope solution,
can provide a surprisingly accurate description near the
terminal configuration. We display the stitching, with the
Taylor expansion in v carried out to second order in ŝ, in
Fig. 9 for an n ¼ 3 polytrope. We contrast this with
examples where the stitching does not produce an effective
solution in the Appendix C.
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If the EoS is not polytropic, however, then higher-order
terms may not follow the same pattern as they do for a
polytropic EoS. Generically, higher derivatives of the sound
speed dc2s=d ln h enter the higher-order coefficients of the
expansion. These terms may be very large if the EoS has a
quickly varying sound speed. Even worse, if the sound
speed drops sharply, but only over a small range of ln h
(such as in a first-order phase transition), then the quadratic
term in Eq. (78) could become arbitrarily large in absolute
value, while the physical structure of the star is essentially
unaffected.
Instead, we choose a different definition of n to insert in

Eq. (78), which serves to “average” over the entire star

n≡ ln hc
wc

− 1: ð79Þ

This expression is also exact for polytropes, but because

wc ¼
Z

ln hc

0

ēðln hÞd ln h; ð80Þ

this definition incorporates information about the EoS over
the entire stellar structure. The cost to this assignment is
that our approximation to v is no longer formally correct
even at second order in ŝ if the EoS is not polytropic.
Nonetheless, we find this scheme has certain desirable
features. For example, under this approximation, it can
easily be shown that the coefficients of higher-order terms
are all bounded in magnitude by unity (see the
Appendix D). With this identification of n, we can
approximate the stellar structure given only a single pair
of numbers for each EoS, ðln hc; wcÞ. The ability to extract
realistic stellar properties from this approximation, in
certain cases, will lead to universal behavior.

4. Scaling of the maximum mass

In the compressible limit, the matching between the near-
core solution and the envelope solution occurs at a density
ēs that is approximately fixed across EoS families
[Eq. (72)]. Since ūs ∼ ss and vs ∼ ss at the matching point,
we obtain the scaling

M̄ ∝ ðln hcÞ3=2: ð81Þ

Near the onset of Newtonian instability, one has ln hc ≃
4wc (exactly so for an n ¼ 3 Newtonian polytrope). This
reduces our two bits of data (ln hc; wc) down to a single
number, which we take to be wc. So, the terminal
configuration satisfies

M̄max ≃ γw3=2
c ; ð82Þ

where γ is an Oð10Þ constant that depends only weakly on
the detailed EoS within the compressible class (with
variability of about 10%, as we will show in the next
section). As a point of reference, for the marginally stable
Newtonian polytrope (Γ ¼ 4=3, i.e. n ¼ 3), the Lane-
Emden solution gives γ ≃ 16.15 (with γ ¼ 8½−ξ21θ0ðξ1Þ�
in standard notation). Realistic neutron-star EoSs are not
polytropes and, in practice, relativistic corrections become
important before a purely Newtonian n ≃ 3 description
applies; we quantify those effects in Sec. V.

V. POST-NEWTONIAN EXTENSION OF THE
COMPRESSIBLE LIMIT:

ASTROPHYSICAL IMPLICATIONS

We now discuss how the compressible-limit picture
extends into the post-Newtonian regime. This gives a
simple quasiuniversal relation for neutron stars that con-
nects the maximum mass to the central stiffness of the

FIG. 9. Illustration of the compressible-limit stitching strategy
for a Newtonian n ¼ 3 polytrope. Top and middle panels
compare the exact solution for ūðsÞ and vðsÞ to (i) the near-
core expansion (both Taylor-expanded and resummed) and (ii) the
low-density envelope approximation. The bottom panel shows
the corresponding density profile (for a Newtonian polytrope, ē
and ρ̄ coincide up to a factor of c2). In a black vertical line, we
mark where the density falls below the critical value we identified
ρ=ρmax ¼ 0.06 [Eq. (72)], where the surface solution may be
expected to apply. In red, we identify an estimate for where the
density has likely become “too small,” ρ=ρmax ¼ :02, so that the
resummed expression for v=ū is a poor approximation at lower
densities. We expect matching to be optimal between these two
lines, which we mark in shaded gray. This overlap region
underlies the quasiuniversal scaling of M̄max in Eq. (82).
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maximum-mass configuration. We then use this relation to
interpret astrophysical constraints, and we also clarify how
the post-Newtonian regime connects to the highly relativ-
istic fixed-point picture of Sec. III.

A. Relativistic corrections

It is perhaps not too surprising that the compressible
limit extends qualitatively to relativistic stars, but the
quantitative treatment must change. In the Newtonian
compressible limit of the previous section, we found that
the terminal configuration satisfies ln hc ≃ 4wc, leading to
the universal scaling M̄max ≃ γw3=2

c [see Eq. (82)]. Since the
leading relativistic corrections to the stellar-structure equa-
tions enter through the dimensionless combinations
ð1þ wÞ, ð1þ 3wÞ, and ð1 − 2vÞ, one expects the first
post-Newtonian deformation of this relation to be largely
EoS-insensitive when expressed in terms of wc. In practice,
these corrections steepen the enthalpy gradient and sup-
press the dimensionless size of the star at fixed wc, so the
terminal value of M̄ should fall below the Newtonian
prediction.
More precisely, it is straightforward to estimate the

leading post-Newtonian corrections to the quantities com-
puted in Sec. IV by starting from the exact reformulation of
the TOV system, Eqs. (20) and (21), which we slightly
simplify below

dẽ
d ln h

¼ ẽ

�
−2ð1 − 2vÞ
wẽþ v

þ 1þ w
c2s

�
; ð83Þ

dv
d ln h

¼ −ð1 − 2vÞ
wẽþ v

ðẽ-vÞ: ð84Þ

Per the boundary conditions, the near-center solution has
the universal form

ẽ ∼ ū ∼
6

1þ 3wc
ðln hc − ln hÞ; ð85Þ

v ∼
2

1þ 3wc
ðln hc − ln hÞ; ð86Þ

where we used ẽ ¼ ū ē with ē ≃ 1 at leading order near the
origin. Rather than Taylor expanding in the small parameter
wc, we find it more robust to keep the factor ð1þ 3wcÞ in
the above equations unexpanded, i.e. to treat the dominant
post-Newtonian correction as a homogeneous rescaling of
the Newtonian core solution. Additional post-Newtonian
effects—including the geometric factor ð1 − 2vÞ—intro-
duce a further Oð1Þ suppression in the mildly relativistic
regime; we bundle these into a single phenomenological
coefficient and write, schematically,

ūrel ≈
ūNewt

1þ βwc
; ð87Þ

vrel ≈
vNewt

1þ βwc
: ð88Þ

Here β depends mildly on how one defines the “represen-
tative” post-Newtonian correction across the star, but it
should be at least ∼3 (since the core expansion alone
already produces the factor 1=ð1þ 3wcÞ). The larger fitted
values that we find below reflect the fact that all post-
Newtonian corrections at leading order increase the mag-
nitude of d ln h=dr.
With this in hand, we can estimate the maximum mass

appropriate for a given EoS when its maximum-mass
configuration is only mildly relativistic, by deforming
the Newtonian compressible-limit relation of Eq. (82).
Denoting by wc;max ≡ pc;max=ec;max the central ratio evalu-
ated at the maximum-mass star, we obtain

M̄max ≡GMmax

c4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πGec;max

p
≃ γ

ðwc;maxÞ3=2
ð1þ βwc;maxÞ3=2

: ð89Þ

The functional dependence presented above is analytically
motivated, but γ and β are phenomenological; below we
determine them by an iterative fit to the Gaussian-process
EoS sample, which yields γ ¼ 19.8 and β ¼ 9.
Let us now compare this analytical estimate to the

maximum-mass configurations of a large array of EoS
samples drawn from the model-agnostic Gaussian-process
prior of Refs. [22–24].7 These EoSs are designed to probe a
large array of possible behavior, including potential phase
transitions [25], and they are causal and stable by con-
struction. We display the post-Newtonian fit (black dashed)
together with the Newtonian estimate (black solid) in
Fig. 10. For each EoS, a single point marks the values
of ðwc;max; M̄maxÞ; these points are colored according to
whether the central sound speed is large compared to wc;max

(c2s;c > 0.9wc;max, blue) or small (c2s;c < 0.9wc;max, red) in
the maximum-mass configuration. We also display the full
track M̄ðwcÞ for a representative maximally causal con-
stant-sound-speed model with c2s ¼ 1 throughout most of
the star (except for a small crust) in gold; for Newtonian
stars this track lies close to the corresponding incompress-
ible sequence (gray). The two main points of this figure are
that (i) the M̄max–wc relation appears EoS insensitive (to
order 10%), and (ii) the approximately universal M̄max–wc
follows the analytical functional form of Eq. (89).
Figure 10 also motivates our naming of the “compress-

ible limit.” For all EoSs we studied, stable stars have
ðwc; M̄Þ values that lie between the incompressible (gray)
and compressible (black solid) envelopes. While the scatter

7We exclude EoSs for which the maximum mass is attained
over a range of central densities, since in that case it is not
possible to unambiguously define either wc;max ¼ pc;max=ec;max
or M̄max ¼ Mmax

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πec;max

p
(in G ¼ c ¼ 1 units). See Sec. VI

and Appendix G.
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about the post-Newtonian fit is nontrivial (of order 10%),
it is small compared to the separation between the
compressible and incompressible limits (roughly an order
of magnitude at fixed pc=ec). The point is that stellar
sequences explore a wide range of M̄, but nonetheless
terminate within a relatively narrow band. This agreement

may be enhanced by the fact that these EoSs share a
common crust model, although this crust agreement only
extends up to ≲0.1ρnuc. The fact that the termination
points are not identical across EoSs further indicates that
the crust is not the primary driver of the observed
quasiuniversality.

FIG. 10. Dimensionless maximum mass M̄max versus central stiffness wc;max ¼ pc;max=ec;max of the maximum-mass configuration for
≳20, 000 Gaussian-process EoSs [24]. EoSs whose maximum-mass configuration has a small (large) central sound speed
(c2s;c < 0.9wc;max) are marked in red (blue). Each dot represents the parameters of the maximum mass star for the given EoS as
determined by solving for the entire TOV sequence with that EoS. The black solid curve shows the Newtonian compressible-limit
estimate [Eq. (82)], while the black dashed curve shows the post-Newtonian relation [Eq. (89)]. The brown curve is the exact
incompressible sequence in general relativity (see Appendix E); the horizontal brown dashed line marks the incompressible maximum.
The gold curve shows a representative maximally causal constant-sound-speed model with c2s ¼ 1. Empirically, all stable configurations
lie between the brown and black solid lines, motivating their use as “incompressible” and “compressible” limits. The bottom panel
shows the fractional residual between the M̄–wc relations of a given EoS and the post-Newtonian expression.
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Above a certain central stiffness, nearly incompress-
ible stars are excluded by causality. Eventually this
constraint excludes even the compressible envelope, and
at larger wc no stable, spherically symmetric perfect-
fluid stars exist. We conjecture that this limiting value,
pc=ec ∼ 0.7 (cf. Fig. 10), represents the highest relative
pressure achievable in any spherically symmetric, static
perfect-fluid solution of general relativity, in tension
with results of Ref. [26]. Whether or not this bound is
nearly achieved depends on the true high-density EoS:
for any causal barotrope, one has p=e < maxðc2sÞ, so
only sufficiently stiff EoSs can approach pc=ec ∼ 0.7.
This is what one might expect if the sound speed in
neutron-star cores approaches the causal limit c2s → 1 at
high density (though this possibility may be disfa-
vored [27]).
On the other hand, if the speed of sound asymptotically

approaches the conformal value c2s → 1=3, then there is a
limiting mass but, in Newtonian theory, it is not achieved at
any finite central density; relativistic and compositional
effects eventually destabilize the star at a termination
density that is sensitive to the detailed microphysics.
This is, at zeroth order, the case of Chandrasekhar-mass
white dwarfs. In this case, small relativistic and composi-
tional effects slightly modify the mass but largely deter-
mine the radius (and thus the density) at which the white-
dwarf sequence terminates. Interestingly, for a Γ ¼ 4=3
polytrope, one has ρ ∝ ðln hÞ3 and p=ρ ¼ ðln hÞ=4, so at
any termination density one finds M

ffiffiffiffiffi
ρc

p ∝ w3=2
c .

Therefore, regardless of the mechanism that sets the
actual termination point (e.g. electron capture effects or
relativistic corrections; see [14,28] for a review), the
scaling in Eq. (82) (or, equivalently, Eq. (89) in the
wc ≪ 1 limit) is satisfied for an appropriate choice of γ.
We find empirically for the Chandrasekhar EoS that this
constant is γ ≃ 15.8, and we can also estimate it
analytically

Mmax

ffiffiffiffiffiffiffiffiffiffi
4πρc

p
¼ γw3=2

c ¼ γðKρ1=3c Þ3=2; ð90Þ

since p=ρ ¼ KρΓ−1 for a polytrope with Γ ¼ 4=3. Thus,

γ ¼ Mmax

ffiffiffiffiffiffi
4π

p

K3=2 : ð91Þ

Taking Mmax ≈ 1.4M⊙ and K to be the value predicted
for a relativistic, degenerate electron gas with 2 baryons
per electron (K ≃ 0.46M−2=3

⊙ ) gives γ ≈ 15.9, consistent
with the numerical value above. This is smaller than
the γ ≃ 19.8 that fits the neutron-star EoS sample in
Fig. 10 by about ∼20%. That mismatch is not surpris-
ing: Chandrasekhar white dwarfs sit in the extreme
wc ≪ 1 regime and are described (to leading order) by
an exactly marginal Γ ¼ 4=3 polytrope, whereas the

neutron-star sample in Fig. 10 spans a much broader
range of microphysics and includes genuinely relativ-
istic structure.

B. Astrophysical constraints

Using this framework, we now map astrophysical
constraints into the ðwc;max; M̄maxÞ plane in Fig. 11. The
plot is qualitatively similar to Fig. 10, but instead of
sampling EoSs directly from the prior, we sample
EoSs from the posterior distribution of [24], obtained
by analyzing heavy pulsar radio data [29–31], x-ray
[32–35], and gravitational-wave [36,37] data and using
the same Gaussian process EoS prior [22–24] used in
Fig. 10. We display the value of ðwc; M̄maxÞ as a colored
dot, with the same color scheme as Fig. 10; that is,
EoSs with a small central sound speed compared to wc
are colored red, whereas those not meeting this criteria
are colored gray.
Together with these posterior samples, Fig. 11 also

plots some additional information. First, the figure
includes a set of EoS candidates (to the right of the
right axis) by displaying their maximum masses Mmax
(in parenthesis) and marking their locations in the
ðwc;max; M̄maxÞ diagram with color-matched dots.
Second, we overlay the same maximally causal
(c2s ¼ 1) EoS from Fig. 10 (gold), and the post-
Newtonian compressible-limit fit of Eq. (89) (black
dashed). Third, we also overlay an “ultrarelativistic”
comparison curve, obtained by rewriting the fixed-point
estimate of Eq. (55) as

M̄max ≈
ffiffiffiffiffiffiffiffiffiffiffiffi
ec;max

e0

r
α3=2

�
2c2s

4c2s þ ð1þ wÞ2
�

3=2

; ð92Þ

shown in black dash-dot. Here, ðw; c2sÞ should be
interpreted as representative stiff-core values (in the
sense of Sec. III), and e0 is the exit density from the
near-fixed-point regime. For the purposes of Fig. 11, we
take the simple proxy c2s ¼ w=0.7, and we find that
setting ðec;max=e0Þα3 ≃ 13 provides a reasonable fit.
Taking α ¼ 1.2 as before then implies ec;max=e0 ∼ 7.5.
This is broadly consistent with the Newtonian com-
pressible-limit picture, in which the envelope becomes
important at a density scale es=ec ≃ ēs ∼ 0.06 [Eq. (72)],
i.e. ec=es ¼ Oð10Þ; the somewhat smaller ratio inferred
here is consistent with the idea that relativistic stars
cannot sustain as extended an envelope at fixed central
density.
While the ultrarelativistic and post-Newtonian

expressions share a similar leading dependence on
stiffness, they differ in their coefficients because they
ultimately arise from different limiting mechanisms
(fixed-point exit versus Newtonian compressible insta-
bility), and because nonlinear relativistic effects are not
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parametrically small in the most compact configura-
tions. In practice, for the least relativistic EoS posterior
samples (the red dots on the bottom left part Fig. 11)
that remain viable, the post-Newtonian relation provides
a good approximation; for the most relativistic posterior
samples, the fixed-point scaling is more appropriate;
and there remains an intermediate region where neither
simple curve captures the full distribution particularly
well.
Relative to Fig. 10, astrophysical constraints already

shrink the allowed region of parameter space by orders of
magnitude This can be seen because the range of allowed
values of M̄max and wc;max are constrained to lie above ∼3 ×
10−1 and ∼2 × 10−1 respectively, whereas in Fig. 10 these
quantities both extend down to ∼10−2. Broadly, heavy
pulsar mass measurements require a stiff EoS at high

density (i.e. at high wc), while gravitational-wave obser-
vations and the comparatively well-constrained crust place
upper bounds on the EoS stiffness at lower densities.
Together these imply that the dense-matter sound speed
must rise rapidly between ∼2–4ρnuc, allowing a large
Mmax while still favoring comparatively small radii; in
the ðwc;max; M̄maxÞ plane this imposes a nontrivial lower
bound on M̄max.
Before ending with the discussion section, let us com-

pare the posterior samples in the ðM̄max; wc;maxÞ plane to the
marginalized posterior of ðM̄; wcÞ for a given star, namely
the J0740þ 6620 pulsar [30,31,34,35]. This marginalized
posterior can be obtained from the same Bayesian hierar-
chical analysis of the data described above, but this time
marginalizing over EoS instead of the masses and radii of
the J0740þ 6620 pulsar, and then transforming to

FIG. 11. Same as Fig. 10, but restricted to EoSs consistent with current astrophysical constraints (red and gray dots). The post-
Newtonian compressible-limit fit [Eq. (89)] is shown as a black dashed curve, while the dash-dot curve shows the
ultrarelativistic comparison described in the text, and the causal limit EoS is shown in solid orange. On the right, we
display, for various EoS candidates, the maximum TOV mass Mmax and the corresponding value of M̄max ¼
GMmax=c4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πGec;max

p
(horizontal dashed line). Each EoS is marked at its ðwc;max; M̄maxÞ location with a dot of the same

color. From top to bottom, the external EoSs shown are DBHF_2507 (a maximally causal extension of DBHF) [17,38], SFHo
[8], DBHF [39], and a Γ ¼ 2 polytrope with polytropic constant K ¼ 100 (see, e.g., [14]). For the remaining examples,
constructions, such as SFHo∶2∶0.33, indicate an SFHo EoS transitioning to a constant-sound-speed extension with c2s ¼ 0.33 at
2ρnuc. Several trends are evident: all else being equal, a larger high-density sound speed leads to larger terminal values of pc=ec,
Mmax, and M̄max (cf. SFHo∶2∶0.7 versus SFHo∶2∶0.33). However, a larger M̄max does not necessarily imply a larger Mmax (cf.
DBHF and DBHF_2507), reflecting sensitivity of Mmax to the lower-density EoS and to the density scale at which the core
stiffens (see, e.g., Refs. [19,20]). By contrast, M̄max depends primarily on the high-density stiffness and is comparatively
insensitive to the low-density envelope. Astrophysical constraints effectively impose a lower cut on the minimum value of M̄.
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ðM̄max; wc;maxÞ variables.8 This posterior is shown in
Fig. 11 with pink contours (roughly 50% and 90% credible
regions). Note importantly that these pink contours are not
posteriors on the maximum values of M̄ and wc, but rather,
posteriors on the M̄ and wc of the J0740þ 6620 pulsar.
Comparing the pink posteriors to the posterior sample

dots, we see clearly that the J0740þ 6620 pulsar does not
have a M̄ that is close to the maximum M̄ of neutron stars.
Moreover, the large inferred radius of J0740þ 6620
[34,35] implies it does not have an exceptionally large
mean density, which in practice limits its central density ec.
This upper bounds the value of M̄, which is proportional toffiffiffiffiffi
ec

p
, given the mass is well measured. Therefore, the pink

posterior does not appear to be consistent with the posterior
samples of ðwc;max; M̄maxÞ for any EoS in our prior (i.e.
the displayed dots). Attempting to quantify this is not
straightforward, but a simple Bayesian estimate of the
error in universal relation prediction for J0740þ 6620

gives L1ðM̄true − M̄predÞ=M̄true ¼ 0.41þ0.28
−0.22 for the relation

Eq. (89) and L1ðM̄true − M̄predÞ=M̄true ¼ 0.31þ0.26
−0.21 given

the prediction of Eq. (92).9 This is somewhat puzzling
given that no higher-mass neutron stars have yet been
definitively confirmed—one might have expected to see
heavier systems if the observed population were far from
the end of the TOV sequence—though an abrupt termi-
nation triggered by a rapid drop of the sound speed (e.g. a
strong phase transition) could reconcile these facts. We
discuss these possibilities further in the next section.

VI. DISCUSSION

In this paper, we have presented strategies for estimating
the maximum mass of stellar sequences by recasting the

equations of stellar structure in the language of dynamical
systems. We carried out this recasting in two controlled
limits. On the relativistic side, we identified a fixed point of
the TOV flow that we associate with the universal emer-
gence of a maximum mass in neutron-star sequences. On
the Newtonian side, we identified universal behavior in
sequences that terminate because the effective stiffness
decreases with density (or equivalently, because the rel-
evant, averaged polytropic index falls through the insta-
bility threshold). This Newtonian behavior appears to
extend qualitatively into the relativistic regime, though
extracting a clean quantitative mapping there is more
challenging. We leave that interpolation problem to future
work.
In the ultrarelativistic regime, we recast the stellar

structure equations in the enthalpy (h) formulation of
[6], using ẽ ¼ 4πGr2e=c4 and v ¼ Gm=ðc2rÞ. In these
variables, the system exhibits an obvious fixed point. At
sufficiently high densities, and under fairly general hypoth-
eses, the flow spends enough time near this fixed point that
it largely determines the mass and radius. When the sound
speed is not varying too rapidly as a function of ln h, we
expect the mapping we derive to predict the maximummass
at the ∼10% level. If the sound speed changes rapidly (e.g.,
by factors of several over a small range in ln h), the
prediction can degrade substantially. That failure is not
necessarily a negative: it flags interesting microphysics,
such as a sharp change in effective degrees of freedom.
The picture of the TOVequations as a dynamical system

was also discussed in [2] (and in [10], for the Newtonian
limit). Our approach is different from theirs primarily
because of (i) our choice to use a microscopic variable
(ln h) as the independent variable, and (ii) our decision to
keep the system 2-dimensional, rather than promoting a
third variable to an evolution variable. Reference [2] uses
their approach to prove several interesting theorems relat-
ing the asymptotic behavior of the EoS to the global
properties of the mass and radius. We focus instead on
astrophysical observables associated with the dynamical
system approach. In our study, the termination condition
for the integration is known ahead of time, because of the
choice of independent variables. We can therefore build
Taylor expansions from both the core and the surface,
which we can then stitch onto a dynamical systems picture
in the intermediate regime.
However, just because the dynamical systems picture

exists for all central densities, it may not be a particularly
useful description. Seen from the point of view of our
dynamical system approach, we can effectively quantify
when this is the case by considering when the velocity of
the fixed point in phase space is small compared to the
velocity of the solution. Therefore, the nonautonomy of our
dynamical system gives us useful information about what
the correct modeling approach to the problem is. For
generic neutron stars, we do not expect the dynamical

8The same x-ray and radio data which informs the posterior
distribution on the properties of J0740þ 6620 is included in the
posterior on the EoS, but each represents marginalization over
different degrees of freedom. To construct the EoS posterior, we
marginalize over all single-observation parameters, see e.g.
Eqs. (1), (5), (8), and (11) of [40] (including properties, such
as the mass, radius, and central energy density of J0740þ 6620).
To construct the estimate for the posterior on the properties of
J0740þ 6620, we marginalize out the EoS parameters, see e.g.
Eq. (9) of [40]. In short, a density estimate is built using posterior
samples on the mass and radius, which, by dividing out a stated
prior, can be converted to a marginalized likelihood LðdjM;RÞ.
The radius is then required to be consistent with a sampled EoS to
construct LðdjM; εÞ ¼ LðdjM;RðM; εÞÞ. This likelihood corre-
sponds to the joint posterior on the mass, radius, and EoS, which
is then marginalized over to get either the properties of the EoS,
or the properties of the J0740þ 6620 pulsar. For an example of
the difference between the parameters of J0740þ 6620 and the
parameters of the maximum-mass star, see e.g. Fig. (4) of [24]
and the surrounding discussion.

9This estimate only takes into account the uncertainty in the
properties of J0740þ 6620 (which are substantial), not the
uncertainty in the parameters of the universal relation, which
are challenging to quantify, but are comparatively small.
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systems picture to be particularly insightful because the
orbit of the trajectory in ðẽ; vÞ space is never truly well
described by the fixed point. Only for stars very near the
maximum mass do dynamically stable configurations also
show strong dimensionality reduction to just the location of
the (2D) fixed point.
In the Newtonian regime, stellar sequences only termi-

nate if an appropriate average polytropic index over the star
drops below 4=3 [14]. We find that if the speed of sound
falls “slowly” enough with increasing density, the termi-
nation mass is a universal (EoS-insensitive) function of the
central pressure and density. However, if the speed of sound
drops to (nearly) zero in the core, then stellar sequences
may terminate abruptly (Appendix G). In that case, the
mass can be nearly constant over orders of magnitude in
central density, so it is not straightforward to define the
“central density at maximum mass” in a robust way.
Nonetheless, the possibility that a strong first-order phase
transition could lead to an apparent violation of the
universal relation in Eq. (89) is an interesting hypothesis,
because it would amount to a clear signature of an extended
region with extremely small c2s .
If the true EoS termination point is found to lie between

the causal limit and the bulk of the posterior displayed in
Fig. 11, it would point to the TOV sequence terminating
“early” due to a strong first-order phase transition. In that
sense, the question of whether the observed neutron-star
population extends significantly above the ∼2M⊙ pulsars
(e.g. J0740þ 6620) is key. Population studies can attempt
to establish whether an apparent absence of heavier stars
constrains the EoS [41–44], though care must be taken to
faithfully incorporate the large relative uncertainty in the
inferred neutron-star population [45]. It may be the case
that > 2M⊙ pulsars are consistent with the dense-matter
EoS, but are very rare due to limited possible astrophysical
formation scenarios. We will study this possibility more in
future work.
Finally, it is useful to compare and contrast the two limits

examined here. Interestingly, in both cases the maximum
mass depends primarily on a characteristic sound speed in
the core, schematically scaling like hc2si3=2. In the
Newtonian case hc2si can be interpreted as a true average
(see Refs. [21,46]), while in the ultrarelativistic case, it is
better thought of as a “typical” value over the range in ln h
where the flow is controlled by the fixed point. Both limits
also share a common structural feature: the maximum-mass
configuration is obtained by “filling in” between a near-
core expansion and a near-surface expansion, and the act of
targeting the maximum mass reduces the effective dimen-
sionality of the problem. Without the assumption that we
are near the maximum mass (near the ultrarelativistic fixed
point on the one hand, or near the instability threshold of
the averaged polytropic index on the other), this reduction
would not occur and the space of solutions would be much
more complicated.

Heuristically, the success of the stitching strategy we use
may be related to the curvature invariants inside the star.
The quadratic Riemann curvature invariant, sometimes
called the Kretschmann scalar, is given by

K ≡ RαβγδRαβγδ

¼ CαβγδCαβγδ þ 128π2TαβTαβ −
64π2T2

3
: ð93Þ

In a perfect fluid star this becomes

K ¼ CαβγδCαβγδ þ 128π2ðe2 þ 3p2Þ − 64π2ðe − 3pÞ
3

¼ CαβγδCαβγδ þ
�

ẽ
3r2

�
2

ð60þ 72wþ 108w2Þ; ð94Þ

with

CαβγδCαβγδ ¼ 1

r4ð1 − 2vÞ4
�
48v2 − 32vẽþ 16

3
ẽ2
�
: ð95Þ

The Weyl curvature invariant CαβγδCαβγδ vanishes at the
center of a regular star (which depends on the linear
approximation, ẽ ≈ 3v, holding), while in the exterior
(and thus arbitrarily near the surface) the Ricci curvature
vanishes, implying RαβγδRαβγδ − CαβγδCαβγδ ¼ 0. In the
“interesting region” of the interior, neither quantity van-
ishes generically. Furthermore, it is straightforward to see
that the variables ðẽ; vÞ can be exchanged for the curvature
invariants as dependent variables of the TOV integration.
From this point of view, the core solution is constructed
by approximating Cαβγδ ¼ 0, and the exterior solution is
constructed by assuming Tαβ ¼ 0. Again, when neither
invariant is small, and the evolution of the system is
governed by the fixed point, as long as the system has
sufficient time to converge to the fixed point. This con-
vergence is characteristic of high density solutions, and
therefore is applicable to stars near and above the central
density of the maximum mass star. Even though this
discussion is framed in terms of curvature invariants, it
is equally valid in the Newtonian limit as in the ultra-
relativistic limit.
There are also important differences between these two

limits. In the ultrarelativistic case, the fixed point dominates
the flow at high density, and the relativistic corrections
enter in a way that is not simply perturbative. For example,
the denominator of Eq. (32) scales like 4c2s þ ð1þ wÞ2, and
since w ∼Oðc2sÞ ∼Oð1Þ at relativistic densities, the dimen-
sionless maximum mass ðGM=c2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πGec=c4

p
is pushed

to smaller values than would be expected from Newtonian
intuition. Empirically, the ultrarelativistic relation between
ðGM=c2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πGec=c4

p
and wc ¼ pc=ec is much shallower

than in the Newtonian case (Fig. 11). Relativity also
introduces genuine upper limits on what can be stably
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attained for a given central density regardless of the EoS, as
illustrated by the incompressible case (Fig. 10). At the same
time, the incompressible limit is a poor proxy for realistic
relativistic matter: special relativity enforces c2s ≤ 1 (in c ¼
1 units), so the “c2s → ∞” limit is not physically attainable.
Unlike in Newtonian gravity, where it is meaningful to
compare an incompressible and compressible limiting
sequence, the more relevant relativistic limiting family is
instead the maximally causal one, c2s ¼ 1.
Finally, the near-constancy of the fixed point in the

ultrarelativistic case naturally leads to the familiar spiral
structure, which is associated with progressive destabiliza-
tion of higher radial modes [7,14]. An analogous feature
exists in the Newtonian dynamical system, but it requires
the sound speed to remain nearly constant over a para-
metrically large range of ln h. In Newtonian gravity, this is
fine tuned,10 whereas in relativity the causal bound makes
an order-of-magnitude plateau in c2s comparatively natural.
This is interesting on a theoretical level: turning over in the
M-R curve allows a sequence to attain static (though
unstable) solutions of the Einstein equations with higher
total (gravitational plus internal) energy per particle than if
the particles were dispersed to infinity [7]. The existence of
analogous solutions around the “Newtonian” fixed point
shows that such behavior is not exclusively tied to
relativistic corrections, even if it is unlikely to arise for
realistic Newtonian EoSs.
Nonetheless, despite the similarity between the static

solutions, the dynamics of highly unstable stars in
Newtonian gravity and in general relativity are likely quite
different. Critical gravitational collapse has been observed
in relativistic evolutions at central densities above the TOV
maximum-mass density for polytropes [47–49], though it is
unclear how naturally such configurations are realized
without external perturbations. It seems unlikely that
Newtonian stars display truly analogous dynamics even
with strong perturbations, though this has not been shown
in a systematic way. Either way, understanding the non-
linear dynamics of configurations beyond first order in
perturbations—especially beyond the first minimum in M
in a spiraling sequence—is warranted, and we leave that to
future work.
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Equation of state samples to reproduce Figs. 10 and 11
can be found at Ref. [50]. EoS samples to reproduce Fig. 8
can be found at [51]. Additional EoS samples will be made
available upon reasonable request. Codes to reproduce
certain expressions and figures are available at Ref. [52].

APPENDIX A: REVIEW OF STABILITY FOR
AUTONOMOUS SYSTEMS

Section II already fixed notation and reviewed the basic
local theory of fixed points. Here we just collect the
stability conventions that matter for our stellar-structure
application, and record a convenient Lyapunov-function
candidate for the frozen TOV fixed point.
Consider an autonomous system

dx
dτ

¼ FðxÞ; ðA1Þ

with a fixed point x� satisfying Fðx�Þ ¼ 0. Linearizing as
in Sec. II B, x ¼ x� þ δx, gives

dδx
dτ

¼ Jðx�Þδx; Jðx�Þ≡ ∂xFjx� : ðA2Þ

In the usual forward-τ sense, x� is (linearly) asymptotically
stable if all eigenvalues of Jðx�Þ have negative real parts.
For the TOV system written with τ ¼ ln h, physical

solutions are specified at ln h ¼ ln hc and integrated out-
ward to the surface at ln h ¼ 0, i.e. toward decreasing ln h.
As emphasized in Sec. II B and Sec. III C, it is therefore
cleaner to use the outward evolution variable

s ≔ ln hc − ln h;
d
ds

¼ −
d

d ln h
: ðA3Þ

If the frozen system linearizes as dδx=d ln h ¼ Jδx, then
along the physical direction one has

dδx
ds

¼ −Jδx; ðA4Þ

10In a star composed of an ideal gas, this would require a
temperature profile which is increasing and then becomes
effectively isothermal in the core. In a solid it would require a
careful engineering of the bulk modulus to eventually be propor-
tional to the density.
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so a focus that is unstable in forward ln h acts as an attractor
along outward integration.
More global notions of stability are provided by

Lyapunov functions. A fixed point is (Lyapunov) stable
if for any ϵ > 0 there exists a δ > 0 such that jxð0Þ − x�j <
δ implies jxðτÞ − x�j < ϵ for all τ > 0. A sufficient con-
dition is the existence of a function VðxÞ such that
(i) Vðx�Þ ¼ 0, (ii) VðxÞ > 0 in a neighborhood of
x�, and (iii) V̇ ≤ 0 in that neighborhood, where
V̇ ≡ ðdx=dτÞ · ∂xV.
For a linear system dδx=dτ ¼ Aδx, one may take

V ¼ δxTPδx; ðA5Þ

with P a symmetric and positive-definite matrix that solves
the (continuous-time) Lyapunov equation

ATPþ PA ¼ −Q; ðA6Þ

for any chosen positive-definite Q matrix. In our applica-
tion, it is natural to take Q ¼ I, and to use A ¼ −J when
we want stability in the physical direction s. With that
convention,

JTPþ PJ ¼ I; ðA7Þ

where J is the Jacobian of the original ln h-flow.
Applying this to the frozen TOV fixed point x⋆ of

Sec. III C, we take J ¼ J⋆ from Eq. (34) (with w and c2s
treated as frozen constants). Solving Eq. (A7) yields the
symmetric matrix

P ¼

0
BBBBB@

2c2sð2c2s þ ð1þ wÞ2Þ
ð3wþ 1Þð4c2s þ ð1þ wÞ2Þ

c2sðw2 − 1 − 4c2sÞ
ð3wþ 1Þð4c2s þ ð1þ wÞ2Þ

c2sðw2 − 1 − 4c2sÞ
ð3wþ 1Þð4c2s þ ð1þ wÞ2Þ

c2sð32c4s þ 4c2sw2 þ 24c2swþ 20c2s þ 3w4 þ 8w3 þ 10w2 þ 8wþ 3Þ
ð1þ wÞ2ð3wþ 1Þð4c2s þ ð1þ wÞ2Þ

1
CCCCCA: ðA8Þ

For example, when c2s ¼ w ¼ 1 this reduces to

P ¼
 

3
8

− 1
8

− 1
8

7
8

!
: ðA9Þ

We stress that V ¼ δxTPδx is an exact Lyapunov
function for the linearized frozen flow about x⋆ in the
physical direction s, but for the full nonlinear and nonau-
tonomous TOV system it is only a natural candidate.
Numerically, we find it decreases throughout a sizable
neighborhood of the fixed point for the cases we examined,
but it is not globally decreasing over the full phase space (it
can fail near the boundaries of the physically relevant
domain, e.g. ẽ → 0 or v → 1=2). In any case, a truly global
Lyapunov analysis is not the most useful framework here:
(i) the global behavior is dominated by nonautonomous
drift of wðln hÞ and c2sðln hÞ, and (ii) physical stellar
solutions are launched from a constrained family fixed
by regularity at the center, not from arbitrary initial data.

APPENDIX B: CONSTANT SPEED OF SOUND
STARS DO NOT HAVE ZERO-DENSITY

SURFACES

The conjecture that constant speed of sound cores
generically yield solutions that approach the fixed-point
spiral is closely related to a more concrete statement: no star
described by a genuinely constant-c2s EoS has a finite-
radius surface with e ¼ 0. This statement is effectively

proven as Theorem 5.1 of [2]. We now relate this statement
to our formulation of the dynamical system.
To see the logic, it is helpful to distinguish two common

constant speed of sound core cases. If the EoS is of the self-
bound form p ¼ c2s;0ðe − e0Þ with c2s;0 ¼ const: and
e0 > 0, then p ¼ 0 occurs at e ¼ e0 ≠ 0. In other words,
the star has a finite-radius surface but a nonzero surface
density; one can interpret this as a constant-c2s core stitched
to an effectively zero-c2s exterior (vacuum) at e ¼ e0.
If instead one insists on p ¼ c2s;0e all the way down to

zero density, then w≡ p=e ¼ c2s;0 everywhere and thermo-
dynamics gives

d ln e
d ln h

¼ 1þ w
c2s;0

; ðB1Þ

which is bounded and positive. Integrating implies e → 0
only if ln h → −∞ (equivalently h → 0), so one cannot
place the stellar surface at ln h ¼ 0 in this case.
In the dynamical-systems picture, if solutions launched

from the regular center lie in the basin of attraction of the
frozen fixed point, then evolving to ln h → −∞ drives
the trajectory arbitrarily close to that fixed point. In
particular, ẽðln hÞ → ẽ⋆ ≠ 0 as ln h → −∞. Since
e ¼ ẽ=½ð4πG=c4Þr2�, this implies e ∝ r−2 asymptotically
and therefore e can only reach zero as r → ∞. In that sense,
a strictly linear constant speed of sound core EoS has no
finite-radius zero-density surface.
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We conjecture that the fixed-point attractor picture
indeed holds for the relativistic constant speed of sound
core system with physical (regular-center) initial condi-
tions, although proving it rigorously would require a
genuinely global Lyapunov function or a comparable
argument. In the Newtonian case (c2s ≪ 1), the correspond-
ing constant speed of sound core system enjoys a simple

scaling symmetry: uniform rescalings of ðẽ; v; c2sÞ map
solutions to solutions. Consequently, it is enough to verify
convergence to the fixed point for one fiducial value of c2s .
We have done this numerically for c2s ¼ 10−4, and the
solution is shown in Fig. 12. Though this is not a formal
proof, we have no doubt that all constant-c2s solutions of the
Newtonian stellar structure equations approach the fixed
point as ln h → −∞. We would consider it remarkable if a
counterexample were found in the relativistic case.

APPENDIX C: THE INTERMEDIATE REGIME
BETWEEN THE INCOMPRESSIBLE AND

COMPRESSIBLE LIMITS

When the average polytropic index inside a Newtonian
star is not close to either 0 (the incompressible limit) or 3
(the highly compressible limit), the core-envelope matching
strategy discussed around Fig. 9 does not generically work.
The core-based expansion typically develops significant
higher-order contributions before the crust-based
(envelope) approximation becomes accurate.
The basic reason stitching worked particularly well in the

n ¼ 3 case is that the third-order term in the near-core
Taylor expansion of v is anomalously small when n ≃ 3.
This is not true generically: for intermediate n, the third-
order term becomes important at relatively small
ln h= ln hc, and that is what prevents stitching “too late.”
We show the analogs of Fig. 9 for different polytropic

indices in Fig. 13, and indicate in each panel the point

FIG. 12. Solution to the Newtonian stellar structure equations
for a star with constant speed of sound c2s ¼ 10−4 (cf. Fig. 9 of
[10]). The system clearly approaches the fixed point; once the
trajectory is sufficiently close, its subsequent evolution is well
approximated by the linearized flow about that fixed point
(Sec. II B).

FIG. 13. Similar to Fig. 9, but for n ¼ 1 and n ¼ 2 polytropes. The vertical dashed red line indicates where the third-order term in the
Taylor expansion of v exceeds 6% of the leading term, marking the point where the core expansion begins to break down.
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where the absolute value of the third-order term in the v
expansion exceeds 6% of the leading term. In both
examples, the crust expansion is only accurate at very
small ln h= ln hc, so identifying a clean stitching point is
challenging. Physically, this indicates that stars which are
neither near the incompressible nor compressible limits are
more sensitive to intermediate-density physics in the EoS.

APPENDIX D: JUSTIFICATION FOR THE
CHOICE OF APPROXIMATION

In Sec. IV we argued that a naïve Taylor expansion can
lead to poorly controlled higher-order terms. Here we
briefly justify the expansion strategy used there: we want
an approximation that is insensitive to rapid but structurally
insignificant variations in c2s .
Returning to Eqs. (60) and (61), we see that at the level

of approximation of Eq. (70) we can write schematically

vðŝÞ
ln hc

¼
Z

ŝ

0

ð3ēðŝ0Þ2=5 − 1Þdŝ0; ðD1Þ

where recall we have previously defined ŝ ≔ s= ln hc.
Taylor expanding the integrand around ē ¼ 1 by writing
ē ¼ 1 − δē gives

3ē2=5 − 1 ¼ 3ð1 − δēÞ2=5 − 1

¼ 2 −
6

5
δēþOððδēÞ2Þ; ðD2Þ

so that

vðŝÞ
ln hc

¼ 2ŝ −
6

5

Z
ŝ

0

δēðŝ0Þdŝ0 þOððδēÞ2Þ; δē≡ 1 − ē:

ðD3Þ

This representation makes clear why the expansion used in
Sec. IV is better behaved than a purely local Taylor series:
at a fixed order it depends only on integrals of the density
profile (e.g.

R
δēdŝ), and is therefore less sensitive to rapid

pointwise oscillations in c2s that have little integrated effect.
It also motivates using the integrated quantity wc

introduced in Eq. (77) (Sec. IV B 3),

wc ¼
Z

ln hc

0

ēðln hÞd ln h ðD4Þ

or equivalently

wc

ln hc
¼
Z

1

0

ēðŝÞdŝ ðD5Þ

as a natural “averaged” expansion parameter. In the
Newtonian regime, this coincides with the usual central
stiffness measure pc=ec up to post-Newtonian corrections,

while remaining far less sensitive to sharply localized
structure in the EoS.

APPENDIX E: THE TOLMAN-BUCHDAHL
BOUND

In the incompressible limit (formally c2s → ∞), the TOV
equation admits an analytic solution that yields the
Buchdahl compactness bound. Incompressibility means
e ¼ const. Recalling our definitions of v and ẽ in
Eqs. (19) and (13), the TOV system [Eqs. (20) and (21)]
becomes

dẽ
d ln h

¼ −ẽ
2ð1 − 2vÞ
wẽþ v

; ðE1Þ

dv
d ln h

¼ −ðẽ-vÞ ð1 − 2vÞ
wẽþ v

: ðE2Þ

Dividing Eq. (E2) by Eq. (E1) gives

dv
dẽ

¼ 1

2
−

v
2ẽ

; ðE3Þ

whose regular-center solution is

v ¼ ẽ
3
: ðE4Þ

We now trade ln h for w≡ p=e. Since e is constant in the
incompressible case, dp ¼ edw. Thermodynamics then
gives

d ln h ¼ dp
eþ p

¼ dw
1þ w

; ðE5Þ

and using v ¼ ẽ=3 in Eq. (E1) yields

dẽ
dw

¼ −
2ð1 − 2

3
ẽÞ

ðwþ 1=3Þðwþ 1Þ : ðE6Þ

We can solve this equation to find

ẽðwÞ ¼ 2w
ðwþ 1Þ2 þ

4

3ðwþ 1Þ2 þ c1
ð3wþ 1Þ2
ðwþ 1Þ2 ; ðE7Þ

and at the surface w ¼ 0, we have

ẽð0Þ ¼ 4

3
þ c1: ðE8Þ

The integration constant c1 is fixed by the regular-center
condition, ẽðw0Þ ¼ 0, where w0 is the central value, which
forces c1 < 0. The largest attainable surface value occurs in
the limit w0 → ∞, for which c1 → 0. Therefore,
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ẽð0Þ ¼ 4

3
; vð0Þ ¼ ẽð0Þ

3
¼ 4

9
; ðE9Þ

and using the definition of v,

vð0Þ ¼ GM
Rc2

¼ 4

9
: ðE10Þ

We then arrive at the expected Buchdahl bound

2GM
Rc2

¼ 8

9
: ðE11Þ

Finally, consider the dimensionless combination appear-
ing throughout this paper: M

ffiffiffiffiffiffiffiffi
4πe

p
. Using ẽ ¼ 4πG

c4 R2e at
the surface and v ¼ GM=ðRc2Þ, we obtain

M

ffiffiffiffiffiffiffiffiffiffiffiffi
4πG
c4

e

r
¼

ffiffiffiffiffiffiffiffiffi
ẽð0Þ

p
vð0Þ ¼

ffiffiffi
4

3

r
×
4

9
¼ 8

9
ffiffiffi
3

p : ðE12Þ

This is not a strict upper bound on M
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4πGec

p
=c2 for

astrophysical sequences (cf. Fig. 10), but it represents the
incompressible relativistic limit.

APPENDIX F: DETAILS OF THE POST-
NEWTONIAN EXPANSION

In Sec. IV B 4 we identified a natural approximate
criteria for instability wc ¼ ln hc=4 in Newtonian stars
by examining polytropic solutions. In post-Newtonian stars
this criteria is modified. This fact was first pointed out by
Chandrasekhar, who showed that in the post-Newtonian
regime, instability (or marginal stability) occurs when

hΓi ¼ 4=3þ k
M
R

ðF1Þ

where hi is an average defined by

hfi ¼
R
fpr2drR
pr2dr

: ðF2Þ

While the system we introduce here is not well-suited for
perturbative calculations (which are necessary to compute
the stability of a given configuration), we can show the
effect of post-Newtonian corrections on configurations near
n ¼ 3 in our approach.
We will demonstrate that to leading post-Newtonian

order, and to next-to-leading Taylor expansion order, the
post-Newtonian calculations are equivalent to a shift of the
polytropic index n. We start from the post-Newtonian
equations for ū and v, which can be derived from
Eq. (17), with the change of variables in Eqs. (60) and
(61), namely

dū
ds

¼ 2ū
v

�
1 −

�
2vþ wē

ū
v

��
ðF3Þ

dv
ds

¼
�
ē ū
v

− 1

��
1 −

�
2vþ wē

ū
v

��
: ðF4Þ

We then insert our approximate solution at leading post-
Newtonian order from Eqs. (69) and (66) and compute the
solutions for ū and v at second order in s. We evaluate them
at ŝ ¼ s= ln hc as in Sec. IV B to find

ūðŝÞ= ln hc ¼ 6ð1 − 3wcÞŝþ
�
9nð1 − wcÞ

5
− 12 ln hc

�
ŝ2

ðF5Þ

vðŝÞ= ln hc ¼ 2ð1 − 3wcÞŝþ
�
−
3nð1 − wcÞ

5
− 4 ln hc

�
ŝ2:

ðF6Þ

Taking n ¼ 3 − ϵ and evaluating at the stitching point s0,
assuming that wc ¼ ln hc=ðnþ 1Þ, we find

vstitch= ln hc ≈ 0.55 − 1.57 ln hc þ 0.22ϵ: ðF7Þ

It is thus clear that, to maintain the same compactness,
ϵ ∝ ln hc is necessary, which implies ϵ ∝ GM=ðRc2Þ.
Alternatively, if the EoS is not changed, all macroscopic
observables will receive corrections of order ln hc.

APPENDIX G: WHEN THE UNIVERSAL
RELATIONS FAIL: STRONG PHASE

TRANSITIONS

For the Newtonian variables of Sec. IV, the physical mass
can be written in terms of the dimensionless combination
M̄≡ vð0Þ ffiffiffiffiffiffiffiffiffi

ūð0Þp
[Eq. (62)] as

M ¼ c4

G

ffiffiffiffiffiffiffiffiffi
ūð0Þp

vð0Þffiffiffiffiffiffiffiffiffiffiffiffiffi
4πGec

p ¼ c4

G
M̄ffiffiffiffiffiffiffiffiffiffiffiffiffi
4πGec

p : ðG1Þ

Differentiating Eq. (G1) with respect to the central enthalpy
parameter ln hc gives

dM
d ln hc

¼ c4

G
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

4πGec
p d

d ln hc

h ffiffiffiffiffiffiffiffiffi
ūð0Þ

p
vð0Þ

i

−
c4

G

ffiffiffiffiffiffiffiffiffi
ūð0Þp

vð0Þ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4πGec

p d ln ec
d ln hc

: ðG2Þ

Thermodynamics, again, gives d ln e=d ln h ¼ ð1þ wÞ=c2s ,
so at the center d ln ec=d ln hc ¼ ð1þ wcÞ=c2s;c, which
reduces to 1=c2s;c at leading Newtonian order. The first
term in Eq. (G2) is controlled by the change in the
dimensionless stellar profile along the sequence. The
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second term is controlled purely by how rapidly the central
density changes with ln hc, i.e. by the local compressibility
through 1=c2s;c.
If the sound speed drops to (nearly) zero in the core, then

1=c2s;c becomes very large and the second term dominates. In
that regime, the mass cannot increase with increasing ln hc

regardless of the detailed structure encoded in the first
term, so the sequence can terminate (or plateau) “abruptly.”
More refined quantitative conditions for the phase transition
needed to terminate a given sequence can be read off directly
from Eq. (G2), but for present purposes the main point is that
the relevant information is already contained there.
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